Journal of Nonlinear Waves (2025), 1, 5, 1-31
doi:10.1017/jnw.2025.10008

 CAMBRIDGE

UNIVERSITY PRESS

RESEARCH ARTICLE

Solitary wave-mean flow interaction in strongly nonlinear
dispersive shallow water waves

Thibault Congy', Gennady El', Sergey Gavrilyuk?, Mark Hoefer? and Keh-Ming Shyue*

'Department of Mathematics, Physics and Electrical Engineering, Northumbria University, Newcastle upon Tyne, UK
*CNRS, IUSTI, UMR, Aix Marseille Univ, Marseille, France

*Department of Applied Mathematics, University of Colorado, Boulder, Colorado, USA

*Ocean Center, National Taiwan University, Taipei, Taiwan

Corresponding author: Sergey Gavrilyuk; Email: sergey.gavrilyuk @univ-amu.fr

Keywords: Dispersive shock waves; Serre-Green-Naghdi equations; Solitary wave interaction with rarefaction waves; Whitham
modulation theory

(Received 10 May 2025; revised 29 June 2025; accepted 3 July 2025)

Abstract

The interaction of a solitary wave and a slowly varying mean background or flow for the Serre-Green-Naghdi (SGN)
equations is studied using Whitham modulation theory. The exact form of the three SGN-Whitham modulation
equations — two for the mean horizontal velocity and depth decoupled from one for the solitary wave amplitude
field — is obtained in the solitary wave limit. Although the three equations are not diagonalizable, the restriction
of the full system to simple waves for the mean equations is diagonalized in terms of Riemann invariants. The
Riemann invariants are used to analytically describe the head-on and overtaking interactions of a solitary wave with
ararefaction wave and dispersive shock wave (DSW), leading to scenarios of solitary wave trapping or transmission
by the mean flow. The analytical results for overtaking interactions prove that a simpler, approximate approach based
on the DSW fitting method is accurate to the second order in solitary wave amplitude, beyond the first order accurate
Korteweg-de Vries approximation. The analytical results also accurately predict the SGN DSW’s solitary wave edge
amplitude and speed. The analytical results are favourably compared with corresponding numerical solutions of
the full SGN equations. Because the SGN equations model the bi-directional propagation of strongly nonlinear,
long gravity waves over a flat bottom, the analysis presented here describes large amplitudesolitary wave-mean
flow interactions in shallow water waves.

1. Introduction

A fundamental and important problem in continuum mechanics is the interaction of waves with the inho-
mogeneity of the medium through which they propagate. The waves could be linear or nonlinear and,
in many cases, the inhomogeneity can be modelled as externally imposed through prescribed variable
coeflicients to a wave-type partial differential equation (PDE) [6]. When the waves and the medium are
dynamically coupled, a common occurrence in geophysical fluid dynamics [3], the problem becomes
more challenging to describe analytically. A natural framework to approach this class of problems is to
utilize scale separation and derive equations separating the motion of waves and averaged quantities,
e.g. the mean fluid density and velocity. While the focus of analytical studies was historically on linear
or weakly nonlinear waves interacting with mean flows [3], a recent body of work has emerged for the
case where the waves are strongly nonlinear, i.e. solitons or solitary waves; see, e.g. the review [1]. A
schematic of such wave-mean flow scenarios involving solitary wave interaction with rarefaction and
dispersive shock waves is shown in Figure 1.
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Figure 1. Scenarios of the solitary wave-mean flow interaction in shallow water waves. (a, c) Solitary
wave transmission; (b, d) solitary wave trapping. Reproduced, with permission, from [1].

For the asymptotic analysis of solitary wave-mean flow interaction, the mean flow is assumed to
vary on a much slower spatial scale than the solitary wave width. In this case, the mean flow evolution
decouples from solitary wave motion so that the interaction is one-way: only the mean influences the
motion of the solitary wave, not vice-versa. This problem was first considered theoretically and exper-
imentally in the unidirectional case where a solitary wave and either a rarefaction wave (RW) mean
flow or a dispersive shock wave (DSW) mean flow exhibited an overtaking interaction [40]. Depending
on the conditions, the solitary wave was observed to be either transmitted through or trapped by the
mean flow as ¢t — oo. The key mathematical insight was the determination of the solitary wave limit
of the Whitham modulation equations — a quasi-linear system of first order equations that describe the
slow evolution of nonlinear wavetrains [56] — and its subsequent diagonalization in terms of Riemann
invariants. A general approach for obtaining the solitary wave limit in the case of Hamiltonian partial
differential equations with a local Hamiltonian can be found in [52].

While Riemann invariants can in principle be obtained for any system of two quasi-linear, first order
PDEs, they are most easily obtained for completely integrable equations such as the Korteweg-de Vries
(KdV) equation, either directly [55] or using the finite gap method [16, 32]. But Whitham theory can be
developed for integrable and non-integrable equations alike [12]. A recent paper has obtained the diago-
nalization, i.e. the Riemann invariants, for the non-integrable Benjamin-Bona-Mahony (BBM) equation
[4] by deriving an exact representation of the solitary wave limit of the BBM-Whitham modulation
equations [20].

One of our main results in this paper is the derivation of the modulation solitary wave limit for
the apparently non-integrable Serre-Green-Naghdi (SGN) equations [25, 26, 48, 50] describing long,
strongly nonlinear free surface waves on a flat bottom in a fluid of constant density. The Hamiltonian
structure of this system is non-local [24, 38], so the generic results of [52] cannot be used. The SGN
system shares many properties with the BBM equation: they have similar dispersion relations and sim-
ilar nonlocal Hamiltonian structure [46]. Compared to the BBM equation, which is a unidirectional,
scalar equation, the SGN system is a Galilean invariant system containing more physics than the BBM
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equation. The Whitham modulation equations for the SGN equations were obtained in [10]. Their hyper-
bolicity was proven in [53]. Being second order in time, the SGN equations support bi-directional wave
propagation and the resulting solitary wave limit quasi-linear system of the SGN-Whitham equations is
third order. In this work, we prove the existence of Riemann invariants if and only if simple waves in
the decoupled mean flow equations are considered.

The analysis of unidirectional wave-mean flow interaction has been carried out for solitons and RWs,
DSWs for a general class of unidirectional nonlinear dispersive wave equations in [40] by analysing the
solitary wave limit of the Whitham modulation equations. In the same paper, the approach was applied
to the conduit equation and compared with experiments on viscous fluid conduits. The approach was
further refined and applied to the KdV equation [1] and the modified-KdV equation [54] where, in
addition, the kink (monotone, heteroclinic travelling wave solution) serves as either the wave or the
mean flow. The extension to oblique, two-dimensional line solitons interacting with RWs and DSWs
was developed for the Kadomtsev-Petviashvili equation in [47]. A similar analysis of soliton-mean
field interaction was extended to the bi-directional case of the defocusing nonlinear Schrodinger (NLS)
equation where, in addition to overtaking interactions, RWs and DSWs experience head-on interactions
with solitons [49].

The soliton-mean flow interaction problem for integrable equations has also been studied using the
inverse scattering transform (IST) for the the KdV equation [1, 2] and the focusing NLS equation [5]
where some solitons were shown to leave a trailing “wake” inside the DSW after passing through. Other
analytical approaches include perturbation theory [1], the Darboux transformation [45], both for KdV
soliton-RW interaction, and a Hamiltonian formulation of the problem that borrows ideas from soliton
perturbation theory and Whitham theory to obtain an approximate, analytical description of solitary
wave-mean flow interaction for a generalized KdV equation [34] and the NLS equation [30, 33].

In this paper, we utilise the derived SGN-Whitham equations in the solitary wave limit to analyti-
cally describe the head-on and overtaking interaction of a solitary wave and a RW mean flow. The results
are then extended to solitary wave-DSW mean flow interaction. One important finding in this paper is
that the original approach proposed in [40] and utilised elsewhere [34] that rely upon the DSW fitting
method and its conjugate wavenumber/dispersion relation [8] to obtain the soliton Riemann invariant is
only approximate. By obtaining the exact representation of the solitary wave limit of the SGN-Whitham
equations and corresponding Riemann invariants for simple wave mean flows, we are able to prove that
the conjugate wavenumber/dispersion yields a second order in amplitude accurate prediction for solitary
wave motion through a RW. It also provides a second order accurate prediction for the DSW’s soli-
tary wave edge. Careful numerical simulations of the SGN equations agree with these findings. While
this is an improvement to the first order accurate, weakly nonlinear KdV approximation, it identifies a
limitation of the DSW fitting approach.

