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p-adic L-functions via local-global
interpolation: the case of GL, x GU(1)

Daniel Disegni

Abstract. Let F be a totally real field, and let E/F be a CM quadratic extension. We construct a
p-adic L-function attached to Hida families for the group GL,,r x Resg/pGL1. It is characterized by
an exact interpolation property for critical Rankin-Selberg L-values, at classical points correspond-
ing to representations 77 ® y with the weights of y smaller than the weights of 7.

Our p-adic L-function agrees with previous results of Hida when E/F splits above p or F = Q,
and it is new otherwise. Exploring a method that should bear further fruits, we build it as a ratio
of families of global and local Waldspurger zeta integrals, the latter constructed using the local
Langlands correspondence in families.

In an appendix of possibly independent recreational interest, we give a reality-T V-inspired proof
of an identity concerning double factorials.

1 Introduction

This paper is a case study in the construction of p-adic L-functions by the “soft”
method of glueing ratios of matching families of global and local zeta integrals. The
local integrals are constructed and then inserted into the global context by using the
local Langlands correspondence in families (see [Dis20] and the references therein).
The method, whose deployment seems new for non-abelian families, should be of wide
applicability; we give a brief introductory description in Section 1.2.

The specific context and arithmetic interest of our work is the following. Let F be
a totally real field, let E/F be a totally imaginary quadratic extension, and let p be a
rational prime. We construct a meromorphic function .%,(7") on Hida families for
GL,/r x Resg/pGL; that interpolates critical values

L(I/Z, g ® X)
L(1,7,ad)

for p-ordinary automorphic representations 77 ® y such that y has lower weights than
7. (The precise statement is Theorem A; note that in our normalization, the above
numerators are not necessarily central values.) The function .Z,(7") is new (if not
surprising) atleast when E/F does not split above p; for a discussion of previous related
works, see Section 1.1.6.
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966 D. Disegni

The interpolation property of .Z,(7") holds at all classical points satisfying the
weight condition and lying outside the polar locus (on which we have partial
control), and it provides an entirely explicit and complete characterization of the
function, in the spirit of [Hid96]. Its generality and precision are key to some
arithmetic applications in [Dis/b], which motivated our choice of case. In that paper,
we prove, first, the p-adic Beilinson-Bloch-Kato conjecture in analytic rank 1 for
(conjugate-)self-dual motives attached to representations g ® y as above; and sec-
ond, one divisibility in an Iwasawa Main Conjecture for the cyclotomic deriva-
tive d'.%,(¥") of £,(¥') along a self-dual locus. Both results, new or partly new
even when F = Q and E/F splits at p, rely on a p-adic Gross—Zagier formula for
d'.Z, (7). In turn, that formula is proved by analytically continuing formulas from
[Disl7, Disa] for the central derivatives of certain cyclotomic p-adic L-functions
Zp(V(n,y)>$) attached to those representations 7 ® x as above that have minimal
weights. The continuation argument thus requires to exactly identify the collection
{(Z(Vim,x)>5) (m,y)} of single-variable functions as a set of specializations of a
multivariable analytic function, which is indeed our %, (7).

It would be interesting to extend our results to the nonordinary case by the method
of [Al21, Urb14]. As for further arithmetic directions in the ordinary case,' the main
remaining goal is perhaps the full Iwasawa Main Conjecture for %, (7). This was
proved by Skinner and Urban [SU14] and Wan [Wanl15] in the split case; in the nonsplit
case, results toward it (when F = Q) were recently obtained by Biiyiikkboduk and
Lei [BL]. A second goal is the remaining divisibility in the Main Conjecture for the
cyclotomic derivative of .}, (7") (cf. [Dis/b, Theorem E]); in view of the p-adic Gross—
Zagier formula of [Dis/b], this is equivalent to a suitable generalization of Perrin-
Riou’s main conjecture for Heegner points, which in its original form was recently
proved by Burungale, Castella, and Kim [BCK21].

1.1 Statement of the main result

We move toward stating our main theorem, leaving a few of the detailed definitions
of the objects involved to the body of the paper.

1.1.1 p-adic automorphic representations

Consider the algebraic groups over F
(1.11) G = GLyr, H := Resg/rGLy/F.
If vy is a place of Q, we denote

%,, = Hom (F,Q,,).

A (numerical) vo-adic weight for G is a tuple w := (wo, w = (W) ez, ) of integers, all
of the same parity, such that w, > 0 for all 7. It is said cohomological if w, > 2 for all 7.

UThis discussion has no ambition of being either a comprehensive research program or a compre-
hensive survey of the growing literature on the subject. Moreover, it entirely leaves out not only the case
of nonordinary families, but also the p-adic L-function with complementary (to (1.1.7)) interpolation
range introduced in [BDP13].
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A weight for His a tuple [ = (lo, I = (I1)es,, ) of integers of the same parity. Finally,
if w and [ are weights for G and H, the associated contracted weight for G x H is

(WO + lo,W, l)

If w is a p-adic weight (say, for G) and :Q, = C is an embedding, we denote
w' = (wo, (W) 1or:rc). (In fact, w' only depends on ¢, if w is rational over the finite
extension L of Q, in the sense that Gal(ép/L) fixes w.) Let A be the ring of adéles of F.
An automorphic representation of archimedean weight w is a complex automorphic
representation 77 of G(A) such that 7o, = 71y, 1= ®r:FRT(wy,w,)> Where 7(, ) is the
discrete series of GL, (F; ) of weight w, and central character z — z*°. If L is p-adic, we
define an automorphic representation of G(A) of weight w over L to be a representation
7 of G(A®) on an L-vector space, such that for every i: L — C, the representation

7' = T ®L, Moo,w!

of G(A) is automorphic.’

To the representation 7 over L is attached a two-dimensional representation V, of
Gr := Gal(F/F); denoting by Vy, its restriction to a decomposition group at a place v
of F, the representation V/, is characterized by L(V,,,,s) = L(s + 1/2, m, ) for all v (this
is the “Hecke” normalization of the Langlands correspondence, cf. [Del73, Section
3.2]). We say that 7 is ordinary” if, for each place v|p of F, there is a nontrivial G, -
stable filtration

(L12) 0>V, > Vi >V, -0

such that the character «;, : F;* - L* corresponding to V" (-1) has values in 07}.

Let L be a p-adic field splitting E, suppose chosen for each 7: F < L an extension 7’
to E,” and let 7'° = 7/ o ¢ for the complex conjugation c of E/F. A Hecke character of
H of weight [ over the p-adic field L is a locally algebraic character x: EX\A7"* — L*
such that

X(tp) _ H Tl(tp)(l,+lo)/2_[lc(tp)(—lr+lo)/2
T:F>L

for all ¢, in some neighborhood of 1€ E;. We let V, be the one-dimensional
GE-representation corresponding to y.

1.1.2 L-values

Let 7t (respectively, x) be a complex automorphic representation of G(A) (respectively,
H(A)), and let 7 denote the base change of 7 to E. Let us also introduce the

2 A contracted weight is the same as a weight for (G x H) := {(g, h) : det(g) = Ng/p(h)} c G x H.
This is in fact the true group governing our constructions.

3This definition is slightly different from, but equivalent to, the one adopted in [Dis/b], whose
flexibility will not be needed here.

*The literature often adds to the definition the extra restriction that a5 , should be unramified, and
calls “nearly ordinary” what we call “ordinary”

>This will only intervene in the numerical labeling of the weights.
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convenient notation
(1.1.3) Vi = (Vay ® Indﬁ:)(v) oad(Vy,,)(1)"”

(to be thought of as referring to a “virtual motive”).
Let i: F*\A* — {£1} be the character associated with E/F, and let

(rv(2)L(1/2, 75, ® xv) L ifv + oo
L(1,7,)L(1, m,,ad) -1

n, ifv|c>o
L (Vimy»0) = [1L (Viz g, 0)s

X(V(mx)’v, 0) = eC,

where the product (in the sense of analytic continuation) is over all places. These are
the L-values we will interpolate.

1.1.3 Interpolation factors

Let L be a finite extension of Q,, let 7 be an ordinary automorphic representa-
tion of G(A) over L, with a locally algebraic central character w,: A** — L*, let
x:H(F)\H(A) — L* bealocally algebraic character, and set w, := yja=.Let:L = C
be an embedding, and let ¥ = [T, v,: F\A — C* be the standard additive character
such that Y, (x) = 27 Trree/r(x),

Ifv|p, letad(V,,)(1)™ := Hom (V

v> Va, ), and define

(1.1.4)

Hw|v Y(IWD[V;MGE,W ® VX»W]’ V/E,w)_l
y(tWD[ad( V) (1)**], y,) !

where ‘WD is the functor from potentially semistable Galois representations to
complex Weil-Deligne representations of [Fon94], the inverse Deligne-Langlands y-
factor is y(W,y,) ™" = L(W)/e(W, v, )L(W* (1)), and yg,,y = ¥y © Trg, .

Let ko € Z be such that the archimedean component of w = W, is We () = x*°.

eV(V(,T,,X,)) = 'X(V(ﬂ,’xl)’v)fl,

We define
eoo(V(ﬂ:,X:)) = ikO[FQ]
and
(L15) epoo(Vim, 1)) = €oo (Vi p)) - IT[ ev (Vi p))-
vip

1.1.4 Hida families

sph, ord be
UL.R

the p-(nearly) ordinary spherical Hecke R-algebra acting on ordinary p-adic modular
cuspforms for G of tame level UZ.

Let U2 c G(A?*) be any open compact subgroup, and for R = Z,, Qp, let T

%The normalizations of L- and e-factors are as in [Tat79].
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A cuspidal Hida family Zg is an irreducible component of the
sph, ord
Ué.Qp
SpecZp[Th, ..., Tirqle1+65,] ®2, Qp (where Op,, is the p-Leopoldt defect of
F), coming with a dense ind-finite subscheme

space @G’Ug := SpecT for some Ug. It is a scheme finite flat over

28 c 26

of classical points, and a locally free sheaf ¥ of rank 2 endowed with an & g, -linear
action of Gg. To each x € Z¢ is associated an automorphic representation 7, of
G(A™) over Q,(x), and the fiber 7G|, = V. The (numerical) weight of x is defined
to be the weight of 7,.

Let Uf, c H(A”*) be an open compact subgroup. We define

(1.1.6) Dht = Yy ur = Spec Z,[H(F)\H(AP™) [Uf] ©2, Q.

where the topology on H(F)\H(A?*)/U} is profinite; it comes with a universal
character yuniv: H(F)\H(A®) - €(%4)*, identified with a Gg-representation ¥4
of rank 1, and a dense ind-finite subscheme %! c %;, whose points y correspond
to Ufj-invariant locally algebraic Hecke characters x, of H over Q,(y). The weight of
y is defined to be the weight of y, .

Finally, the ordinary eigenvariety for G x H of level U, x UF, is
Vet = Vg up vy, = Yo* % = Spec Ty, "oz, Z, [H(F)\H(AP™) [Uf] @7, Q.
Its subset of classical points is Ly = 2 x 1. A Hida family for G x H is an
irreducible component of %XH,U%X% for some UZ, UL.

We now isolate an interesting subspace of Zg«n. Let wg: F*\A®* — 0(%5)* be

the character giving the action of the center of G(A) on p-adic modular forms, let
WYy = Xuniv|A°o,X , and let

w = wgwy: F\A®* > 0(%sxu)”™.
The self-dual locus
g/GSSH ¢ Yoxu

is the closed subspace defined by w = 1. If 2" is a Hida family for G x H, we denote
<%fcl =2 N Q/GCLH’ %sd = 2N gGSSH’ and <%fcl,sd = %cl n %Sd.

1.1.5 Main theorem

Throughout this paper, if 2 is a scheme over a characteristic-zero field L, we identify
a geometric point x € 2 (C) with a pair (x, (), where xo € 2 is the scheme point
image of (as a synonym, underlying) x and 1: L(xo) = C is an embedding. If 2" is
integral, we denote by J# (.2") the local ring of the generic point, which we call the
field of meromorphic functions on 2.
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If 2 is a Hida family for G x H, we define 2" ¢ 27! to be the subset of points
(x0, yo) whose contracted weight (ko, w, 1) satisfies

(1.1.7) [ <w, -2, |ko| <wy = |1,| -2 forallv e X,.
We denote (%fcl,sd,wt = <%fcl,scl n %cl,wt'

Theorem A Let 2 be a Hida family for G x H whose self-dual locus 2" *% is nonempty.
There exists a unique meromorphic function

Ly ) e H(X),

whose polar locus 9 does not intersect 2" such that for each (x, y) € 2" "(C) -
2(C), we have

(11.8) Lp(V)(%: ) = epoo(Vin, ) - L (Vi )5 0)-

Here, if (x0, y0) € 2 is the point underlying (x, y) and 1:Q,(xo, yo) = C is the
corresponding embedding, we have denoted iy =y , Xy = X,,» and the interpolation
factor is as in (1.1.5).

The value of the interpolation factor agrees with the general conjectures of Coates
and Perrin-Riou (see [Coa91]). (The notation ¥ is meant to evoke some “universal
virtual Galois representation interpolating (1.1.3)”)

1.1.6 Previous related work

When E/F splits above p, Theorem A may be essentially deduced from the main
result of [Hid91] (see also [Hid09]). Hida’s method uses the Rankin-Selberg integral,
whereas ours uses Waldspurger’s variant [Wal85] based on the Weil representation (as
discussed below).

The numerator of our L-value is a special case of the standard L-function for
GL, x GL; over E, and when so considered, our p-adic L-function is a multiple of the
restriction to some base-change locus of one constructed by Januszewski [Jan] using
the method of modular symbols; however, that function is not uniquely characterized
by its interpolation property, which involves unspecified periods.

Finally, when F = Q, variants of .Z,(7") were constructed by Hida [Hid88,
Theorem 5.1a] and, more recently, by Loeffler and Biiyiikboduk and Lei (see [BL,
Section B.4]) under various local restrictions.

