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LOCAL DIGITAL ESTIMATORS OF INTRINSIC
VOLUMES FOR BOOLEAN MODELS AND
IN THE DESIGN-BASED SETTING
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Abstract

In order to estimate the specific intrinsic volumes of a planar Boolean model from a
binary image, we consider local digital algorithms based on weighted sums of 2 x 2
configuration counts. For Boolean models with balls as grains, explicit formulas for the
bias of such algorithms are derived, resulting in a set of linear equations that the weights
must satisfy in order to minimize the bias in high resolution. These results generalize to
larger classes of random sets, as well as to the design-based situation, where a fixed set is
observed on a stationary isotropic lattice. Finally, the formulas for the bias obtained for
Boolean models are applied to existing algorithms in order to compare their accuracy.

Keywords: Digitization in 2D; intrinsic volume; local estimator; configuration; Boolean
model; design-based digitization

2010 Mathematics Subject Classification: Primary 94A08
Secondary 60D05

1. Introduction

Let X C R? be a compact subset of the plane. Suppose that we are given a digital image
of X, i.e. the only information about X available to us is the set X N L. where L. € R? is a
square lattice. In the language of signal processing, we are thus using an ideal sampler to
obtain a sample of the characteristic function of X at all the points of L. In image analysis
terms, LL can be interpreted as the set of all pixel midpoints and the digitization X N L contains
the same information about X as the commonly used Gauss digitization [9, p. 56]. From this
binary representation of X, we would like to recover certain geometric properties of X. The
quantities we are interested in are the so-called intrinsic volumes V;. In the plane, these are
simply the volume V,(X), the boundary length 2V;(X), and the Euler characteristic Vy(X).
See [13, Chapter 4] for the definition when X is polyconvex.

In this paper, we exclusively consider local digital estimators based on 2 x 2 configuration
counts in a square lattice. Motivated by the additivity of intrinsic volumes, these are defined
as follows. The plane is divided into a disjoint union of square cells with vertices in L. For
each 2 x 2 cell in the lattice, each vertex may belong to either X or R? \ X, yielding 2* = 16
different possible configurations. Each cell contributes to the estimator for V; (X) with a certain
weight depending only on the configuration. Thus, the estimator becomes a weighted sum of
the configuration counts. The weights can in principle be chosen freely. Algorithms of this
type are desirable as they are simple and efficiently implementable based on linearly filtering
the image.
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One way of testing the quality of local algorithms is by simulations on a fixed test set
for various high resolutions, see e.g. [9, Section 10.3.4]. In contrast, we shall follow Ohser
et al. [12], where the algorithms are applied to a standard model from stochastic geometry,
namely the Boolean model. But, rather than testing a known algorithm, we let the weights be
arbitrary and derive conditions on the weights such that the bias of the estimator is minimal for
high resolutions.

If the grains are almost surely balls, a Steiner-type result for finite sets shown in [6] yields a
general formula for the estimator from which the asymptotic behaviour can be derived. The main
result is that a local estimator is asymptotically unbiased if and only if the weights satisfy certain
linear equations. Moreover, we obtain formulas for the approximate bias in high resolution.
These results are stated in Theorems 4.1 and 4.2, below.

Local estimators are introduced in Section 2. This is specialized to Boolean models in
Section 3 and the computations are performed in Section 4.

In Section 5, the main theorems are generalized to a larger class of Boolean models where
the grains allow a ball of radius ¢ > 0 to slide freely. A formula by Kiderlen and Vedel Jensen
[8] also yields an immediate generalization of the first-order results to general standard random
sets; see Section 6.

We then turn to the design-based situation where a deterministic set X is observed on a
randomly translated and rotated lattice. Under certain conditions on X, we obtain a gen-
eralization of the main theorems for Boolean models. This is done for the boundary length in
Section 7, using a result of Kiderlen and Rataj [7], and for the Euler characteristic in Section 8
by a refinement of their approach.

In the literature, various algorithms for computing intrinsic volumes are suggested. The
obtained formulas allow for a computation of the bias in high resolution and hence a comparison
of the commonly used algorithms. This is the content of the last section of the paper, Section 9.

2. Local digital estimators

Let Z2 be the standard lattice in R2. Let C denote the unit square [0, 1] x [0, 1] in R? and
let Cg be the set of vertices in C. We enumerate the elements of Cy as follows: xg = (0, 0),
x1 = (1,0), x2 = (0, 1), and x3 = (1, 1). A configuration is a subset £ € Cy. We denote
the 16 possible configurations by &, [ = 0, ..., 15, where the configuration £ is assigned the
index

3
I= 2 1ye.
=0

Here, 1, ¢ is the indicator function.

More generally, we shall consider an orthogonal lattice al. = a R, (Z* + c), where ¢ € C is
a translation vector, R, is the rotation by the angle v € [0, 2], and a > 0 is the lattice distance.
The configuration & is then understood to be the corresponding transformation a R, (§; 4 ¢) of
the configuration & C 72

The elements of & are referred to as the foreground or black pixels and will also sometimes
be denoted by By, while the points in the complement W; = Cy \ & = &15—; are referred to as
the background or white pixels.

The 16 possible configurations are divided into six equivalence classes under rigid motions.
These are denoted by n; for j =1, ..., 6. These are defined in Table 1. The number d; is the
number of elements in the equivalence class 7;.
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TaBLE 1: Configuration classes.

J n;j dj  Description Example
1 {&0} 1 four white vertices -: Z-
2 {&1, &2, &4, &3} 4 three white and one black vertices -: Z-
3 {&3, &5, €10, 12} 4 two adjacent white and two black vertices -i f-
4 {&6, &9} 2 two opposite white and two black vertices -(: ;-
5 {&7,&11,613,614} 4 one white and three black vertices -: f-
6 {&15) 1 four black vertices : :

Now let X C R? be a compact set. Suppose that we observe X on the lattice alL.. Based on
the set X N all, we want to estimate the intrinsic volumes V; introduced in Section 1.

In order for the V; to be well defined and for the digitization X N alL to carry enough
information about X, we require that X is sufficiently ‘nice’. The notion of a gentle set
is introduced in Section 7 when dealing with Vi. This includes all topologically regular
polyconvex sets. When we work with Vp, X will be assumed to be either a compact topologically
regular polyconvex set or a compact full-dimensional C? manifold. A setis called topologically
regular if it coincides with the closure of its interior.

Our approach is to consider a local algorithm based on the observations of X on the 2 x 2
cells of alL. By additivity of the intrinsic volumes, V;(X) is a sum of contributions from each
lattice cell z 4+ a R, (C) for z € alL. We estimate this by a certain weight wDa, 7), depending
only on the information we have about the cell, i.e. the configuration

XN(@E+aRy(Co) —(z—c) =X —(z—0)N&is.

Recall here that £15 = a R, (Cq + ¢) is the set of vertices in the unit cell of al.. .
. Since V; is invariant under rigid motions, we should likg the estimator to satisfy V;(X) =
V; (M X), for any rigid motion M preserving alL.. Thus, w”)(a, z) should depend only on the
equivalence class n; of (X — (z — ¢)) N &5 under rigid motions.

As V; is homogeneous of degree i, i.e. V;(aX) = a' V;(X), the estimator should also satisfy

Vi(aX Nal) = a'V;(X NL).

We therefore assume that w® (a,z) = al w;i), where w(.i) € R are constants.

