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Abstract

Let G be a simple connected graph with n vertices and m edges and d; > d» > --- > d,, > 0 its sequence
of vertex degrees. If yu; > po > -+ > -1 > p, = 0 are the Laplacian eigenvalues of G, then the Kirchhoff
index of G is Kf(G) =n Z,'-':_ll ,ui‘l. We prove some new lower bounds for Kf(G) in terms of some of the
parameters A = di, Ay = d», A3 = d3, 6 = d,,, 6, = d,,—1 and the topological index NK = []_, d;.
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1. Introduction

Let G be a simple connected graph with n vertices, V ={1,2,...,n}, and m edges. Let
dy >d, >--- > d, >0 be its sequence of vertex degrees and A = dy, Ay = do, A3 = d3,
60 =d,, 6, =d,_. Let A be the adjacency matrix of G and D = diag(d;, d>,...,d,)
the diagonal matrix of its vertex degrees. The Laplacian matrix of G is defined as
L =D — A. The eigenvalues of L, p; > o > -+ > ptp—1 > u, = 0, form the Laplacian
spectrum of G.

The Wiener index, W(G), originally termed the ‘path number’, is a topological
graph index defined by

WG) = ) d,
i<j

where d;; is the shortest path between vertices i and j in G. The first investigations
of the Wiener index were made by Harold Wiener in 1947 (see [20]) to explain
correlations between the boiling points of paraffin and the structure of the molecules.
Since then it has become one of the most frequently used topological indices in
chemistry, as molecules are usually modelled as undirected graphs. Based on its
success, many other topological indices of chemical graphs, based on information in
the distance matrix of the graph, have been developed.
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In [8], Klein and Randi¢ introduced the notion of resistance distance, r;;, as the
second distance function on the vertex set of a graph. It is defined as the resistance
between the nodes i and j in an electrical network corresponding to the graph G in
which all edges are replaced by unit resistors. The sum of resistance distances of all
pairs of vertices of a graph G is the Kirchhoff index, that is,

Kf(G):Zrij. (1.1)
i<j
Klein and Randi¢ proved that Kf(G) < W(G) with equality if and only if G is a
tree. There are several equivalent ways to define the resistance distance. Gutman and
Mohar [6] (see also [4]) proved that the Kirchhoff index can also be represented as

n—1 1
Kf(G) =nZ;. (1.2)
i=1

From a computational point of view, (1.2) is more appropriate then (1.1) and this has
aroused interest in study of this invariant and its applications in various areas, such as
spectral graph theory, molecular chemistry [23], computer science [11] etc.

Narumi and Katayama [15] defined a new topological index, NK, later called the
Narumi—Katayama index, by

NK = NK(G) =detD = d;.

n
i=1

This is the oldest multiplicative vertex-degree-based topological index. Details of this
index can be found in [5, 18].

Before we proceed, let us define one special class of d-regular graphs I'; (see [16]).
Let N(i) be the set of all neighbours of the vertex i, thatis, N(i) ={k |k €V, k ~ i}, and
let d(i, j) be the distance between vertices i and j. Denote by I'; the set of all d-regular
graphs, 1 <d < n— 1, with diameter 2 and |[N(i) N N(j)| = d for i + j.

In this paper we derive lower bounds for the Kirchhoff index of a connected
(molecular) graph in terms of its structural parameters such as the number of vertices
(atoms), the number of edges (bonds), maximum vertex degree (valency), second
maximum vertex degree, minimum vertex degree and the topological index NK(G).

2. Preliminaries

In this section we recall some lower bounds for Kf(G) needed in our work.
In [12] (see also [13]), lower bounds for Kf(G) in terms of the pair of parameters n
and A, and also the pair of parameters n and m, are obtained, namely

k(6> "8 @1
and )
Kf(G) > M’ (2.2)

2m
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with equality if and only if G = K,,, or G = K,j2,2, or G € I';. Lower bounds for
Kf(G) that depend on the same parameters as in (2.1) and (2.2) were also considered
in [16, 17, 23].