1.2 ldea of proof, organization of the paper, and discussion of the method

The proof combines the strategy of Hida [Hid91] with an enhanced version of that of
[Dis17, Proof of Theorem A], where we had constructed the “slices” .2}, (¥") (x, —) for
x € ! of weight 2.

We start from Waldspurger’s [Wal85] integral representation of Rankin-Selberg

type
(1.2.1) (f’ I(¢’ X)) = g(V(ﬂ,X),O) : HRV(st ¢v: Xv)s
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where (, ) is anormalized Petersson product, f is a form in 77 with Whittaker function
®, W,, the form I(¢, y) is a mixed theta-Eisenstein series depending on a certain
Schwartz function ¢, and the R, are normalized local integrals.

In Section 2, we discuss the general setup. In Section 3, we make a judicious choice
of ¢, at the places v|poo and interpolate the ordinary projection of I(¢, y) into a
%Gxu-adic modular form. In Section 4, we interpolate R, for v + poo using sheaves
of local Whittaker functions over 2" provided by the local Langlands correspondence
in families (Section 4.4); we compute R, for v|poo (Section 4.3), which yield the
interpolation factors in (1.1.8); and finally (Section 4.5), we use (1.2.1) to define .Z;, (7")
as a glued quotient of the global and local (away from poo) families of zeta integrals.

In Appendix A, we give a TV-inspired bijective proof of a combinatorial lemma
occurring in Section 3.3.

The method of constructing p-adic L-functions as ratios of arbitrary matching
families of global and local zeta integrals should be applicable whenever an integral
representation for the corresponding complex L-function is available, at least if the
groups involved are products of general linear groups: for example, for Rankin-
Selberg L-functions. It can be compared to the “hard” constructions from much of
the existing literature on p-adic L-functions, which rely on fine choices of local data
at all places, computation of the associated integrals, and bounds on the ramification
of the data (see [Hsi21] for an excellent example of the state of the art). To be sure, the
two approaches should be viewed as complementary rather than alternative: while
the “soft” construction provides a flexibility useful for some applications (such as in
[Disl7]), explicit choices and computations can still be plugged into it, and are likely
still indispensable to address finer issues such as integrality.

For another brief general discussion of our method focused on the role of the
local Langlands correspondence in families (LLCF), as well as some results on local
interpolation, we refer to [Dis20, Sections 1.2 and 5];” see also the very recent work
of Cai and Fan [CF] for a related study in the context of periods attached to spherical
varieties. Abelian antecedents of the construction, for which the LLCF is not needed,
can be found in [Disl7, LZZ18].

The local-global approach may in principle introduce poles coming from zeros of
the families of local integrals. In our specific setup, the Waldspurger local integrals are
not easy to control (at least for this author) away from the self-dual locus. This is why
Theorem A, while sufficient for the arithmetic applications in [Dis/b], is not as strong
as it could be: one may at least expect that the condition that .2"*¢ be nonempty is
superfluous, and that the polar locus of .}, (#") should not intersect 2~ cbwt Asnoted
by a referee, approaching .Z, (") via the well-understood Rankin-Selberg integrals
for GL; x GL, would likely yield such a strengthening.

2 p-adic modular forms and Hida families

The material of this section is largely due to Hida (see [Hid91, Sections 1-3 and 7] and
the references therein).

"In Appendix B, we correct a couple of blundered statements from [Dis20].
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2.1 Notation and preliminaries

The notation introduced in the present subsection (or in the introduction) will be
used throughout the paper unless otherwise noted, in particular, the groups G and H
defined in (1.1.1).

2.1.1 General notation

The following notational choices are largely standard.

o The fields F and E are as fixed in the introduction unless specified otherwise; if *
denotes a place of Q or a finite set thereof, we denote by S, the set of places of F
above *.

+ We denote by Dr, Dg, and Dy, respectively, the absolute discriminants of F and
E and relative discriminant of E/F; for a finite place v of F, we denote by d, € F,
a generator of the different ideal of F and by D, € F, a generator of the relative
discriminant ideal.

« We denote by < the partial order on F given by x < y if and only if 7(x) < 7(y) for
all T € To; we denote R* := {x e R|x >0} and F* := {x e F|x >0} c F*.

o Ais thering of adéles of F; if S is a finite set of places of a number field F, we denote
AS = H;¢ s Fv, and Fs := [1,es F,; when S consists of the set of places of F above
some finite set of places of Q (for instance, the place p), we use the same notation
with those places of Q instead of S (for instance, F, = Fs,). We denote Ff ={xe¢
Foo|x;>0forall 7€ X, } and A* := A x F%.

« We denote by y: F\A — C* the standard additive character as in Section 1.1.3.

« If R/R is a ring extension, A is an Ry-algebra, and X is an Ry-scheme, we denote

Ap = A®p, R, Xg = X Xgpecr, R.

o We denote by Gk the absolute Galois group of a field K.
o If K is a finite extension of F, its class number is denoted by

hi = |[K\AR™ | O],

« For a place v of F, we denote by w, a fixed uniformizer at v, and by qr,, the
cardinality of the residue field; we denote qr,, := (qF,v )ves, -

o The class field theory isomorphism is normalized by sending uniformizers to
geometric Frobenii; for K a number field (respectively, a local field), we will then
identify characters of G with characters of K*\A} (respectively, K*) without
further comment.

o If I is a finite index set and x = (x;);, y = (y;) are real vectors, we define (xy); =
x;y; and x7 =[], xiy " whenever that makes sense. Moreover, we often identify an
integer wy with the constant vector (wp);e; € Z'.

« We denote by 1[-] the {0,1}-valued function on logical propositions such that
1[¢] =1if and only if ¢ is true.
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2.1.2 Subgroups of GL, and special elements

We denote by Z, A, and N, respectively the center, diagonal torus, and upper unipo-
tent subgroup of G = GL,/p; we let P = AN and Pl:=Pn SL,/p. We define a map

a:GLl/F—>Gby
a(y) ::( Y ] )

w::( » ! )eGL2(F)

We denote

or its image in GL,(R) for any F-algebra R. (The context will prevent any confusion
with the notation for the weights of G.) For r € Zi‘l’, we define

1
Wy, p 1= ( i ) € GL,(F,), Wy p = Her,v € GL,(Fp),
v vlp

as well as a sequence of compact subgroups

Uy, = Uy (w))) = {(®%)eGL(Opy) : a—1=d-1=c=0(mod w;)} c GLao(F,),

Up,ri= ] Unr,.

ves,

cosf, sinf,

Soo —
For 6 € (R/21Z)>>, we denote rg := (( sinB, cos,

)) €SO(2, Foo ).

2.1.3 Hecke algebras

Let S be a finite set of non-archimedean places of F, and let US = [Tyes Uy
GL,(A%*) be an open compact subgroup. For each finite set of finite places S, we
define the Hecke algebra

Hys = C.(US\G(AS™)/US, Z).
It carries an involution
(2.1.1) T T

arising from the map g ~ ¢™* on the group G.

Let A, := A(F)) c G(F)) be the diagonal torus, and let A}, be the set of t = ( n )
such that v(#;) > v(t,) for all v|p. The involution
(2.1.2) tes t¥ = det(t) 't
preserves Aj. For § a finite set of places of F disjoint from S, U S, we define the
ordinary Hecke algebra

%[})sr;i = %USP,ZP ® ZP[AP]
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over Z,, which will act on spaces of ordinary modular forms (here and in the rest of
the text, a subscript Sp is shorthand for S U S,). It is endowed with the involution v
deduced from (2.1.1) and (2.1.2).

If U =1, Uy, c G(A*) (respectively, U? = [T, , U, c G(AP*)) are open com-
pact subgroups, and S (respectively, S?) is the set of places such that U, is not maximal,
we define

s h sph, ord d
G = s, G = Ay

(These depend on S, but their images in endomorphisms rings of spaces of modular
forms do not.)

2.1.4 Measures

We use the same notation and conventions for Haar measures and integration as in
[YZZ12, Section 1.6] and [Disl7, Section 1.9]. In particular, we have a regularized
integration functional

) £ dt,
| L0

which satisfies the following.

Lemma 2.1 Let f be a smooth function on A, that is invariant under E,. Let y c O}
be a finite index subgroup fixing f (under the scaling action). Then

S Z S0 gz ) [0S pan

“\AL/AX x€EX E aey
where d*t is the Haar measure giving volume 1 to 0.

Proof Let U c A7 be any compact open subgroup fixing f. Since both sides are
independent of y, we may assume that y = OF n U. By [YZZ12, equation (1.6.1) and
the following paragraphs], we have

/EX\A;/AX f(t)dt= vol(EX\AE/AX)]ix\AIXE/Ax f(t)dt

213
213 E\AE /U]

f(@®).

teEX\AT /U

Now, by a coset identity,

. 6%/l
[OF - ¢]

and by [YZZ12, Section 1.6.3], vol(E*\A%/A*) = 2L(1, 17). Hence, (2.1.3) equals

[EX\AL™"/U| = h

he O |U| repaz v
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If we compose with the operator f(-) = Yyepx f(x) = Xxep\px Laeu f(ax:), we
obtain

2L511,r7) k] s 5 g t)_zm Digs:u f > flat)dt.

E |ﬁX/U| teA™™ U acy E acy

2.2 Modular forms and their g-expansions

Let h c C be the upper half-plane. We view G(Fo,) as acting on h*= by Mébius
transformations, and identify

CL = (RSO(2,R))** c G(Fo)

with the neutral connected component of the stabilizer of i := (v/=1,...,v/~1) € h*=.

2.2.1 Nearly holomorphic modular forms

Let w be an (oo-adic Section 1.1.1) weight for G, let U ¢ G(A*) be a compact open
subgroup, and let m = (m,) € Z§5°. A complex nearly holomorphic (Hilbert) modular
form of weight w, level U, and degree < m is a function

f:G(A)—~C
satistying the following two conditions:
(1) Forall geG(A),y e G(F),and k e UCL,,

f(ygk) = juw(keo, 1) f(g),
where for z € h==,
jw((¢8),2) = (ad - be) Mo 2 (cz 4+ d)".
(2) There is a Whittaker—Fourier expansion
X a
(21) (7 1) mEweoma

forall y € A", x € A, where:
o we have

W (1) =y PW 0 (1), WE(D) = (aye0) ™ D PWS () (a%0)

for polynomials

Wf,u(y) € C[(Tr)res.. ]

of degree < m, in the variables T;, evaluated at Y := (Y;),x, with Y, =

(47[)/1)_1;
« we denote

Q" = y(ax) Yoo (iayo).
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The polynomial W ,(y) only depends on the class of ay modulo a™'(U), so that
defining

(2.2.2) Wy(a) = Wyi(a)

fora e A*,forall a € F*, and for y € A*, we have Wy ,(y) = Wy(ay). We say that f is
cuspidal if Wy (y) = 0 for all y.

If f is nearly holomorphic of degree 0 (that is, < (0, ..., 0)), we simply say that f is
a (holomorphic) modular form. If R c C is any subring, we denote by

Sw(U,R) ¢ M,,(U,R) c N3"(U,R),

respectively, the spaces of cuspidal forms and holomorphic forms of level U and weight
w, and of nearly holomorphic forms of level U, weight w, and degree < m = (m,),
such that for all a € A", the polynomials Wy(a) have coefficients in R. We write
N, (U,R) = li_l‘I)lm N;"(U,R),and O(R) := li_n)lU 0(U, R) if O stands for the notation
for any of the spaces of forms defined above (or below).

Finally, we define the space S2,(U,C) of antiholomorphic cuspforms to be the
C-vector space image of S,, (U, C) under complex conjugation. The formula

(2.2.3) fef ::( - ) )f

(where (7',) € G(F) c G(A) acts, as usual, by right translation) defines C-linear
bijections from S, (U, C) to S}, (U, C) and vice versa.

2.2.2 Twisted modular forms

A twisted nearly holomorphic (Hilbert) modular form of weight w, level U, and degree
< m = (m,) is a function

f:G(A) x A" = C
satisfying the following two conditions:

(1) Forall ge G(A),y € G(F),and k € UCZ,,

fygk,det(y)™u) = ju(koos 1) f(g> 1)

(2) There is a Whittaker—Fourier expansion
y X _ C a
(2.2.4) f L )= Wi () (Y) g
acF
forall x € A and y,u € A* such that (uy). > 0, where:

WEo (1) =y DPW (3, u),

WE(3211) = (a00) "™ DPW, o (y,u)  (a#0)
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for polynomials

Wf,a(y’ u) e C[(TT)T=F‘—>R]
of degree < m, in the variables T;, evaluated at Y := (Y;)ppor with Y, =
€
If R c C is any subring, we denote by M.¥(U,R) c N}"<" (U, R) the spaces of

holomorphic and nearly holomorphic forms of level U, weight w, and degree < m =
(m:), such that all the polynomials W, (y, u) have coefficients in R.

2.2.3 Contracted product

For any open compact subgroup Ur c 0%, let

(2.2.5)
vU}: . Z[FQ] hF
(OF w1

Let ¢: A — C be a Schwartz function, invariant under a subgroup of the form u, c
F

pu; = F*nUp, vu = [{£1} N pu,ls cuy =

F* as above. Then the sum
(2.2.6) Yoo =cu, Y, o(u)

ueF* ueyﬁp\FX

is well defined independently of Ur c Uy, and for any such choice, the support of the
sum is finite.

If fi, f> are twisted nearly holomorphic forms, we may thus define a (plain) nearly
holomorphic form f; x f, by

(227) fef(@) = Y Algu)few).

ueF*
2.2.4 Differential operators

We attach to a nearly holomorphic (genuine or twisted) form f the function
f:G(A%) xh*= > C
(87,2 = gool) = ju(goo 1) f(go0 )5

the map f ~ Y is injective.
The Maass-Shimura differential operators on functions on h*= are defined as
follows. For 7: F — Rand w € Z, let

o e 1 (w a)) g L0

_ — + — - s
2mi \2iy, 0z 2mi 0z,
a differential operator on the upper half-plane . For w, k € Zig" , let

kb ._ 7,h 7,h
6w = H 6w,+2k, 00 8w1+2
T

ooy, d*=TJ(d")k.
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Then, for any ring Q c R c C, this operator defines a map

k. w),<m (tw),<m+k
8y NG <™ (U, R) > Ny 705 (UL R)

such that 6 (f)? = 657 (7). (For a proof of the intuitive fact that the archimedean
operator 8% indeed preserves the rationality properties of finite Whittaker-Fourier
coefficients, see [Hid91, Proposition 1.2], whose calculations also apply to the twisted
case.) The subscript w will be omitted if it is clear from the context.

