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ON AN OVAL WITH THE FOUR POINT
PASCALIAN PROPERTY

BY
OLGA FERNANDES

ABSTRACT. In this paper it is proved that a finite translation
plane of order n=3 (mod 4) which contains an oval with the four
point Pascalian property, or a finite dual translation plane of order
n=3 (mod 4) which contains an oval with the four point Pascalian
property, can be coordinatized by a commutative semifield.

1. Introduction. The purpose of this paper is to prove that a finite translation
plane of order n=3 (mod4) which contains an oval with the four point
Pascalian property, or a finite dual translation plane of order n=3 (mod 4)
which contains an oval with the four point Pascalian property, can be coor-
dinatized by a commutative semifield (Theorem 4.3).

To establish this result, preliminary theorems dealing with certain special
properties of an oval are proved in Section 3. In Section 4, it is shown, in
Theorem 4.2, that an oval with the four point Pascalian property in a
projective plane of order n =3 (mod 4) has these properties; and hence, by using
a theorem of Ostrom [8, Theorem 2.8], that it determines an orthogonal
polarity of the plane. This polarity and a theorem of Ganley [4, Theorem 3] are
used to prove Theorem 4.3.

Throughout this paper it is assumed that the projective plane is finite and of
odd order n. It may be mentioned, though, that some of the definitions and
results are valid even in planes of infinite order.

2. Background. The basic theory of projective planes and of ovals in finite
projective planes can be found in Dembowski [3], Hughes and Piper [6], and
Ostrom [8].

An oval in a finite projective plane of order n is a set of (n+ 1) points no
three of which are collinear. Segre [10] has proved that in a finite Desarguesian
plane of odd order every oval is a conic.

An oval is a Pascalian oval if every non-degenerate hexagon inscribed in it is
a Pascalian hexagon. Definitions of Pascalian hexagons and Pascalian ovals can
be found in Buekenhout [2], Hofmann [5], and Rigby [9]. It has been proved
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by Buekenhout [3], Artzy [1], and Rigby [9] that if there is one Pascalian oval
in a projective plane, then the plane is Pappian and the oval is a conic.

A 5 point (4 point, 3 point) hexagon is a non-degenerate hexagon having at
most 5 (4, 3) distinct vertices.

An oval is said to have the 5 point (4 point, 3 point) Pascalian property if
every 5 point (4 point, 3 point) hexagon inscribed in it is Pascalian. Hofmann
has proved [5] that an oval with the 5 point Pascalian property is a Pascalian
oval.

A line is called a secant, tangent, or exterior line of an oval if it contains 2, 1
or 0 points of the oval respectively. The unique tangent at a point L of the oval
is denoted by LL; the line through two distinct points A, B of the projective
plane by AB; and the point of intersection of the lines AB, CD, by AB N CD.
If A and B are distinct points of the oval @ and if M is another point on the
secant AB, then AM N @ denotes the second point of intersection, B, of the
secant AM with O.

It is well known that in a projective plane of odd order every point not on an
oval O is on either exactly two tangents of @ or on none at all. Such a point is
called an exterior or interior point of 0 according as it is on two tangents or on
no tangent of 0. The polar of an exterior point P is the secant AB through the
points A, B in which the two tangents to O through P meet 0. P (which can be
written AA NBB) is called the pole of AB [8, p. 417]. PAB is called a
fundamental triangle of O [8, p. 422].

An ordered set of collinear points {AB; CD} is said to be harmonic with
respect to an oval O if (i) A and B belong to @ (ii) C is an exterior point (iii) D
is on the polar of C. The point D is called the harmonic conjugate or the fourth
harmonic point of C [8, p. 420].

Ostrom has formulated certain assumptions relating to pairs of secants,
harmonic sets, and fundamental triangles of an oval and called them Assump-
tion Al ([8, p. 420] and [7, p. 190]), Assumption A2 [8, p. 423], and Assump-
tion B [8, p.423]. If Assumption Al (Assumption A2, Assumption B) is
satisfied for the oval, then we find it convenient to say that the oval has
Property &; (Property &,, Property %) and, using this phraseology, define the
Properties by restating the definitions of the corresponding Assumptions. This
does not affect Theorems 2.1, 2.2, 2.8 and Lemmas 2.1, 2.2 of [8] which we
need later. The notation is the one we will be using in our proofs.

PrOPERTY ;. An oval has Property &, if, for every exterior point U and
each pair of distinct secants AB, A’'B’ through U, where A, B, A’, B’ are
points of the oval, it follows that the points AA’'NBB’ and AB'NA'B are on
the polar of U. An oval which has Property &, is called a harmonic oval. (See
Ostrom [7, pp. 190, 191].)