Consequently, we are led to consider estimators of the form

6
Vix)=d Yy w'N;j,
j=1

where N is the number of occurrences of the configuration class 7;, i.e.

Nj= Z Lix—-ennisen; -

zeall
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It is also natural to require the estimators to be compatible with interchanging background
and foreground as follows:

Vi(X) = Vi(R*\ X), (2.1)
Vo(X) = —Vo(R*\ X). (2.2)

The reason for the first condition is that interchanging foreground and background does not
change the boundary. The second condition is natural because the Euler characteristic satisfies

Vo(X) = =Vp(R?\ X)

for both topologically regular compact polyconvex sets (see [11]) and compact 2-manifolds
with boundary (where A denotes the closure of A € R?).

3. The 2D Boolean model

Throughout this paper, a Boolean model E will mean a stationary isotropic Boolean model
in the plane with compact convex grains and intensity y. That is,

g =Joi + Kb,
i

where {x{, x2, ...} is a stationary Poisson process in R? with intensity y and K1, K>, ... is
a sequence of independent and identically distributed random compact convex sets in R? with
rotation invariant distribution Q satisfying EV;(K) < oo fori = 0, 1,2. See, for example,
[14] for more details.
The specific intrinsic volumes of a Boolean model are defined by
EVi(ENrWw)

where W is any compact convex set with nonempty interior; see [14, Theorem 9.2.1].

Now assume that we observe E on a lattice allL in a compact convex window W with
nonempty interior. By the isotropy assumption, we may as well assume the lattice to be the
standard lattice aZ2. Thus, we observe the set ENaZZ N W.

Let C, = z + aC be a lattice cell with z € aZ?. Write
Vi.=Vi(C;NE) — Vi3t C. N B),

where 37C, = z + a([0, 1] x {1} U {1} x [0, 1]) is the upper-right boundary. Then [14,
Theorem 9.2.1] implies that EV; ; = a?V;(E). A summation over all lattice cells contained in

W yields
= EV . EVi .
VA(E) = _— = = , 3.2
(=) Z . Va(C)Ny Z . a*Ny G2
zeaZ2N(WeaC) zeaZ2N(WeaC)
where C = {—x | x e C} Weal = {x € R? | x +aC < W}, and Ny is the total number of
points in aZ?’N(W e aC)
Asin Section 2, we estimate each contribution EV; ; by a weight of the form a w( 0 depending
on the configuration type ;. Then (3.2) yields an estimator of the form

=)

V(@) =d Y w o N 3.3)

wj
j=1 No-
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where w;i) € R are arbitrary weights and the number of configurations N; are given by

Nj = > Lz-onesen; - (3.4)
zeaZ2n(WeaC)

Ideally, ‘71 would define an unbiased estimator, i.e. ]E‘A/, (B) = V;(8). Generally, this is not
possible with finite resolution, i.e. when a > 0. Instead, we shall obtain conditions for this to
hold asymptotically when the lattice distance tends to zero:

lim EV;(E) = V,(B).

a—0

The mean value of V; (B)is

6
EV;(8) =ai—2zw§l>]E<

j=1

6
N;j i—2 O
Fé) =a' E wjl P(ENaCy € r)j), (3.5)

j=l1

by (3.4) and stationarity of 2.
For each &, there are formulas of the form

15

P(ENaCo=8) = Y biP(& < R\ 8), (3.6)
k=0

for suitable integers by ; see also [12]. As E is stationary and isotropic, P(E N aCy = &) and
P(& C R?\ E) depend only on & and & up to rigid motions. Let &k, and &; be representatives
for n; and n;, respectively. Then (3.6) reduces to

6
P(ENaCo=§&,) =) bj;PE SR\ E), (3.7)
i=1

where the integer b; ; is the ijth entry of the matrix

o 0 o0 0 O 1
0O o0 O 1 -4
0 1 0o -2 4
0 o0 1 -1 2
1 -2 -2 3 -4

-1 1 I -1 1

—_ o O OO

The right-hand side of (3.7) is now well known, since
P(g € R*\ B) = e VPGS0, (3.8)

where K is a random compact convex set of distribution QQ and & denotes Minkowski addition;
see [14]. Thus, we must compute EV;(§; @ K).

If F;, = conv(&;) denotes the convex hull of &, an application of the rotational mean value
formula, see [14, Theorem 6.1.1], shows that

2
EVo(F @ K) =EVa(K) + ;VI(Fk)]Evl(K) + Va(Fp), (3.9

since the grain distribution is isotropic. It remains to compute the error

EV2(Fi @ K) —EV2 (5 @ K). (3.10)
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4. Boolean models with random balls as grains

We first restrict ourselves to Boolean models where the grains are almost surely (a.s.) balls
B(r) of random radius r. For technical reasons, we shall assume throughout this section that
there is an & > O such that r > ¢ a.s.

In [6, Proposition 1], an expression for the error (3.10) was given. Applied to our situation,
this becomes a power series in a/r:

> 2n =3 o 2n=l
Va(F ® B(r)) — Va(& ® B(r) = 2a° Y %sz *”(a‘%@(%) RENCRY
— T

whenever a/r is sufficiently small. Since a~'& is independent of a, the V1(2"+1)(a’1§k) are
constants. These are called intrinsic power volumes in [6] and are given by

1
ViV = e D v (Fe F)VI(E)™,
Fe¥1(Fy)

where 7 (Fy) is the set of 1-dimensional faces of Fy and y (Fi, F) is the outer angle which in
RZis just (dim(Fz))~!. See [6] for the definition of the double factorial.

The condition r > ¢ a.s. ensures that, whenever « is sufficiently small, (4.1) holds a.s.
Combining this with (3.9), we obtain a power series expansion

2 _ _
EV (& ® B(r) = EV2(B(r) +a—Via™ FOEVi(B(") +a’Va(a™ ' F)
VP EgECY + 0@dd).
Computing the constants V;(a~!Fy) and V1(3) (a~'&) directly and inserting in the Taylor

expansion for the exponential function in (3.8), shows that P(§, € R? \ E) is given by a
power series

2
o1+ (Cz + acngva(r)) + a2(64y + Cs<£]EV1(B(V))) )

2 3
+ a3<c6yIE(r‘) + cﬂ;E%(B(r)) + c8<£EV1(B(r))> ))eym““r” + 0(a),

4.2)
for a sufficiently small and constants ¢y, ..., cg depending on k. If & is a representative for
1, define A to be the matrix with entries a,,; and the constant c¢,, occurring in the formula for
P(& . < R?2 \ ) for j =1, ..., 6. A direct computation shows that

1 0 O 0 0 0
01 1 1 1 1
00 -2 =22 —2++2) —4
a0 0 o 0 —3 ~1
1o 0o 2 4 34242 8
00 & Vv2/6 (V2+D/12 %
00 0 0 2++2)/2 4
0 0 —% —8V2/3 —(10+7v2)/3 -2

https://doi.org/10.1239/aap/1396360102 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1396360102

Local digital estimators of intrinsic volumes SGSAe 41

Inserting this in (3.7), we obtain expressions for P(E N aCy = é, ) of the form (4.2) with
constants ¢, given by the jth column of AB. Then, by (3.5), a>~ EV;(E) is also of the form
(4.2) with a vector of constants ¢ = (c ) cl )) given by

(T = ABD(w(i))T,
where w® = (w(l) wéi)) is the vector of weights and D is the diagonal matrix with jth
diagonal entry the number d; of elements in n;. Writing this out, we get

(!) ()

= wgq",
Cél) — w?) wél)’
) =4-w’ + 2 - V2wl + (-2 +2v2wi’ + 2 - V2wl — wl),
Cé(ti) — (l) +2u)(l) —ng) +wé'),
) =4(2w(’)+( 5+2V2)w) + @ - 4v2wy + G - 2v2)w)’
+ (=7 +6v2w’ + 3 — 2v2)wg ), 43)

¢ = L 4+ 2v2 - 2wl + 2 - 4v2w’ + 2v2 - 2wl + wl),
& =20uw” + (=6 + V2ui’ + 4 —2v2)wf’ + 2 - VDu’
+ (=24 3v2wl —V2ul),
o) = 48wl + 22— TV + (=16 + 14vDu) + (=6 + 3V
+(10 = 13Vl + (=2 4+ 3v2)ul).