In [3] (see also [2]), a lower bound for Kf(G) in terms of n, m, A and ¢ is derived:

T+A 6 Im-A_o-1

with equality if and only if G = K ,,-1, or G =2 2K; V K,_», or G = (K| U K,,_») V K.
In [4], a lower bound for Kf(G) depending on n, m, A, § and A, is established:

n n (Ay — 6)?
—2)? —)’
1+A+2m—A—1((n Y

_2\2
1 &) (2.3)

KF(G) > n(

Kf(G) = (2.4)

with equality if and only if G = K, or G = K| ,—;. In [1], a lower bound for Kf(G) in
terms of the parameters n, m, A and A, is obtained:

1 1 (n—3)? )
K > —_t . 2.
f(G)_n(l+A+A2+2m—A—A2—1 2:5)
In [12] (see also [13]), the following inequalities are proved:
n-1-A n-1)>»
K > 2.
f(G) = A oA (2.6)
n-1-A n-1 (n-1Dn-2)>
K > 2.
7(G) > A Y AT (2.7)
-1-A -1 - D(n-2)?
Kf(G) > " 1 (n=Din=2) 2.8)

+ b
A A2 2m—A—A2

with equality if and only if G = K,;, or G = K ,_1, 0r G = K2 42, 01 G € I'y.

In [22], a number of lower bounds for Kf(G) are reported. Particularly interesting
for our work is the inequality between the Kirchhoff index and the inverse degree index
of G, givenby ID =}, 1/d;:

Kf(G)> -1+ (n- 1)Zdl. (2.9)
=1 i

Equality holds if and only if G = K, or G = K| _1, ot G = K2 /2, 01 G € ['4. At first
glance, the inequality (2.9) may not seem helpful since it requires knowing degrees of
all vertices of a graph to compute ID. However, the invariant ID is well studied and
we will use available lower bounds for ID to determine new lower bounds for Kf(G)
in terms of various other graph invariants and parameters.
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3. Main result

The following theorem gives a lower bound for Kf(G) in terms of the number of
vertices, n, number of edges, m, maximum vertex degree, A, and minimum vertex
degree, 0.

TueoreM 3.1. Let G be a simple connected graph with n > 2 vertices and m edges.
Then

n2(n—1)-2m , - D(VA - V5)?
2m 2A6 ’
with equality if and only if G = K,,, or G = Kyjonj2, or G €Ty

Kf(G) > (3.1)

Proor. Let a = (a;), i = 1,2,...,n, be real numbers such that 0 < r < a; < R < +o0.

From [19],
nyai- (Z ai)z > SR 17 (3.2)

i=1 i=1

Fora; = 1/vd;,i=1,2,...,n,r=1/VA and R = 1/V3, this inequality becomes

1 12 A — V6)?
D 63
=1 i=1 Vd;
Let p=(pi),i=1,2,...,n, be a sequence of positive real numbers and let a = (a;),
b=(b),...,c=(c)),i=1,2,...,n, be r sequences of nonnegative real numbers, all

monotonic in the same sense. From [7] (see also [14]),

n V—l n n n n
(Z Pi) Zpiaibi G 2 Zpiaizpibi e Zpici~ (3.4)
' i=1 i=1 i=1 =1

i=1

Forr =3, p; =1/Vd;,a;=b; =c;= Vd;, i = 1,2,...,n, this inequality transforms into
n 1 )2 n 3
— d; >n’,
257 2
that is,
n 1 \2 3
(Z —) > (3.5)
o Vdi) o 2m
According to (3.3) and (3.5),
Z": 1 . n? +(\/Z—\/5)2
— di ~ 2m 206
Finally, from this and inequality (2.9), we obtain (3.1).
Equality in (3.5) holds if and only if d; =d, = - -+ = d,,. Equality in (2.9) holds if

and only if G = K,,, or G = K -1, or G = K,;j5../2, or G € I'y. Therefore, equality in
(3.1) holds if and only if G = K,,, or G = K2 52, 0r G € ['y. O
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RemMark 3.2. Since (\/Z — V6)2 >0, the inequality (3.1) is stronger than (2.2).
Since 2m < nA, we have the following corollary of Theorem 3.1.