By [Shi81, equation (1.16)], for all k € Z;‘)’", we have

k+ c+ ke S
(2.2.8) 55,: Z H ( )M(—Mryr)]’ ke gi

05jk teSo, VT I(we+ jz)
Ifw>2m+1,any f € N(mtw)’sm(U, R) can be written uniquely as

f: Z 8;—2r r

0<r<m

with f, € M»(vtr,()o;—zr)(U’R)' (The proof in [Shi76, Lemma 7] carries over to our

context.) Thus, the linear map

ehol: Ngw)’sm(U, R) — Mﬁw) (U.R)

(2.2.9)
fef

is well defined.

2.3 p-adic modular forms

We study the completions of spaces of modular forms for certain p-adic norms.

2.3.1 Arithmetic g-expansion

Let w be a weight for G, and let U ¢ G(A*) be a compact open subgroup. The g-
expansion map

fr(amWg(a)=(222))
sends S,,(U,C) to CA"/UrFL where Uy = a™'(U). By the g-expansion principle (see
[Disl7, Proposition 2.1.1] for a version in our setting), the map is injective. We denote
its image by S,, (U, C) and view the map S,, (U, C) - S,,(U, C) as an identification.
If R is any ring admitting embeddings into C, we denote by
S.(U,R) c RAT/UFFL

the set of those sequences

(2.3.1) f=(We(a)),
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such that for any 1:R = C, the sequence ' := ({W¢(a)), is the g-expansion of a
cuspform

f'eS.(U,C) =P S, (U,C).

(In (2.3.1), the notation W¢ can be thought of as simply synonymous to f; it is
introduced in order to match the identification of the previous paragraph.) By [Hid91,
Theorem 2.2(i)] (together with a consideration of Galois actions mixing the weights),
for any such ring R, we have Sq(U, R) = S.(U,Z) ® R. For more general rings, the
previous equality is taken to be the definition of S, (U, R).

2.3.2 p-adic modular forms

Let L be a finite extension of Q, splitting F. A p-adic L-valued (cohomological) weight
w = (wo, (Wr)rror) is a tuple of integers, all having the same parity, such that w, >
1 for all :F — L. As in Section 1.11, if w is an L-valued weight and 1L — C is an
embedding, we define the complex weight w' = (wg, (W7 )0r)-

Let U c G(A*™) be a compact open subgroup, and let w be an L-valued weight.
We define S,, (U, L) to be the set of g-expansions f such that for every L = C,
the expansion f* belongs to S,:(U,C). The p-adic g-expansion of f = (W¢(a)), €
Sw(U, L) is the sequence

f=(Wp(a)) = (We(a)),  Wi(a) = al" " DPWi(a),
so that
(232) WE () = (ay) o™ D2 ((ay,) oD wi(a))

is the Whittaker-Fourier coefficient of f* as in (2.2.1). (In other words, we have two
embeddings S,, (U, L) — LA/UFFS; the g-expansion f ~ (W¢(a)),, and the p-adic
g-expansion f — (Ws(a)),.)

Let U? c G(AP*) be a compact open subgroups, let U := a™'(U?), and for any
L-valued weight w, we denote

P — 1 P
Sw(UP, L) =1im8,, (UP Uy, L).

n

The space of cuspidal p-adic modular forms
S(UP,L) c LA™ /Vr c AT - [AT/ES

is the completion of S,,(U?,L) for the norm ||f|| := sup, |W;(a)|, for any w. By a
fundamental result of Hida (see [Hid9l, paragraph after Theorem 3.1]), the space
S(U?, L) is independent of the choice of w. In particular, if L is Galois over Q,, this
space is stable by the action of Gal(L/Q,) and so it is of the form S(U?,Q,) ®q, L
for a space S(U?,Q,).
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2.3.3 Nearly holomorphic forms as p-adic modular forms

We may attach a p-adic g-expansion to a nearly holomorphic form with coefficients
in a p-adic subfield of C.
Let L be a finite extension of Q,,, and let w be a p-adic L-valued weight. We say that

f=(Wy(a)) e LA /P~

is a p-adic nearly holomorphic cuspform of weight w and level U? c G(A?*) if the fol-
lowing condition holds. For each 1: L = C, there exists a cuspidal nearly holomorphic
form

freng ey, .0

s . . .
for some n¢ZJ], whose Whittaker-Fourier polynomials have constant terms
satisfying

(23.3) Wiii(a)(0) = ¢ (a§ ™™ PP wi(a)).

The notion of a p-adic twisted nearly holomorphic cuspform is defined similarly by
the identity W s o (y, ) (0) = ¢ ((ay)§;W°*W”>/2 Wy(a)(yu)).

Proposition 2.2 If f is a p-adic nearly holomorphic cuspform over L of level U?, then
it belongs to the space S(U?, L) of p-adic modular cuspforms of level UP.

Proof This is the first assertion of [Hid91, Proposition 7.3]. ]

2.3.4 Hecke operators and ordinary projection

The space N,, (U, C) is endowed with the usual action of .. By writing down the
effect of this action on Whittaker-Fourier coefficients of cuspforms, we may descend
it to a bounded action of 73, on S,,(U?, L), and hence on S(U?, L), for any p-adic

field L.
For te A, or ye[l,, Ory - {0}, and any n eZi‘{, define the double coset
operators
U; = [Upn t Upal, UPY = 27 det(t)(Worv-2/2y,,
(2.3.4) o e
U), I:U(yl), ny::y( Wo—w+ )/ U}"

If L is a finite extension of Q,, then for all y € [],|, OF,, — {0}, we also define the
operator

Us:S(UP, L) - S(U?P, L)
Wuss(c) := W(cy).

This is compatible with the previous definition in the following sense (see [Hid91,
equation (2.2b)], where U, is denoted by T(y)): if f is a p-adic nearly holomorphic
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form of weight w over L, then for all 1: L — C, we have

(U3 ) = U™ f.

The superscript w will be omitted when understood from the context. The ordinary
projector is

(2.3.5) ¢ := lim (U;)"! € End (S(U”,L))

n—oo

for any tame level U? and p-adic field L. Its image is denoted by
Serd(UP, L) := e°MS(UP, L).

The operator e°™ preserves S, (U?, L), and we denote S (U?, L) := e 4S(U?,L)
and $°4(U?, L) = @, SI4(UP, L).

If f€ is a complex modular form arising as f€ = f' for a form f € S(L) for some
finite extension L of Q, and some 1: L <> C, we define

eord,t(fC) . (eordf)t.
2.3.5 Differential operators after ordinary and holomorphic projections

Let L be a finite extension of Q,, and let f;, f, be p-adic twisted nearly holomorphic
forms over L. For any 1:L < C and k € ZZ¢, we have

(236) [eord(fl « dkfz)]t _ eord,t[ehol(flt « Skle)]r
the proof of [Hid91, Proposition 7.3] carries over to the twisted case.
2.4 Hida families

We gather the fundamental notions concerning Hida families and the associated
sheaves of modular forms.

2.4.1 Weight space

Let U , = I1,), Ug,, © OF , be a compact open subgroup (which will be fixed once

and for all in Section 2.4.5). Let UL c A?** be a compact open subgroup, and
consider the topological groups (with the profinite topology)

[Z]U‘F’ = Z(F)Ul{f\Z(A‘x’), [Z]Uﬁ X U;,p;

the latter is isomorphic to A x Z;[ QA*3rr where A is a finite group and & p is the

p-Leopoldt defect of F. It is embedded into A(A*) by

G ().
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The weight space (of tame level U?) is

(2.4.1) W =Wy := SpecZp[[Z]yr x Ug ylq,-

A point x € 20 is identified with the pair of characters

(2.4.2) (/10 = ﬁ‘[Z]UP, K= ﬁ‘U;)P) .
We have an involution defined as
£ (t) = ro(dett) ' (t).

If k is a p-adic weight for G, we say that k is classical of weight k if for all v|p,

— ~k o —ko—k:+2)/2
ra"(2p) = Ro(2p)z, 0 KM(y) = k() [Ta(p) ket
T|v
are smooth characters of F; (respectively, Uy, ,); in the second equation, &, := Kjys
and the product runs over the 7 € X, inducing the place v € S,. For a classical weight
£, we define k™ := ®,|,x;" and

(2.4'3) K), - K)sm,{;mrl — Hv,sm,

a smooth character of Uy .
We denote by

QBCICQB

the set of points of classical weight, which has the structure of an ind-étale ind-finite
scheme over Q. If £ is classical of weight k = (ko, k), then £" is classical of weight
k" = (~ko, k). We let 202 be the set of classical points satisfying k > 2.

2.4.2 Hida schemes

In light of the examples of the previous and following paragraphs, it will be convenient
to introduce a suitable category of spaces.® Define the category of Hida rings to consist
of finite flat Z, [Xi, . .., X, ] -algebras A° (for some 1) and Z,-algebra morphisms, and
the category of Hida algebras to be the image of Hida rings under the functor ®z,Q,.
Define the category of affine Hida schemes to be dual to the category of Hida algebras.
A Hida scheme is an open subset of an affine Hida scheme. If A7 are Hida rings (for
i=1,2)and 2; = Spec (A} ®z, Q,) (for i =1,2), we define

2152 = Spec (43843)q,.

where ® is the completed tensor product.

8The treatment proposed here is minimal and somewhat ad hoc, but it will be sufficient for our
purposes. We believe that a more systematic treatment of the geometry of Hida theory should be based
on the theory of uniformly rigid spaces developed in [Kapl2].
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2.4.3 Hida families
Let

sph, ord or or
TIE)P»QP c TU‘:{QP c End(S d(Up>Qp))

be the images of the Hecke algebras %;Eh(’z:rd, (}’,flep from Section 2.1.3. We let

_ L sph, ord
Y =Ys,ur = SpecTyy g,

be the ordinary eigenvariety for G of tame level U?. (The subscript U? will be omitted
when unimportant or understood from the context.) The space %, y» is a union of

finitely many irreducible components, called Hida families of tame level (dividing)
UP. Tt carries an involution v deduced from the one on %”Jf’h(’z:rd

Letting U? := UP n Z(AP*), we have a weight-character map
kg Ya,ur ~ Wye

that, when identified with a pair (kg ¢, kg ) of (%G )*-valued characters asin (2.4.2),

is KG,0(z) = the Hecke operator acting by right translation by z on modular forms,

r6(yp) = Uy . The weight map is finite and flat, and it intertwines the involutions v.
The set of classical points of % is

@Gd = L@/G X9y Qﬁd’zz c @G-

If xo € %', we denote by 7, the automorphic representation of G(A) over Q,(xo)
on which 7" acts by the Q,(x)-character corresponding to xo. If x € %§!(C)
corresponds to (xo € 2, 1:Qp(xo) = C), we denote 7y := 7’ .

2.4.4 Families of ordinary forms

By construction, for each U?’ c U?, the ordinary eigenvariety %G y» (respectively, the
weight space Qnu;;) carries a (coherent) sheaf

pl
7Y

(respectively, ,VQ%P' = RKg,e? UIH), whose modules of global sections are

S(UP',Q,). We set Sy = li_n}Up, y(g;). By Hidas Control Theorem (see

[Hid91, Corollary 3.3]), the restriction of Yg%p to 20 is the sheaf attached to
8 (U?,Q,).

Foreachx € @GC}W of weight w, there exists a unique (up to isomorphism) ordinary
automorphic representation 7, of G(A) over L := Q,(x) of weight w such that there
is an %J;?L—isomorphism

Sy ngfd = ey, = [lim(U;’ﬂ)”l] TTxs
n
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the isomorphism is unique up to scalars. This defines a bijection between @G“}U,, (61,)
and the set of isomorphism classes of ordinary automorphic representation 7 of G(A)
over 6;; with 7" # 0.

Lemma 2.3 Let UP c G(A?™) be a compact open subgroup, and let U¥ := UP n
Z(AP*). Let & be a Hida scheme endowed with a map ¢: & — 20 = Wye. Then we

have an O o -linear injective q-expansion map

00,X P 00, X
(2.4.4) I = S @ O — 0% U c OF

characterized by the property that for every r € 20, every closed point z € ¢~'(k), and
every a € A®, we have

We(a)(z) = Wiy (a),

where the right-hand side is the p-adic q-expansion coefficient of the classical modular
form £(2) € (¢* Fay)|. € S(UP,Qy(2)).

Moreover, the image of (2.4.4) equals the space of those sequences (W (a) ), for which
there exists a set of closed points X c ¢~} (20) that is dense in 2 such that for all z € 2,
the sequence (W (a)(z)), is the p-adic q-expansion of a modular form £, € (¢* Fay)|.

Note that the sheaf .U on % is identified with (5’9%? ® G %;)¢%, the sub-
sheaf of invariants for the diagonal Oyy-linear action of 0. In particular, we deduce
from (2.4.4) a g-expansion map

Ut A JUP
(2.4.5) B2 ﬁ’% E,

Proof It suffices to construct (2.4.4) for 2 = 20 as the general case follows by base
change. Let A° := Z,[[Z]y» x Ug |, and let $°r4(UP,Z,) be the space of ordinary
forms with Z,-coefficients; this is an A°-module and a Z,-lattice in 5’2%1) (W) =

§r4(UP,Q,). For k € ¢, let p,, c A° be the corresponding prime ideal. Let n € N,
and let M range among finite subsets of 20; the filtered system of ideals

Loy = (") + ) P

KeEM
forms a fundamental system of neighborhoods of 0 € A°, i.e., A° = l(gi MA° [Tnm.
n,

The p-adic g-expansion maps S™(U?,Z,) ® 40 A°[p,; — ZP(H)AW,X yield a compat-
ible family of maps

S(UP,Zy) ®ae ALy — (A° L)

and after taking projective limits, the desired map S°"4(U*,Z,) — (A)A™ Tt is
injective by the g-expansion principle and the preservation of injectivity under inverse
limits.