Note that ¢§) = —16¢{ — 23"
In [14, Theorem 9.1.4], the following formulas for the specific intrinsic volumes, valid for
the type of Boolean models we consider, are shown:

Vy(E) =1 —e VENRK) (4.4)
Vi(8) = yEVi(K)e 7120, 4.5)
_ 1

Vo(E) = (y - ;(yEVmK)Z))eyEVz(K). (4.6)

These are truncated expressions of the form (4.2) with fixed constants ¢, so the bias of E\A/, (8)
can be found by comparing coefficients.
First consider V,(E). From (4.2) we see that

lim EVy(8) = ¢\? + e 7EV2B0)
a—0

so by (4.4) we get an asymptotically unbiased estimator for V,(E) exactly if ng) =1 and

céz) = —1. Using (4.3), we have the following result.

Proposition 4.1. The estimator Vz(E) is asymptotically unbiased if and only if the weights
satisfy w§2) = 0and wéz) =1

It is well known that ‘72( =) is unbiased, even in finite resolution, with the choice w® =
0, 1 1 é é 7> 1), which is the estimator that counts the number of lattice points in X; see e.g.
[10, Section 4.1.1].

Next we compare EVl (8), with (4.5) and obtain the following result.

https://doi.org/10.1239/aap/1396360102 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1396360102

42 ¢ SGSA A. M. SVANE

Theorem 4.1. The limit lim,_, IEV] (E) exists if and only if
wi’ = wl = 0. “.7)

In this case,

~ 1 —
lim BV (E) = —c{"V1(8).
a—0 T
In particular, EV, (B) is asymptotically unbiased if and only if the weights satisfy
AV =42 - V2wl + (-2 +2v2)wl” + 2 - vV2)ul") = 7. (4.8)

The bias is 5
a(ci”y +cf” (gEvl (B(r))) )e—yEVﬂBW + 0@,

so the estimator converges as O(a?) exactly if the weights satisfy:

w —w =0, 4.9)
(=5 +2v2ws” + @ - 4v2)wl” + 3 —2v2)w(” + (-7 +6v2wl’ =0.  (4.10)

If these equations are satisfied, the bias is

2 3

a2<cg”yE(r—1) + cg“%Evl(B(r)) +clD (%EVI(B(;»))> ) + 0. 4.11)

The first condition (4.7) is intuitive, since lattice cells of type n; and ne will typically not
contain any boundary points. Equation (4.9) is also natural since it is exactly the condition
(2.2), saying that interchanging foreground and background should not change the estimate.
Equation (4.8) is not so obvious. The coefficient in front of w'" in %cgl) is the asymptotic
probability that a lattice square containing a piece of the boundary is of type n;. Equation (4.10)
does not seem to have a simple geometric interpretation. While (4.8) and (4.9) generalize to
the design-based setting, see Section 7 and 8, (4.10) seems to be special for the Boolean model
and the underlying distribution.

Equations (4.7), (4.8), (4.9), and (4.10) do not determine the weights uniquely. There is still
one degree of freedom in the choice. However, this is not enough to remove the a> term in
(4.11), since the system of linear equations the weights must satisfy becomes overdetermined.

The following proposition gives the best possible choice of weights.
Proposition 4.2. The complete solution to the system of linear equations (4.7), (4.8), (4.9), and
(4.10) is

wh = 116(0, 142, V2, 124 8v2, 1 4+ +/2,0) + w(0, 1, —/2, —4 — 44/2, 1, 0),

where w € R is arbitrary.

In general, the best choice of w depends on the intensity y and the grain distribution Q.
Note that negative weights are allowed, even though this does not have an intuitive geometric
interpretation.

Finally, for the Euler characteristic, comparing EVo(E) with (4.6) yields the following result.
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Theorem 4.2. The limit lim,_, EVO(E) exists if and only if
w® = w? =0, (4.12)
@ - V2w + (-2 +2v2)wf” + 2 - V2w’ = 0. (4.13)

In this case,

lim EVo(2) = (cff”y + (%Evl (B(r)))z)e—yEVﬂB“”,
so Vo is asymptotically unbiased if and only if the following two equations are satisfied:
2w 2w =1, (4.14)
(=5 +2v2u® + @4 — 42w + 3 - 2V + (-7 + 6v2ul = %. (4.15)

If these equations are satisfied, the bias is

3
a<cg°>y1E<r 4O v’ —EVi(B() + c(0)<£EV1(B(r))> ) + 0. (4.16)

The best possible weights are given by the following result.

Proposition 4.3. The general solution to the linear equations (4.12), (4.13), (4.14), and (4.15)
is
w® = (o LN <§+L)(2—n) 0 O>+w(0 1, =2, -4 —44/2,1,0)
b 2 9 2\/2 9 4 ﬁ 9 b b 9 9 b 9 9

with w € R arbitrary.

Also here there is one degree of freedom in the choice of weights, which is not enough to
annihilate the leading term of (4.16).

Again, (4.12), (4.13), and (4.14) are geometric in the sense that they also show up in the
design-based setting, while (4.15) seems to be special for the Boolean model.

Note that Vy does not satisfy (2.2), not even asymptotically. For weights satisfying (4.12),
we have

Vo(8) = wy” Na(8) + wi N3(8) + wi Na(E) + wi” Ns(E),
Vo(R?\ &) = wy” N5(8) + wi” N3(8) + wy Na(8) + wi’ Na(8).
Under condition (2.2), we would thus have
2V(8) = lim (EVo(E) ~ EVo(R* \ 8))
= lima~ 2 — wE(N; — Ns)
= ;" ~ >>(4y +42 — 42 )( E%(B(r))) ) YN,
which no choice of weights can satisfy by (4.6).
Equations (4.10) and (4.15) become more important compared to (4.9) and (4.14) when r

and y are large. These are the only equations involving the configuration 74, which can occur
only where two different balls are close.
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5. General Boolean models

The case where the grains are random balls generalizes to Boolean models and where the
isotropic grain distribution satisfies the following extra condition: there is an ¢ > 0 such that,
for almost all grains K, B(¢) slides freely inside K, i.e.

forall x € 0K: x —en(x) + B(e) C K. 5.1

Here n(x) denotes the (necessarily unique) outward pointing unit normal vector at x. Condi-
tion (5.1) is a generalization of the assumption » > ¢ a.s. in Section 4.