The plan of the paper is as follows. In section 2, we give a detailed presentation of the SGN equations
and their periodic travelling wave solutions are presented in section 3. In section 4, the modulation
equations are given both in the mass Lagrangian coordinates and in Eulerian coordinates. The reason
is that the solitary wave limit is mathematically easier to carry out in Lagrangian coordinates, while
the physical interpretation is easier in Eulerian coordinates. In section 5, we study the interaction of
solitary waves with RWs and DSWs. In particular, the transmission and trapping effect is studied. The
closed-form analytical results are in good agreement with the numerical ones for the SGN equations.
Finally, the main technical details (the different forms of the modulation equations, the passage to the
solitary limit, numerical method, etc.) are given in four Appendices.

2. Serre-Green-Naghdi equations

The SGN equations over a flat bottom approximating the free-surface Euler equations in the long wave
limit are [25, 26, 48, 50]

By + (hu)y = 0, @2.1)
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1(h
U + utty + ghy = 7 ?(uxt + Ullyy — ui) , 2.2)
X

where £ is the total depth, u is the depth-averaged horizontal velocity and g is the acceleration due to
gravity. In what follows, we scale independent and dependent variables so that g=1.

The SGN equations (2.1), (2.2) are non-integrable and represent a fully nonlinear generalization of
the classical Boussinesq equations. The first equation (2.1) is the exact equation for conservation of
mass, and the second equation (2.2) can be manipulated into the equation for conservation of horizontal
momentum

1 "
(hu), + (hu2 + 5}12) - (? (u,x + Ullyy — uf)) . 2.3)

An equivalent form of the momentum equation is

1 1 ,d’h
() + (lm2 e ghzﬁ)x -0, 24)

d d 0 0 d>
where 7 is the material derivative notation, o = E + ua and ﬁ = 7 (E) is the second material

derivative. The conservation of energy manifests in the additional conservation law

1 2, Loy 1, 1,5 1, _
(2h(h+u +3h ux))t+(hu(h+2u +2h uy 3h (U + Ultyy) x_O. 2.5)

Finally, a fourth conservation law (the so-called Bernoulli conservation law) can be derived. It is usually

1
written for the variable K = u — A (h3 ux) representing the tangent component of the fluid velocity at
X
the free surface [17]

u? 1,5
K+ ICu+h—?—§hxu =0. 2.6)

A mathematical justification of the SGN model (2.1), (2.2) can be found in [35, 42]. Recent years have
seen increased activity in both the study of qualitative properties of the solutions to the SGN equations

and in the development of numerical discretization techniques [15, 18, 21, 36, 43].
The Lagrangian for (2.1), (2.2), where the mass conservation law (2.1) is considered a constraint, is

given as [24]
v (12 1 (dh\* h
_ AL .0 R P 2.
L /_oo h(2+6(dt) 2)dx 2.7

In order to obtain analytically tractable expressions, we will make use of mass Lagrangian coordi-
nates introduced as follows. Let hy(x) be the initial position of the free surface and Y be the classical

Y
Lagrangian coordinate. The mass Lagrangian coordinate ¢ is defined as ¢ = / ho(s)ds. Letx = x(¢,q)
0

. . . . . . .. Ox
be the trajectories of fluid particles. Since the mass conservation law is in the form ha— = 1, the
q
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Lagrangian (2.7) can be transformed to

B +00 M2
L= / (? - é(T, TZ)) dCI, (28)
where 7 = 1/h and the potential e(7, 7;) is
1 1(a(1\\* 1 7
e(r,)=——-=[=—1|-]||] ==—-—. 2.9
e(r.m) 2 6 (6t (T)) 2t 674 @9

For a general potential (7, 7;), the Euler-Lagrange equations for (2.8) are [22]:

T —ug=0, u+p;=0, (2.10)
where the pressure p is defined by
oe de 0 (de
- =2 2.11
P ot ( or Ot ( ot )) @10

System (2.10) is reminiscent of the p-system for the barotropic Euler equations. However, in our case,
the pressure p defined by (2.11) depends not only on 7, but also on its first and second temporal deriva-
tives. The variable 7 is the analogue of the specific volume for the corresponding Euler equations. As a
consequence of Noether’s theorem, the variational formulation implies the conservation of energy and
Bernoulli equation

2
(u?+s)+(pu)q=0, £ = e—Tie,, (2.12)
t
e u?
9 (e =0 2.1
(Tu Tant)t (2 ™ e)q 0 (2.13)

that are the analogues of eqgs. (2.5) and (2.6). The conservation laws (2.10), (2.12), (2.13) are averaged
to obtain the modulation equations in Lagrangian coordinates in Appendix A.

3. Periodic travelling wave solutions

We now present the form of periodic travelling wave solutions in both Eulerian and Lagrangian coor-
dinates. Several parametrisations of the four dimensional family of periodic travelling waves will be
presented.

3.1. Eulerian coordinates

The travelling wave solutions h(x, 1) = h(£) = h(x—ct), u(x, 1) = u(¢) = u(x—ct) to the SGN equations
(2.1), (2.2) are specified by

dh\? 3 3

— | =—(h—-h)(h=hy))(h3—=h) = P(h 3.1

(dg) h1h2h3( 1)( 2)(h3 — h) Il (h), (3.1
u=c-— 0_—h1}l:2h3, o ==, 3.2)

Downloaded from https://www.cambridge.org/core. 02 Oct 2025 at 02:32:28, subject to the Cambridge Core terms of use.


https://www.cambridge.org/core

6 Congy et al.

where, similar to the defocusing nonlinear Schrodinger equation, the wave is characterised by four inde-
pendent parameters /1, hy, h3 (the roots of the third order polynomial P(h)), the travelling wave velocity
¢, and o = +1 (00 = —1) corresponds to the fast (slow) waves. Here, the depth variations in the wave
occur in the interval [h;, h3], for hy < hy < h < h3 with the amplitude a = h3 — hy. It is assumed that
there are no vacuum points for non-trivial periodic travelling wave solutions: #; > 0. The ODE in (3.1)
can be integrated to obtain

1 [3(hs = hy) hy — o
h=ho+ (hs —ho)en? | 24| 2SB =MW e )y = :
2+ (h3 — hy)en S\ i &m T

(3.3)

where cn is the Jacobi cosine elliptic function [44]. We express the physical parameters (amplitude a,
wavenumber k, and the period averages of depth 4 and velocity u) in terms of the basic parameter set
(h1,ha, h3, ) as

3(h3—/’l1) T - E(m)
=hys—hy, k= , h=hi+(h3—-h
=i \ “hiahy 2K(m) H s =R Gy

II 1—
h(u — C) = —0'\/h1/’l2h3, =C— U\/h1h2h3 ( ),

haK( )

34)

where K, E and II are the complete elliptic integrals of the first, second and third kinds, respectively
[44]. We introduce the phase

0 = k¢ = kx - wr, (3.5)

so that the travelling wave is 2zw-periodic in 6: h(&¢) = h(6/k) = h((0 + 2n)/k), u(¢) = u(0/k) =
u((6 + 2m)/k). The wavelength of the travelling wave L is related to the wavenumber k by L = 27 /k.
The solitary wave limit of (3.3) is achieved when 4, — h; so that m — 1. Its explicit form is

h(x,1) = h+asech2( V3a (x—ct)), u(x, t)—u+0'Vh+a( ) 3.6)
2iVh+a hix,1)
Fast (o0 = +1) and slow (o0 = —1) elevation solitary waves propagate on the background 4 = hou =1,
and are characterised by the speed-amplitude relation
c=cs(a,h,n) =u+oVh+a. 3.7

Fast solitary waves move faster than the dispersionless long-wave velocity V, = u + \/ﬁ and slow

solitary waves move slower than the dispersionless long-wave velocity V_ = u — \/Z (see Figure 2).
In the opposite, harmonic, limit, 7, — h3 so that m — 0, yields a small-amplitude linear wave charac-
terised by the dispersion relation wo (k) (frequency-wavenumber relation) for linear waves propagating

on the background (4, u)
- h
w =kc=wolk,h,u) =ku+ok — 3.8)
1+h k2/3
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Figure 2. Relations (3.7) between the velocity of a fast (slow) solitary wave and the corresponding
long-wave velocity V. (V_) are represented schematically on the left (right).

