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Primitive recursive algebraic theories

and program schemes

W. Kihnel, J. Meseguer, M. Pfender, and |. Sols

We introduce primitive recursion as a generation process for
arrows of algebraic theories in the sense of Lawvere and carry
over important results on algebraic theories and functorial
semantics to the enriched setting of "primitive recursive
algebra": existence of free primitive recursive theories and of
theories presented by operations and equations on primitive
recursive functions; existence of free models presented by
generators and equations. Finally semantical correctness of
translations is reduced to correctness for the basic operations.
There is a connection to the theory of program schemes: program
schemes involving primitive recursion correspond to arrows of a
primitive recursive theory freely generated over a graph of basic
operations. This theory T can be viewed as a programming
language with "arithmetics" given by the basic operations and with
DO-loops. A machine loaded with a compiler for T can be
interpreted as a T-model in Lawvere's sense, preserving primitive

recursion.

The simplest type of program schemes are calculation trees. These can
be formalized as the arrows of a free algebraic theory in the sense of
Lawvere [14] (see also [6]). Arrows of such a theory are obtained by
substitution out of a generating set of (basic) operations. We introduce
primitive recursion as a new generation-process for arrows of slgebraic

theories and carry over important results on algebraic theories and

Received 29 March 1977. Communicated by G.M. Kelly.
207

https://doi.org/10.1017/5S0004972700010431 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700010431

208 W. Kihnel, J. Meseguer, M. Pfender, and |. Sols

functorial semantics in the enriched setting of "primitive recursive
algebra": existence of free primitive recursive theories and theories
presented by operations, and equations possibly involving primitive
recursion (Theorem 2.5), existence of free models of primitive recursive
theories and of models presented by generators and equations (Theorem 3.8).
In the last section (semantical) correctness of translations is reduced to

correctness for the basic operations (Theorem 4.2).

Our work is to be seen in the context of other categorical approaches
to the semantics of program schemes, in particular {71], [8], [10]. We try
here to follow as closely as possible Lawvere's functorial semantics,
because this approach seems to us. to describe very well the program schemes
and their interpretations: program schemes correspond to arrows of a
primitive recursive theory T freely generated over a graph I of basic
operations. T can be seen as a programming language with "arithmetic"
given by I and with DO-loops. A machine loaded with a compiler for T
is then a T-model in the Lawvere sense which preserves primitive
recursion. The paper is based on general material on monadic and

"algebraic" functors; see [21].

0. Many-sorted algebras

For reference in later sections we state here a generalization of two
principal results of [14]: "algebraic theories are algebras" and "models
of such theories in cartesian closed categories have algebraic forgetful
functors of finite rank". Proofs are given in [12]. The case of one-
sorted algebras in closed monoidal categories has been treated in [21]. As
is usual, I* denotes the free monoid on I :

DEFINITION 0.1. For a set I , I € SQIZI*XI is called an I-sorted

algebraic type or scheme of operators.
I may be seen as a directed graph with node set I* : T € GhaphI* ,
which has only arrows with codomain in T (coarity 1 ).

A L-model in a category B with 1 and given binary product x is

a graph-morphism M : ¥ » B which preserves products:

* = 4 ; = M e . A =
I* >4 11 - ¢n|—+ MA le X X Min
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I* 3 1+ 1

EXAMPLE .

(where we have written R x 4

modules (over varying rings).

equations.

I :={R, 4} ,

£:1 —2 Bt mp
-—i—r (—.——
0
Pt axa
i
RxA

A I-homomorphism f : M > M' 1is a family

F=filye € setsT((m2), (1))

compatible with the operations: for each A = il v in s ¢ in I
n
X fi.
g=1_ 7
MA M'A
My = M
. ).
M 7z M1

This defines a category Mod(EZ, B) with forgetful functor

, I .
U : Mod(E, B) > B" , M+~ (Mz)ieI .

DEFINITION 0.2. A functor U : K = B 1is algebraic, if

(1)
(ii)

(iii)

U has a left adjoint F ,
U creates (inverse) limits,

U creates coequalizers of U-kernel pairs (K-pairs mapped

by U into kernel pairs), that is to say, quotients by
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congruences can be calculated downstairs.
U is of finite rank if
(iv) U creates filtered colimits.