First we need a version of (4.1) for grains satisfying (5.1). In the following, [x, y] denotes
the closed line segment between x, y € R2.

Lemma 5.1. Let S be a finite set with diameter diam S < 2¢. Let K be a convex set
satisfying (5.1). Then

Va(convS @ K) — Vo(S P K) < Va(conv S @ B(e)) — Vo(S @ B(e)).
Proof. After a translation, we may assume that B(¢) € K. Hence,
convSC SPBE)SSPHK.
Let F;, i € I, be the faces of conv S with outward pointing normal vectors u;. Then we obtain

(conv S&K)\ (S®K) = (conv S®K)N(conv )\ (SHK) = U(Fi GBK,:)\(SEBK), 5.2)
iel
where K, = {z € K | (z,u) > 0}. To show the inclusion C in the second equality, suppose
that s € convS and ¢ € K with s 4+ ¢ ¢ conv S. Then there is a maximal A € [0, 1) such
that s + Ac = f, where f € dconvS. Butif f € F; \ S, then (c,u;) > 0 and, hence,
s+ c= f+ (1 —X)cbelongs to F; EBK,;‘;. IffeS, thens+ceSa@C.
Let F; be given and write u = u;. After a translation we may assume that F; = [0, x] with
x € B(2¢). Let
y € ([O,x]@K;)\(SGBK).

Let Iy = y + span{x} be the line parallel to [0, x] containing y. Since K, is convex and

y — Ax € K| forsome & € (0, 1), lyN K} is anonempty line segment [c1, c2]. Then we have
yelyN(0,x]1® K, =[c1,x +c2l,

y &1, N {0, x}® K,)) =[c1, 2] Uler +x, 2 + x].

Choose z € K, such that n(z) = u and let w = z — eu € K| be the center of the touching
ball guaranteed by (5.1).
By convexity, [0, w] ® B(e) € C, soly N[0, w] # @ would imply that

(5.3)

let — 2l = 2¢ = x|,
contradicting (5.3). Thus, (w, u) < (y, u) < (z, u); hence,
@ #1yN[w,z1 Sy N (w+ Be),) S [e1, 2l
showing that

y € (0,x]1® (w+ B(e) )\ (S®K) C ([0, x]® (w+ B(e);)) \ (S & (w + B(e))).
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Now we may compute
Va((conv S @ K)\ (S® K)) < Y Val(Fi @ K,) \ (S & K)
iel
> Va((F; & B(e);) \ (S @ B(e)))
iel
= Va((conv S @ B(e)) \ (S ® B(¢))),
where the last equality uses the fact that, when K = B(¢), the union in (5.2) is disjoint, since
(F; ® B(e);) \ (S® B(e)) € F; ® [0, eu].

Now let & be a configuration and write F; = conv(§). Then Lemma 5.1 implies the
following result.

IA

Corollary 5.1. Let E be a Boolean model such that, for some ¢ > 0, the grains satisfy (5.1)
a.s. For\/ia <eandl =0,...,15

EV2(F @ K) —EVa(5 @ K) <’ 7'V '&) + 0(a).
This allows us to compute P(§; C R2 \ E) using (3.8) and (3.9), but only up to second order,

i.e.

2
P& CR*\ E) = eXP(-V(EVz(K) +a—Vi(FDEVI(K) + a*Va(F)) + o<a3)>> (5.4

2
=c1+ e VEV2(K) (cz + a03ZIEV1 (K) + a’ <C4V +c5 (ZEvl (K)) ))
T g

+ 0(@a),

with the same constants c,, as in Section 4, since these depend only on V; (@ 1F).
Furthermore, the specific intrinsic volumes were given by (4.4)—(4.6), so, by exactly the
same arguments as in Section 4, we obtain the following result.

Theorem 5.1. Theorems 4.1 and 4.2, except for (4.11) and (4.16), also hold for an isotropic
Boolean model with grains satisfying (5.1) a.s.

Remark 5.1. The term O (a?) in (5.4) is of the form

2 3
a3<C7y;EV1(K) + c8<£1[<:v1(1<) ) T yd(a) + 0,

1

where ¢7 and cg are as in (4.2) and 0 < ¢(a) < cee~'a> with cg as in (4.2).

6. Generalization to standard random sets

As an easy consequence of the well-known results obtained in [8], the first-order results for
Boolean models generalize further to isotropic standard random sets. A standard random set Z
is a stationary random closed set, such that the realizations are almost all locally polyconvex
and Z satisfies the integrability condition

EaN(Z0B() _ o

where N(Z N B(1)) is the minimal number n such that Z N B(1) is a union of n convex sets;
see also [14, Definition 9.2.1].
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B The specific intrinsic volumes of a standard random set are defined as in (3.1) and we estimate
V1 by

as in (3.3), where N; are as in (3.4). Since lower-dimensional parts of Z are usually invisible
in the digitization, we assume that Z is a.s. topologically regular.

Theorem 6.1. Let Z be anisotropic standard random set in the {ﬂane, whichis a.s. topologically
regular. Then lim,—.o EV|(Z) exists if and only ifwil) = wél . In this case,

~ 1 —
lim BV, (2) = —¢{"V1(2),
a—0 v

with cgl) as in (4.3). In particular, Vi(Z) is asymptotically unbiased exactly if (4.8) holds.

Proof. As in the case of the Boolean model,

6
A _ 1
EVi(Z)=a"") w§. 'P(Z NaCy € n;).
j=1
First, let &, [ # 0, 15, be a configuration with B;, W; # &. Define the support function of a

set A by h(A,n) =sup{(x,n) | x € A}, forn € S1 and where (-, -) is the standard Euclidean
inner product. The following formula is shown in [8, Theorem 4]:

lim a~'B(B, € Z, W, < Z°) = / (—h(B, & Wi), )" L(dn).
Sl

a—0
Here xT = max{x, 0} and L is the mean normal measure on S!, i.e.

L(A) = lim ES1(Z N B(r); A)
r>oo Va(B(r)

., Ae8(sH,

where S1(K; -) is the first area measure defined for K polyconvex (see [13, Chapter 4]). In
particular, the total measure L(SY)is 2V (2).
By the isotropy of Z, L is rotation invariant, so Tonelli’s theorem yields
lim 0P8 € 2. W € 29 = [ (~h(B® Wim) L (an)
a—0 N
2

1 21 . _
= _/ / (—h(B; ® W;, uy))" dvdL,
27'[ st Jo

(hBr® Wi, R_yn)) T L(dn) dv
S

where u, = (cosv,sinv). The inner integral depends only on the equivalence class 7;
containing §. Thus, we need to compute it for only one representative &, of each n;, i.e.

(—h(B1 ® W1, up))" = (=h(B7 @ W7, u,))* = max({| cos v|, | sin v|} Lyefo.x/21,
(—h(B3 ® W3, u,))™ = (max{| cos v|, | sin v|} — min{| cos v, | sin v|}) 1yefr /4,37 /41,
(—h(Bs ® We, uy))™ = 0.
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A direct computation now shows that

1

—c"V1(2).
b g

5 5 21
1 . _
: (1 o M 4. + _
J= J=

Finally, it is well known that
111%19(2 NaCy € ng) = Va(2), lin%)IP(Z NaCoen) =1—Vy(2),
a— a—

so we must choose wgl) = wél) = 0 in order for lim,_,¢ EV, (Z) to exist for all Z.