PROPERTY &,. An oval in a projective plane of order n=3 (mod4) has
Property 4, if, for every interior point I and each pair of distinct secants AB,
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A'B’ through I, where A, B, A’, B’ are points of the oval, it follows that

(1) there exist exterior points E, E' such that {AB; EI} and {A'B’; E'I} are
harmonic sets, and

(2) the points AA’NBB’ and AB'N A'B are on the line EE’'. (See Ostrom
[8, p.423])

ReMARK. We shall see later, in Result 2.2, that (when n=3 (mod4)) a
sufficient condition for the existence of the points E, E’ in the definition of
Property &, is that the oval should have Property ;.

PrOPERTY . An oval has Property B if, for each pair of fundamental
triangles PAB, P'A'B’ such that A, B, A’, B’ are distinct points of the oval, it
follows that the points AA'N BB’ and AB'NA’'B are on the line PP'. (See
Ostrom [8, p. 423].)

We now introduce another definition, motivated by Ostrom’s Theorem 2.1 in

[8].

ProPERTY U — V. An oval has Property U — V' if, for each pair of exterior
points U, V such that U is on the polar of V, it follows that V is on the polar
of U.

The following two known results are due to Ostrom:

RESULT 2.1. An oval which has Property &, (that is, a harmonic oval) has
Property U — V' [8, Theorem 2.1, p. 421].

The next result, Result 2.2, is contained in the first paragraph of the proof of
Lemma 2.2, p. 424 in [8]. The projective plane is assumed to be of order n=3
(mod 4). The Lemma requires the oval to have Properties &f,, %,, %. For
Result 2.2 it is sufficient, as we shall see from the details of the proof, for the
oval to have Property ;.

ResuLt 2.2. If an oval in a projective plane of order n=3 (mod4) has
Property &,, then each interior point on any secant is the harmonic conjugate
of a unique exterior point on that secant.

Proof. The harmonic conjugate of an exterior point on a secant is a unique
interior point on it [8, Theorem 2.2, p. 421]. Distinct exterior points on a
secant cannot have the same harmonic conjugate because their polars pass
through the pole of the secant (Result 2.1) and are distinct lines. The fact that
the number of exterior points on a secant is the number of interior points on it
[8, p. 419] completes the proof.

3. Preliminary theorems

THeEOREM 3.1. If an oval has both Property B and Property U — V, then it has
Property 4.
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Proof. Let AB and A’'B’ be any two distinct secants through an arbitrary
exterior point U, where A, B, A’, B’ are points of the oval. Let P, P’ be the
poles of AB, A'B’ respectively. Since the oval has Property %, the points
AA'NBB’ and AB'NA’'B are on the line PP’. But, since the oval also has
Property U — V, the line PP’ is the polar of U. The theorem follows from the
definition of Property ;.

TueOREM 3.2. If an oval in a projective plane of order n=3 (mod 4) has both
Property B and Property U — V, then it has Property 4.

Proof. Let O be the oval. By Theorem 3.1, it has Propery &,. Let AB, CD
be any two distinct secants through an arbitrary interior point I of O, where
A, B, C, D are points of 0. There exist exterior points E, E’ such that {AB; EI}
and {CD; E'I} are harmonic sets (Result 2.2). Let O, T be the poles of AB,
CD respectively. By Property 94, the points ACNBD and AD NBC are on
the line OT.

Thus, to prove that the oval has Property &, it is sufficient to show that the
line OT is the same as the line EE’.

If AB, CD are conjugate lines with respect to O (that is, lines which are such
that each contains the pole of the other), then O =E' and T=E; so OT = EE’
follows immediately.

If AB, CD are not conjugate lines with respect to O, then because O has
Property U — V7, neither line contains the pole of the other. Thus O is not a
point of CD. Let OCNO = C'. Hence C'# D and CC’ # OI. Now, the polar of
E passes through O (Property U — V') and through I (since {AB; EI} is a
harmonic set), and is therefore OI. Consequently, the lines EC and EC’ are
not tangents to 0. Furthermore, E is not a point of CC’; for, since n=3
(mod 4), OE is an exterior line of O [8, Lemma 2.1, p. 421]. Let ECNO =D’
and EC'NO = D,. It is easy to see that the points C, D', C’, D, are distinct.