DEFINITION 0.3. An I-sorted algebraic theory is a category T with

object set |Tl = I* (free monoid over I ), given products
. » p ] > 3
A=1, ...1 —dsq, s 1. €I,
1 n . J
J=l,...,m

and 1 € I* terminal. A morphism t : T + T' of such theories is a
functor which is the identity on objects and preserves the given

projections. This defines a category T%I with obvious forgetful functor
Vo ThI > Graphys - For B with given finite product, a T-model in B

is a functor M : T + B which preserves the given finite products. A T-

homomorphism f : M + M' is a transformation compatible with X , that is

a family £ = (fi)I € BI((Mi), (M'7)) satisfying (1) in Definition 0.1,
for all A 2> { in T . This defines the category Funci&(T, B) of T-

models in B with forgetful functor U : Funni%(T, B) - BI .

THEOREM 0.4. The forgetful functor V : Th > Graphy, = Sets’ 1"

ig algebraic of finite rank (cf. Definition 0.2). Moreover ThI ig
complete and cocomplete.

0.5 Extension of models and presentation of theories. (i) Each
M € Mod(Z, B) extends uniquely to M ¢ Funct (Fz, B) , FIL € ThI being

the free theory generated by I € G&aphr* . This defines an isomorphism

Mod(Z, B) = Funcl&(FZ, B) of categories compatible with the forgetful

functors.

I*xT*

(ii) FEach species (I, G) , &GeGmmﬁgsub , GC FL x FL,

presents the theory T = FE/G , and Funcl%(T, B) is isomorphic to
Mod((z, G, B] :  the full subcategory of Mod(I, B) consisting of those
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— pr
M : L ~>B satisfying G ; that is, M : F£ + B equalizes @ —L 1.
r,
(iii) Each T € ThI has an algebraic presentation (%, ¢) ; that is

*
Z, G € SQIAI I . (Presentation is by arrows of coarity 1 .)
THEOREM 0.6. For an I-sorted algebraic theory T € Th, (finitely

presented) and (B an elementary topos with a natural numbers object or) B
a well-powered cartesian closed category with coequalizer-mono
factoriaation and coequalizers closed under composition, the category

Funet (T, B) of T-models in B has an algebraic forgetful functor

U : Funct (7, B) » 8 of finite-rank.
By the triangle-theorem, see [4] and [21], we get immediately:
COROLLARY 0.7. For B as above and a morphism t : T' > T 1in ThI,

the "algebraic" functor Funet (t, B) : Funct (7, B) » Funet (7', B) <is

algebraic of finite rank.

1. Natural numbers object and primitive recursion

This section gives a diagrammatic description of primitive recursive

functions. It is based on work by Lawvere, Freyd, and Joyal.

DEFINITION 1.1 ([751). A natural numbers object in a (cartesian
closed) category C 1is an objec;t N together with a "zero'"-map 1 9, N
and a "successor"-map N “n satisfying the following universal property
of "simple recursion': for any diagram 1 SN £, A there is a unique

"sequence"-map N —f—(ﬁ)—> A such that

o v g .y
. B
1 = lf (a) = lf (a)
\ + ¥
A = 4

In Sets, f {a) is defined by N 3> 5+ f'n(a) , and the universal property
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of N is equivalent to Peano's axioms for the natural numbers; see [I5]

and [18] for a proof.

In cartesian closed categories this property of N guarantees the
existence of functions defined by primitive recursion. Freyd's proof ([9],
5.22) uses the fact that - by cartesian closure (!) - the universal

property of N 1is equivalent to the following one (Proposition 5.21).

For any A —Z;-B —E* B in C +there exists a unique art : AXN > B
satisfying
ax dxs axy
(4, o) ! |
{pr) A = la = o

where A4 —9+ N :=4-+>1 —9+ N .

The remainder of Freyd's construction of primitive recursive functions
does not use cartesian closure. So, in order to make things independent of
this additional structure, we use the latter universal property (pr) of

"primitive recursion" for definition of the natural numbers object

N=1 —9+ N £, N . It clearly determines the natural numbers object up to
isomorphism.

REMARKS 1.2. (i) Specialization r = i@A gives Joyal's definition

of natural numbers objects as "free monoid relative to actions".

(ii) Uniqueness of the ur implies the following naturality

t
condition. If

then
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AxH rt ~ B

axnN = {b

A'xN > B!
Oprgt

(iii) For many (concrete) categories a natural numbers object is
available. If the countable coproduct of the terminal object 1 exists
and is preserved by A x - for all A , then

in [in -]
1 0 v_l_l_l n+l- nd\ ll
neN ne€N

is a natural numbers object. This implies, by uniqueness of the natural

numbers object, that for a natural numbers object 1 —9* N 2, N,

n
E_%.N___,s :[
\ tT [ n€N

n
is a coproduct preserved by 4 x -
For A N B —E» B, o : AXN - B is then the morphism induced by

rt

n
[A Z, B L» B]nQN out of the coproduct [A —(é‘n—)-v AXNJnGN .