We now consider the second statement. It is clear that, for any fixed £ as in the
lemma, the space jfg;p’z cO g:,x described contains the image of (2.4.4); we show
the opposite containment. We may assume that 2° = Spec B for a Hida ring B°, and
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consider (2.4.4) as a map
(24.6) $*4(UP,Z,) @4 B° — 834 (UP)E = (B)A™ .Y (2).

For z € %, let p, c B° be the corresponding prime ideal. Let n € N, and let N range
among finite subsets of X; then the filtered system of ideals J, y := (p") + Nyen P2
forms a fundamental system of neighborhoods of 0 € B°. By assumption, for each z €
>, the map (2.4.6) is an isomorphism modulo p,; hence, it is an isomorphism modulo
Ju,n for all (n, N), hence an isomorphism. ]

We call elements of ygf (respectively, Ygf Q6 H (X)) Z-adic ordinary mod-
ular cuspforms (respectively, meromorphic % -adic ordinary modular cuspforms) of
weight ¢: 2 — 20.

2.4.5 Weight-character map for H

Let UL c H(A?*) be an open compact subgroup, and let
Yii = Yy ur = Spec Z,[H(F)\H(AP™) /Uf] @2, Q,

asin (1.1.6). A (Hida) family for H is a connected component of %4;.

Fix a sufficiently small open compact subgroup U;z;,/ =TI1p U;;/ c 0p ,and an
injective group homomorphism

7 (URy) = Oy = {t € O | Ny, (1) = 1),
and let
Up, = (URY)? c 6
F,p '~ ( F,p ) c F,p>
which is now fixed as promised in Section 2.4.1. Let . /= Uy , — U;:;)/ be the (uniquely

determined, up to shrinking U;:;]/) squareroot,andlet j, j': Uy , - Of , bethe maps’

(2.4.7) j'(a)=j"(Va)[Va,  j(a)=j(a)a.

For any open compact Uf ¢ AP™" and U? := UL n AP>>*, define a map
Ay @H,Ug = Wyr
(2.4.8) .
yrEg(y) = (ﬁo = Xll2]yp0 B 1= Xy © J) :
F
The set of classical points is

@Hd i= Dy xom W

Note that if y € %4 is a classical point such that () has weight (o, [), then x, has
weight (1, 1) as defined in the introduction.

9va\p splits in E, then for a € Uy ,, we have j(a) = (a,1) under some isomorphism E; = F) x F)\.
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2.4.6 Hida families for G x H

These are defined as in Section 1.1.4.

2.4.7 Universal automorphic sheaf on a Hida family

Let 2 be a Hida family for G, and let %Gd =ZgnN @Gd. For each sufficiently small
U?, we may view 2" ¢ %, u» and we define

Ur _ U u?
11 —H%G.—%%G.

Foreachx € &chl, by Hida’s Control Theorem (see, for instance, [Hid91, Corollary 3.3])
and the theory of newforms, we have an isomorphism of .77, -modules,

P P P
(2.4.9) =) ord . gord UT,

Let U?ZG be minimal such that Zg is a component of @/G,U;} . By [Hid9],
ro/G

Section 3], there is a unique
P
(2.4.10) fo = fo, 0, € 1V %6 (2G)

(the normalised primitive form over Zg) such that Wg (1) =1€ (Zg) for the
g-expansion map deduced from (2.4.5). Any f € ITY can be written as f = Tf, for
some Hecke operator T supported at the places v + poo such that U? is not maximal.

2.4.8 Universal Galois sheaf on a Hida family and local-global compatibility

Let Z be a Hida family for G. By results of Hida and Wiles (see [Dis/b, Proposition
3.2.4]), there exist an open subset 2 c Z¢ containing %Gd and a locally free sheaf
¥ of rank 2, endowed with a Galois action

Gr — End ﬁ%é (A//G)

such that for all x € E&”Gd, the fiber 75, is the Galois representation attached to 7, by
the global Langlands correspondence.

Let S be a finite set of finite places of F, disjoint from S, such that for all v ¢ S, the
tame level UP = USP Uy of 25 is maximal at v. We define
mY. = lim 5, %,
Us

(2.4.11)

which is a finitely generated &2,[G(Fs)]-module. On the other hand, [Dis20,
Theorem 4.4.1] attaches to the restriction 75,y = ¥g);, an O a::[G(Fs)]-module

H(’VG,V))

which is torsion-free and co-Whittaker in the sense of [Dis20, Definition 4.2.2].
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Proposition 2.4  After possibly replacing Z( ¢ Zg with a smaller open subset still

containing 2§, there exists a line bundle 1%, over 2. with trivial G(Fs)-action,
G

such that

Sp °
M = MYy © QI(Y,)

ves
as 0 g1 [G(Fs)]-modules.

Proof By thelocal-global compatibility of the Langlands correspondence for Hilbert
modular forms (see [Car86] or [Dis/b, Theorem 2.5.1]), for all x € %'Gd and all places
v, the G(F,)-representation 7, , corresponds, under local Langlands, to the Weil-
Deligne representation Vy,, attached to 7G|, - Then the result follows from [Dis20,
Theorem 4.4.3]. [ ]

3 Theta-Eisenstein family

In this section, we define the kernel of the Rankin-Selberg convolution giving the
p-adic L-function.

3.1 Weil representation

We recall the definition of the Weil representation for groups of similitudes; this
subsection is largely identical to [Disl7, Section 3.1].

3.1.1 Local case

Let V =(V,q) be a quadratic space of even dimension over a local field F of
characteristic not 2. Fix a nontrivial additive character y of F. For u € F*, we denote
by V,, the quadratic space (V,uq). We let GL,(F) x GO(V) act on the usual space
of Schwartz functions S'(V x F*) as follows (here, v: GO(V) — G, denotes the
similitude character):

o r(h)p(x,u) = ¢(h'x,v(h)u) forhe GO(V);
o 7(n(0))$(x,u) = y(bug(x))¢(x,u) forn(b) € N(F) c GLy(F);

a

(T )] eew =@l

dim

i p(at,dau);

o r(w)p(x,u) = p(V,)d(x, u) for w = (_1 1) .

Here, xv = X(v,q) is the quadratic character attached to V, y(V, q) is a fourth root of
unity, and ¢ denotes Fourier transform in the first variable with respect to the self-
dual measure for the character v, (x) = y(ux). We will need to note the following
facts (see, for instance, [JL70]): yv is trivial if V is a quaternion algebra over F or
V =F@&F,and yy = 5 if V is a separable quadratic extension E of F with associated
character 7.
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3.1.2 Fock model and reduced Fock model

Assume that F =R and V is positive definite. Then we will prefer to consider a
modified version of the previous setting. Let the Fock model S(V x R, C) be the space
of functions spanned by those of the form

H(u)P(x)e 2mula(),

where H is a compactly supported smooth function on R* and P is a complex
polynomial function on V. This space is not stable under the action of GL,(R), but it
is so under the restriction of the induced (gl, g, O, (R))-action on the usual Schwartz
space (see [YZZ12, Section 2.1.2]).

We will also need to consider the reduced Fock space S(V x R*) spanned by
functions of the form

¢(x,u) = (P(uq(x)) + sgn(u)P2(uq(x)))e—Z”\MIQ(X))

where Pj, P, are polynomial functions with rational coeflicients.
By [YZZ12, Sections 3.4.1 and 4.4.1], there is a surjective quotient map

S(VxR*,C) > S(VxR*)®qC
(3.11) D~ ¢(x,u) = 6(x,u) = fRX]{)(V) r(ch)®(x,u)dhdc.

We let S(V xR*) c S(V xR*,C) be the preimage of S(V x R¥). For the sake
of uniformity, when F is non-archimedean, we set S(V x F*) =S(V x F*) :=
S'(V x FX).

3.1.3 Global case

Let (V, q) be an even-dimensional quadratic space over the adéles A of a totally real
number field F, and suppose that V, is positive definite; we say that V is coherent
if it has a model over F and incoherent otherwise. Given an &, r-lattice V° c 'V, we
define the space S(V x A*) as the restricted tensor product of the corresponding local
spaces, with respect to the spherical elements

¢ (x, u) = Lys (x)1gm (u),

ify, haslevel n,. We call such ¢, the standard Schwartz function ata non-archimedean
place v. We define similarly the reduced space S(V x A*), which admits a quotient
map

(3.1.2) S(VxA*) - S(VxA)

defined by the product of the maps (3.1.1) at the infinite places and of the identity at
the finite places. The Weil representation of GO(V) x G(A*®) x (gl, _,0(Ve)) is
the restricted tensor product of the local representations.

For a quadratic space V = (V, q) over A, we define (V) = +1 (respectively, -1) if
and only if there exists (respectively, does not exist) a quadratic space V over F such
that V®pA=V.

https://doi.org/10.4153/50008414X22000256 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X22000256

p-adic L-functions for GL, x GU(1) 989
3.1.4 The quadratic spaces of interest

Let us go back to our usual notation: thus, F is our chosen totally real field and E its
chosen CM quadratic extension. In this paper, we will consider the quadratic spaces
V = (B, q), where B is a quaternion algebra over A, definite at all the archimedean
places and split at p, and endowed with an A-embedding A = B,and :B=V - A
is its reduced norm. It has a decomposition

V=V,eV,,

where V) = Ag (on which the restriction of g coincides with Ng/r) and V; is the g-
orthogonal complement. Thus, ¢(V) = &(V,). We denote by r; the restriction of r to
a representation of A} = GO(V;) on S(V; x A*).

For each place v, we have

+1, ifB, = M,(F,),
-1, if B, is a division algebra.

(3.1.3) e(B,) =¢(V,) = {

We have (V) := [, e(V,) = (-1)[FQ [Ty, e(Vy).
3.2 Theta series
Let ¢; € S(V; x AX). We define a function on G(A) x A* by

(3.21) 0(g u, ¢1) = Y r(g)¢r(x, u).

x€E

It satisfies

(322) 0(zg.u. ¢1) = 1(2)0(g u.r(z7,1) 1)
for all z € A* (here, we view (z,1) € G(A) x Aj).

For a complex weight [ for H, let

(/51,1,00 = ®V\0°¢I,L,v’

(323)
1, (Hu) = 1R+(u){

tlv|u|(—lo+lv)/26_2”“q(t), lf lv > 0,
(£) W |u| o=t /2 g=2mua(t) | if ], < 0,

and let
0(gu ¢1751) = 0(8 1> 17 b1,1,00)-
Define |1] := (Lo, (|lv])v)-
Lemma 3.1 The series 0(g, u, $°; 1) is a twisted modular form of weight (0,1) + |1|.

Proof The usual proof that classical theta series are automorphic shows that our 0 is
twisted automorphic. The archimedean component of the central character is easy to
determine by (3.2.2). The weight is computed as in [Xue07, Section Al on p. 350]. =
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The Whittaker-Fourier expansion of 6(I) is standard: for all g= (7 7) € G(A)
with y € AY,

0(gu¢rs) =2 > r(@¢(xu)

aeF* erx'uq(x)*a

(3.2.4)
=n(y) Iylyoo Z > ¢ (yx.y ) gt

acF* x(eE)

uq X)=a

The following expansion result will be used in Section 3.4.

Lemma 3.2 Let y: EX\A} — C* be a locally algebraic character of weight 1, and let
E(g, u) be any twisted modular form such that E(g, usu) = E(g, u) for all us € FZ,.

Suppose that $°(0,u) = 0 for all u. Then, for all g = ( 4 )16 ) € G(A), we have

fE:\Ag/Ax x(0)0(gu, r(£)d°;1) » E(g, q(t)u) dt

lti+tg _
— 4Dy Y 1k G e [ T (On(0¢7 (0 ya)

aeF*
x E(g,q(t)a)d*tq".

Proof We may assume that U is so small that E(u) is invariant under u € U and
v = 1. Taking fundamental domains for u, \F*, the expression of interest is

chn(y)lyIW/ o Y Y Y ey yTg(Du)fug(x) = a]
ENARIA T weut \P* acul \Px xeE~
E(q(t)u, g) dt.

Since the integrand is invariant under E_, by Lemma 2.1 with y = pyy, and a change
of variables a = uq(x), this equals

2L(1, n)cy, 1/2
TRt LU i o,
X7 (ta)¢° (1o y, yaq(t)a®) ey (yooa )yool E(g.q(ta)a) q* * d"t.

By the invariance properties under Up, this can be brought into the desired expression
by a change of variables a’ = a*a and the calculation

2L(Ln)ey, — L(Ly)[0F : OF]
he[ O - pu,] hg/hr

which follows from the definition of ¢y, = (2.2.5) and the class number formula. =

_ 4|D |1/2,

3.3 Eisenstein series

Let V, be a two-dimensional quadratic space over A, totally definite at the
archimedean places. Let ¢, € S(V, x A*) be a Schwartz function, and let &: F*\A* —
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C* be a locally algebraic character such that ., (x) = x* for some integer ko and for

all x € F},. Define the automorphic Eisenstein series'
L) (1, 4)
Er(gu9258) = — oo 36+ (781.p)r(19)92(0, ),
(Ln) yeP1(F)\SL2(F)

where (with s € C)

(33.1)
S¢,r(8) = de.r0(8)

5e. (g) = 1 E@) afdPy(ked), ifg= () hwithh =k ry € Up, SO, Fe),
&rs\§) = 0, ifggéP(A)Up,rSO(z,Foo)-

(The defining sum is absolutely convergent for 2 (s) sufficiently large, and otherwise
it is interpreted by analytic continuation.) It satisfies

E,(zg u, $2; &) = n& ' (2)E, (g u, r(x,1)$2, &).
3.3.1 Schwartz function at oo

Let Py, x € R[X] be the (rescaled) Laguerre polynomial

. o
(332) P, 1 (X) = (2mi) ™ (4m) * (k + ko)t D) (k) ( ?,()J :
=oNJ/ T

For k = (ko, (k,)) € Z x ZZg such that k, + ko > 0 for all v, define
Er(g’ u, (/5;0’ E’ k) = Er(g’ u, ¢§°¢2,oe,k; g)’

where P ok = ®V\°°¢2,v,kv with
(3.3.3) Gy k, (X u) = Ip+ (u)Pko,kV(47mq(x))e_2"“q(x).