3.2. Lagrangian coordinates

Consider now SGN’s travelling wave solutions in the co-moving mass Lagrangian coordinate { = g —ct
d

instead of the Eulerian coordinate & = x — ct: h = h({), u = u(Z). Since é = h, the equation for

travelling waves is

2
dh 3 P(h
=) = Q (3.9)
d¢ hihahs  h?
The velocity u is found from the relation
~ . 1
cT+ u=cst, with 7=-. (3.10)

h

The wave velocity c is related to the roots of the polynomial P(%) by the formula (see Appendix A)

&% = hihohs. (3.11)

4. Modulation equations and their solitonic reduction

The SGN equations possess all the necessary prerequisites for the application of Whitham averaging.
They support a family of 27—periodic travelling wave solutions #(6/k), u(6/k) specified by (3.3), (3.5)
and characterized by the four independent parameters hy, hy, h3, ¢ while admitting four independent
conservation laws (2.1), (2.2), (2.5) and (2.6).

The modulation equations for the SGN equations in Eulerian coordinates are given in [10, 53].
According to the general averaging procedure [55], the modulation system for the SGN equations can
be obtained by period averaging any three conservation laws, such as mass (2.1), momentum (2.3) and
energy (2.5), over the periodic family (3.3), and augmenting them by the wave conservation equation
k; + (kc); = 0. Doing so results in

Et + (E)x =0,

(hu), + ( $h2 + i — 3 ((u —Cugg — uzgf) )x =0,

“4.1)
lh h+uz+lhzu2 + | hu h+luz+lhzu2 —lhz(u—c)u )| =0
2 377, 2" T27 T3 )]

X

ki + (kc), = 0.
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The averages in (4.1) are evaluated using the general definition

s £ (h)dh

R > h
Fy = N “Z,i) (42)

hy  A/P(h)

where f(h) is any function of 4.
The system (4.1) is consistent with the averaged Bernoulli conservation law (2.6):

(ﬁ+é@)t+(%u_2+f_l—%h2((%u—c)u§§—u2§)) -0, 4.3)
.

which can be used instead of any of the averaged conservation laws (4.1), e.g. instead of the wave
conservation equation, yielding an equivalent modulation system. This equivalence is proved in the
mass Lagrangian coordinates in Appendix A.

As aresult, the system (4.1) can be explicitly represented in canonical quasilinear form for the state
vector b = (hy(x,1), ha(x, 1), h3(x, 1), c(x,1))T; see Appendix B. However, due to the lack of integrable
structure for the SGN equations, the associated modulation system cannot be reduced to a diagonal
form. This makes the analysis of its properties — hyperbolicity, genuine nonlinearity, simple waves, etc.
— difficult. The weakly nonlinear regime of the modulation equations was studied in [10]. The hyper-
bolicity of the modulation equations was proven in [53]. However, their full analytical study remains
a difficult task. This is why we study here a reduction of the full modulation system in the limit of
waves of large wavelength (the solitary wave limit), allowing us to present some analytical results. The
difficulty of obtaining the solitary wave limit of the modulation equations is that the phase equation
k: + (ck), = 0 is degenerate in this singular limit. One possibility is to pass to the limit in the wave
action conservation law, an exact conservation law of the full SGN-Whitham system. Such a method
was, in particular, exploited in [27] for the KdV equation, in [20] for the BBM equation and in [52] for
Hamiltonian systems of Euler-Korteweg or dispersive Eulerian type (so-called second gradient fluids).
The wave action integral for the SGN-Whitham equations was already obtained in [22] in a general
setting that includes the SGN-Whitham equations by using mass Lagrangian coordinates. We use this
result to first find the solitary wave limit in mass Lagrangian coordinates and then re-express the limit
equations in Eulerian coordinates (see Appendix A). In the mass Lagrangian coordinates, one has only
to replace the polynomial P(k) by P(h)/h> when computing averages (see (3.9)):

/’H hf (h)dh
Iy W

== hdh

m PR

To double-check our computation of the solitary wave limit in mass Lagrangian coordinates, we also
compute the limit directly in Eulerian coordinates (see Appendix B) using a symbolic package.

“4.4)

A straightforward analysis shows that in the solitary wave limit, one has h = hy, h? = h% =h,

m = 1/hy = 1/h, and the average of the mass and momentum equations in mass Lagrangian coor-
dinates (2.10) are thus the classical Saint—Venant equations describing hydrostatic (dispersionless)

shallow water equations
-2
1 h
| -u,=0, w-[=| =0. 4.5
(h)t uq " ( 2 )q ( )
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This decoupling of the dispersionless limit equations for the evolution of the mean flow in the solitary
wave limit is a general property of dispersive hydrodynamics [8, 12, 29]. It is also physically intuitive:
the effect of a single soliton on a large-scale mean flow is negligibly small.

A non-trivial amplitude equation comes from the solitary wave limit of the wave action conserva-
tion equation. For general periodic travelling waves in mass Lagrangian coordinates, the wave action
equation is (see Appendix A)

R g o
| -7 L TP-T
—= + + =0. 4.6
A (C k ) (40)
' q
The solitary wave limit (k — 0) is singular, because g —0and2-7> — 0.In Appendix A, we show
that equation (4.6) limits to

F(n,h), +G(n,h), =0, .7)
with
_3
- h* 6-2 1-
F(n,h) = (( ”)‘/ﬁ+1n( ‘/ﬁ)) (4.8)
Vi-n\ 3(1-n) 1++n
—3
- h Vi 1 (1—+n
G(n,h) =0c—— + =1 . 4.9
(n, ) o-l—n(l—n 2n(1+\/ﬁ)) @9
The quantity 7 is related to the solitary wave amplitude a = h3 — h; as
n=—2_. (4.10)
h+a
The characteristic velocity corresponding to equation (4.7) is
—3/2
Gy, h - =
A=—=0 =ochVh+a = ¢. 4.11)
Fn Vl —n
The velocity c¢; is related to the Eulerian velocity of solitary waves c; by (3.7).
In Eulerian coordinates, the system (4.5), (4.7) becomes
By + (i) =0, (4.12)
Uy + Uiy + hy =0, (4.13)

- 3(2+1)? VZ+1-sinh'(2) &
Z;+(ﬁ+0' /h(1+zz))zx+0' (z ) VN2 + sinh™' (z) hy @.14)
2z 2eVZ2 + 1 —sinh ™! (2) 3

V2 +1 3z+223 = 3Vz22 + Isinh ™! (2) _ 0
_ U =
2z 2zV22 + 1 —sinh ™' (2) }
where z2 = a/h and sinh™'(z) = In(z + Vz2 + 1). We call the system (4.12)—(4.14) the solitonic

modulation system. We stress that the solitonic modulation system is an exact reduction of the full
SGN-Whitham modulation system.
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The first two equations of the solitonic modulation system are the Saint-Venant (shallow water) equa-
tions written in Eulerian coordinates. They are completely decoupled from the third equation for z. Other
than classical fast and slow surface waves of the shallow water equations with characteristic velocities

Ve=u=z+ ﬁ, the characteristic velocity corresponding to the amplitude equation for the dimension-
less amplitude z> also represents fast and slow solitary waves propagating with the third characteristic

velocity ¢y = u + ow/ﬁ(l +72), the solitary wave velocity (3.7). By direct verification, we find that the

system is strictly hyperbolic V_ < V, < ¢, if o0 = +1, h> O,andz>0o0rc < V_ < V., if o = —1,
h > 0, and z > 0 and the corresponding eigenfields are genuinely nonlinear in the sense of Lax.

The solitonic modulation system (4.12)—(4.14) inherits two Riemann invariants, those of the decou-
pled shallow water equations (4.12), (4.13). However, the third Riemann invariant does not exist, i.e. the
system cannot be fully diagonalized (see Appendix C for the proof). Nevertheless, given the solution
of (4.12) and (4.13) (obtained for example by the hodograph transform or a simple wave reduction), eq.
(4.14) can then be integrated using the method of characteristics. Moreover, if one of the shallow water
Riemann invariants is constant (the simple wave reduction), there are just two equations left, e.g. (4.13)
and (4.14), and so the amplitude equation (4.14) can also be diagonalized in that case. The resulting
extra Riemann invariant Q(x,7) plays the role of an adiabatic invariant for solitary wave-mean flow
interaction and determines the transmission (tunnelling) and trapping conditions for the interaction of
a solitary wave with a RW or DSW mean flow generated by step initial data (Riemann) problems.