Using the (pr)-definition of natural numbers objects above, Freyd's

Proposition 5.22 can be stated not only for topoi, but as follows.

LEMMA 1.3. 4 category C with finite products and natural numbers
objects (primitive recursive, see above) has primitive recursion, that is:

given g : A > B, h : AXNXB + B , there exists a unique f : AXN + B

such that
\_ = /
g >

that is in Sets : fla, 0) = ga and
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AXN_A‘)'(‘S"—’AXN——LFB
A’ N’\\\\\\ ////ﬁ/
AXNxB
that is in Sets : fla, sn) = h(a, n, fla, n))
Abbreviation: f = prig, k) .

The proof is exactly Freyd's f := ﬂBk » k given by

AXN Axs > AXN
(4,0) | |
A - Ik = Ik
(4,0, + )
AXNxB ( h] — AXNXB .

REMARK |.4. The (pr)-definition of natural numbers objects is just a

special instance of the schema for primitive recursion in the lemma

r TrB t
o, =pr(d =— B, Ax¥xB — B —= B) .

rt
In the later sections we will use the following notation:

DEFINITION 1.5. A category C with finite products (hence also with
1 ) and with natural numbers objects (here and later on always in the (pr)-
sense) is called category with primitive recursion or pr-category. A
functor between such categories which preserves both is called a primitive

recursive or pr-functor.
REMARK |.6. By uniqueness of the a,, and of pr(g, h) such a
functor F preserves the recursion-schema:

Fo,, =0p. g s F(pr(g, b)) = pr(Fg, Fh) .

2. Primitive recursive algebraic theories

This section treats the construction of free primitive recursive
theories and the presentation of such theories by (formal) operations and

(recursive) equations.

DEFINITION 2.1. A primitive recursive I-sorted (algebraic) theory
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is an I := I O {N}-sorted (Lawvere-) theory T (see Definition 0.3) with

. 0 .
given arrows 1 — J¥ £, N making N into a natural numbers object of

the category T .
These theories form a category PRThI s, morphisms being theory-

morphisms preserving the natural numbers object; that is to say, which are
primitive recursive functors.

PRThI may alternatively be described as a full subcategory of the
commg, category N ¥ Thf-. Some formal precision seems to be necessary:
N + Thf stands for the category whose objects are graph-morphisms N =, T

with #(N) =&, (1) =1 € T* ., and whose morphisms are the Thf-—

morphisms compatible with the <'s . We shall always write 0, 8 instead
of 1{0), i{s) . YNow PRThI is the full subcategory of N ¥ Thy

consisting of those N » T for which N is a natural numbers object in

T.
PROBLEMS A. Given a graph I € Gnaphf} of formal operations (with

domains and codomains out of the free monoid f*‘ over I =1I0{N ),
construct the free pr-theory over I , that is construct a left adjoint for

the forgetful functor
PRTh; <> N+ Thy > N ¥ Graphz, + Graphr, -
L above already contains a prototype # of a natural numbers object and

may contain "start"-arrows g : A > B and "induction-step"-arrows

h : AXNxB - B for primitive recursion.

Part of Problem A is the following, and we will later reduce Problem A
to it.

B. Given T €N ¢ Thf-, construct the pr-closure RT of T , that is
to say, construct a reflector R for the full inclusion
PRThI — Ny Thf'.

C. Presentation of pr-theories by operations and equations, that is

if Problem A is solved: divide out a given T € PRThI by a given set (G

of equations (pairs of arrows in T ).
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So let us first attack Problem B.
2.2. pr-closure of theories. Given: an I-sorted theory

T=N-+>Te¢NV Thf with distinguished "natural numbers object"
1-% ¥ -5 ¥, wanted: the pr-closure RT ¢ PRTR, of T .

First Step. For each 4L B —E» B in T , add formally an arrow

o
AxN ——£z+ B to the underlying graph UT of T . This gives a graph

G ¢ Gnaphjg and an inclusion % : UT <~ G . Form the free theory
FG ¢ Thf over (G and divide it out by the relations holding for T and

by the "natural numbers object equations" (primitive recursive) for the

o formally: let T 3 FG be the congruence (kernel pair) generated

rt 3
by KP(eT) 3 FUT ~£3+ FG (e %being the counit of the adjunction F— U ),

and by the set of pairs

. r ¢ :
{(r; 0,4, 0), (ta,,, 0, (dx8)) : 4 =>B—B in 1} .
T exists - as an intersection of kernel pairs - and so does

R'T := FG]r € Thf , by completeness and cocompleteness of Thf ; ef.