The series E,(¢5°; &, k) belongs to vaf’(_ko,“ko) (C).

3.3.2 Whittaker-Fourier expansion

The following standard result is essentially [Disl7, Proposition 3.2.1].

Proposition 3.3 We have
E((73":)$2:8) = 3 War (71 2): 923 O)y(ax),

aeF

where

Wa,‘f(g’ u, ¢2§ %‘) = H Wa,r,v (g) u, (,bz,v; Ev)

YOpor ko = 0, this is L(P>) (1, 78)/L{P>) (1, 1) times the series defined in [Dis17).
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with, for each v and a € F,,
Wa rv(g)” ¢a, v &)

(peo)
_ Wf B roy (wn(b)gw,, )r(wn(b)g)$2, (0, u)y, (~ab) db.

Here, LP%) (5, &) := L(s, &) if v + poo and L) (s, &) := 1if v|poo, and we use the
convention thatr, = 0 if v 4 p.

(Note that the functions W, ,(¢2, &) correspond to the W, of Section 2.2.2.
We prefer to use lighter notation in this section.)
We choose convenient normalizations for the local Whittaker functions: let y,,, =

y(V2,,,uq) be the Weil index, and for a € F', set

E(¢ »6),a

Wuo,r,v(g’ u, (/52,1/; Z;‘V) = )};,IVL(P) (1) UV)Wa,r,v (g, u, ¢2,v; fv)
Then, for the global Whittaker functions, we have

S(Vz

Lo (L) LI Wars(& 1925 8)

(334) Wu,r(g) u, ¢2; f) =

if a € F*, where ¢(V3) =1, yu,» equals —1if V; is coherent or +1 if V, is incoherent.
We similarly define W (g, u, ¢2, &) by the identity

-&(V2)

(335) Wor(&m¢238) = 7070y

Wy, (& u, $2; §).
A simple calculation shows that for all v and a # 0,

(33.6) W, (7)) b2 &) = 0 NP, (Ly ™ $2s &)

We will sometimes drop ¢, , from the notation.
The following sufficient condition for cuspidality will simplify matters a little
later on.

Lemma 3.4  Assume that there is a place v + poo, at which &, is unramified, such that
(3.3.7) ¢2,,(0,u) =0
for all u. Then, for all g = (* ) with y € A*, x € A, we have

Wo,r(g,u, ¢2; &) = 0.

Proof This is a special case of [YZZ12, Proposition 6.10]. ]

3.3.3 Archimedean Whittaker functions

We compute them explicitly based on our explicit choice of Schwartz function.
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Lemma 3.5 Let v|oo, let &,(x)=xk for some koeZ, and let ¢,.,(x,u):=
1r+ (1) (uq(x))* e 2™9%) for some k € Zo with k > —ko. Let a € R*. Then

(k+k())'
0, ifa<0oru<O.

k!
. 2(27‘[i)k° ak+koe—2nu’ ifa, u>0,
Wa,v(l’ U, (pZ,v,k.,; fv) = {

Proof We drop the subscript v and write d¢ ; for &, ;. We have

()T b1+ b))
wn(b) = ( (1+ bz)l/zf’eb )

with e = (i - b)/(1+ b?)Y2. Then 8¢ ((wn(b)) = i*(1+ b?)~5/2(1 - ib)~%. Since
L(1,1) = n'and y, = i, we have

(3.3.8)
i_kO W;(S) 1> u, ¢2,k)

= rln—lfR55,5(wn(b))r(wn(b))%k(o,u)w(_ab)db
:77"1_/R(l*'bz)‘s/z(l_ib)_k"fc¢2,k(x>“)W(“bQ(x))duxw(—ab)db

=a! fR (1+ b)) (1= ib)™ fc uk g (x)ke ™)y (ubg(x))dyx w(—ab)db,

where we recall that d,x = |u|dix and dix is twice the usual Lebesgue measure.
The integral over C is

k k\ 2 ke 2
2! ff(,)xzfx 1 gm2mu(=ib) (1 +2) gy )
Since [ x2e=4%" gy = AJ7Y2T(j +1/2), this equals
k (k
2y ( ,)r(j +1/2)T(k - j+1/2) - 2mu) ¥ (1 - ib) ™ = 27F 7 * k1 (1 - ib) !
j=0 \J
by the combinatorial identity (see Appendix A)
k (k
(33.9) > (j)r(j +1/2)T(k - j+1/2) = nk!.
j=0

Therefore, when u > 0,
W2 (s, 1L, u, ¢o i) = i2 K Fk! f(l +ib) 72 (1 - i)~ (s*2k+2ko+2)[2 =2miab gy,
R

The integral is the same one appearing in [YZZI2, bottom of p. 55] with d =2+
2k + 2ky. By [YZZ12, Proposition 2.11] (whose normalization differs from ours by
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L(1,1,¢&,) = mi), we find

(271)1+k+k0 k+ko —2ma

w?(0,1,u, = ik°27k717k71k!7
a€ $2.k) T(1+k+ko)

k!
_ Nko M k+ko ,—2ma
=2(2mi) (k+k0)!a e

if a, u > 0, as well as simpler formulas implying the desired ones in the other cases.
| ]

We deduce the following. Let

(k+ ko)!

] " k )' ( X)k*j)

(3.3.10) Qkpk(X) = Z()

which satisfies Qg, x(0) = 1.

Proposition 3.6  Let v|co, let a € R, and let ko € Z and k € Zsq with k > —kg. Then, for
a = 0, we have

War (1)t b2k &) = (D & I - 2(ay) 5 Qu i (47ay) ™) e 2™
ifay >0, uy>0,and Wy, (0,(” ), u ¢2,k,:E&) = 0 otherwise.

Proof After recalling the definition of Py, x in (3.3.2), by Lemma 3.5 and (3.3.6), we
find the asserted vanishing and that for ay, uy > 0 we have (dropping subscripts v):

Wa,V((y 1)>”’ $2,k5 3]

= nE (Y2 - 2(am)* (<) o (K + ko) Z( )(MO)

(j+ ko)!

which is equal to the asserted formula. ]

( 47my)j+k° e—27ray’

Corollary 3.7 Let &F\A* - C* with &(xe0) = xX0 for some ko € Z. For each
k € 25 with k > —ko, we have

B, 0375 6, K) = (-5, 0°E (g, 1, ¢ €,0).
Proof This follows from Proposition 3.6 and (2.2.8). [ ]

3.3.4 Schwartz function at p

Let U , c O , be as fixed in Section 2.4.5, and let x3: Uz , - C* be a smooth
character. We define

(3.3.11) $2,py (6, 1) = Tys (x) - Oug (u)r)(u),

vol(0y ,)

where V5 c 'V, , is a fixed OF ,-lattice and dye (u) = ———
2p = 2P p UF’P( ) vol(Ug )

. IU;P(u). It is

invariant under N(O%,j).
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Let
(3.3.12) E (¢85 & k5, k) i= Er(@57 b2, p.s 92,0005 ),
and denote its normalized Whittaker functions by
W2 1o (1 9375 & K5, )

depending on the place v, we will drop the unnecessary elements from the notation.

3.3.5 Non-archimedean Whittaker functions
We study the functions W , and the g-expansion of E,.

Proposition 3.8 Let v be a non-archimedean place of F.

(1) Ifv + p, then W7, . = W, does not depend on r, and for all a € F,,
W (1, 8) = L) (1= E(0) 3 Era(@n) gk [ dan(eaw) dure
n=0 n(a

where d, x, is the self-dual measure on (V,,, uq) and
D,(a) = {x, € Vo, |uq(x,) € a+ ptd;'}.

(When the sum is infinite, it is to be understood in the sense of analytic continuation
from characters &| - |° with s > 0.)

(2) For all finite places v, |d|;3/2|DV|_1/2 W;,(1Lu, &) € Q[¢, ¢2,,], and for almost all v,
we have

2D, 2 W (1, &) = L, ifv(a) .Z -v(d,) andv(u) = -v(d,),
’ 0, otherwise.
(3) Ifv|p, then

|dy 2D, 128, (-1) K5, (u), ifv(a) > —v(d) andu e Uy,
0, otherwise.

Wory(Lus & k) = {

Proof See [Disl7, Proposition 3.2.3 and Lemma 3.2.4] for parts 1 and 2. For part 3,
we drop subscripts v and compute

Se(wn(b)w,) = E(-D1g, (b), ' r(wn(b)) B2, (0,u) = |dy[|Dy]"* 1o () ()

(the latter if b € OF), so that
WE () = 1D, PE-D10 () (w) [ y(-ab) ab,

which gives the asserted value. ]
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Corollary 3.9 For g= (7 7) with y € A" and x € A, we have

-¢(V2)
L®)(1,1)

- (w;<y, W)+ 3 2 (ay YW (0,1, g E) Qi (Aay) ) q“),

acF+

E (g u, ¢T38, k) = nE 2

where W2 (0,1, 14, ¢25 &) = [, 400 Wy 1, (0, Ly u, ¢oys ).

Let ¢5° satisfy (3.3.7), so that by Lemma 3.4, the corresponding Eisenstein series
is cuspidal. For £ a locally algebraic p-adic character of A* of weight ko, consider the
(bounded) sequence of coefficients in Q, (&)

Er(u,¢3°3 6. k) = (118 ()2 D () [Dsl Dl W™ (1 y w6575 8) )

beF+’

where A = —¢(V3)/|Dg/p[/2L{P) (1, ). This is the p-adic g-expansion attached to E,.
Analogously to Corollary 3.7, we have

(33.13) E,(u, ¢35 &, k) = (-1)5,d"E, (u, 23 £, 0).

3.3.6 p-adic interpolation of Whittaker functions

For a place v + poo of F, denote %, := Spec Q,[F, ] and (for a later use) %, :=
SpecQ,[E; ], the spaces of characters of F; (respectively, E). We say that a mero-
morphic function ® on an integral scheme has poles controlled by the (nonzero)
meromorphic function @' if ®/®’ is regular.

Proposition 3.10 Let v+ poo. For each acFY, yeFY, and ¢,,€S(VE™ x
AP, Qy), there is a meromorphic function

W (3>t $2,0) € (D),
regular if ¢, is standard and otherwise with poles controlled by L(1, 1, ¢,), satisfying
%(jv (yu, 62,038) = |dV‘73/2|DV‘71/2 Wao,r,v(( » 1 )t b2, (€1)580)
forall &, € %,(C) whose underlying scheme point is not a pole.

Proof Part1is proved as in [Disl7, Lemma 3.3.1], except that we write the arbitrary
¢2,v = 5, + ¢5 , without the extra factor of equation (3.3.2) ibid. Then the argument
shows that (only) when ¢} ,, # 0, there may be a pole controlled by L(1, 7, &, ). |

3.4 Theta-Eisenstein family

Fix a compact open subgroup U? c G(A?P*°) (which will be usually omitted from all
the notation), and let U := U? n AP*. Let ¢?> € S(VP> x AP**) be a Schwartz
function fixed by U?. Let & F*\A* — C* be a locally algebraic character fixed by UZ
such that &(x., ) = x%0 for some ko € Z, and let k € Z§5° satisfy k, + ko > 0 for all v.
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We fix a choice of a Schwartz function in S(V,, x Fj) as follows. Let Uy , c O,

O

be as fixed in Section 2.4.5. For r € Z'! and k1:Up  — C* a smooth character, we

>1
define
(pl,r,m{,p(-xl’ u) = 51,7,‘0 (x)lU;,p"i;(u) = 1‘_[ ¢1,rv,n{,v (xl,va uv))
vip
(3.4.1)

vol( 0%, dt)
vol(1 + @} O% ,, d*

¢1,rv,rv{,v (X1, ty) = ) Loy, (xl,V)lU‘F’,P (”)H{ (1),

which is invariant under N(OF,p) = I1,, N(OF,»)-
Let x5: U

F,p — C” be a smooth character. For ¢ € Af, r>1, and ¢P*> = ¢ e

¢r™ € S(VP™ x AP>), define a form in N(l0 ko, 2+l+k0+2k)( ) by

1§73 1, 1 & 5, k) = Dl ™72 800 1 (6,1) 80 B 1) * Er(q(0)u 573 6,5, K).

where the product * is (2.2.7), and E, (+) = (3.3.12).

Fix a compact open subgroup Uf; ¢ AL (which will be omitted from all the
notation). Let [ be a complex weight for H, let y: E*\A} — C* be a locally algebraic
character of weight [ fixed by Uf, and assume that for all w|v|p, the integer r, > 1 is
greater than the conductors of x,,, &, x5 . Then we define

*

(3.42) I(¢P=5x, & Ky, k) :=fE (DLt 6775k, 0 L & KD, k) dt,

X\A;/AX

which does not depend on the choice of r; here, is as in (2.4.3), namely

RLxp
(3.4.3) K1, vp = Xp oj

for j*Up , > OF , asin (2.4.7).

Lemma 3.11 For each c € A* satisfying v(c) > 1 for some v|p, the ¢ Whittaker-
Fourier coefficient of I(¢P*°; x, &, k5, k) is

—&(V,) - 2P |DE/F|1/2 )
L@ (Ly)  |Dp|/?