5. Solitary wave transmission and trapping

The expression “solitary wave tunnelling” comes from quantum mechanics and conveys the possibility
of a quantum particle passing through a classically impenetrable potential barrier. In the context of the
SGN equations, the solitary wave plays the role of the quantum particle. More precisely, for a given
solitary wave amplitude, we are able to use the solitary wave limit of the SGN-Whitham equations to
analytically determine if the solitary wave passes (transmits or tunnels) through a RW or its counterpart,
a DSW. Both a RW and a DSW represent a continuous transition between two constant mean flows and
therefore solitary wave-mean flow transmission occurs when a solitary wave, initiated on one side of a
RW or DSW, emerges on the other side. Otherwise, we say that the solitary wave has been trapped.

The system (4.12), (4.13) is independent of z and can be diagonalized. The corresponding Riemann
invariants are:

ro=u+2¥h, r—a-2Vh, 5.1
yielding
_ = 3r.+r_
(re)i +Vi(ro)e =0, Vi=u+Vh= 1 5.2)
- 3
(r+Vo(r)y =0, V.=7i-Vh= “Tr. (5.3)

This system has two simple wave solutions:

ra=ii—2uVh=cst, V,=x/t, (5.4)

where u = +1 for the fast wave and u = —1 for the slow wave.
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5.1. Exact simple wave Riemann invariants

To study the interaction of the solitary wave with the simple wave (5.4), we hold one of the Riemann
invariants r_, constant, yielding a relation between & and u (5.4) [49]. The reduced solitonic modulation
system is thus obtained by substituting (5.4) in (4.12), (4.14) (or equivalently (4.13), (4.14)), yielding
the system of two equations:

T+ (r_,J + 3;1\/2) 7, =0, (5.5)

e+ (r_,, + 2;1\/Z+ oJh(1 + zz)) %+ O8op (z)% =0, (5.6)
h

with
0 (2) 3>(z2+1)3/2 V22 +1 —sinh™!(2) o 1+22 (3z+22%) (1 +2%)~ 12 = 3sinh~!(z)
oul\Z) = —Oou .
g 2z 2zVz2 + 1 —sinh ™! (z) 2z 2zV1 + 22 —sinh ™1 (2)
(5.7)

Since now this is a quasi-linear system of just two equations, it is diagonalizable with one Riemann
invariant manifestly 2. By making the simple-wave ansatz z = z(h) in egs. (5.5) and (5.6), the second
Riemann invariant can be obtained as the constant of integration of the ODE

% + gcrp(z)

—+ ————— =0. (5.8)
dh (Vl +72 —O',u)
The integral of (5.8) can be written in the form
— - NI+s2 -0
Qi h2) = hexpfiru (@), foule) = [ s 59)
ou

One can see that the Riemann invariant Q- (5.9) only depends on the sign ou, which determines the
interaction type. The value ou = +1 corresponds to the overtaking interaction between a fast solitary

wave and a fast simple wave (or equivalently slow-slow waves) whereas oy = —1 corresponds to the
head-on interaction between a fast solitary wave and a slow simple wave (or equivalently slow-fast
waves).

Note that in the small amplitude limit z — 0, we obtain the following expansion for the Riemann
invariant in the case of an overtaking interaction (o u = +1)

- .= 2 61 3
0+(h,2) =h 1+5—E—mz +0(M]. (5.10)

As we will now show, this expression is asymptotically equivalent, to order O(z*), to the Riemann
invariant obtained by the DSW fitting method.

5.2. Approximate simple wave Riemann invariants: the DSW fitting method

An efficient approach to obtain the solitary wave limit of the Whitham equations can be deduced from the
dispersive shock wave (DSW) fitting method [8]. This method enables the determination, under certain
assumptions, of the harmonic and solitary wave edges of a DSW directly, bypassing the derivation
and asymptotic analysis of the full Whitham modulation system. The DSW fitting method has been
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successfully applied to many dispersive hydrodynamic systems, both integrable and non-integrable,
see e.g. [7, 9, 10, 13, 14, 29, 31, 39]. In cases when the dispersive equation is integrable such as in
the KdV, NLS, and Kaup-Boussinesq equations, the method’s results are consistent with the available
exact modulation solutions. For non-integrable systems, when the exact theory is not available, the
method yields an excellent comparison with direct numerical simulations of the dispersive equation,
beyond the classical weakly nonlinear KdV approximation. Here, we shall use the part of the DSW
fitting construction pertaining to the determination of the DSW’s solitary wave edge.

A major assumption in the DSW fitting method is that of convexity (strict hyperbolicity and genuine
nonlinearity) of the full Whitham modulation system. This assumption is not always easily verifiable
for the entire range of parameters involved, so one can say that DSW fitting generally provides a convex
approximation of the exact DSW edge dynamics. In particular, it is known that the SGN-Whitham
modulation system exhibits non-convexity for sufficiently large amplitudes [10, 29] but nevertheless, the
DSW fitting results agree with direct SGN numerics remarkably well for a broad range of amplitudes,
far beyond the weakly nonlinear KdV regime.

The DSW fitting method relies on the existence of exact reductions of the Whitham modulation
system in two distinguished limits: the harmonic limit a — 0 and the solitary wave limit kK — 0. The
latter one is our interest here and has the general form of an equation for the solitary wave amplitude
(or a related amplitude type variable), coupled to the dispersionless limit system for the large-scale
background (the mean flow) [12]. In the present context of the SGN-Whitham equations, the solitary
wave reduction is given by the system (4.12)—(4.14), however, the derivation of the exact form of the
amplitude equation (4.14) and further, of the Riemann invariant Q. in eq. (5.9) — the main technical
hurdle in the analysis of the solitary wave limit of the modulation system — is not required for the
application of the DSW fitting method. Instead, the determination of the requisite Riemann invariant
involves only the linear dispersion relation wq(k, i, u) for waves on the mean background (%, ) along
with the simple-wave relation u(h) for the dispersionless limit equations. All of this information is
readily available with no additional analysis of the SGN-Whitham modulation system required. In the
context of soliton-mean flow interaction, the Riemann invariant Q acquires the meaning of an adiabatic
invariant [40]. This adiabatic invariant also plays a key role in the solitary wave resolution method [11,
41], where itis an analogue of the spectral parameter in the Lax pair associated with integrable equations
in the semi-classical limit. See also the recent papers [33, 34] where soliton-mean field interaction
has been interpreted in terms of Hamiltonian mechanics of the motion of a soliton along a large-scale
background.

Note that the DSW fitting construction applies directly to the overtaking solitary wave-mean field
interaction, not the head-on interaction, due to the unidirectional nature of DSW generation in Riemann
problems. The DSW fitting method was applied to undular bore theory for the SGN system in [10], so
we shall take advantage of the results of that work and adapt them to the current setting of the overtaking
solitary wave-mean flow interaction. To be definite, we consider the fast-fast interaction, o = u = +1.

For the fast simple-wave mean field we have (cf. (5.5))

i)y =r +2¥h, B+ Vi =0, V.=r +3Vn, G.11)

where r_ = u — 2\/71 = const is the Riemann invariant of the dispersionless shallow-water equations.
The fast branch of the dispersion relation (3.8) for linearised waves on the simple-wave background

(5.11) is given by
ok () = k (- +2VR) + ky| ———— (5.12)
1+hk%/3
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Solitary wave motion on the simple-wave background is defined by the conjugate dispersion relation
(see [8] for details)

(7)) = —iwo (i'l?, i, ﬁ(ﬁ)) _ E(r_ + 2\/2) + 7y ﬁ (5.13)

where the conjugate wavenumber k (essentially the inverse width of the solitary wave) is related to the
solitary wave amplitude a by

= cs(a, h,u(h)), (5.14)

=1 &

with ¢(a, h, u) = u+ Vh+ a the fast branch of the SGN solitary wave speed-amplitude relation (3.7).
Within the fitting approach to solitary wave-mean flow interaction, the amplitude modulation equa-
tion is obtained directly in diagonal form. The corresponding Riemann invariant Q. (k, /) satisfying
o0 R
9, c(o

- =0, C(Os,h) =cs(alk,h),h,u(h)), (5.15)

00,
ox

is found as an integral of the characteristic ODE
~((y . PR e\
T (0 R e e

. h — . (5.16)
dh Vi(h) = in 2%((1—”—’62) —1)

3

Equation (5.16) is a convex approximation counterpart to the ODE (5.8) obtained by the exact evaluation
of the solitary wave limit of the SGN-Whitham modulation system.