7. Boundary length in the design-based setting

Instead of considering random sets observed on a fixed lattice, we now turn to the design-
based setting where we sample a deterministic compact set X C R? with a stationary isotropic
random lattice, by which we mean that [L is the random set L(c, v) = R, (Z* + ¢), where
v € [0,2n] and ¢ € C are mutually independent uniform random variables.

We first consider estimators for the boundary length 2V, as this is a fairly easy consequence
of [7, Theorem 5]. Based on the random set X N all., we consider an estimator of the form

6
ViX)=ay_ wﬁ.”N,-(X Nal),
j=1

as described in Section 2 and study the asymptotic behaviour of EV;(X).
We first need some conditions on X. A compact set X € R2 is called gentle, see [7], if the
following two conditions hold.

() HI(N@OBX)) < 0.

(ii) For J¢!-almost all x € 39X, there exist two balls B; and B, with nonempty interior, both
containing x, and such that B; € X and int(B,) € R2 \ X.

Here and in the following ¢4 denotes the d-dimensional Hausdorff measure and & (9 X) is the
reduced normal bundle

N(OX) ={(x,n) € 9X x S' | there exists t > 0: for ally e 0X: |tn]| < [tn +x — y|}.
Theorem 7.1. Let X C R? be a compact gentle set and L a stationary isotropic random lattice.
Then lim,_,0 EV1(X) exists if and only ifwél) = wil) = 0. In this case,

N )
lim EV] (X) = —C3 V] (X)v
a—0 "
with cél) as in (4.3). In particular, Vi(X ) is asymptotically unbiased if and only if w"
satisfies (4.8).

In Section 8 we shall see that under stronger conditions on X, the convergence is actually
O (a) and the weights can be chosen so that it is even 0(d?).

Theorem 5 of [7] is shown only for a uniformly translated lattice, whereas we assume isotropy
as well. Thus, we need the following lemma.
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Lemma 7.1. For any compact gentle set X there is an € > 0 such that, for any square lattice
L with unit grid distance,

Nj(X Nal) < a” (1 +4v2V1(X))

foralla <eand j =2,...,5.

Proof. If (z + aR,Cp) N 0X is a configuration of type j # 1,6, for some z € alL, then
(z+aR,C)NdX # @; hence, z 4+ aR,C C dX & B(~/2a). Thus,

Nj(X Nal) < a~2V2(0X ® B(v/2a)).
Now, [7, Theorem 1] with P = B(+/2a) and Q = B(ar) shows that

lir%a_l Vo(X ® B(v/2a) \ X © B(ar)) = (V2 + )2V, (3X).

Letting r = +/2 + & for ¢ — 0 yields

linba_IVQ(BX ® B(v2a)) = 4V2V(X).

In particular, a ' V5 (X @ B(v/2a)) — 42V (X) < 1, for all a sufficiently small.

Proof of Theorem 7.1. Since X is compact, N is infinite, so wgl) must equal zero in order

for the estimator to be well defined. Moreover, lim,_, ¢ aZNg = V2(X). Thus, aNg diverges
whena — 0, while all other a N; remain bounded by Lemma 7.1. Hence, wél) = (isnecessary
for lim, .o EV7(X) to exist.

By Lemma 7.1, aN;(X N alL(v, ¢)) is uniformly bounded, so, using the Lebesgue theorem
of dominated convergence, we obtain

1 27
lim aEN; (X NalL(v, ¢)) = lim a— / Nj(X Nall(v, ¢))dcdv
a—0 a—0 2w Jo C
1 2

— lim a / N (X Nall(v, ¢))dcdv
2 0o a—0 C

1 2 v
= —/ / (—h(Ry(B) & Ry(Wp), n))" dvSi(X; dn)
2 st Jo

1 2 .
== / / (—h(B; & Wi, R_yn))*™ dvSi(X; dn),
21 st Jo

where the third equality is [7, Theorem 5]. The remaining computations are as in the proof of
Theorem 6.1, since S;(X; Sl) =2V1(X).

Note how the isotropy of the lattice was crucial in the proof. This corresponds to the isotropy
requirement for the Boolean model.

8. Euler characteristic in the design-based setting

We remain in the design-based setting of Section 7 and consider the estimation of the Euler
characteristic and the higher-order behaviour of boundary length estimators. For this, we need
some stronger boundary conditions on X. For instance, Jirgen Kampf has shown in a yet
unpublished paper (see [5]) that without the isotropy of the lattice, there are no local estimators
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for Vj that are asymptotically unbiased for all polyconvex sets. On the other hand, it is well
known that there exists a local algorithm for Vjy, which is asymptotically unbiased on the class
of so-called r-regular sets; see, for example, the discussion in [15]. We shall assume throughout
this section that X is a compact full-dimensional C? manifold, which is slightly stronger than
r-regularity.

The estimator for the Euler characteristic was defined in Section 2 as

6
5 0
VoX) =Y wj. 'N;(X Nal).
j=l1
Note that V1 (X) = aVo(X ) if w = wﬁo) To treat both estlmators we sometimes Just write
) for the weights. As noted 1 m Section 7, we must choose w1 = 0 in order for V; to be
Well defined and wé ) — 0 to make a!~ EV;(X) asymptotically convergent. Hence, we assume

(’) wé) = 0 throughout this section.
We now present our main result.

Theorem 8.1. Assume that X C R? is a compact 2-dimensional C? submanifold with
boundary. Then

lim (EVox) —a™! lim aEVo(X)) = ¢ Vo),
a— a—r

with cio) as in (4.3). Thus, lim,_¢ EIA/()(X) exists if and only if the weights satisfy (4.13) and
Vo(X) is asymptotically unbiased if and only if (4.14) holds. In this case, EVy(X) satisfies (2.2)
asymptotically.

Moreover, IEVl (X) converges as O (a), and if (4.9) is satisfied, even as o(a). In this case,
Vi(X) satisfies (2.1).

Theorem 8.1 generalizes (4.9) and (4.14) to the design-based setting. However, (4.10) and
(4.15) do not appear. These involve the configuration 4, which cannot occur when the boundary
is C? and a is sufficiently small.

For the proof, we must compute

Zw“m«:N = ij”zﬂ / / N;(X Nal(c, v)) dedv.
We follow the same approach as in [7]. The idea is that

Nj(X Nall(c,v)) = Z Z Letrar,ByExX) Yztar, (W) cR2\X) -
l: §enj zeal(c,v)

Integrating over all ¢ € C, we obtain
/ Nj(X Nal(c,v))dc=a"> ) / fiz, v)#2(d2), (8.1)
l: 51617]
where f; denotes the indicator function
J1(z,v) = Yeqar, By xy Lizqar, (w)cr2\ x) - (8.2)

By the assumptions on X, there is a unique outward pointing normal vector n(x) at x. Since
9X is an embedded C? submanifold, the tubular neighbourhood theorem ensures that there is
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an e > 0 such that all points in 3X @ B(e) have a unique closest point in dX. For v/2a < &,
the support of fj is contained in dX @ B(e).

As in the proof of [7, Theorem 1], we apply [4, Theorem 2.1] to compute (8.1). In the case
of C? manifolds, this reduces to the Weyl tube formula,

/ fi(z, v)#?(dz)
]RZ

:/ /8 tﬁ(x—l—tn,v)k(x)dt]fl(dx)—i—[ Ffilx +tn, v) del(dx),  (8.3)
X J—¢ X J—e

where k(x) is the signed curvature at x.

