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PERIODIC POINTS AND CHAOS FOR
EXPANDING MAPS OF THE INTERVAL

BiLL Byers

Expanding maps of the interval with unique turning points have

periodic points of period 2” * 3 for some n and therefore are

chaotic.

Introduction

In recent years there has been considerable interest in the dynamical
properties of difference equations defined by endomorphisms of the unit
interval. The complicated asymptotic behaviour which often arises has been
emphasized by the use of the term "chaotic" to characterize certain
dynamical properties of a large class of such egquations [5], [6], [7].

This complexity can be dealt with statistically if the transformation
admits an invariant measure [3] especially one which is absolutely
continuous with respect to Lebesgue measure. Thus there has been much

interest in proving the existence of such measures (4], [§].

However the connection between these two ideas has not yet been

clarified. It is known [2] that transformations which admit periodic

points of period 2n * 3 must exhibit chaotic behaviour. On the other
hand expanding maps admit absolutely continuous invariant measures [§]. 1In

this note we show that expanding maps with unique turning point must have a

periodic point of period oM. 3 . This generalizes the result of Butler
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and Pianigiani [1] for maps of constant slope.

Discussion

A piecewise monotonic map T : [0, 1] » [0, 1] is expanding if there
exists a constant A > 1 such that |t(x)-t(y)| = Alx-y| whenever both =z
and Yy belong to some interval on which T is monotonie. Call X an

expansion constant for T .
Our main result is the following.
THEOREM. Suppose t : [0, 1] = [0, 1] s a continuous expanding map

with expanding constant X > 1 , which ig& increasing on [0, ¢] and

decreasing on [e, 11 . If A , then T admits a periodic
point of period "3 for m=n.,
The proof will depend on a sequence of lemmas.

LEMMA 1 (7]. Suppose f : [0, 1] ~ [0, 1] <8 continuous. If there
extist closed intervals I, J such that I nJ consists of at most one
point and f(I) n f{J) DI ud then f has a point of period 3 .

LEMMA 2. Suppose f : [0, 1] + [0, 1] admits a point 2z with

£z) .

IA

flz) <z < fz(z)
Then [ has a point of period 3 .

Proof. Take I = [f(z), 2] and J = [z, f2(z)] in Lemma 1.
LEMMA 3. Suppose the expanding map f admits a point z with

flz) < 3 < (z) and fllf(2), 2] decreasing and f| [z, f2(z):|
inereasing. If f has no point of period 3 and g = f o f then either
g admits a point of period 3 or else g adnits a point w with

flzg) cw<z, gw) <wc< gz(w) s gllglw), w] decreasing and
g|[w, g°(w)] increasing.
Proof. Since f|[f(z), 2] is a homeomorphism onto the interval

[r(2), fz(z)] , there exists a unique point w , f(3) <w < z , such that
flw) = 2 or g(w) = flz) . Wow f}[f(z), w] is decreasing and

FlFlfz), »l = fl [z, fz(z)] is increasing, so g|[f(w), w) = g|llg(w), w]
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is decreasing. Also since g is expanding we have gg(w) >w .
Now suppose that gz(w) >3 . Then
glv, °)] = glw, 21 2 [f(2), 2] .
If f has no point of period 3 then f3(z) < fo(z) (Lemma 2) and
[fz), =) 2 [flz), (=) = [gw), ¢°w)]

But glg(w), w]l > EQUJ), Qg(w)] and Lemma 1 implies that g has a point
of period 3 .
2, - 2 . i
If, on the other hand, ¢ (w) = z , then 9|Eﬂ, g (N)] is increasing

since it is the composition of flEd, gz(w)] which is decreasing and

flf(lw, 21) where f([w, 2]) = [f(2), 2] where f 1is increasing.

We now proceed to the proof of the theorem.

Proof. sSince T is expanding, T{e) > ¢ and Tz(c) < ¢ . Suppose
3 2 . . .
7°(e) < e . Then T([T (e), c]]-2 [e, T(e)] . Thus there exists a point
T, < c such that r(xo) = ¢ , that is, T(Exo, e]) = [e, 1(e)] . Note

that T|Ero, c] can have no fixed point. Thus
By, o] = e, 1(e)] = t[P(e), ()] = [FP(e), 1) 2 [z, ]

2
contains a point fixed under T~ which cannot be a fixed point of T .

Thus T has a point of period 3 .

Thus we may assume T3(c) > ¢ . Then

|Th(c)-12(c)| > A|T3(c)-r(c)| > A2|T2(c)-c|

and T2(c) < Th(c) since e < T3(c) < 1(e) . Thus Te(c) <e < Th(c) and

T2|[T2(c), ¢] 1is decreasing. If 16(0) > ¢ then the above argument
applied to T2 will imply the existence of a periodic point of order 3

for T2 or one of period 6 for T
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Thus we assume that T6(c) < e, Now if T has no points of period

3, then e < Th(C) < 17(e) and thus Te(c) < Ts(c) . If TS(G) < ¢ then
: 6

13(0) < T6(c) which is impossible since 13(0) >c¢ and T (e) < e . Thus
either Ts(c) = ¢ and by [10] we have a point of period 2°*3 or else
Ts(c) > ¢ . The latter case implies that T2|E3, Th(c)] is the

I

composition of TI[?, T'(e)] where it is decreasing and
1)1 ([e, Th(c)]) = 1| [r(e), T(e)] vhere it also decreases. Thus
2 L . . 2 o
™| [e, 1 (e)] is increasing and thus f = T- satisfies the hypotheses of
Lemma 3 with 2 = ¢ . Suppose we have not point of period 2k * 3 for
n-1

2

k=0, ..., n-1 . Then f =71 satisfies the hypotheses of Lemma 3 and

n
so g = 2 admits a point w with g(w) < w < g2(w) and

g(lgw), w]) = [gw), gz(w)] . Thus

|62 (w)-g(w)| 2 A u-g(w)] = 2|w-g(w)|

Now the length of g(Eu, gg(w)]) is greater or egual to

2|g%w-w| = |g%(w)-g(w)| ana so

g([v, ¢%]) 2 [o(w), ¢°(w)]
Thus Lemma 1 implies that g has a point of period 3 and so T has a
point of period 2n - 3.
COROLLARY. 4n expanding map with unique turning point is chaotic.

n
Proof. If T has a point of period 2" . 3 , then T2 has a point

n
of period 3 . Thus 12 is chaotic [7], and so T is chaotic [9].
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