CoroLLARY 3.3. Let G be a simple connected graph with n > 2 vertices and m edges.
Then

Kf(G) >

_ _ _ _ 2
n(n A1) A @ D(VA \/5)’ (3.6)

2A6
with equality if and only if G = K,,, or G = Ky o nj2, or G € Ty
RemaRrk 3.4. The inequality (3.6) is stronger than (2.1). If G is a d-regular graph with
1 <d < n -1, then (3.6) implies the following inequality from [16]:
-1)-d
KF(G) > %.

Remark 3.5. The lower bounds for Kf(G) in (2.3) and (3.1) depend on the same
parameters n, m, A and 6. However, they are not comparable. Thus, for example,
the lower bound (3.1) is better than (2.3) for G = K, ,/2, but the opposite holds for
G=2K,VK,_.

The following theorem gives a lower bound for Kf(G) in terms of the parameters n,
m, A, A, and 9.

THEOREM 3.6. Let G be a simple connected graph with n > 3 vertices and m edges.
Then

o1 (V= VG

2m— A 2A50 ’
with equality if and only if G = K,,, or G = K2 2, or G 2 Ky 1, or G €Ty

Kf(G) > % +n- 1)( 3.7)

Proor. The inequality (3.2) can be written in the form

(n - 1)Zn:a$—(iai)2z . Lk,
=2 2

i=

Fora;=1/Vd;,i=2,...,n,R=1/Vsand r = 1/v/A,,

n

(n—1);%—(2%)22n;1(%— \/1A_2)2,

i=2

that is,

1 12 (= DA, - V6>
(n—1);d—iz(;ﬁ)+” s . (3.8)

Similarly, the inequality (3.4) can be written as

(Zn: Pi)ril Zn: piaib;---c; > Zn: pidi Zn: pibi- - Zn: pi€i.
i=2 i=2 i=2 i=2

i=2
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Forr =3, pi = 1/Vd;, a; = b; = ¢c; = \d;, i =2,...,n, this inequality becomes

that is,

S 1\ (m-1)7°
(Z ﬁ) = m— A (39)
According to (3.8) and (3.9),
S (=1 (n— DA, - Vo)
(n-1) ; 72 + ,

2m— A 2A56
that is,
S 1 n-1 (n—1)>? (\/A_—\/S)z)
-1 — > -1 . 3.10
(n );di At )(Zm—A+ 2056 (3.10)
From (3.10) and (2.9), we arrive at (3.7).
Equality in (3.9) holds if and only if d, = d3 = --- = d,,. Equality in (2.9) holds if
andonly if G = K, or G = K -1, 0r G = K,j2 42, or G € I'y. So, equality in (3.7) holds
ifandonlyif G = K,,,or G = K 1, 0r G = K, jpp2,0r G € ['y. O

Remark 3.7. The inequality (3.7) is stronger than (2.6). It is also stronger than (2.4)
when G = K5 ,,» or G € I';. However, it remains an open question whether the lower
bound for Kf(G) given by (3.7) is always better than (2.4).

The following results can be proved by similar arguments to those used in the proofs
of Theorems 3.1 and 3.6.

TueoreM 3.8. Let G be a simple connected graph with n > 3 vertices and m edges.
Then
(=1  (JA- x/é_z)z)

+(n-1 (
=D 2m=s 206,
with equality if and only if G = K,,, or G = Ky o nj2, or G € Ty

n—
Kf(G) > T

TueoreM 3.9. Let G be a simple connected graph with n > 4 vertices and m edges.

Then
(n—1D(A+8)— A6 (n—2)? VA, — V6,)?
ki(G) = A tn- 1)(2m—A—6 T T A, ) -11)

with equality if and only if G = K,,, or G = K _1, or G = Ky 2 yj2, or G € Ty

TueoreM 3.10. Let G be a simple connected graph with n > 4 vertices and m edges.