The main part of the proof of Theorem 8.1 is contained in Lemmas 8.3 and 8.4, below,
handling each of the two integrals in (8.3). Before proving these, we show two technical
lemmas. The first is a standard differential geometric description of 9.X.

In the following, t(x) denotes the unit tangent vector at x, chosen so that {7 (x), n(x)} are
positively oriented.

Lemma 8.1. Let X C R? be a C? submanifold with boundary. For some § < 0, there is
a well-defined C' function 1: [—28,28] x dX — R, such that I(r, x) is the signed length
of the line segment parallel to n(x) from x + rt(x) to 0X. The sign is chosen such that
x +rt(x)+1(r,x)n(x) € 0X.
The function r=21(br, x) is bounded for (b, r, x) € [—=2,2] x [—8, 8]\ {0} x 39X and
lim r—2(br, x) = —$b%k(x).
r—0
Proof. By the assumptions on X, there are finitely many isometric C? parametrizations
of the form «: (@ — 2u, b 4+ 2u) — 09X such that the sets a([a, b]) cover 0X. For any ¢ €
(a—2uw, b+2pn), wewrite n(t) = n(a(t)) for short. There are unique functions/, r: (—u, @) X
(a — u, b+ pn) — Rsuch that, for any (s, ) € (—u, u) x (@ — u, b+ ),

als +1) —a(t) =rs, o' (t) + (s, Hn(t),
where
r(s,t) = {a(s + 1) —a(t), o' (1)), I(s,1) = {a(s +1) —a(t),n(t)).

In particular, note that both functions are C I and, as functions of s, they are even C 2 Inan
open neighbourhood of [a, b] x 0, (3/3s)r (s, t) > 0. By the inverse function theorem applied
to (r(s, 1), 1), there is a 8 such that the inverse s(r, ¢) is defined and is C! on (=38, 38) x [a, b].
In fact, r > s(r,t) is C? as it is the inverse of s +> r(s, ). Then I(s(r, 1), t) is the distance
from a(t) + ra’(t) to a(s(r, t) + t). If 38 < e, this is the boundary point on the line parallel
to n(z) closest to a(t) + ra’(¢).

By the mean value theorem,

I(s(br,t),t d d
M :ba_l(s’t) _s(r’ t) s
S _ r —
, s=s(brg,t) r=brg (84)
I(s(br,1),1) 2Fo 0 B 0
Y D s Zsrn|  stn)|
r rds s=s(bry,t) r r=brg r r=br;

for some 0 < |ri| < |rg| < |r|. The continuity of (3/ds), (8%/3s>)1, and (3/dr)s on
[—23, 25] x [a, b] implies that (8.4) is bounded on [—2, 2] x [—§, 8] \ {0} x [a, b].
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Finally, since I(s(0, ¢), t) = 0 and (3/9s)I(s, t)|s=0 = 0, we obtain

[(s(br,t),t 0
Jim L6009, byl =0,
r—0 r ar =0
C s, 192 1, 1,
}%r—z = Ea?l(s(b", x)) L = Eb (@"(@),n(t)) = _Eb k(a(t)),

proving the last claim.

Before proving the next lemmas, we introduce some notation. Let v € [0, 2r] and x € 9X.
Let vy, ..., v3 be the elements of R,(Cp) ordered such that s; > s;41, where s; = (v;, n(x)).
Let b; = (v;, T(x)). Note that the ordering of the v; depends only on R_,n € S!, and that S' is
divided into eight arcs of length 7 /4 on each of which the ordering of the R, (Cy) is constant as
a function of R_yn € S!. Thes; and b; can be computed explicitly as a function of R_,n € S L
Though used in the explicit calculations below, these values have been omitted.

Define

t; = —as; + 1(bja, x).

The ¢; are constructed such that, for t € [—e¢, €],
x +tn(x)+av; € X ifandonlyif 1 <¢. (8.5)

Let #/ be a reordering of the #; such that #{ < #/ , and let v; be the corresponding ordering
of the v;. This ordering depends on both x, v, and a. Since #; may not equal ¢/, we need the
following lemma, ensuring that this does not happen too often.

Lemma 8.2. There is a constant M such that, for all x € X and a sufficiently small,
a'#' (v € [0,27] | there existsi: v; #v)) < M.
Furthermore, there is a constant M’ such that
|t — t]| < 4sup{[l(ba, x)| | (b, x) € [-v/2,v/2] x X} < M'd>.

Proof. Letv € [0,2n]and x € 9X is given. If v; # vlf then, in particular, thereis a j; < jo
with ¢, > t;,. But then

0=<tj —tj, =a(sj, —sj)+1lbja, x)—1bja,x); (8.6)

hence,
0 <a(sj, —sj) <lbja,x)—1bja,x) < Cad?

for some uniform constant C, according to Lemma 8.1.
But then
0 < cos(@(x,v)) < ((vj; —vp),nx)) < Ca,

where 6(x, v) is the angle from n(x) to vj; — vj,. Thus, 8(x,v) = 6(x,0) + v must lie in
cos~!([0, Cal). But

FH'(v e [0,27] | 6(x, v) € cos~' ([0, Cal)) = H'(cos~! ([0, Cal) N[0, 27]) < C'a,
and there are only six possible combinations of j; and j, so

a'#' (v €[0,27] | there exists i: v; # v]) < a”'6#! (cos™!([0, Cal) N[0, 27]) < 6C".
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Suppose that ; <t/ =t;. If j < i, the last claim of the lemma follows from Lemma 8.1
and (8.6) as a(sj, — sj,) is negative. If i < j, there mustbe a k < i with#; < #. Then

lti = ]| < |ti — il + |tk — 1] < 4sup{li(ba, )| | (b, %) € [-v2,v/2] x X},
by a double application of (8.6). The case #; > ¢/ can be treated in a similar way.

We are now ready to state and prove our two main lemmas.

Lemma 8.3. With f; as in (8.2),

2 Vo(X), j=2,
lim a2 Z / / / tfi(x + tn, v)k(x) dtF' (dx) dv = {0, j=3,4,
a—0 X J—¢
ey ~Vo(X). j=5.

Proof. For x € 0X fixed, let

Ii(x,v) = Z fa tfi(x 4+ tn, v)dt.

l: &en;j —¢

For 2a < ¢, configurations of type n4 can never occur, so (x +tn +aR,(Co)) N X corre-
sponds to a configuration of type 1y fort < t3, ny fort € (3, 151,93 fort € (1], 15],ns fort €
(t9» 111, and g for t < ¢, according to (8.5).

As an example, consider the configuration type n5. Then we get

n
1,72 2
2

0

By Fubini’s theorem we must compute

2 2
lim a~ / f Isdvkd#' = lim a~ / [ L — 1) dukdae'.
a—0 X a—0 ax Jo

ByLemma8.2, lim,_.o #'(v € [0,27] | t; # t/) = Ouniformly. Moreover, it follows from
Lemma 8.1 that
a=*t? = s? — 2s;a” U(bia, x) + a2l(bia, x)*

is uniformly bounded. Hence, we may replace 1] 2 by tl.2 in the integral by the Lebesgue theorem
of dominated convergence. This also applies to give

2 27
lim a~ // Isdvkd#' = // lim a 21t} — 13) dvk d !
a—0 a—0
271
/ / s? —s3) dvkd !,
The last step used Lemma 8.1.