Wi (o) = > AT (@alE - a)(a - o)

a/ceF, 0<a/c<1

H ]v(ﬂ, C (pv;XV) gv) H]v(a: G Xvs fvs H;,V)'

vipoo vlp

Here, taking ¢y, = Pl with K1 ., = Xv © jy and ¢z, = b2y, if v|p, we define,
forallv + poo,

(3.4.4)
]v(a) Cs (¢v);Xv’ & (’igv))

= [ OO0 WE 0, (L a(Da (926 (52,)) d°t,

for the measure d*t, giving volume 1to O .
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Proof We lighten some of the notation. The assumptions of Lemma 3.2 are satisfied;
therefore, for c € F* and g = (7 7) with y e A" and x € A,

I(g x & k2, k)

|D |1/2 M oo oo - L] a
= gjl/z NIyt Y fA XN (. ya) E(g,q(t)a) d°tq
aeF+ E
|Dg | _ oo oo .
= )y S [ x(On(D¢7 (1 ay) E(g q(Day’) d°tg”
|DF|/ acpr+ AR’

Now, for A = —(V,)/L) (1, ), by Corollary 3.9, we have
E(gq()ay’) = A-|y[*n& (7)

» (wo ru) + (D5 3 25 by R0 (mbyes) WS (1 q()ay. £) q")
beF+
so that
gx &k =y Y Wa(r)q°

CEFX
for some coefficients W (), which we now explicitly calculate if ¢ satisfies v(c) > 1
for some v|p. Under this condition, we have

—&e(V32) - o[FQ] |DE/F\1/2
L®)(L,n)  [De?

W) = S @) [ )™ On(er (L ey)

(DREN (= a)p)((c = a)ye) T OWET 0y, (L a()ay, E) Quy i (47(c — ) yoo) ) dt,

where we have noted that, since we have assumed v(c) > 1 and the choice of ¢, ,
implies v(a) = 0, the constant term (corresponding to a = c¢) of the Eisenstein series
does not contribute. Finally, we rewrite the resulting formula with cin place of cy. m

Lemma 3.12 Let a,c e A, let $5% € S(VE™ x AP>), and let & F*\A* - C*,
x: EX\A} — C* be locally algebraic characters.

(1) Forv|p, ifv(c) 21, then
|d‘,|73/2|DV|71/2 Jv(a, ¢ x> &, “’z,v) = §V(_1)1U§,V(QV)’{{,X,v’flz,v(QV)-
(2) For all but finitely many v + p,
|dy| 2Dy 2] (a, ¢, b3 s &) = 1.

(3) Forall v + poo, there is a function J,(a,c,, ¢,) € O(%,, x %, ) such that for all
(XV) fv) € gZ/H,v X %(C);

]v(a’ (o) (/’v)(er z;'v) = |dv|_3/2|Dv|_l/2]v(a> (oY (/)v;)(v: Ev)

Proof Part 1 follows from the definitions and Proposition 3.8.3. Part 2 follows from
Proposition 3.8.2 and a simple calculation. Finally, since the integrand in (3.4.4) is
compactly supported, part 3 follows from Proposition 3.10. ]
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Let
_ —£(V,) - 2P
DAL (1, 1)

(3.4.5) e Q~.

For the sake of simplicity, we momentarily introduce the assumption that the
weight [ of y satisfies [ > 0. We will see in Corollary 3.15 that this does not affect our
main construction.

Proposition 3.13  Let y € 2" have weight 1, = kg (x), and let 15, = (12,0, 12) € 2L,
Let Up := UL Ug,p- Write § = K3 and

Ko, = g p ()" k2,0, = K50,5 ()7

Ky = /ﬁfm(~)(l+l°)/2, Ky = Hzm(')k,

Assume that I, k., k; + ko 20 forall T € X, Let

(3.4.6)

kiys ki Up , = C*
be as in (2.4.3). Let n € N be sufficiently large (depending on &, x). The coefficients
W(U°);’1(¢poo)(c)()(,ﬁz) =1 Z IU;,p(ap)ﬂl(ap)’fz((a _Pnlc)p)

a/ceF
0<a/c<p™

(3.4.7) ':‘i‘f);o(a)fig::)o(_a) Hlv(aa (o (/)v;gvs Xv)s
vip

forc e A* withv(c) > 0 for all v
(U™ (s 1o 5) € S(Qp(X: 55))
such that for every 1:Q, (. K,) = C, we have
(U™ H($P™; o 155)" = [De[?IDEI(U) " 1($7%5 1", &', 185, K).
Moreover, if $5°° satisfies (3.3.7), then
(3.4.8)

p define a p-adic modular form

(P73 g 1ey) = € [ (DD (UR) 1§73 ¢ £ 8 )

Proof From Lemmas 3.11 and 3.12, we find an expression which can be brought into
the above form, after replacing p™'c with ¢ whenever it occurs as the argument of a
smooth function.

The second assertion follows from (2.3.6), Corollary 3.7, and (3.3.13). ]

With notation as in Proposition 3.13, let

J?(a,c, </>"°°;X, ’{;,10) = H K;,lo,v(“)XV(_“)IV(a) 6 ¢V;XV”€;,10,1/)-
vip

It is easy to verify, using only that J?(-) is a Schwartz function of a € AP*>*, that the
Riemann sums

un(0F,c,97)(9) = 3 (a) 1[0 <afc<p"Na e U ,]-J7(a,c, ¢ . Kizl),

a/ceFx
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for ¢: Ug , > Qp(#2, §) locally constant, converge to a measure (bounded distribu-
tion)
u(P, e, 975 X2, K5

on Uy, , valued in Q,(y; £,). Then, by the same argument of the standard result in
[Kob77, Theorem 6 on p. 39], any continuous Q, ( x, £, )-valued function is integrable
for this measure. The same holds with Q, (x, %, ) replaced by &(%4;%20) and y, &, by
the universal characters, J? by the universal function; for this universal situation, we
will use the same notation without y, &, .

Corollary 3.14 Let S**4 be the set of places of F at which ¢P> is not the standard
Schwartz function. Denote K, = kg (Xuniv)- Assume that ¢5™ satisfies (3.3.7). The
sequence of coefficients

Wiera (gpee) (€) (X0 K5)
::A'IQF,P[CP]'[UO kikz(a) du(J?, c, ) (a) € # (Zg%2), ce A=,

F,p

has poles controlled by [1,eswa L(1,17yk5%.,). It defines an ordinary meromorphic
Ky xW-adic modular form (Section 2.4.4)

(9P s , 15,)
of weight K, k,, which satisfies the following property.
For all y € £ (C), k, € W (C) with underlying numerical weights 1, k such that
I, ke, ke + ko > 0 for all T, we have
(3'4'9) Iord((/)poo;x,ﬁz) _ eord”|DE|1/2|DF|ehOII((/)P°°;Xl, K;,l(il’ l}ﬁ);, k),
where 1:Q, (), k,) = C is the embedding attached to the complex geometric point
(X £2)-

Proof The interpolation property (3.4.9) at the level of g-expansions follows from
Proposition 3.13 and the previous discussion. The simplification in the argument of
K, in the interpolated coefficient (3.4.7) is justified by the fact that xy(a — p™c) -
k2(a) — 0 uniformly in a, and that the expression of interest is a bounded function
of ky(+). Lemma 2.4.4 then shows the existence of the %4 %20-adic modular form

17 (¢P; y, iy ). =
Consider the weight map
¢ (Y6x%) - W
C g

Recycling notation (in a way that should cause no confusion), define an ordinary
meromorphic (% %% )-adic modular cuspform of weight ¢ by

(3.4.10) (¢ x, y) = IO, o b)),
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where the right-hand side is the form of Corollary 3.14. We denote by
Iord,V(¢pw’x’y)
vxid

the pullback of I°™(¢?*°, x, y) under the involution Zg x %41 —> %5 x ;.

Corollary 3.15  Assume that ¢5°° satisfies (3.3.7). For all x € & (C) and y € % (C),
of weights w, | such that for all T € X,

|| < w, =2, [wo + lo| <wr =21,
we have
(3.4.11)
Iord,v poo, _ ord, D 1/2 D holI poo, b gl I k
(¢ ,x)}’) =e | E| | F|e (¢ X ’fx,y’['%z,x,y’ X,}')’
where:

o £=E ) = wew,, whose weight we denote by k;

o kyy=(w-2-1l|-ko)/2

o« Ky =k K (with notation as in (2.4.3));

o :Qp(x,y) = Cis the embedding attached to the complex geometric point (x, y).

Proof The interpolation property at characters satisfying [ > 0 follows from Propo-
sition 3.13 via Corollary 3.14; the same argument also goes through without the
assumption [ > 0, since the weight of the chosen theta-Eisenstein series does not
depend on [ (or y) but only on x. The inequalities on the weights come from the
conditions k, k + ko > 0. ]

4 Zeta integrals

In this final section, we interpolate global and local (away from poo) zeta integrals,
compute the archimedean and p-adic integrals, and construct the p-adic L-function.

As preliminary, we recall gamma factors introduced in the introduction. Let F,
and L be p-adic fields. The (inverse) Deligne-Langlands gamma factor of a potentially
semistable representation p of Gal(F, /F,) over L, with respect to a nontrivial charac-
ter y,: F, - C* and an embedding : L — C, is defined as

- L(tWD(p))
Y ) = )
(WD (p), y) LGWD(p* (1))
where (WD is Fontaine’s functor [Fon94] to complex Weil-Deligne representations.
We also define y(s, W, v, ) :=y(W |- |*, v).
Let Q?,b be the abelian closure of Q,. If W, is the Weil-Deligne representation cor-

responding to a smooth character x: F, — Q;b’x, then for any o € Gabp corresponding

to a € Qp under the reciprocity map, we have

(4.0.1) Y(W )7 :X(a)Y(Wx”)WV)~
For now until the final Section 4.5.3, we fix an embedding
(4.0.2) QP = C,
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by which we identify the fixed standard character y*°: A*® — C with one valued in
Q;‘,b (still denoted by y*°).

4.1 Petersson product

Let 7 be an ordinary automorphic representation of G(A) over a finite extension L
of Q;b. For v|p, let w, y, oy ,: FS — L* be the central character and, respectively, U, -
eigencharacter of m,.

Define p(ad(Vi,p) (1), ¥5) = [yjp 2(ad(Ve) (1), ), where ad(Vi ) (1)
is the character ;' aZ | -|* of F)\. For i:L = C, let

_y(d(Vap ) () ) G (2)
ep(ad(V) (1)) = i

Let (, ) denote the Petersson pairing
) = "(¢)d
(fsf) fo\G (A)f(g)f (g)dg

of automorphic forms on G(A).

Lemma 4.1 Let 7w be an ordinary cuspidal automorphic representation of G(A) of
weight w over a finite extension L on;b. There exists a bilinear pairing

(, )@ Ny (L) > L
such that for all 1: L — C extending i*® = (4.0.2) and all sufficiently large r € NS,

(4.11)

1/2
l(f,g) — |DF| {F(z)

Wz ,p(~1)ep(ad( Vi) (1)) - 220 71=we - L(1, 7', ad)

qr,p(wrpUp f 81).-

The pairing (, ) satisfies the following properties.

(1) Forall f € n°*4 and g € N,,v (L), we have (f, g) = (f, e®™e"'g).
(2) If fo € ™ and f € > are ordinary forms, new at places away from p, holomor-
phic at the infinite places, and with first Fourier coefficients equal to 1, then

(4.12) (for fo') = Ca=

for some constant ¢~ € L™ depending only on the Bernstein components and the
monodromy of m, for all v + poo.

Proof The existence and (4.1.2) follow from the factorization of the Petersson inner
product into parings in the Whittaker models [CST14, Proposition 2.1], together with
the local calculations of [CST14, Proposition 3.11] away from p and [Dis/b, Lemma
A.3.3] atp. Since the elements f*? in the right-hand side of (4.1.1) are antiholomorphic,

it is clear that the pairing factors through e, ]

Proposition 4.2 Let 2 c % be a Hida family of tame level U?, let S be a
finite set of places such that US? is maximal, and let TT = H[a;: There is a unique
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ﬁ(%’Q;b )-bilinear pairing

((, )1 ®6(2%) yv(@G)Q;" - %(%G,Q;")
such that for all x € 2!

b >
G.Q!

Q;b(x), and for all f € Mg, g € YV(@G)Q;h, we have

((f,8))(x) = (fy, 8x)-

Proof The construction is very similar to that of the pairing denoted by H™'l, in
[Hid91, p. 380]. In this case, let fj’ = (2.4.10) be the normalized primitive form in IT",
let UJ ¢ G(AP*) be a maximal open compact subgroup fixing f;, and let

ery: S = A (Zs)fy

corresponding to an ordinary representation 7 = 1, over

be the unique %;Eh—equivariant idempotent that factors through the idempotent
0

projection.”” — .%Us> Then we define ((fy,—)) by
((fo, N = ¢ - ey (8),

. . Sp
where ¢4y, := ¢z~ for any automorphic representation 7 such that 7V 0™ = I,

for some x € 2.9 . Let us explain why this is well defined independently of x. As

G,Qah .
noted before, ¢, gnly depends on the Bernstein component and the (rank of the)
monodromy of 7, , for v + poo. (In plain terms, the rank of the monodromy is 1 if
Ty, 18 a special representation and it is 0 otherwise.) The Bernstein component is an
invariant of connected families. As for the rank of the monodromy, by the local-global
compatibility result of Proposition 2.4, it is the rank of the monodromy of the Weil-
Deligne representation attached to 7. Since the latter is pure, the desired constancy
along 2 follows from [Dis20, Proposition 3.3.1].

In general, we may write f = Tf, for some Hecke operator T supported away from
p. We then define ((f,g)) := ((fo, T¥g)). The interpolation property follows from the
definitions, the interpolation property proved in [Hid91, Lemma 9.3], and (4.1.2). =

4.2 Waldspurger’s Rankin-Selberg integral

We recall the local and global theory of Waldspurger’s [Wal85] integral representation
of our L-function.

4.2.1 Setup

Let y € %5 (C), let x = x, be the corresponding character of E*\A}, let Ky € 23 (C)
be its weight, let [ be its numerical weight, and let w = y|ax.