Then
(n— DA+ Ay) — AN, (n-2)* (VA5 — Vo)
Kf(G) > AA, +(n- 1)(2m Ao + W ) (3.12)

with equality if and only if G = K,,, or G = Ky _1, or G = Ky 2 /2, or G € Ty
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Remark 3.11. The inequality (3.11) is stronger than (2.7), but it is not comparable with
(2.3). The inequality (3.12) is stronger than (2.8). However, it is questionable whether
inequality (3.12) is always stronger than (2.5).

The following theorem gives a lower bound for Kf(G) depending on the parameters
n, m and the topological index NK(G).

ToeorEM 3.12. Let G be a simple connected graph with n > 2 vertices and m edges.

Then ; y
(n’> = 2m)(NK(G))''" — 2mn
Kf(G) > , 3.13
1) 2m(NK(G))/n ( )
with equality if and only if G = K,,, or G = K;;j2 /2, or G €Ty
Proor. Leta = (a;), i =1,2,...,n, be a sequence of positive real numbers. From [21]

(see also [10]),

(n - 1)Zn:ai > (Z \/Ei)z —n(]_[ ai)l/n. (3.14)
i=1 i=1

i=1

Fora;=1/d;,i=1,2,...,n, it follows that

(n— l)ian: dl, > (an: %)2 - n(fl[ dli)l/n.

i=

From this inequality and (3.5),

(n—l)Zn:l>n—3—; (3.15)
“d; — 2m (NK(G))ln '
The inequality (3.13) is a direct consequence of (3.15) and (2.9).
Equality holds in (3.15) if and only if d; = d, = - - - = d,,. Equality holds in (2.9) if
andonly if G = K,,, or G = K ,,_1, 0r G = K,;/5 /2, or G € I';. Therefore, equality holds
in (3.13) ifand only if G = K, or G = Kj2 /2, or G € I'y. O

Since 2m < nA, we have the following corollary of Theorem 3.12.

CoroLLARY 3.13. Let G be a simple connected graph with n > 2 vertices and m edges.

Then
(n> = A)NK(G)''" — nA

A(NK(G))/n ’
with equality if and only if G = K, or G = K,j2 02, or G €Ty

Kf(G) >

The next theorem gives a lower bound for Kf(G) in terms of n, m, A and NK(G).
TueoreM 3.14. Let G be a simple connected graph with n > 3 vertices and m edges.

Then n=1-A (=121 A oD
K@z ——+ n—2(2m—A_(NK(G)) ) (3.16)

with equality if and only if G = K,,, or G = Ky ,_1, or G = K2 /2, or G € Ty
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Proor. The inequality (3.14) can be written as

n

n n 2 1/(n=1)
-2 az (Y va) -o-0([[a)
i=2 i=2 i=2
Fora; = 1/d;,i=2,3,...,n, this inequality becomes
n 1 n 1 \2 n 1\l/(n-1)
(n-2) —z( ——)—m—n( —) .
; di ; Vd; i=2 di
From this inequality and (3.9),

n 1 (n _ 1)3 Al/(n—l)
-2 - > - 1)
(n ); d — 2m-A ( )(NK(G))1/<H—1>’
that is,
11 - 1({(n—1)7 A=)
I C” o o ) (3.17)
Sidi — A n-2\2m-A (NK(G)) /(n=1)
Inequality (3.16) is a direct consequence of (3.17) and (2.9).
Equality in (3.17) holds if and only if d, = d3 = - - - = d,,. Equality in (2.9) holds if
and only if G = K,,, or G = K ,,_1, or G = K,;j5,/2, or G € I'y. Therefore, equality in
(3.16) holds if and only if G = K, or G = Kj,j2,/2,0r G = Ky ,,_1, or G € Iy |

CoroLLARY 3.15. Let G be a simple connected graph with n > 3 vertices and m edges.
Then

n-Dm*-n-1)-n-2)A (n- 1)2( A )1/(n—1>
(n—2)A n-2 \NK(G)
with equality if and only if G = Ky, or G = K 1, or G € I'y.