Substituting # = R_,n and inserting the values of s; (1), a direct computation shows

2
1ima—2/ f 15(x,v)dvk(x)}€1(dx)=/ f%(slz(u)—sé(u))dukd}fl
a—0 ax Jo ax Jst

= =21 Vp(X).

The remaining configuration types 1, and 73 are treated similarly.
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(@)

Lemma 8.4. For w ) ¢ Rand ¢y’ asin (4.3), the limit

L}ig})a (Z (’)/[ / > ﬁ(x+tn,v)dtdv]€l(dx)—2ac(’)V1(X)>

1 gen;
exists and is equal to (wg) — wgi))Vo(X).
Proof. Letx € 0X be given and define
&€
Ii(x,v) = Z / fi(x 4+ tn,v)dz.
l: &en;j —¢
By the same reasoning as in the proof of Lemma 8.3,

/

L =1—1, L=t —1, Is =1t] — 1.

As an example, consider 5. We shall compute

2
lim a_Z/ (Is + a(s; — sp)) dvdFe!
X JO

a—0

2
=lim// (@2t — 1)) + a1 (s1 — s0)) dvdF. (8.7)

a—0 Jax Jo

Since a_2|tl -t /| < M’ and ¢! (t, # 1 "y < Ma, by Lemma 8.2 for some uniform constants
M and M’, we may replace ¢; by t/ in (8 7).

By another application of Lemma 8.1,a 2t; +a~'s; = a~%l(b;a, x) is uniformly bounded.
This allows us to apply Lebesgue’s theorem to (8.7). In the case of s, this yields

2
lim/ / (@ %Is +a '(s; — s)) dvdFe!
a—0 X

2
/ / hm (a 2(t] — 10) + a~ (s — s0)) dv dH!

2
f / lim a~ 2(I(aby, x) — I(abo, x)) dvF' (dx)

2r
=/BX/0 7(b%—bg)ducw‘,

where the last step also follows from Lemma 8.1.
Doing the same for the remaining configurations, a computation shows that

2 k

2 5 . . .
jimo“*z/ / (Zwﬁ”h—a<w§”<sz—ss>+w§”<s1—sz)
X JO ; X
Jj=2

+wl (so — sl))> dv de! (8.8)

5 . 2w
=3ir%a_2<2 wj.”f / I dvdae! —2ac;)v](X))
g X X JO
j=2
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On the other hand, another computation shows that (8.8) is equal to
k .
- f (x)( 2wl + 20! (dx) = 27 Vo(X) () — wi),
ax

from which the claim follows.

Proof of Theorem 8.1. From Lemmas 8.3 and 8.4, it follows that the limit

. —im; g (@)
lim|a ' EVi(X) —a™ —c3" Vi(X)
a—0 4

5 2
:g%aZ(X; w'? Z / (/BX /_8 tfi(x + tn, v)k(x) dt F¢' (dx)
J:

l:§en;j

+/ ) filx +1n, u)dt}f‘(dx)> dv
90X

—at ¢ )Vl(X)> (8.9)

exists and is equal to c(l) Vo(X).
In the limit, the condltlon (2.2)is

lim EVy(X) = lim (w(O)ENz(X) + wVEN3(X) + wPENs (X)) = Vo(X),
lim EVO(RZ \ X) = lim W ENs(X) + wPEN3(X) + wPEN (X)) = —Vo(X).
a— a—

This is equivalent to
lim (w2 VEN, + wEN; + wVENs) = V(X),
lim (wgn — wi”)(EN; — ENs) = 2V(X).
a—>

From (8.9) with wéo) =1, w(O) wf‘O) =0, and w(o) = —1, it follows that

lim (EN; — ENs) = 4Vp(X).

a—0

Thus, (4.14) ensures that (2.2) holds asymptotically.

When 9X is actually a C3 manifold, we can get slightly better asymptotic results, as we
show in the following theorem.

Theorem 8.2. Let X C R? be a C? full-dimensional submanifold. Assume that the weights
deﬁnmg V] (X) sansfy (4.8) and (4.9) and the weights defining VO(X) satisfy (4.13) and (4.14).
Then IEV1 (X) and EVO(X ) converge as O(a®) and O(a), respectively.

Proof. 1t is enough to check that a”’l(EVi(X) —lim, 0 ]EVi(X)) is bounded. Going
through the proofs of Lemmas 8.3 and 8.4, we see that it is enough to show that

a3, — 1) —a7 (P — s (8.10)
and
—1 m 27 / -1 k 2 2
a /0 (a (i —t)—a (s —s;+1)+§(bl-+1 —bi)) dv 8.11)

are uniformly bounded.
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The triangle inequality yields

-3.72 -1.2 -3.2 -1.2 3,2 2
la™ 1" —a™ s;| <|la7tf —a” si|+a 7|7 — 1]

The terms

|a_3ti2 — a_lsl-zl =|- 2sia_2l(bia, x) + a_3l(b,~a, x)2|

are uniformly bounded by Lemma 8.1. Furthermore,

12 =621 I+l — ]
a3 T a a?
is bounded by Lemma 8.2. This takes care of (8.10).

Similarly,

_ _ 1k _ _ 1k -
a3t +a s +a lzbiz <la?t4+a % +a lzbiz +a 3 — 1.

Again, by Lemma 8.2, a’2|t,~ — ti’ | is uniformly bounded by some C; hence,

2 2
f a_3|ti —t|dv < / a”'c 12y dv
0 0 ’

is also uniformly bounded by Lemma 8.2. Finally,
-3 -2 —1k o -3 1k,
a’ti+a “si+a Ebi =a "l(bja,x)+a Ebi.

But, by a refinement of Lemma 8.1, r — [(r, x) is C3 when 39X is a C? manifold and
I(br,x) b%k(x
( . ) n (x)
r 2r

is bounded for (b, r, x) € [—ﬁ, ﬁ] x [—6, 8]\ {0} x dX. This takes care of (8.11).

9. Classical choices of weights

Recall that, for a stationary isotropic Boolean model E with grain distribution satisfying (5.1)
a.s., we found in Theorem 4.1 that
O ¢,
lim EV1(E) = —c3 V1 (B).
a—0 T

It cgl) = 1, the bias for small values of a is approximately
A —_— y 2
EVi(8) - V1(8) ~ a(ci”y + 5 (;EWC)) eywo),
)
with ¢,,” as in (4.3).
In the literature, various local algorithms are used for estimating the boundary length of a

planar set. With the formulas above we can compute their asymptotic bias and thus compare
their accuracy.
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Ohser and Miicklich [10] described an estimator for V(Z) based on a discretized version
of the Cauchy projection formula. In the rotation invariant setting, the estimator corresponds
to (3.3) with weights

2\ &w T om V2
O (0 (1Y) Zaeve T 5 (14 Y2).0).
v (’16(+ 7 ) 80TV 5l T )

Inserting these weights in the equations shows that this estimator satisfies (4.8) and is thus
asymptotically unbiased. The weights also satisfy (4.9) but not (4.10). For small values of a,
the error is approximately

1 2 2 2
+2fy—EV1 (C)2e 7EV2O) ~ _1 2070 YRV, (C)2eVEV(O),
T T

One of the oldest algorithms for estimating the boundary length is suggested by Bieri and Nef
[1]. The idea is to approximate the underlying object by a union of squares of side length a,
centered at the foreground pixels, and use the boundary length of the approximation as an
estimate. This corresponds to a local estimator with weights

—a

w® = (0.3, 4.1.3.0)

However, itis well known that, for acompact object X, this is the boundary length of the smallest
box containing X; hence, it is a very coarse estimate. The asymptotic mean is (4/7)V1(X).
Of course, we can correct for the factor 4/ and consider the weights

w® = (0,251,2’21()) 9.1
8 8 4 8

instead. These weights can be justified by the Cauchy formula in [10] using 8; = 7 /2. Itis

also the unique unbiased estimator where all weights are equal, except that configurations of

type n4 are counted with double weight. These weights satisfy (4.8) and (4.9) but not (4.10).