Theorem 0.4, Now force uniqueness of the o adjoined so far: 1let

rt
53 R'T be the congruence generated by those pairs h, h' : AXN + B in
R'T which both satisfy the natural numbers object equations for

appropriate common A4 £ B £, B in R'T . Define RT := RTI9 € Thf s

and the "unit" §7 : T > BT as the composition in

KP(eT) <> T s \
Fur £ g BB, por = mrr B2 pipss = Br
-
ur L+ ¢ leT T _-Y'T _
7z YT s

y'T being the unique morphism out of the coequalizer.

@-step. Define RT := lin (r X pr XL 5Pr 5 s Hrs L)

and the unit T —XZ+ RT as the zero-th colimit-injection. RT (as all the
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B'r ) trivially becomes an N + T%Taobject, and YT an N ¢ Thfamorphism

by N~ BRD := N1 -5 gr .

REMARK 2.3. Within the above construction, there are two different
degrees of "constructiveness". R'T can be recursively described, provided
that such a description exists for T (for example if 7T is presented by
finitely many operations and equations). This is not the case for S ,
because for given %, h' we would have to decide whether they come from a

common A N B —E»~B . So it would make sense to consider instead of KT

the theory RT := lim R'nT , which has a weak natural numbers object
—

(uniqueness of « fails in general] and which is universal over T in

rit

this regard.
The above construction provides the desired universal extension.
THEOREM 2.4. The category PRThI of primitive recursive I-sorted
theories is a full reflective subcategory of the category N + Thf of

I U {N}-sorted theories with distinguished successor-algebra N . The
reflection-morphism of T into PRThI ig¢ YT : T +» RT above.

Proof. First we have to show RT € PRThI . We use the fact that

TAXTA
Ui Thy > Gnaph?} = Sets? *I" creates filtered colimits by Theorem 0.k,

So lim F'T 1is constructed separately in Sets for each RT(4, B)

Therefore, given A4 +5 B —E+'B in RT , » 1is represented by some

] - U ~]
A -zLﬁ-B in F'r , t by some B AN B in H'r , hence both by

n

n
4 L5 2B in Fr (p = max(n, m)} . By definition of R , there is

~p+
a unique induced ar"t" : AXN - B in Rp lT . So the equivalence class
art of ar"t" in RT satisfies the natural numbers equations for »r, £ .
a,, is hereby uniquely determined, because for other representants r', £"

one can find an ﬁqT containing all the data, hence ar"t"’ ar"%"' have

~ 74 .
the same image in yeal lT , hence in RT .
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Let us now prove the universal property of T 2SN RT . For
T € PRThI , M :T>T a theory-morphism in N ¥ Th— , M is extended

stepwise into M : RT + T' as follows.

First step. Consider the following diagram (cf. 2.2):

ur uM ' ur!
w . M IG 4
nur~, G
UFUT
G uM'
4 UF1
. UFG uM" UMl
UeT Um
UR'T
UnatS
ur RT ~+ URT .
For A LB —L B in T , there is a unique ZT-arrow aMr,Mt : MAXN -~ MB

induced by MA Mo ME Hence, for M' : FG >~ T' extending M ,

M IG is necessarily the graph-morphism extending M and mapping art into

Y gt So there exists a unique M' : FG > T' extending ¥ (and
9

therefore preserving N ), namely the unique extension of that graph-
morphism into a morphism of theories. Next we show that M' factors

uniquely through natT . By definition-of M on the « and by

rt
7' € PRThI , M' identifies the components of the pairs (r, otrt(A, O)]

and (wpt’ art(A x )} . On the other hand, M' o Fi is the unigque

extension of M to FUT , and is therefore, by a general property of
adjoint situations, equal to €T' o FUM =M o €T , so M' equalizes
KP(eT) followed by Fi . Hence, by definition of [ , there is a unique
M :R'T>7?7 with M onatT =M" .

Because of the uniqueness of the o, .. , M' equalizes S , so it
»

uniquely factors through nat S : R'T » RT , say by a theory-morphism

Ml : RT - 7' . Ml is the wanted extension of M , because the whole

diagram above commutes and U is faithful. Ml is unique with that
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property because of the uniqueness of each of the extensions M', M", Ml .

n+l-st step. By the first step, the (already constructed) theory-

morphism Mn : B > 7! uniquely extends to an Mn+l : B s

. . ~3
satisfying Mn+l o YR'T = Mh .

o-step. So M defines a unique cone D@Jnénb with M0 =M out of

the linear diagram 7T AL, pp YEL, R°r > ... into T’ , which in turn
induces a unique M : RT » T' out of the colimit, satisfying Mo Yr =M
@q trivially preserves N , because M does and

N->RT :=N-»17T —xz+ RT ). M is"hereby clearly uniquely determined, hence

alsoby M . So T YL+ RT is a reflection of T into the full
subcategory PRThI ,

N+ Thf . This completes the proof.

hence PRThI is a reflective subcategory of

Problems A and C (ef. corollary below) are solved by the following

main theorem of this section.