Let x € Z§'(C), corresponding to a point xo € 2§ and an embedding 1: Q,(x) =
C. Let 7o be the ordinary automorphic representation of G(A) over Q,(xo) attached
to xo, and let 7w = 5. We denote by

E, €WNC), W, wn
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respectively, the weight, numerical weight, and central character of 7. We let a =
®yay: Fy — C* be the character such that U, f* = a(t) f* for any f € 9 and t € Fj.
Then

Fimo(2) = wg(2)2",  ka(t) = a‘U;P(t)t(ww“)/z

are the decompositions of k., and k, into a product of a smooth and an algebraic

character.
Define, as in Corollary 3.15, a numerical weight k and a smooth character ) of
Uk, by
o _ _
(4.21) Fxfa = e = 0y §= ey
kI(W—2—|l|—ko)/2, k0:W0+lo,

and let k, € 2(C) be the associated weight as in (3.4.6).
For v|p, we choose a Schwartz function @, = ¢, € S(V, x F) as in (3.4.1) and
(3.4.3) (for ¢), and (3.3.11) and (4.2.1) (for ¢,); then

(4.2.2) ¢v(x,u) = 8y (x1)1vs, (x2) vz (u)ay (u).
For v|oo, let @, = @y, ; r, kv e a preimage, under the map (3.1.1), of

Blo,1 ko kv (X1, X2, 1) = P10 1,0 (261, ) P2, ko, kv (X25 1),

where the factors are defined in (3.2.3) and (3.3.3).

4.2.2 Waldspurger’s integral

The next proposition gives an integral representation for the L-function we are
interested in. We first define the local terms. Let f; € 3™, let f := f¢, and let

X

W= [ore((1 7 )e)rwas

be the Whittaker function of f* with respect to y!. It is related to the g-expansion

(2.2.1) of f by
{17 )

We assume that W:G(A) — C is factorizable as W = ®, W,
For ® = ®, D, € S(V x A*), let

Rr,v (va D,, Xv)

W ()3, / (D)r(gwry) @y (17, q(1)) dt dg,
[Z(Fvw(m\c(m (8)3,.1(8) [ .\ x(O)r(gw, )@y (17, q(1)) dt dg

where §; , is as in (3.3.1). Note that the integral R, ,, does not depend on r > 1 unless
v|p; we will accordingly simplify the notation in these cases. We also define normalized
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versions. For v|poo, let @, be as fixed in Section 4.2.1. Then we put

172 0 (2)L(L 1y &)
L(1/2, 5, ® xv)
(F V(Z)L(l) T’]v) r —r - .
_ r,v V)q)‘l’) v)» f >
L(1/2, 75, ® o) TV Rer(W 2 G
L(1/2,mEy ® xv)

By a result of Waldspurger (see [Dis17, Lemma 5.3.2]), for a place v such that 7, and
Xv are unramified, ¢, is standard, and W, is unramified, we have

RE(Ww Dy, Xv) = ‘dv|72‘Dv| RV(WV) o, Xv)) ifv + poo,
RI,V(WV) Xvs ‘Xv) = ‘dvl_z‘Dvrl/z

RT/(WV’XV’k) = RV(WV>(DV>XV)) lfV‘OO

(4.2.3) RU(W,, Dy, xv) = W, (1).

Proposition 4.3 Let fo € 7™ and assume that f:= fp* has a factorizable y'-

Whittaker function W = ®,W,. Let ¢P*° € S(VP*® x AP*>*). For sufficiently large
r = (1y)y|p» we have

"ol )" -1 o, ’ _ 1y 172 L(1/2, 1 ® X)
qu,Pa( P) (f’WT,PI((pP ’X’E’KJZ’k))_|DF| |DE| C«F(Z)L(Lﬂ)

: H RE,V(Ww(wav) HR:,v(WV)Xv’“V) H RI(WV:ka%
vipoo vlp v]oo

where all but finitely many of the factors in the infinite product are equal to 1.

Proof As in [Disl7, Proof of Proposition 3.5.1], corrected in [Dis/a, Appendix B,
under “Proposition 2.4.4.1"] to include the factor qf ,. [ ]

4.2.3 Nonvanishing of the local integrals

We recall a fundamental nonvanishing result for our zeta integrals for self-dual 7 ® y,
as well as a useful refinement.

Lemma4.4 Letv + poo bea place of F, and let L be a field of characteristic zero. Let m,

be a smooth irreducible representation of G(F, ) over L, with central character w, ,, and

let xy: E; — L™ be a smooth character. Assume the self-duality condition wy,, x|px = 1.
There exist:

« a four-dimensional quadratic space V,, = B, over F, of the type described in Section
3.1.4, uniquely determined by

e(By) = ﬂva(_l)S(TTE,v ® XV))

o afunction W, in the Whittaker model of m,,
o a Schwartz function ¢, € S(V, x F), L),

such that

RV(WV) (/51/) XV) #: 0

__Ifmoreover all the data are unramified at a place v inert in E, it is possible to choose
W, and ¢, = ¢,y 2,y such that ¢, ,(0,u) = 0 for all u (condition (3.3.7)).
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Proof Theargument in [Disl7, Proof of Proposition 3.71, second paragraph] applies
verbatim to prove the first statement. Let us prove the second one. We drop all
subscripts v. Fix an isomorphism V, 2 E, and let us choose W to be a new vector,
é1,v to be the standard Schwartz function, and

(/)2(.%2, M) = lﬁg (xz)lﬁ; (u)

Writing = for an equality up to nonzero scalars, by the Iwasawa decomposition
R(W, ¢, ﬁny f t[ t7'y,y'q(t)) dgd* ydt.
W)= | W) | x(0) SLa(on r(g)¢(t"y, y"q(t)) dgd”y

Let Up(w") c Ug := GL,(OF) be the set of matrices which are upper-triangular
modulo w". It is easy to verify that ¢, is invariant under Uy (w") for some r, and

that Uy = Ug(@") U Upes,, /oot (1) Up(w). Thus, the integral in dg is a constant
multiple of

[, o0 a9, (1)) )i, db
= [ vTrepta)v (7 a(0) - ba()) e, ()5 (e, (1)) dedb

=15,(7a() [ 150 [ v(a(0ba(e) T () dxa db = 16, (015, (1)),

where the last equality follows from interchanging the order of integration and
observing that E;; (x2) =vol(O%) for x; € Of.

The last quantity equals ¢°(¢+'y, y~'q(t)) for the standard Schwartz function ¢°;
therefore, the integral R is a constant multiple of the unramified integral, in particular,
it is nonzero by (4.2.3). [

4.3 Evaluation of the integrals at p and oo

We explicitly compute the local integrals at the places v|poo.

4.3.1 p-adic integrals
Define, for v|p,

L(1/2,7g,y ®XV) -1
— wlaw| |0 N w/Fo ¥Yv) >
G OL ) vl}y(x 1o NE,/r, ¥v)

ep(VnF,@)() = H ev(VnE®X)-
vlp

€y ( Vns@){) =
(4.3.1)

Lemma 4.5 Let v|p, and assume that W, is normaliz,ed by W, (1) = 1. Then for any
sufficiently large r (depending on y,, m,), we have

Xv(_l)

RZ,V(WV:XvaOCV) = L(l 1 )

eV(VﬂE®X)'
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Proof By [Disl7, Proposition A.2.2] (with the discriminant factors corrected as in
[Dis/a, Appendix B]), we have

L(1/2, g ® XV)

Cen(DL(L 7y )2

where Z, are integrals defined in [Disl7, Lemma A.1.1]. By [Dis/a, Lemma A.1L1], we
have

RJrr,V (an ¢va XV) =

Zy = xy(-1) H Y(xwaw| |0 NEW/FV’V/V)_I-

wlv

The asserted formula follows. ]

4.3.2 Archimedean integrals
We compute the local integrals R} when v|co. The standard antiholomorphic Whittaker
function for y~! of weight (wg, w) is

—(wo,w),a

(432)W ((72) (O D)re) = 27 1re (NI Py (=x + iy)y(-wb).

Lemma4.6 Letv|oo, and let W, be the standard antiholomorphic Whittaker function
of weight (wo, w) for y~*. Then

RI(W,, xy, k) = i ko277,

Proof By the Iwasawa decomposition, we can uniquely write any g € GL,(R) as

1 W y cosf sin0
§71\ «x z 1 —sin@ cos6

with x € R, z € RX, y e R* and 6 € R/27Z; the local Tamagawa measure is then dg =
dxdxzd|7‘y ?. Let ®, = @y, 1 k,.k,v- We drop all subscripts v. Since the weights match,
the integration over SO(2, R) yields 1, and we have
R=R(W,®,y) =
( X) R*x(R*\C*)xR/2nZxR*

wiwo) 2 g2y g R . do "
K1) wx(2)y e E ) Y0yt y (1) A2 Iyly

By definition, w, y¢(z) = 1, so that the integration in d* z simply realizes the map
® +— ¢. Then

dt.

(433)
w+w 27 1 on d*
k= ”[ f ALY 2672 g ()P (0)y 2 (1) 12 EF
e y
=277Pko,k(0)f y(w+\l|+w0+10)/2e,4ﬂydxy’
R+

where 2 = vol(R*\C*).
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Recall from (4.2.1) and (3.3.2) that ko = wqo + lg and k= (w—2—|I| - ko) /2 and
that Py, £ (0) = (27i) %0 (47) 7 (k + ko )!. Then, after a change of variables, we have

w—|l|+k0 w+ |l + ko

_ (27-[)1ka i—ko (4ﬂ)—(w—|l\—ko—2)/2r(
-1+ k()

)(4ﬂ)—(w+\l|+k0)/2r( )

+l+k
= ik 2y (Y d d

)e(
Now, the result follows from 1dent1fy1ng

—l+k0
2

)-

L(l, TTE,v ® X)
(e (2)L(L 1)

w+ 1+ ko
2

2Te(Y )T ( )=

4.4 Interpolation of the local zeta integral

Let 2" = Zg%x %y be a Hida family for G x H, let v + poo be a place of F, and let
I1, := I1(¥G,,) be as in Section 2.4.8. Let %G(V) c 2 be the open subset containing
&VGCI over which IT, is defined, and let 2" (*) = %G(V) % Zu.Let #, be the v, -Whittaker
model of HV)Q;h, which exists since IT, is co-Whittaker (see [Dis20, Section 4.2]); it is

O o [G(F,)]-isomorphic to the tensor product of IT, and an invertible sheaf with
trivial G(F, )-action. The space %, is, as usual, a space of functions on G(F,), y,-
invariant under the action of the unipotent subgroup N(F,). For any x € 2! and
any W, € #,, the twisted specialization

Woie(e) ::w”(( o )g( o ))

belongs to the y~!-Whittaker model of 7.

Proposition 4.7 Let v 4+ poo. There exists an ﬁ(%Q(m)) linear map

R, ® O(Zqy) @q, SV < E)) = 0(23))

® a
ﬁ(ﬂfc,‘;;b) Q¥

such that for all W, € #,, all §, € S(V, x E\), and all (x, y) € %élb(C), with under-
P
lying embedding i: Q;‘,b(x,y) < C, we have

RV(WV’ ¢V)(x’y) = RE(‘Wv\m 1y, X;/,v)'

Proof In fact, we may prove a stronger statement by replacing 2y by (its image
in) %4, or equivalently any connected component %7 ,, thereof (which is an étale
torsor for anwgp}, the action being induced by multiplication by the uniformizers in
I Hw|v E:,)

The proof is largely similar to that of [Dis20, Proposition 5.2.3] (whose statement
is corrected in Appendix B); we refer to loc. cit. and the sections preceding it for
more details on the notions we use. Since #, = I1(¥5,,) is in the image of the local
Langlands correspondence, there exists an irreducible component X° of the extended

Bernstein variety of [Dis20, Section 3.3] and a map %G(V) — X°, such that 7 is a
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quotient of the universal co-Whittaker module over X°. We may further extend scalars
to C and replace X° by a cover of the form

X°=G¢

m

for d = 1 or 2; then the pull-back 7, of the universal co-Whittaker module has one of
the following shapes:

() #, = Indgv(F”)([Sl K f,), where d =2 and B;: FX - 0(X°)* are the universal
characters;

(b) #, = St® By, where d = 1and fy: FX — ¢/(X°)* is the universal character;

(c) #, = my ® Py, where 7y is a complex supercuspidal representation of G(F, ), d =1,
and B,: F} — 0(X°)* is the universal character.

In aﬂ cases, we need to show that for every W, € "7/:, thereisan element R, (W,, ¢,) €
O(X° x #4;,,) such that

Rv(ww ¢v)(x, }/) = L(l/z) TTx,Ev @ Xy,v)_le(¢v’Wv|x, Xy,v)

for all x, y; in other words, that the power series in X;' := B;(cw,)*" and Y2':=
Yuniv(toyw )*! obtained from the integral defining R, is a Laurent-polynomial multiple
of the inverse of the Laurent polynomial L(1/2, 7,5 ® x,,v). This is proved by the

same argument as in [Disl7, Plgof of Proposition 3.6.1]: since]/v is torsion-free, it
embeds in the representation %, ® ¢ (X°) over the field # (X°), so that the usual
explicit description of the Kirillov model used in loc. cit. applies. [ ]

4.5 The p-adic L-function
Let
X WexWy

be a Hida family with 2 sd 1 &, of tame level UP = Ug X Ufl. Let S be a finite set of
places of F, disjoint from S0, and containing all those at which the tame level of .2

Sp
is not maximal, and let IT := H;SG. If 2" is an (ind-)scheme over Q;b, we define
Zjqu(C) ¢ 27(C)

to be the subset of geometric points over /*® (that is, those such that the composition
SpecC — 2w — Spec Q‘;,b is (201).