Kf(G) > )
Since NK(G) > n — 1 (see [5]), Theorem 3.14 has the following corollary.
CoroLLARY 3.16. Let G be a simple connected graph with n > 3 vertices and m edges.
Then
1-A . (n- 1)2((71 - 1) ( A )W'*‘))

A n-2 2m-A \n-1
with equality if and only if G = K| ;1.

Kf(G) > =

Let ¢t = #(G) be the total number of spanning trees of G. In [9], it was proved that
NK(G)=(n—- 1)
and this leads to a further corollary of Theorem 3.14.

CoroLLARY 3.17. Let G be a simple connected graph with n > 3 vertices and m edges.
Then

1-A L= 1)2((n -1)? _( A )1/("—1))
A n-2 \2m-A \t(n-1) ’
with equality if and only if G = K| ;1.

Kf(G) > =
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The following theorems can be proved in a similar way to Theorems 3.12 and 3.14.

TueoreM 3.18. Let G be a simple connected graph with n > 3 vertices and m edges.
Then

Kf(G) > n—-1-0 . (n- 1)2((n - 1) ( 5 )l/(n—l)),

5 n-2 \2m-6 \NK@G)
with equality if and only if G = K,,, or G = K,j2 02, or G €Ty

TueorEM 3.19. Let G be a simple connected graph with n > 4 vertices and m edges.
Then

(n—1)A+06) - A6 . (n—1)(n- 2)( (n—2)* _( AS )1/(n—2))
Ab n-3 2m-A-6 \NK(G) ’

with equality if and only if G = K,;, or G = Ky _1, or G = Ky 2 2, or G € Ty

Kf(G) >

CoroLLaRrY 3.20. Let G be a simple connected graph with n > 4 vertices and m edges.
Then

— - - - -2)? 1/(n-2)
Kf(G)z(” (A +9) A6+(n L)(n 2)( (n—-2) (( AS ) )

AS n-3 Q2m-A-6 \(n-1)x
with equality if and only if G = K| ;1.

References

[1] M. Bianchi, A. Cornaro and A. Torriero, ‘A majorization method for localizing graph topological
indices’, Discrete Appl. Math. 161 (2013), 2731-2739.
[2] X. Chen and K. C. Das, ‘Characterization of extremal graphs from Laplacian eigenvalues and the
sum of powers of the Laplacian eigenvalues of graphs’, Discrete Math. 338 (2015), 1252-1263.
[3] K. C. Das, ‘On the Kirchhoff index of graphs’, Z. Naturforsch. 68a (2013), 531-538.
[4] K. C. Das, A. D. Giingér and A. S. Cevik, ‘On Kirchhoff index and resistance-distance energy of
a graph’, MATCH Commun. Math. Comput. Chem. 67 (2012), 541-556.
[5] I Gutman and M. Ghorbani, ‘Some properties of the Narumi—Katayama index’, Appl. Math. Lett.
25 (2012), 1435-1438.
[6] 1. Gutman and B. Mohar, ‘The quasi-Wiener and the Kirchhoff indices coincide’, J. Chem. Inf.
Comput. Sci. 36 (1996), 982-985.
[7] T.Hayashi, ‘On some inequalities’, Rend. Circ. Mat. Palermo 44 (1920), 336-340.
[8] D.J. Klein and M. Randi¢, ‘Resistance distance’, J. Math. Chem. 12 (1993), 81-95.
[9] D.J. Klein and V. R. Rosenfeld, ‘The degree-product index of Narumi and Katayama’, MATCH
Commun. Math. Comput. Chem. 64 (2010), 607-618.
[10] H. Kober, ‘On the arithmetic and geometric means and on Holder’s inequality’, Proc. Amer. Math.
Soc. 9 (1958), 452-459.
[11] J.B. Liu, X. F. Pan, J. Cao and E. T. Hu, ‘The Kirchhoff index of some combinatorial networks’,
Discrete Dyn. Nat. Sci. (2015), Article ID 340793.
[12] L 7. Milovanovi¢ and E. I. Milovanovié, ‘On some lower bounds of the Kirchhoff index’, MATCH
Commun. Math. Comput. Chem. 78 (2017), 169-180.
[13] L 7. Milovanovi¢ and E. 1. Milovanovié, ‘Bounds of Kirchhoff and degree Kirchhoff indices’, in:
Bounds in Chemical Graph Theory—Mainstreams, Mathematical Chemistry Monographs, MCM
20 (eds. I. Gutman, B. Furtula, K. C. Das, E. Milovanovi¢ and I. Milovanovi¢) (University of
Kragujevac, Kragujevac, 2017), 93-119.