THEOREM 2.5. The inclusion PRI < N+ I%f and the forgetful

functor PRThI > Gnaphf* into the category of graphs with node-set

T* = (I O {N})* are algebraic (that is they are monadie and they create
quotients of kermel pairs) of finite rank (that is they create filtered

colimits).
Proof. PRI%I is in N ¥ Thf closed under limits [construct the

art componentwise), under quotients by kernel pairs (construct the art

for representants) and under filtered colimits (take ap in a component

t
where you can map both » and % , see the proof of Theorem 2.&].
Combined with full reflexivity this is to say that the inclusion is algebraic

of finite rank, see Definition 0.2.
The forgetful functor Thf-* Gﬂaphf} is algebraic of finite rank by
Theorem 0.4. This implies trivially that N ¥ Thf-* N v Gnaph}} is

algebraic as well. An easy verification shows that N ¥ G&aphf} > G&aphf}
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has the same property (left adjoint; adjoin formally O and & ). Hence,

by the composition theorem,

PRTh, > Ghaphz, = FPRTh, <— N ¥ Thy > N + Graphz, > Graph=,

is algebraic of finite rank (see [2]], p. 3; for a proof see [12], 1.6).

REMARK. The Birkhoff Inclusion Theorem ([27], p. 3) does not apply

for proving reflexivity, since PRThI is not closed under subobjects in

N + Thf .

COROLLARY 2.6. For any T € PHY%I (especially for RFS freely
generated over "operations" I ¢ Gnaphf* ) and "equations"™ G on T,

that is an equivalence relation G = UT on UT in Graphs there is a

T*
"realization", namely the coequalizer T/G of T by G relative U ;
see [17]. This coequalizer is the coequalizer of the intersection G of
those kernel pairs on T which contain G and is therefore created by
PRTh, > Gnaphf* algebraic. This solves Problem C.

REMARK 2.7. By the theorem, two more problems are solved: free

adjunction of primitive recursively defined operationsto T ¢ ThI , that is

construction of a left adjoint to PRThI > ThI , and construction of a free

pr-theory over L € GnaphI* . Consider the commutative diagram

PRTh N *PThf < N ¢G/Laphf*

' | |

truncation ThI PR
ltruncation truncationl

Th, ffﬁanaphI* .

Ghaphfk > G&aphI* clearly has a left adjoint: adjoin formally new nodes;
hence also the composition PRThI > GnaphI* (second problem), and
therefore PRThI > ThI has a left adjoint, by Dubuc's triangle theorem in

[4]. We shall discuss the latter truncation in more detail at the end of

the next section.
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3. Models of primitive recursive algebraic theories

As expected in this lLawvere-type framework, semantics of our theories
will be defined functorlally. This section extends principal results of
functorial semantics to the case of pr-theories and their functorial

models.
DEFINITION 3.1. A model of a primitive recursive theory T € PRThI
in a pr-category B is a pr-functor (see Definition 1.5) M : T+ B , that

is to say, M opreserves the given products and the natural numbers object

1S v . a homomorphism f : M > M' 1is just a natural transform-

ation. This gives us the category Mod(T, B) = Funct, N(T, B) of
t]

T-models in B and the forgetful functor

U : Mod(T, B) » B |

M (M—b)iq .

We want to show that the pr-closure RT of T €N ¢ Tth'{IV} is a
conservative extension of T , that is to say, it gives rise to an
isomorphism of the corresponding model-categories. To this end we make

models into morphisms of theories by means of the following construction.

3.2 Full-image-factorization. Let M : T > B be an N-preserving
model of T € N ¥ Thy (T=I¢{M) in a pr-category B . Then M

Mo M0 Mo
admits a unique full-image-factorization 7 —— TM —— B with 7 — TM

in N ¢ ThI . TM a pr-theory and MO a pr-functor which is identity on

mor-sets.