The bias for small a is approximately

2
—aX BV (€)2e 7 EVAO),
g

The approach of Dorst and Smeulders [2] is to reconstruct the underlying set by an
8-adjacency system and compute the length of the boundary of the reconstructed set, letting
vertical and horizontal segments contribute with one weight, and diagonal segments with another
weight. The resulting estimators are of the forms

0 20
wh = (o, 0.5. V26, —\/2_ ,0), w® = (0,0,a,28, 8,0). 9.2)

These algorithms are tested only on straight lines in [2] and therefore it was not necessary to
assign a value wftl). The weights chosen here are such that a diagonal segment coming from a
configuration of type 74 is counted twice.

Dorst and Smeulders [2] list some of the constants frequently used in the literature. The
case 6 = 1 goes back to Freeman [3]. This yields a biased estimator. But even if the constants
are chosen such that the estimator is asymptotically unbiased, all weights of this form have the
disadvantage of not satisfying (4.9), which is the most desirable of the two equations (4.9) and
(4.10), as it also appears in the design-based setting.
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The boundary is also sometimes approximated using a 4- or 6-adjacency graph. However,
the same problem with (4.9) arises.

Another classical approach is the marching squares algorithm. This is based on a recon-
struction of both foreground and background. The boundary is then approximated by a digital
curve lying between these, see e.g. [9, Figure 4.29]. The corresponding weights are

w! 0,—, = ,0).
4722 4
This estimator is not asymptotically unbiased either. In fact, the asymptotic mean is

4 _ _
(V2 = 2)—V(E) ~ 1.0548V(E).
T

Correcting for this factor, we obtain an asymptotically unbiased estimator satisfying (4.13) with
approximate bias for small values of a, i.e.

6 2
f v’ —EW (€)% 7EVO) ~ 1 1464 BV, (C)2e VEV(O),
T

Similarly, we can compare the classical estimators for V. Ohser and Miicklich [10]
suggested an estimator based on the approximation of E by a 6-neighbourhood graph. This
results in weights

w® = (0,100 -1.0). 9.3)

These satisfy (4.13) and (4.14), but not (4.15). Hence, it does not define an asymptotically
unbiased estimator for Boolean models, but it does in the design-based setting of Section 8.
For Boolean models, the asymptotic bias is

. 242 2 2
lim £V — Vo = <—‘/_ + 1) YRV (C)2e "BV O & _0.164Y_EV, (C)2e T EV(O),
a— g T T

The estimator for the Euler characteristic suggested in [1] corresponds to the weights
) _ 1 11
w® =(0,4,0,-3,-3.0).

The bias of this estimator is

A —4 2
lim EVy — Vo = (— + 1)V—Ev1 (C)?e VEV2O) —0.273’”72]EV1 (C)?e VEV2O),
a—0 T T

which is slightly worse.

The conclusion is that for Boolean models, the best of the estimators for V; and V) listed here
are (9.1) and (9.3), respectively. However, the weights in Propositions 4.2 and 4.3, respectively,
give better estimators.

In the design-based setting, all of the classical algorithms listed here, except (9.2), are equally
good when assessed by means of the results of the present paper.

Acknowledgements

The author is supported by the Centre for Stochastic Geometry and Advanced Bioimaging,
funded by the Villum Foundation. The author is most grateful to Markus Kiderlen for giving
me the ideas for this paper and for many helpful suggestions and final proofreading.

https://doi.org/10.1239/aap/1396360102 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1396360102

58 ¢ SGSA A. M. SVANE

(1]
(2]
(3]
(4]
(31
(6]
(71
(8]

(9]
[10]

[11]
[12]
[13]

[14]
[15]

References

BIERI, H. AND NEE, W. (1984). Algorithms for the Euler characteristic and related additive functionals of digital
objects. Comput. Vision Graphics Image Process. 28, 166-175.

DogrsT, L. AND SMEULDERS, A. W. M. (1987). Length estimators for digitized contours. Comput. Vision Graphics
Image Process. 40, 311-333.

FrReemMAN, H. (1970). Boundary encoding and processing. In Picture Processing and Psychopictorics, eds
B. S. Lipkin and A. Rosenfeld, Academic Press, New York, pp. 241-266.

Hug, D., LasT, G. AND WEIL, W. (2004). A local Steiner-type formula for general closed sets and applications.
Math. Z. 246, 237-272.

KAMPF, J. (2012) A limitation of the estimation of intrinsic volumes via pixel configuration counts. WiMa Rep.
144, University of Kaiserslautern.

KawmpF, J. AND KIDERLEN, M. (2013). Large parallel volumes of finite and compact sets in d-dimensional
Euclidean space. Documenta Math. 18, 275-295.

KIDERLEN, M. AND RATAJ, J. (2006). On infinitesimal increase of volumes of morphological transforms.
Mathematika 53, 103—127.

KIDERLEN, M. AND VEDEL JENSEN, E. B. (2003). Estimation of the directional measure of planar random sets
by digitization. Adv. Appl. Prob. 35, 583-602.

KLETTE, R. AND ROSENFELD, A. (2004). Digital Geometry. Morgan Kaufmann, San Fransisco, CA.

OHSER, J. AND MUCKLICH, F. (2000). Statistical Analysis of Microstructures in Materials Science. John Wiley,
New York.

OHSER, J., NAGEL, W. AND SCHLADITZ, K. (2003). The Euler number of discretised sets—surprising results in
three dimensions. Image Anal. Stereol. 22, 11-19.

OHSER, J., NAGEL, W. AND ScHLADITZ, K. (2009). Miles formulae for Boolean models observed on lattices.
Image Anal. Stereol. 28, 77-92.

SCHNEIDER, R. (1993). Convex Bodies: The Brunn—Minkowski Theory (Encyclopedia Math. Appl. 44).
Cambridge University Press.

SCHNEIDER, R. AND WEIL, W. (2008). Stochastic and Integral Geometry. Springer, Berlin.

STELLDINGER, P. AND KOTHE, U. (2005). Shape preserving digitization of binary images after blurring. In
Discrete Geometry for Computer limagery (Lecture Notes Comput. Sci. 3429), Springer, Berlin, pp. 383-391.

https://doi.org/10.1239/aap/1396360102 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1396360102

	1 Introduction
	2 Local digital estimators
	3 The 2D Boolean model
	4 Boolean models with random balls as grains
	5 General Boolean models
	6 Generalization to standard random sets
	7 Boundary length in the design-based setting
	8 Euler characteristic in the design-based setting
	9 Classical choices of weights
	Acknowledgements
	References