https://doi.org/10.1017/5S0004972717000831 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972717000831

[14]

[15]

[16]
(17]
(18]
(19]
[20]
(21]

(22]
(23]

I. Milovanovié et al. [10]

D. S. Mitrinovi¢ and P. M. Vasi¢, ‘History, variations and generalisations of the Ceby3ev inequality
and the question of some priorities’, Univ. Beograd Publ. Elektrotehn. Fak. Ser. Mat. Fiz. 461-497
(1974), 1-30.

H. Narumi and M. Katayama, ‘Simple topological index. A newly devised index characterizing
the topological nature of structural isomers of saturated hydrocarbons’, Mem. Fac. Eng. Hokkaido
Univ. 16 (1984), 209-214.

J. L. Palacios, ‘Some additional bounds for the Kirchhoff index’, MATCH Commun. Math.
Comput. Chem. 75 (2016), 365-372.

J. L. Palacios and J. M. Renom, ‘Broder and Karlin’s formula for hitting times and the Kirchhoff
index’, Int. J. Quantum Chem. 111 (2011), 35-39.

T. Reti and I. Gutman, ‘Relations between ordinary and multiplicative Zagreb indices’, Bull. Int.
Math. Virtual Inst. 2 (2012), 133-140.

J. Sz6kefalvi Nagy, ‘Uber algebraische Gleichungen mit lauter reellen Wurzeln’, Jahresber.
Deutsch. Math.-Verein. 27 (1918), 37-43.

H. Wiener, ‘Structural determination of paraffin boiling points’, J. Amer. Chem. Soc. 69 (1947),
17-20.

B. Zhou, I. Gutman and T. Aleksi¢, ‘A note on the Laplacian energy of graphs’, MATCH Commun.
Math. Comput. Chem. 60 (2008), 441-446.

B. Zhou and N. Trinajsti¢, ‘A note on Kirchhoff index’, Chem. Phys. Lett. 455 (2008), 120—123.
B. Zhou and N. Trinajsti¢, ‘Mathematical properties of molecular descriptors based on distances’,
Croat. Chem. Acta 83 (2010), 227-242.

I. MILOVANOVIC, Faculty of Electronic Engineering,
Nis, Serbia
e-mail: igor@elfak.ni.ac.rs

M. MATEIJIC, Faculty of Electronic Engineering,
NiS, Serbia
e-mail: marjan.matejic @elfak.ni.ac.rs

E. GLOGIC, State University of Novi Pazar,
Novi Pazar, Serbia
e-mail: edin_gj@hotmail.com

E. MILOVANOVIC, Faculty of Electronic Engineering,
NiS, Serbia
e-mail: ema@elfak.ni.ac.rs

https://doi.org/10.1017/5S0004972717000831 Published online by Cambridge University Press


http://orcid.org/0000-0003-2209-9606
mailto:igor@elfak.ni.ac.rs
mailto:marjan.matejic@elfak.ni.ac.rs
mailto:edin_gj@hotmail.com
mailto:ema@elfak.ni.ac.rs
https://doi.org/10.1017/S0004972717000831

	Introduction
	Preliminaries
	Main result
	References