Proof. T, is defined by ITMI = |7 =T, TM(A, B) =B(ma, MB) ,
these sets made disjoint. TM € Thf and M, € Th—I—(T, TM) for the obvious
M, is trivial. 1 -5 8-> ¥ of B makes T, into T, ¢ NV Th  and
MO EN Y ThI(T, TM] . Clearly 1 YN ¥ -2 N is a natural numbers object

for TM , and Mo defined by . 4 £ B MA L MB preserves it.

https://doi.org/10.1017/5S0004972700010431 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700010431

222 W. Kiuhnel, J. Meseguer, M. Pfender, and |. Sols

EXTENSION-THEOREM 3.3. (i) The pr-closure T 1> RT for
TeNY Thf- 18 universal with respect to arbitrary product- and

-preserving functors M : T ~B into arbitrary pr-categories.
(1) T induces an isomorphism Mod(yT, B) : Mod(RT, B) 5 Mod (T, B)
compatible with the forgetful functors to 8! and natural in T and B
(ii1) For I € Gﬂaphf} there is such an isomorphiem

Mod(RFT, B) 5 Mod(Z, B) , Mod(%, B) consisting of the product- (on
objects) and N-preserving graph-morphisms into B

Proof. (%) Consider

the upper triangle being the full-image factorization of M with

MO:T-*TM in N+Thl—.,

extends uniquely to ITJ_O in PRThI . So M :=MO oM is primitive

0
recursive and makes the outer triangle commute. It is thereby uniguely

YI' being the reflection of Theorem 2.h. MO

determined, because it necessarily has MO as second factor of its full-

image factorization.
(11) follows from (7).

(iii) by composition of the isomorphism in (7Z) and
Mod(FEZ, B) ¥ Mod(Z, B) induced by the universal embedding nI : I = FZI ;

see 0.5.

Again by full-image factorization we now show that "dividing out a
theory by equations” is universal not only with respect to other theories,

but also with respect to models.

DEFINITION 3.4. For T € N ¥ Thf , G a subgraph of T x T
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(projections Pys Py ¢ GaT ], amodel M : T + B satisfies G if
Mu =My for all (u, v) € G , that is if Mp, = Mp, . These models define
a full subcategory Mod((T, G), B) of Mod(T, B) .

THEOREM 3.5. (i) For M € Mod((7, G), B} there is a unique T/G-

model M : T/G~ B satisfying M nat = M, where G denotes the

congruence on T generated by G .

(i) naty defines an isomorphism

Mod(natz, B) : Mod(T/G, B) ¥ Mod{(T, G), B)

compatible with the forgetful functors and natural in B .

Proof. Use full-image factorization of M and the fact that 7 -+ T/E
is the coequalizer of Py Py relative to the forgetful functor

N+ Thf - Gnaph}} ; see [17].

The most important special case of this theorem is the following:

take a (finite) graph I € Ghaphf} of operators (for example names in

programming language for standard algebraic operations, as addition,
multiplication, and so on). Then take G +to be a (finite) set of l
equations (for example commutativity of addition, but also, that an
operation can be defined recursively by others, equations between primitive
recursively defined operations, for instance matrix-operations) which
intuitively hold for any "reasonable" model (computer equipped with a

compiler) of the pr-theory F}Z = RFY freely generated by I

(programming-language with DO-loops generated by I ). Then the theorem
says that any common property of all the "reasonable" models can be found
in a purely syntactic construction, namely in EVE RFY x RFT {but take
into account Remark 2.3).

Let us now discuss the general properties of the model-categories for
primitive recursive theories. Bearing in mind the above motivation, the
following restriction for our theories does not exclude the important
cases. It is necessary in order to obtain the main results of this

section.

DEFINITION 3.6. T € PRThI is gemerated by N-actions, if it is
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generated by a graph I € Gdaphf} containing only arrows of the form
A~>1 with € € I .

This includes (basic) operations not involving N and operations of
the form AxNxB + B (basic datum for a function defined by primitive
recursion). Excluded are operations like "integer part" int : R-> N ,

R € I stands for the type of reals.
LEMMA 3.7. If T ¢ PRThI is generated by N-actions, then each
1) - !
AXNk £, Nk in T (A € I*) admits a factorization AXNk -Rr, Nk i Nk
with F out of the free (0-sorted) pr-theory generated.by N .
Proof. Let T be generated by a graph I € G&aphf} of N-actions.

Then trivially each arrow in I u N satisfies the assertion of the lemma.
T being the "induced into product"-, composition-, and pr-closure of

L UN (see Section 2),it is sufficient to show:

(i) the assertion is stable under forming induced morphisms

into products and under composition;

(ii) it is stable under primitive recursion, that is to say,
if it holds for » : A+ B and ¢t : B > B , then also for
. Ax .
Ot N+ B

(i) is proved straightforwardly; see also the more general Lemma 3.2
in [12].