4
4.5.1 Whittaker models and g-expansions in families

Forv e, let %/((Gv)) c Z(c) and #; be as in Section 4.4, and let 2(5) := Nyes EK((GV)),

. . Cl
it contains EK(G).
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Lemma 4.8  There is an isomorphism of O g1 [G(Fs)]-modules
G,Q;

W_s:gw — @ %,
(4.5.1) P ves
f Wf,S = lX)V‘Nf,v

such that for all classical points x € EKGCIQab and all ag € FY, we have
>ep

(4.5.2) Wrs (( s 1 )) (x) = We(x) (as1®®),

where the right-hand side is the p-adic q-expansion of f(x) defined in Section 2.3.2.

Proof By Proposition 2.4 and [Dis20, Theorem 4.4.3], after possibly shrinking 2,
there exist an invertible sheaf #5U° over %é Qb with trivial G(Fs)-action and an
P
Og . [G(Fs)]-isomorphism
G,Q;
Willge — 757" @ @ ¥4
(4.5.3) Hlge — ® Q75
ves

unique up to &%, , that we may write locally as
G,

ab
QP

f— W (1%) @ Wi = W (1%) ® ®,es Wi,y

where WS (15) is a section trivializing # SV .

For v ¢ SUSpe and x € 2, let Ay, F) > Q,(x) be the smooth function such
that W, (a) = A, (a) W, (1) for any spherical element W, in the Kirillov model of
TTx,v; by the standard formulas (see, for instance, [Wal85, p. 190]), there are functions
A ES = O(Zg) such that A, (x) = A, forall x € %51. Let ASP := ®¢SUSpoo Avs and
letay: Fy — 0(2G)” bethe Uj -eigencharacter. Then we may define a pair of injective

maps in Hom jzera (T1, ﬁ%?’x) by
f (Wi(a)), f > (a°(ap)AF (a°F)We,s(as)),

where the former arises from (2.4.5) and interpolates the g-expansions (W, (a)) for
x € 2. By [Dis20, Lemma 4.2.5], the maps differ by a scalar in O ;. 1t follows

that the invertible sheaf 7SV’ is trivial, and that, from (4.5.3), we may deduce an
isomorphism (4.5.1) normalized so as to satisfy (4.5.2) [ |

4.5.2 Definition of the p-adic L-function and interpolation property

For each classical point (x, y) € 2°*¢ and each place v + poo, let V. ), be the
quadratic space given by the application of Lemma 4.4 to 7, and y,.

Lemma 4.9 The quadratic space V,, =V, , is independent of (x, y) € 2 9.

Proof This follows from the characterization in (3.1.3) and the constancy results for
epsilon factors of [Dis20, Corollary 5.3.3]. [
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Let V7% := ®,} poo Vy, and assume that S is not disjoint from the set S" of inert
places v where U? is maximal. Let

Ac (TLy (24— {0}) x S(VFZ x AP=)

be the set of those pairs (f, $*>) such that ¢57> is standard, (3.3.7) holds at an inert
place v € § 0 §’, and the meromorphic function R, (W¢,,, ¢, ) on 2" is nonzero for all
ves.

For (f, $?*°) € A, we define a meromorphic function

Lp(V £, ¢P7) € A (Zgm),
(4.5.4) (£, 1" (9P x, ) ))
Ly (V £, 67°)(x,y) = C ’
P( (p )(X )’) HVES Rv(wf|x,v’ ¢v7 X}’)V)

where we still denote by I°"%Y (?>) the restriction to 2~ of the (%G %% )-adic form
of (3.4.10), and

) D[ 786 (2)

C= C(x,y) = wgoowgoo(_l)L(l’ Mp nlF:Q]

is a constant in Q*; here, w, = w,, and w, = wy,. Note that the (base change of the)
functional ((f, —)) may be applied to I°"%Y ($#°°), thanks to Lemma 2.3.

Proposition 4.10  The collection
(Lp (Vo £, P7)) (g.47 e

of meromorphic functions on %Q;b has the following properties.

(1) Let (x,y) e 2%

b jqu (C) have contracted weight (ko, w, ) satisfying
P 4

(4.5.5) [l <w; =2, |ko| < wr =2 = 1]
If (x, y) is outside the polar locus of £, (7, £, $¥°°), we have
(4.5.6) L (V£ 077) (%, 9) = €poo(Vimg)) * L (Vi x)» 0)5

where 7T = Ty, X = X
(2) For each (x,y) € 2%, there is a pair (f, $?*°) € A such that L,(V £, $7*)
does not have a pole at (x, y).

Note that the right-hand side of (4.5.6) is the same as in (1.1.8) and independent
of (f, $*°°). This will enable us to glue the various £ (¥, f, $?*°) into the sought-for
p-adic L-function.

Proof The second statement follows from Lemma 4.4.

It remains to prove the interpolation property. Abbreviate .2, = %, (7, f, $**°),
andlet W, := Wﬂx, a = a;. Denote by (xq, yo) € 27! andl:Q;‘,b(xO,yO) <> Cthe data
corresponding to (x, y). Let ky,, and &, , (respectively, Ky,, > Exq,y00 5 = ﬁz)xO,yo) be
defined by (4.2.1) (respectively, by the analogous formulas for the objects attached to
(x0, yo) instead of (x, y)).
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By the definitions and the defining property of ((, }) in Proposition 4.2, and of R,
in Proposition 4.7, we have

{fxo> eordl((ppw;&o > €x0,70> Kxo,y0)
Hves RF/(!WV’ ¢V) Xv)
_ IDe[2((2) - |De|| Di |2 Q0 (B Wip L (875 X vy K2 Kixy)
W p (1) - ep(ad(Vr)(1)) - 227" L1, 7,ad) - TTyes REGWo, 60 xv)

!
Zp(x,y)=C-

where 1€ (Z;)% is sufficiently large, and the second equality follows from the
interpolation properties of I°"¥ in (3.4.11), and of ( , ) in Lemma 4.1.

Using first Waldspurger’s integral representation as in Proposition 4.3, and then the
calculations of local integrals in Lemmas 4.5 and 4.6, we find

ILjp RLy (W xor o) D[P (1/2, e ® x)
25w, (<) - ep(ad(V) (1)) L(L#)L(1,7m,ad)

Zp(x,y)=C- [TR(W., xv. k)

v|oo

o () eoWme)  DPLO/ 2 e )
VT, e (VM) L)L mad)

.k H
=i e, (Vim) £ (Vi) 0)s

=C- i*kO[RQ]

as desired. ]

Remark 4.11 'The interpolation factors epeo(V(n,y)) are easily seen to agree with
the predictions of Coates and Perrin-Riou (see [Coa91]) for a (cyclotomic) p-adic L-
function attached to the “virtual motive” (1.1.3), up to a subtlety that we now explain.
With the notation used in (1.1.4), for v|p, consider the Gp, -representations

ad(Vy,,)(1) := End°(V,)(1)
5 ad(Vp,,)(1)" := Ker [ad(V,)(1) = Hom (V,,, V, ,)(1)]
2 ad(Vay) ()™ = Hom (V,.,, V7, ) (1)),
where “0” denotes trace-0 elements, and the cokernel of the second containment
is isomorphic to the cyclotomic character. Then (1.1.4) differs from the ratio of
the v-adic Coates—Perrin-Riou factors for the hypothetical L-functions of V; ®
Indgi V, and of ad(V;)(1) by the appearance of y(1ad(Vy,,)(1)**,y,) " in place of

y(1ad(Vy,, ) (1)*, y, )" This discrepancy removes the trivial zero y(C(1), v, ) ! from
the latter inverse gamma factor.

4.5.3 Rationality and completion of the proof of Theorem A

By Proposition 4.10 and the density of classical points, the functions .2, (7, f, ) =
(4.54) ¢ J{(%Q;b) glue to a function

Ly (V) e %(%Q;b),
which satisfies the required interpolation property, and whose polar locus does not

meet the set 24, All that is left to show is that .%, (#") descends to % (.2"). It will
be a consequence of the following.
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Proposition 4.12  Let 2"l ¢ 27! be the sub-ind-scheme of those (x, y) correspond-
ing to a representation 7t ® y whose contracted weight (ko, w, 1) satisfies (4.5.5) and is
parallel."! There is a function

Leo(2)

such that for any z = (x,y) € 2" I(C) corresponding to a point zo € 2 and an
embedding 1:Q,(z¢) < C, with attached representation 7 = x, we have

(4.5.7)

_ _ i~(1+ko)[F:Q] oo oo _ 00)\-1 CF(2)L(1/2’ TIE ®X)
L(Z) lL(ZO) [ Y(Lrl [ ) ﬂ[F:Q]L(l, ﬂ,ad)

Here, we denote by w, the central character of 7, set wy := Y|ax W = W, W, and define
)/(S’ W', I//oo) = Heroo Y(S’ w:/’ va)

Remark 4.13 'The construction of this paper gives an alternative proof of this result.
However, due to the occurrence of the additive character y in the definition of the form
I (via the Weil representation), keeping track of rationality requires some burdensome
bookkeeping.

Proof This is a consequence of a well-known algebraicity theorem of Shimura
[Shi78, Theorem 4.2], applied to the newform in the representation 7 and the CM
form attached to x, whose central character is #w,. (For the comparison of Shimura’s
periods and adjoint L-values, see [CST14, Proposition 1.11].) [

Corollary 4.14  The function £,(V") belongs to % (Z") c %(%Q;b ).

Proof We need to show that

(4.5.8) L) =ZL)

forall o € Gal(Q;b /Qp). Let 2 é;’b”’reg be the intersection of 2~ (;;;’h” with the comple-
ment of the polar locus of .}, (7). Since this set is dense in %Q;b, it suffices to show
that (4.5.8) holds for the restriction L,(7') of .Z,(¥) to Z, <blbreg in other words,

QP
that L, (%) belongs to &'( 2 <bl-re¢).
By (4.5.6) and (4.5.7),

I[FQ] 1’ oo’ oo 1’ oowoo) ) 1
Lp(af/)(z): Y( (L4 ) yog rloo q/oo) oY poo qpoo)-1
L(L,7) YL 7% y)y(L 0, y>)  y(1 wPe, yP)
Vix
. eP( (’y))1~L(Z).
YL @y, ¥p)”

We show that all factors belong to &(.2 < l-re8).

« By the class number formula and standard results on Gauf8 sums, the ratio
L(1,7)/iF*y(1, 4°) is rational, as both numerator and denominator are rational
multiples of |Dg /| /2.

Urhat is, wr is independent of 7 € X, and so is I;. Without this condition, we may have a slightly
weaker result.
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« By (4.0.1), the second and fourth ratios are values of functions on &'(2 1), as
ep(V(x,y)) is a ratio of inverse gamma factors of characters whose ratio is w,.

o As 2 is connected and it contains points z with w, =1, the character w,,, is
unramified forall z € 2 and allv 4 p; thus, for those v, the quantity y(w, ) isaratio
of L-values, and hence the third factor is also the value of a function in &'(.2"I).

« Finally, L € (2 ') by Proposition 4.12.

This completes the proof of the corollary and of Theorem A. ]

A Reality shows and double-factorial identities

Consider the identity

n

> (Z)(zk ~1)!(2n -2k 1)l =2"n!,

k=0
where we recall that (2m —1)!! =1-3-5---(2m — 1) is the number of perfect matchings
(into pairs) of a 2m-element set. Since T'(j+1/2) = @ﬁ, the identity (*) is
equivalent to (3.3.9).

Quick analytic proofs of (*) have appeared in [AA10] and [GQ12, Theorem 3]. As
we were not able to find a bijective proof in the literature, we give one here. Another
bijective proof was communicated to the author by David Callan.

A reality TV show format is an algorithm whose inputs are called players’ choices and
whose outputs are called outcomes (the set of players is partitioned into two disjoint
sets, the producers and the participants). A format is said to be bijective if its set of
players’ choices is in bijection with its set of outcomes.

We will describe two bijective formats for reality TV shows, with different sets of
players’ choices but the same set of outcomes. In each case, there are 2x participants
forming an ordered set of n heterosexual couples'?; there are two tropical islands, Q
and H, and in each case, the outcome is:

« anew matching of the participants into n disjoint couples (which may be homosex-
ual or heterosexual), and

« an assignment of each participant to either island Q or island H, such that

o each person lives in the same island as both their old and their new partners.

Show 1. The producers choose a set of couples, send all their members to island Q,
and send all the other participants to island H. Within each island, people
mingle until they form new disjoint couples (heterosexual or homosexual)
as they wish.

Show 2. The producers pick a permutation o:{1,...,n} — {1,...,n}, then they do
the following.

o Initialize: i =1 and the set variable C = @ (where C is for “cycle”; to be
thought of as the set of couples embarked in the show’s boat at a given
time).

2 These TV shows, for simplicity or close mindedness, assume the gender binary.
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« Process:

(a) Consider couple i, set Cpey = Cola U {i}, and interview couple mem-
ber p; where: if C = {i}, then p; is the woman; if C 2 {i}, then p; is
the one that does not yet have a new partner.

The possible answers to the interview question are “H” and “Q”.

(b) If j = (i) ¢ C and p; responds H (resp. Q):

- rematch p; with the person of opposite (respectively, the same) sex
of couple j = g(i). Set inew = j. Return to (a).

(c) If j = 0(i) € C and p; responds H (resp. Q):

- rematch p; with the unique nonrematched person of couple j,
and send all members of the “original couples” in C to island H
(respectively, Q); set Cpew = &5

- if everyone has been rematched, STOP. Else: set iney € {1,...,n} to
be the smallest such that neither member of couple i, has been
rematched. Return to (a).

Proof of () The number of possible players’ choices in Show 1 is the left-hand side
of (*). The number of possible players’ choices in Show 2 is the right-hand side of ().
However, the shows are bijective with the same set of outcomes. [ ]

B Errata to [Dis20]

The conclusions of the statements of Lemma 5.2.2 and Propositions 5.2.3 and 5.2.4
should, respectively, have A[T*'], Ox[T*'], and Ox[T*'] instead of A[T], Ox[T],
and Ox[T].

Acknowledgment I am grateful to David Callan, Haruzo Hida, Ming-Lun Hsieh,
and Xinyi Yuan for useful correspondence, and to the referees for a very careful
reading.
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