With the change of variable
1
a=—— = 1+2-Vi+2, (5.17)
Jie V Ok
3

eq. (5.16) reduces to the separable ODE

d_a:a(l+a)(a/—4)

— = , (5.18)
dh 2h ( l+a+ a/z)
which is readily integrated with the constant of integration
_ 02/5321/107,,1/2
ad (5.19)

T (a+ D4 — )R/l

The normalization coefficient in (5.19) is chosen by the natural requirement that in the zero-
amplitude/infinite width limit a — 0 of the solitary wave (3.6), the Riemann invariant 0. — h so that
equation (5.15) degenerates into the simple wave mean flow equation (5.11) for 4. Equation (5.19) is
equivalent to eq. (49) in [10].

One can see that the expression (5.19) does not coincide with the rigorous asymptotic result (5.9) for
Q. corresponding to u = o = 1. However, it provides a quite accurate approximation in the physically
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Figure 3. Left: comparison between the exact Riemann invariant Q. (5.9) (solid line) and its convex
approximation Q.(5.19) (dashed line); Right: the difference A = (O, — Q,)/h.

relevant range of amplitude-depth ratios z2 = a/h. Indeed, the small amplitude expansion of the fitting
approach result (5.19) is

2 Z4

37
Q+_h1+3—ﬁ—@z +0(Y]. (5.20)

The first two terms in this expansion correspond to the Riemann invariant of the KdV modulation system
in the soliton limit [12], i.e. is accurate to O(a) (O(z?)) as a — 0. But the fitting approach improves upon
the classical KdV prediction since (5.20) and the exact result (5.10) asymptotically agree up to O(a?)
(O(z%)). Even further, the difference between the two expansions at O(a®) (O(z°)) is just ~ 107343,
i.e. the exact (5.9) and convex approximation (5.19) curves are in excellent agreement for physically
admissible a/ h < Amax / h~0.8 [10], see Figure 3. At the same time, the existence of such a discrepancy
poses the important question: what is the cause of this (a’) asymptotic discrepancy and what does it
mean for the asymptotic validity of the DSW fitting method, particularly for non-integrable systems?

5.3. Riemann problem and transmission condition

We consider the Riemann problem for the system (4.12), (4.13), (4.14), for which the initial condition
is a step function:

(E(x, 0),(x,0), z(x, 0)) - (5.21)

with the constraint u_ — 2uvh_ = uy — 2uvh,. The solution of interest is the simple wave solution

Qa’y(ﬁs 2) =Qoulh-,2-) = Qoplhe,z4), Vy=r_,+ 3:“‘/2 =x/t. (5.22)

Equation (5.22) implicitly determines / and z? = a/h as functions of x/z. It describes the fast RW with
h_ < h,. To simplify the discussion of the solution, we restrict our study to fast solitary waves (o~ = +1).
In this case, the Riemann problem for the modulation system models the interaction of an incident
solitary wave with parameter z_, initially located far to the left of the initial step x < 0, interacting with
a RW or a DSW generated by the initial step.

It is important to note here that, although the solitary wave limit of the SGN-Whitham equations
(4.12)—(4.14) do not admit DSW modulation solutions, they can be used to determine the nature of

Downloaded from https://www.cambridge.org/core. 02 Oct 2025 at 02:32:28, subject to the Cambridge Core terms of use.


https://www.cambridge.org/core

Journal of Nonlinear Waves 15

the interaction between a solitary wave and a DSW. The only region of space-time where equations
(4.12)—(4.14) break down is within the DSW itself. Outside of the DSW, equations (4.12)—(4.14) are
perfectly valid, so that the simple wave solution (5.22) applies outside of the DSW. If all we wish to
determine is whether the solitary wave has been transmitted or trapped by the DSW and, if transmit-
ted, the transmitted solitary wave amplitude, we can use the Riemann invariant relation from (5.22)
with 4_ > h, to ascertain this as described below. This concept of hydrodynamic reciprocity was first
theoretically predicted and simultaneously experimentally observed in the interfacial fluid dynamics
of a viscous fluid conduit [40]. The concept has since been applied to solitary wave-DSW interaction
for other equations [1, 47, 49, 54]. In order to describe the interaction of the solitary wave within the
DSW, one must appeal to multi-phase Whitham modulation theory as has been carried out for the KdV
equation [1].

The first equation in (5.22) yields a relation between the left and right parameters (h.,z.) of the
initial condition, i.e. a relation between the parameters of the incident and transmitted waves

[
fou(ze) +Inhy =fry (z2) +Inh_, 22 = = (5.23)
+

If transmitted, the solitary wave amplitude a, > 0 is determined by solving for z, in eq. (5.23).
In the interaction with a fast simple wave, where o-u = +1, one can choose the constant of integration
in (5.9) such that £ (0) = 0. In that case, f(z) > O (see Fig. 4(a)) and one can find z, from Eq. (5.23) if

h_
fr (z_)+ln(—) > 0. (5.24)
hy
This condition is called the transmission condition. It is always fulfilled in the interaction with a fast
DSW where h_ > h,. In the interaction with a fast RW, this condition can be written in the form:

Z- > Zmin (R4 /h-) =f+_1 (ln (Zi)) ’ (5.25)

plotted in Fig. 4(b) — solid line. If the normalized amplitude of the incident solitary wave is smaller than
Zmin» then the wave becomes trapped inside the RW, similar to [40] in the case of the KdV and conduit
equations, see Fig. 1(b).

If the approximate Riemann invariant 0. (5.19) is used in the transmission relation (5.23) then the
fitting counterpart of the exact condition (5.25) assumes the form

hy

2o > Zmin(he[ho) = ! (h—) (5.26)

where

92/5321/10,,1/2
(a + 1)2/5(4 _ a)21/10 ’

fil2) = 1+22. (5.27)

The curve (5.26) is plotted in Fig. 4(b) in dashed line. There is a very close agreement between the exact
and convex approximation curves.

If the fast solitary wave is placed in front of the fast DSW two scenarios are possible depending
on the solitary wave amplitude z, relative to the DSW leading edge amplitude z; (see Equation (5.28)
below). If z; > z} then the solitary wave propagates faster than the DSW and no interaction occurs.
If z, < zi then the DSW overtakes the solitary wave and the latter gets trapped inside the DSW, see
Fig. 1(d) for the illustration. The analysis of the trapping dynamics characterised by the formation of
travelling breathers [1, 57] is beyond the scope of this paper.
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00

(a) : (b) (c)
Figure 4. (a) Variation of f,(z). (b) The critical transmission curve zrznm(hJr /h_) for the overtaking
interaction between a fast solitary wave and a fast RW (h— < hy) given by the exact formula (5.25)
(continuous line) and the convex approximation formula (5.26) (dashed line). (c) Relation between zi
and 2> for the interaction with a fast RW, (h_,h,) = (1,1.5) (solid line) and a fast DSW, (h_,h,) =
(1.5,1) (dashed line).

@ o
Figure 5. (a) Variation of f_(z). (b) Relation between 72 and z* for the head on interaction of a fast
solitary wave with a slow DSW, (h_,h;) = (1,1.5) (solid line) and a slow RW, (h_,h;) = (1.5,1)
(dashed line).

In the head on interaction with a slow simple wave, where o = —1, f_(z) is singular at z=0 (see
Fig. 5(a) where f_ (1) = 0), and the range of f_(z) spans the whole real axis. One can always find z_
from Eq. (5.23). The transmission condition is always satisfied in this case, i.e. the incident fast solitary
wave is never trapped by the RW or DSW.