(ii) Consider the following diagram:

Axixm axtlxs axxn

(axi’,0) %

AxNk kaN E Nsz > kaN

pr i Ot

(Nk,O) i rt i :
' BXNk 4 : > BxNk

ﬁﬁ-e
%i.<—
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By hypothesis, »r and ¢ give rise to factorizations through ;, % in

the free pr-theory generated by N .

Now pr o art = a?% o pr , since all the other faces of the diagram

commute and hence both sides of the equation equal aa

r°pr,§ . So again,

the N-part pr o art of art admits a factorization through the

projection on the WN-part and a;% in the free pr-theory generated by N .

This completes the proof.

MAIN THEOREM 3.8 (primitive recursive algebras are algebras). For
B = Sets or B an elementary topos with natural numbers objects or B any
complete, cocomplete, well-powered cartesian closed primitive recursive
category with regular epi-mono faétor'ization and with regular epimorphisms
closed under composition and T an I-sorted primitive recursive theory
generated by N-actions, the model-category of T has an algebraic

forgetful functor U : mod(T, B) -+ gt of finite rank (see Definition 0.2).

Proof. The theorem follows by specialization to the case J = {N}

from Theorem 3.3 in [/Z], and on the other hand from Theorem 3.9 below.

By the Lawvere Characterization Theorem (see [16]) monadic functors
(of finite rank) into Sefs come from algebraic theories. What is this

theory in our case?
THEOREM 3.9. For B, T as above, let T € ThI be the full

subcategory of T with object set |T| = I* (cut out the N ). Then
T < T defines, by restriction, an isomorphism

J : Mod(T, B) 5 Funct (T, B) , trivially compatible with the forgetful
functors to BI .

Proof. By hypothesis, T is presented by (I, G) , I a graph of
N-actions. We have only to show that J 1is bijective on objects, full,
and faithful. Let M € Mod(T, B) be an extension of a given ¥ : T + B .

For AXNk Y57 in T and n = (nl, ceey nk) € Nk R MAXNk i M. is a

morphism induced out of the coproduct by the family
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(Mq (m,nl,...,nk)jmx%ﬂ)m)

(nl,. . .,nk)élNk

= (i(a 48Dk 25 )
néN

and therefore uniquely determined by M. (Here n = sn o0 :1-~+N )

For proving surjectivity, take this as a definition of M on XZ . Then M
extends freely into M € mod(RFZ, B) . We have to show that M equalizes
Gz RFL , so gives rise to M : T + B and that the latter restricts to 7

on T . Consider the diagram

(1)

— DG M

Z\m/m 5
| I

RFL/G=T +—————— T=RFx /E‘

[ng]

For proving the above assertions, we describe M completely in terms of

-

M.

PROPOSITION 3.10. For arbitrary ax’ —Ls g in mrr |
A, B € I* (up to isos each arrow in RFYL is of this form) we have:

(i) f= (AxNk—:ﬁ»B, AXNk—&Nk—i»Nk') with f out of the

free pr-theory generated by N ;
(ii) Mf is the induced morphism [M(4 A, gk L, B)] W
n€

MA,n)

(M4 ), MAXNk] being a coproduct in B by Remark

néNk,

1.6 and B cartesian closed.

Hence Mf = (Mf, Mf o pr) = [[ITd(A L4, i L 5)] o 7o pr)
n

We prove this by induction on the (depth of) expressions in FRFL .
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For f : A><Ivk + 1 in Y , (Z) is trivial, (41) is true by definitien of
M. For f=0:1+X%¥ or f=s5:H+N, F is trivial and therefore

the assertion hclds.

- “ . . ~ ‘
Now, given a ficite family {Ax; -t B .xN tiq € 1'} ,
L L

. CF. kg
fi = [AXIVk % B, AxNk B, Nk —L 5 ") by Lemma 3.7 (or by the

induction hypothesis), ?7, in the free pr-theory generaved by N , M}'_L.

~

f, 7
induced by EUIA _{d,n), AxIt/]< —=, B‘L” (induction hypothesis), then
nGNk
3"': (3") k.
(up to iso) f = (ft) = [Axlvk _(_l)_» xB_, AxNk _rr, IVk B S 1)
and
E(}‘iO(MA,n))
-+ MB.
i
hypothesis
= pr
u(r,) = (uf;)
MA (M, n) K ( i 7 > B,

@7 o0m,m)), = B(Fo0m,m), = B((F,)o(4,m)
so the induced f "splits" again into "I*-part" and "N-part", and Mf

is induced by its Fd(}' o (4, n)) , ne Nk .