The oval has Property &;; so, since CD'" and C’'D, are secants through E, it
follows that the points CC'ND’'D; and CD;NC’'D’ are on OI. Now OI and
CC' pass through O. Hence D;D’ also passes through O. Accordingly, we can
further deduce (Property &) that the points CD'NC’'D; and CD,NC'D’ are
on AB. Thus the point CD,NC'D'=OINAB =1 Therefore C, D,, I are
collinear points. Recalling that C, D, I are also collinear points, we infer that
C, D, D,, which are points of the oval O, cannot all be distinct. We know that
C# D; and also (since E is not a point of CC’) that C# D,. It follows that
D = D,. Consequently, CC'NDD'=0 and CD'NC'D=E.

Let T'= C'C'ND'D'. Consider the fundamental triangles TCD and T'C'D’.
Since the oval has Property %, the points O = CC'"\DD’ and E=CD'NC'D
are on TT'. Thus O, E, T, T' are collinear points. In particular, O, E, T are
collinear points.

By interchanging the roles of the secants AB and CD, and using an
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argument similar to the one detailed above, it can be proved that T, E’, O are
collinear points. Since O, E, T are also collinear points, it follows that the line
EE' is the same as the line OT. This completes the proof.

4. The main theorem. An oval with the four point Pascalian property has
already been defined to be one for which every inscribed four point hexagon is
Pascalian.

We introduce two more definitions. The successive vertices of inscribed
hexagons are written in order, as in [9].

DEerINITION 4.1. An oval has the first type of four point Pascalian property if
every inscribed four point hexagon for which two non-adjacent distinct vertices
arise out of pairs of coincident vertices (e.g., AABCCD would be such a
hexagon) is Pascalian.

DEeFINITION 4.2. An oval has the second type of four point Pascalian property
if every inscribed four point hexagon for which at least two adjacent distinct
vertices arise out of pairs of coincident vertices (e.g. AABBCD would be such
a hexagon) is Pascalian.

Result 2.2 in [9, p. 1463], which is also derived in [5, Proposition 2, p. 147],
can now be re-stated thus: An oval which has the second type of four point
Pascalian property has Property U — V. This is easily verified.

Clearly, an oval with the four point Pascalian property has both the first and
the second types of four point Pascalian properties.

THEOREM 4.1. An oval has the first type of four point Pascalian property if and
only if it has Property %.

Proof. Let A, B, A’, B’ be any four distinct points of an oval. Let P=
AANBB, PP=A’A'NB’'B’. Consider the fundamental triangles PAB, P'A'B’
and the inscribed hexagons AAA'BBB’, A'A’AB'B'B of the oval. The
following statements are clearly equivalent: The points AA'N BB’ and AB'N
A'B are on the line PP'. The points P,P’, AA'NBB’, AB'NA'B are
collinear. The points AA NBB, AA'NBB’, AB'NA’'B are collinear and the
points A'A'NB'B’, AA'NBB’, AB'NA'B are collinear. The hexagons
AAA'BBB’' and A'A’AB’'B’'B are Pascalian. The theorem follows.

THEOREM 4.2. If a projective plane of order n=3 (mod 4) contains an oval
with the four point Pascalian property then the plane admits an orthogonal
polarity.

Proof. An oval with the four point Pascalian property has Property %
(Theorem 4.1) and Property U — V' [5, Proposition 2, p. 147]. Therefore it has
Property &, (Theorem 3.1) and, since n=3 (mod 4), it also has Property <,
(Theorem 3.2). Thus it has Properties &,, #,, B. Hence, by a theorem of
Ostrom [8, Theorem 2.8, p.424], the plane admits a polarity. Furthermore,
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n=23 (mod 4) implies that n is not a square. So this polarity has exactly (n+1)
absolute points (see, for example, [6, Theorem 12.7, p. 242]); and is thus an
orthogonal polarity (see [4, p. 104]).

THEOREM 4.3 A translation plane of order n=3 (mod 4) which contains an
oval with the four point Pascalian property, or a dual translation plane of order
n=23 (mod 4) which contains an oval with the four point Pascalian property, can
be coordinatized by a commutative semifield.

Proof. By Theorem 4.2, if a translation plane or a dual translation plane is
of order n=3 (mod4) and contains an oval with the four point Pascalian
property, then it admits an orthogonal polarity. A translation plane which
admits a polarity is a semifield plane [6, Theorem 12.13, p. 247]. Dually, a dual
translation plane which admits a polarity is a semifield plane. Furthermore, by
a result of Ganley [4, Theorem 3, p. 110], a finite semifield plane which admits
an orthogonal polarity can be coordinatized by a commutative semifield. The
theorem follows.
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