5.4. DSW: solitary wave edge

The transmission condition (5.23) can also be used to approximate the SGN DSW’s solitary wave lead-
ing edge amplitude and speed. When i_ > h,,a DSW is generated by the simple wave Riemann problem
(5.21). The DSW’s solitary wave leading edge amplitude a, = h+(zi)2 can be estimated by evaluating
the Riemann invariant at the transmission/trapping bifurcation point when z_ = 0. In other words, a fast
solitary wave of infinitesimally small amplitude gets transmitted exactly to the DSW leading edge. As
follows from the transmission relation (5.23) this corresponds to

& =f! (ln (Z—;)) . (5.28)

The DSW solitary wave amplitude is a; = h+(zj)2 and edge speed is therefore cs(ay, by, uy) = uy +

Vhy +a,.
The SGN DSW leading solitary wave amplitude prediction from eq. (5.28) is an approximation of the
amplitude that results from integrating the appropriate integral curve (in this case, for h_ > h,, a3-wave)
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Figure 6. DSW lead solitary wave amplitude. Solid line: mean-field DSW solution (5.28); dashed line:
DSW fitting formula (5.29); circles: SGN numerical simulations.

of the full SGN-Whitham equations. The approximation rests upon the hypothesis of hydrodynamic
reciprocity — in which the solitary wave Riemann invariant Q. (4, z) (5.9) is the same behind and ahead
of a DSW [40] — and a more subtle, convexity condition that the full Whitham modulation system
remains strictly hyperbolic along the entire solitary wave trajectory for all so-called admissible states;
see, Section 3.2 in [54] for a discussion. Although these conditions are exactly true, within the context
of Whitham modulation theory, for a fast (slow) solitary wave interacting with a fast (slow) rarefaction
wave mean-field, they are assumed to be true for the fast (slow) DSW mean-field. Because of this, we
refer to eq. (5.28) as the mean-field DSW approximation.

If instead of the exact Riemann invariant (5.9), its convex (DSW fitting) approximation (5.19) is used
in the transmission condition (5.22), the DSW leading edge amplitude &, = . (Z%)? is found by solving
the equation [10]

2/5
h-/h. 2 ) _0. (5.29)

21/10
3
(@2 + DA~ (4 ~VE+ 1) (1+ V@) +1

Equation (5.29) is subject to the admissibility conditions — the convexity restrictions ensuring monotone
behaviour of the DSW edge speeds as functions of /_, i, [29]. This yields the admissible range of initial
steps 1 < h_/h, < 1.43 for which the SGN DSW fitting results are applicable [10].

The small-jump expansions of (5.28) and (5.29) give

a. 1, 127 ,
B 9§54 282 4 5%+ O, 5.30
=20t g% 1% TO6) (5.30)
i 1, 71 4 \

9 54 262 — 5% + O(s%), 531
n, T 20+ T g +O0) (5:31)

respectively, where § = % — 1 < 1. To leading order, both results agree with the famous result for

the KdV equation that the fead solitary wave amplitude is twice the initial DSW jump height [28]. The
mean-field DSW and DSW fitting approximations agree at second order as well, consistent with the
agreement between the expansions of the exact (5.10) and convex approximation (5.20) for the solitary
wave Riemann invariants. The curves a;(h_/h;) given by (5.28), (5.29) along with the values of a,
extracted from the numerical simulations are shown in Figure 6. One can see that both the mean-field
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Figure 7. Left figure: Comparison between the transmission relation (5.23) and the numerical simula-
tion for the fast solitary wave interaction with a fast RW (dashed red line) and a slow rarefaction wave
(solid blue line). Middle figure: an example of the interaction with a fast RW. Right figure: an example
of the interaction with a slow RW.
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Figure 8. Left figure: comparison between the transmission relation (5.23) and the numerical simu-
lation for the fast solitary wave interaction with a fast DSW (dashed red line) and a slow DSW (solid
blue line). Middle figure: an example of the interaction with a fast DSW. Right figure: an example of
the interaction with a slow DSW.

DSW equation (5.28) and the DSW fitting formula (5.29) provide very good approximations of the SGN
DSW solitary wave edge amplitude within the admissible range of initial steps. The numerical results
in Fig. 6 suggest that the mean-field DSW prediction somewhat improves upon the DSW fitting result.

5.5. Transmission: comparison between analytical and numerical results

Figure 7 shows the interaction of a fast solitary wave with fast and slow rarefaction waves. The amplitude
of the transmitted solitary wave a, obtained by the direct numerical simulation of the SGN equations
(2.1), (2.2) compares well with the analytical prediction (5.23). The details of the numerical scheme are
given in Appendix D. In the case of a fast solitary wave with a slow rarefaction wave, the amplitude of
the transmitted solitary wave is always larger than that of the incident solitary wave. Physically speaking,
the slow rarefaction wave is formed by retracting a piston to the right, so it will accelerate the right-
going solitary wave (see Figure 7). A new feature also appears in this case: a small amplitude solitary
wave forms behind the transmitted large amplitude solitary wave. This is in contrast with the typical
radiation emitted when a solitary wave interacts with another wave in non-integrable systems. Despite
the generation of additional solitary waves in this Riemann problem due to the non-integrable nature of
the SGN equations, the accuracy of the analytical predictions from Whitham theory is remarkable.

Figure 8 shows the interaction of a solitary wave with fast and slow DSWs. The analytical formulas
are in agreement with direct numerical simulations. This time, small amplitude radiation is generated
after the solitary wave passes through the slow DSW.
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6. Conclusion

We have studied the interaction of a solitary wave with a slowly varying mean flow for the Serre-Green-
Naghdi (SGN) equations that model fully nonlinear, bidirectional shallow water gravity waves over a
flat bottom. This was achieved by the determination and analysis of the exact solitary wave limit of
the Whitham modulation equations for the SGN system. The derivation of the Whitham equations was
performed via the averaged conservation law approach in both Eulerian and Lagrangian coordinates.
The SGN system is not integrable so the SGN-Whitham equations cannot be diagonalized, which makes
their analysis a nontrivial problem.

Due to the singular nature of the solitary wave limit, the appropriate choice for the modulation param-
eters is crucial. We utilize the wave action density, which is shown to be a particularly well-behaved
conserved quantity in the solitary wave limit. The resulting solitonic modulation system consists of
the shallow water equations for the mean flow coupled to an amplitude equation for the solitary wave.
Although the SGN solitonic system is not diagonalizable, its restriction to simple waves for the mean
flow equations admits Riemann invariants that we use to analytically describe the head-on and overtak-
ing interactions of a solitary wave with a rarefaction wave and dispersive shock wave (DSW). These
scenarios lead to solitary wave trapping or transmission by the mean flow. The analytical results are
shown to be in excellent agreement with corresponding numerical solutions of the full SGN equa-
tions. This work extends previous results on solitary wave-mean flow interaction in unidirectional,
non-integrable systems (BBM and conduit equations) to the bidirectional case.

One important outcome of this paper is the comparison between the exact analytical results from SGN
modulation theory for overtaking interactions with the results obtained from a simpler approach that is
based on the DSW fitting method. The latter method, involving several major assumptions of the full
modulation system (strict hyperbolicity, convexity), has been successfully applied to many dispersive
hydrodynamic equations. It yields exact results for integrable equations, relies only upon knowledge
of the linear dispersion relation and the dispersionless, mean-flow equations, and provides consistently
good comparisons with direct numerical simulations for non-integrable equations. However, analytical
estimates of DSW fitting theory accuracy have not been available. In this paper, we show that the DSW
fitting results for the SGN equation are not exact but are accurate to the second order in the solitary
wave amplitude, beyond the first order accurate Korteweg-de Vries approximation. This comparison
between the exact and fitting results for the SGN-Whitham equations provides an important asymptotic
benchmark for the DSW fitting method in non-integrable equations.

The analysis of the solitary wave limit of the SGN system presented here can be extended to other
non-integrable evolutionary equations that admit a family of explicit periodic traveling wave solutions in
terms of known elementary or special functions, e.g. Jacobi elliptic functions. So long as these solutions
include limiting solitary waves, the calculation of the Whitham modulation equations and their asso-
ciated solitary wave limit is possible. We have shown that the wave action conservation law, a general
feature of the modulation equations obtained via Whitham’s averaged variational principle (Lagrangian)
approach, is an important mathematical tool for the calculation of the solitary wave limit.

This work paves the way for additional studies of solitary wave interactions with mean flows in
bidirectional, strongly nonlinear, physically relevant systems. One of the future directions could be the
generalization of the developed theory for bidirectional solitary wave-mean flow interactions to soliton
gases — large, random ensembles of interacting solitary waves [51].
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Appendix A. Lagrangian and Eulerian descriptions

If ¢ is time, and g is the mass Lagrangian coordinate, the spatial Eulerian coordinate is defined through
the motion of the continuum x = x(#, ¢). The mass conservation equation in the Lagrangian coordinates
can be written as p(¢,q9)x; = po(q), where p(t,q) and po(q) are the actual and the reference mass
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densities, so that p (¢, g)dx = po(g)dq. One can see that if we choose pg(q) = 1, the Lagrangian variable
q will effectively coincide with the mass (one-dimensional). A general conservation law in Lagrangian
coordinates (¢, q)

as + bq = O,
is expressed in Eulerian coordinates (7, x) as
(pa), + (pua+b), =0.