Next, let f : AXNk ->A'X1Vk' and g : A’><1Vk’ > BXNk" satisfy the

proposition. For the composition consider

T
/J(MA%/ l(MA;M7 Jlrpr

<k’
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and |.
Then again g o f = (gf, %}PI') .

Sols
The left upper rectangle commutes,
because both ways equal (M?h, ?h] ; hence the I*-part M(3f) of the
composition is again induced by DQ{QA ] ? )] .
TSk
Up to now, we have proved the proposition to be stable under the
generating procedures for algebraic theories.
Now let us prove that it is stable under primitive recursion:

k. ZERpr), g k' t=(E.dpr) p oK'
o d._,, @”A o pr
rt (rt rt IVkXIV]

given

?
: AXkaN -+ BXNk with ars in the free pr-
theory over N

(Lemma 3.7, proof).
Now consider

M4

¥(prot”opo (M ,n))

(MA ,n)

L
(MA ,n ,n)

MAXNk Mr

wxil =
(axi )

\‘\\\\\* 1

Mo t
MAXN "xN _————r MBxM

N\

\e—-

1
k_mc___»/‘m
Murt
Murt is induced by the M(tn o r] by Remark 1.2 (iii). By the hypothesis

on r and t and by the composition step above,
N\

n

M(t

) r) = M(pr ot o r) is induced by D@(pr ot" orp o (M, "))] s
nENk
hence M
r

" is induced by D@(pr ot opo (M4, n))]
proves the proposition.

% . This
(n,n)N"xN
Now take simply k = k' = 0 in the proposition to show that
Mlﬁfi =¥ ; that is commutativity of

? in (1).
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We need the proposition in an (apparently) deeper way in order to show

w
that M satisfies (G : for AXNk 2, B in G (all pairs in G are of
w
2

w
this form by hypothesis on T ), the pairs A4 (4.n) AxNk 1 B are in
w
2
— = - ~
G , hence in G , therefore equalized by M : RFL - B . The proposition

then implies Mwl = Muz . This shows M +to be a T-model, since, by

definition, it preserves N . Commutativity of (1) shows Mli =¥ as

required. This proves ¢J in the theorem to be bijective on objects. As
first factor of a faithful functor J 1is faithful. It follows from the
proposition that J is full.

REMARK 3.1l . The theorem shows that algebras with primitive
recursion can be described by a suitable theory 7 with no additional sort
N . But it is horribly complicated to give a direct description of T
realizing given operations and equations. Furthermore, T , as a Lawvere
theory, is no longer of finite presentation, even if T 1is, as a pr-theory.
This last point is very important for applications in computer science,
because in that theory one of the fundamental principles is construction of
"things" out of a finite number of basic "things" by means of a finite

number of finitely describable generation procedures.

4. Correctness of translations
DEFINITION 4.1. For "languages" T € PRI%I , T'¢€ PRThJ; a
syntactical translation is a pr-functor F : T'> 7' , For M : T+ B ,
M' : 7' >+ B models ("compilers") a family f; : M > M'FPL (4 €I)
(translation of the basic data) makes F into a semantical translation
(F, f) : (7, M) »(T', M') . (F, f) 1is correct, if it defines (by
fﬁv i= f;xfb , fh = 1dN ) a functor transformation

T —E 7'

M f; M'
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This means that executing & program by M (on input~data appropriste for
M ) and then translating the result by f (transfcrming it into anothers
code) is the same as translating the input data by f and then executing

the F-translated program.

THEOREM 4.2. Let (I, G) be a presentation of T (5 ¢ Guaph

I\' k]
see Corollary 2.6). Then the correctness of a transiuticn
(Fy ) (T, M) » (T', M') reduces to the correctness for the (generating)

arrows in L .

Proof. Correctness is clearly closed under composition of arrows and
by the universal property of the product - under forming induced
morphisms into products. ©So correctness extends to the algebraic theory
generated by I within 7T . It remains to show that the schema of

primitive recursion preserves correctness, that is to say, for f correct

ond *+B —I*~B , f 1is correct on o , that is

rt
M(AXN) Faxn
I
L
MAXN ~ M'FAXN
| . .
lMarthMr Mt = MFo, = rpp 'Rt
MB > M'FB
s

This follows immediately from Remark l.é (ii).

The most important case of theories are the finitely presented ones
(only these are considered in programming). The theorem reduces

correctness checks to a finite number of basic operations.
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