When looking for travelling wave solutions that depend on & = ¢ — ¢f in Lagrangian coordinates, or
¢ = x — ct in Eulerian coordinates, the velocities ¢ and c are related by the mass conservation law

p(u—c)=-c.

We will first pass to the solitary wave limit in the modulation equations expressed in terms of mass
Lagrangian coordinates and then we transform the limit equations to Eulerian form.
The governing Euler-Lagrange equations derived from the Lagrangian (2.8) are

T —uy=0, u+p;=0, (A1)

where p is given in (2.11). Here, 7 = 1/h is the specific volume, u is the velocity, and é(t, 1;) is the
potential (2.9). The system admits the energy equation (2.12) and Bernoulli equation (2.13). Following
Whitham [56], we are looking for the solution of (A.1) subject to (2.11) in the form

(T) _ (T(T,X, 0,¢€)

_ _6(T,X)
u u(T,X,6,¢€) B ’

), T=¢€¢t, X=¢€q, 6
€

where 0 < € < 1 is a small, positive parameter. The function ®(7T, X) is called the phase. We define
the local wave number k and the local frequency w by the relations:

k= @X, w = _®T- (A2)

We will suppose that the solution is 27-periodic with respect to the rapid variable 6. Below, for any
function f(T,X, 0, €), f is the 2r-period-average with respect to 6

_ 2r

F(T.X,€) = S f(T,X,0,€) do. (A3)
2r 0

Expanding f in an asymptotic series in €
f:fo(T’X’g)+€f](T7X’9)+""

and substituting this ansatz into the governing system (A.1), we obtain a system of ordinary differential
equations with respect to 6 at leading order. One has the following first integrals (the zero subscript is

omitted)
~ — . — . W
CT+U=CT+U, —CU+p=—CUu+p, C:Z' (A4)
The system (A.4) admits the following useful consequences
@2 = @ =& (2 - (7)), (AS)
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w-ut=-c(r2 - (7)), (A.6)
pu-pu=3a(r2 - (7)), (A7)
pT-pT=-3(2 - (7). (A.8)

To leading order, O(1) as € — 0, one has
e(r,m) =e(t,n), n=-wtg, p=—(er+wl(ey),). (A.9)

The system (A.4) also admits the first integral in the form:
u? u?
—C (E—né,,+3) +pu=—-c é—né,,+7 + pu. (A.10)

The integral (A.10) allows us to obtain the nonlinear dispersion relation because the solution is 2x-
periodic. At O(e), after averaging with respect to the rapid variable 6, one obtains the following systems
of five compatible conservation laws containing only the leading order terms (the zero subscript is again
omitted):

Tr—ux =0,

ur+px =0,

2
?+s +(pu)y =0, e=e—-ne,,
T

- a~ 2—
‘ru—k‘rg% - u——‘rp—é =0,
on 2
T X

kT+U.)X:O.

The last equation is just the compatibility condition coming from the definition of the phase (A.2). It
can be also written in the form

Introducing

> Z = THEI]’

one can obtain a Gibbs-type identity relating the unknowns (see [22, 23] for proof)

dE +p dT + ¢dA = wdX. (A.11)
It can also be written in the form:
&2 —
de +p dt — 5 do = wds, §=12-(7)% (A.12)
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The Gibbs identity (A.11) or (A.12) is equivalent to an algebraic nonlinear dispersion relation coming
from (A.10) when we are looking for 2z-periodic solutions [56].

Using the expressions for correlations (A.5)—(A.8), the modulation equations take the conservative
form

Tr—Tix =0,
iir +py =0,

(g+ﬁ;+§(z_;z))T+(ﬁ—+as(:z_;z))xzo, o
Tu-¢(2-7)-kz) - ﬁ—2+§ 2-F)—Tp+F (2 -T) —F+wZ| =0,
(rie[-7)-s2), - (o5 -7 wpe (7o) van]

kr + (¢k)x = 0.

The five conservation laws (A.13) form a system of modulation equations (the SGN-Whitham system)
for the four unknowns k, ¢, T, u. The equations are compatible because the averaged Bernoulli law is a
consequence of the mass, momentum, energy and wave conservation laws. This can be proved by direct
calculations. Using the Gibbs relation (A.11) or (A.12), one can derive the sixth conservation law for
Y (an averaged entropy conservation law)

) &
(Z+7)r+(7)x=0' (A.14)

For the proof, one can use the energy conservation law in the form

—,u E'_ —— 3 ) _
(s+ > + 26) +( u+c6X 0.
T
Expanding it and using Gibbs relation in the form (A.12), one obtains

~2 ~2
BT+ %5, + WS +a i+ %57 + ECT6 + Pyt + P Ty + 6(826)x + ex6 = 0.

Using the averaged mass and momentum equations, one obtains
67 + W +¢erd + ¢(EP6)x + ey = 0.
Or, dividing by ¢
(€6)7 + kZp + (&26)x + &6¢x = 0.

Dividing by k, one obtains, after some algebra, the conservation law (A.14).

Finally, the full, compatible SGN-Whitham system (A.13)—(A.14) consists of the averaged conserva-
tion laws of mass, momentum, energy, wave conservation, the averaged Bernoulli conservation law and
that for the averaged entropy X. The last conservation law is also called the wave action conservation
law [56].
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A.l1. Solitary wave limit
The solitary wave limit is k — 0, which implies w — 0. In this case, the modulation equations become

purely hydrodynamic. For example, the mass and momentum equation become
Tr—ux =0, ur+pyx=0,

with
p=-e.(7,0). (A.15)

The conservation of waves equation identically vanishes because both k and w are zero in this limit.
However, in such a limit, the equation for the wave action is non-trivial. Let us first calculate X for the

1
full (non-averaged) SGN equations. With 7 = 7 to leading order O(1), one has

Then,
2y ~ —%, (A17)
and
W _ et _ o
pa- 0T ¢ (A.18)

(A.19)

5
+2 d lim&2.
[ I

Since the limit of ¢ is &2 = hihyhsy — h%h3 as k — 0, we need only to find

2
(ﬁ) + é and lim é
0k

ml = tx Pk
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A.2. Computation of average values in mass Lagrangian coordinates

The wavelength in mass Lagrangian coordinates is

2|c| " hdh
hz P(h

dh 2_2\/? " \/Pdh
(%) -7 E_Z/hz ==, (A21)

Then, with k = 27 /L, the limit as m — 1 of the ratio

e S ()
5 (el

(A.20)

Also,

“2t\3\ 3(-n) 2 \1-+n
14 ((3 2n)\/_+lln( \/z))
271\/§ 31-n) 2 \1++n)]’
Recall,
_Moh mmh g <, (A.22)

T

Indeed, making the change of variables i = ho+t(h3—hy),t € [0, 1] and thent = cos? 0,6 € [0,7/2],
one obtains

/”* VPdh _ (3= h)*Vhs =Ty \/t(l—t)(l—m(l—t)) 0
hy

h h3 0 1-n(1-1)
~ 2(h3—h2)2\/h3—h1 /”/2 sin’ 6 cos? 0 1—msin29d9
1 —nsin®6
2(h3 —hl)s/2 2 sin” 6 cos? V1 — sin? 0
3 dfg, asm—1
h3 0 1 —nsin“ 6
_2(h3=m)°* (3-2n I-n 1++n
B h3 3n2 2 \\1=n])’
The next step is the expression for §/k. One has
J— — 5 N h3 dh_ h3 dh
§_72—(T) 1 2)¢] 3 hdh | Jn WP (h2 @) (A.23)
kK~ k213 W pah \ [ ondn || ‘
V3 Ji, +[P(h) A

The expressions of the integrals

hs dn hs dn s hdn
hy ‘/I_J’ hy h‘/l_‘)’ hy ‘/ﬁ
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are given in [53]. They give us

s 149 1 ( K2 (m)
S_LtHd 1 (g m - . (A.25)
k21 \3 h3\hs — g ( ) (1 = n/m)K(m) + (n/m)E(m)
As usual, K(m) is the complete elliptic integral of the first kind
7r/2 de
K(m) = / @ (A.26)
0 V1 —msin’

E(m) is the complete elliptic integral of the second kind
/2
E(m) = / V1 —msin?64d6, (A.27)
0

and I1(n, m) is the complete elliptic integral of the third kind

/2
I1(n, m) =/ do (A.28)
0

(1 —nsin?)V1 — msin® @

The limit
. K (m)
i (H(”’ "™ T afmK(m) + (n/m)E(m)) (A29)
is singular. It can be obtained in the form
. K2 (m) . n Vn 1-+n
Mm (H(”’ ™) = T amK(m) + (n/m)E(m)) T AT ( 1+ \/ﬁ) - (A3D)
Hence,
5 @ 1 4 (n 1 (1-vm
,L:mlrmT—E@(mTl“(Hﬁ))' (A1
In particular, this implies
(ff—h)z 5| 4V ((6-20)Vn  [(1-+vn
. ¢ —2n)yn —\n
] e _?( 3(1=n) +ln(1+vﬁ))' (A.32)

Finally, the limiting SGN-Whitham modulation equation for the solitary wave field in mass Lagrangian
coordinates is eq. (4.7) with (4.8) and (4.9). Equation (4.7) is the solitary wave limit of eq. (A.14) and
expresses the conservation of wave action. In the limit m — 1, the quantity n becomes eq. (4.10).

Appendix B. Solitary wave limit of the modulation equations in Eulerian coordinates

The solitary wave limit (4.7) can also be obtained from the modulation equations written in Eulerian
coordinates (4.1), obtained previously in [10, 53]. Here, we use the formulation of [53] with the notation
¢ for the phase velocity and g = 1. Note that in [53], the phase velocity was denoted by D and the roots

Downloaded from https://www.cambridge.org/core. 02 Oct 2025 at 02:32:28, subject to the Cambridge Core terms of use.


https://www.cambridge.org/core

28 Congy et al.

of the polynomial were hy < h; < hp instead of h; < hy < h3 used in this work. The SGN-Whitham
modulation equations in Eulerian coordinates are

hi+ (p+he)x =0, (B.1)
_ -5 1

(p+he) + [he + 512 +2pc| =0, (B.2)

1- 1. - 1 — 1- 1 - — 3 1
zhc2 + zl]h - 512 + Lh1 +pc)t + (Ehc3 + zllhc+l3h‘lc+ Epc2 + Epll ) =0, (B.3)
k; + (kc), =0, (B.4)

with

I =h1+/’l2+h3, Iz=h1h2+h2h3+h1h3, ]3=/’l1]’l2h3, p=—0'\/l_, (B.S)

E(m) —  I(n,m) 2 [hihahs  K(m) hy
s h-1 = , —=L=4/——————, n=1--—=. (B.6
K(m) hsK(m)™ &k 3 Ahi-h hs 0

We first rewrite the quasi-linear system above in the new variables

h=hy+(h3 =)

(hi,ha ha,c)  — h:(hl,hg,azhg—hz,ulzc—a h1+a), (B.7)

using a symbolic computation package, e.g. Mathematica. Note that /;, u; are the spatial averages h,
u in the solitary wave limit i, — h;. The expressions are particularly long and not written here for
brevity. We denote the obtained system in the abstract form

h, + M(h)h, =0, (B.8)

where M (h) is a 4 X 4 matrix.

The variables Ay, hy, a, u; remain finite in the solitary wave limit i — h; (or m — 1), and the limit
of the system (B.8) thus yields non-trivial modulation equations for %, u; and a. The coefficients of
M (h) are rational functions of hy, hy, a, u;, E(m), K(m) and I1(n, m). Using the series expansions

In(1 —m)

E(m)=1+0(1 -m), K(m)=2In(2)- > +O(1 —m), (B.9)
h! —21In(2) +In(1 = m)/2
(. m) = Y20~ (Vi) “1( VI =m/2 o1 = m), (B.10)
n—
where
1 1++n a a

tanh™' =1 =sinh™'(z), n= .= B.11
anh™' (vVn) 2n(1—\/ﬁ) sinh™'(z), n ia z I ( )

we obtain the solitary wave limit in Eulerian coordinates
hig+ (urhy)x =0, (B.12)
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Uy +ugityx +hi =0, (B.13)

(2n—3)\/_+(3—n)(l—n)tanh (vn) i hy
(1= n)32 (2\/5—(1—n)tanh (va) :
~ 3yn— (3 -n)tanh™! (v/n)

2y/n — (1 —n) tanh™! (y/n)

a, + ca, —

~—

hyu =0, (B.14)

c=u+oyh +a. (B.15)

Equation (B.14) for the wave amplitude a is equivalent to the equation for the wave action (4.7) written
in Eulerian coordinates as

(th(n’hl))t + (hlulF(n’hl) + G(nshl))x = 0’ (B16)

with F and G given by (4.8) and (4.9), respectively. Using the notation i, = h, u, = u, and replacing
the amplitude a by the dimensionless amplitude z = \/%, we recover from (B.12)—(B.14) equations
(4.12)—(4.14).

Appendix C. Compatibility condition
Theorem 1 Consider an overdetermined system of equations for the unknown w(xy, xp,x3)
Wy, = @(X1,X2,X3)Wy,, Wy, = B(X1,X2,X3)Wy,. (C.1)
The system is compatible if and only if
a*By, — By, + Bay, — afy, = 0. (C2)
Proof. The compatibility condition is
(Ox; = @0y,)(0y, — BOx; )W — (Oy, — BOx;) (Oy — @dy,)w = 0. (C3)

It is equivalent to:

a’ﬁxz - ﬁxl _ Ba,)g — @y,
B a

uy, = 0. (C.4)

The last expression is equivalent to (C.2).
In our case the governing equations in the solitary wave limit are

o —u,=0, wu-g/v°t,=0, F(n,1)+G(n1),=0. (C.5)

Here, we replaced hl_1 by 7 in the functions F(n, k1) and G(n, h;) and used the same letters F and G for
the functions of new arguments. Let us suppose that there exists the Riemann invariant R(n, T, u) such
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that
Ri+AR; =0, A= g—: (C.6)
Expanding the equation for R, one obtains
R, (n; + Ang) + R (7 + Aty) + Ry (uy + Auy) = 0. (C7

Also, replacing the time derivatives n,, u, and 7, from (C.5), we obtain two equations corresponding to
the vanishing coefficients in front of the derivatives u, and 7,. They are of the form

R,=a(n,7)R;, R,=pB(n1)R, (C.8)

with coefficients @ and S that are independent of u. We take thus x; = n, x, = 7 and x3 = u. According
to Theorem 1, the compatibility condition is:

Br = (E) . (€9)
a n

One can check with Mathematica software that this condition is not satisfied. Thus, the Riemann
invariant coresponding to the eigenvalue A doesn’t exist. O

Appendix D. Numerical method
Let p be the integrated fluid pressure divided by the constant density p and defined by

2 &
3 dr2’

1
=}
p 3 +

To solve the one-dimensional, homogeneous SGN equations (2.1), (2.2) numerically, as in [21] for the
multidimensional SGN equations over topography, we use the @ formulation of the equations:

By + (hu), =0, (D.1a)

(m%+@f+%#):—wp (D.1b)

X

1
Herew =p - Ehz denotes the averaged non-hydrostatic part of the pressure that is obtained by solving

the linear elliptic problem

n 2 n
—? (%) +w = gl’lSui + ?hxx' (D.1c)
X

In the algorithm, we employ the hyperbolic-elliptic splitting approach developed previously in [19,
21, 36]. This algorithm consists of two steps. In the first, hyperbolic step, we employ a state-of-the-
art method for the numerical solution of the hyperbolic systems of equations (D.la), (D.1b) over the
time step At. In the second, elliptic step, using the approximate solution 4 and u# computed during

the hyperbolic step, we numerically invert the elliptic operator (D.1c) for @ with prescribed boundary
conditions.
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Note that in the hyperbolic step, rather than writing the equations in the conservation form ¢, +f (¢), =

T
0 with g = (h,hu)T and f = (hu, hu? + %hz + w) , which is essential in the conservative first-order

setting [37] but is difficult to achieve more than first order accuracy, we write it in the form of a balance
law, see [19, 21] for the details of the numerical implementation.
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