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Fredholm theory for

arbitrary measure spaces

C.S. Withers

The classical formulae for Fredholm integral equations, including
expansions in terms of eigenfunctions such as Mercer's Theorem
are extended to square-integrable kernels on an arbitrary measure

space.

1. Introduction

We shall generalise the results of Withers [8] on Fredholm integral
equations for 7 X n matrix kernels from Lebesgue measure on Rp to an
arbitrary measure space (2, A, W) . Our statement of Mercer's Theorem in
§3 requires a topology on £ and for the first time is extended to kernels
which have an infinite number of both positive and negative eigenvalues.
That such an extension was possible for Q a locally compact space and

positive semi-definite kernels was noted by Gohberg and KreVn [21, p. 113.

Partial results had been obtained for special cases in Hp by Kneser,
Lichtenstein and Glnther; (see Smirnov, [5], 849). We shall assume

throughout that L2(Q, A, 1) is separable. This condition is discussed in
§4,

Some of the basic results in 82 are known to hold for completely
continuous linear operators on a Hilbert space; see, for example, Gohberg
and KreTn [21, pp. 28, 111, 168, and 1.2, p. 207. The same authors ([2],

p. 123) consider extensions to "matrix measures':
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(Nofb](x) = J No(x, y)duo(y)fb(y) s N, symmetric.

nxn nxn  nxl
However by choosing a measure U dominating the elements of UO , this

du %
case easily reduces to the case we consider, provided T = [?ﬁ:} has an

inverse almost everywhere (u) in Q , for then
= hand - =

fo - )\NOfO go f >‘Nf g,
where

()& = [ B, )7l

Nz, y) = T*(x)NO(x, y)T(y)
is symmetric, that is, N* =N,
=T » 9="Tg,
Finally recall that the solution of f - ANf = g requires that

condition (1) below on N merely be satisfied by N" for some m =1 s

since
(1A g = (1) 75 (140 + L+ TN g

(For example for £ a bounded set in & and Nx, y) = ]x—yl_a , we need
not o < p/2 but o <p ; see Pogorzelski [3], p. 79.)

2. Some general results

We shall use the notation of Withers [§], including the definition of

eigenvalues {Ai}: and eigenfunctions {¢i}i , and the use of script to

denote the operator associated with a kernel, with the understanding that
2 is now a general set and integration with respect to Lebesgue measure
over § occurring in [8] is replaced by integration with respect to u .
Then Fredholm's Theorems and the results of §2, §4 of [8] carry over. (An
alternative proof is given by the method of Smithies [6].)

We assume throughout that ~N 1is a complex measurable »n X n function

on 92 satisfying
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(1) 0 < U i¥(a, »IFdu(z)duly) < = .
This condition ensures the existence of solutions to
No=2le, Ny =Tl , o< J [6]%du <=, o < f o] %du < =

whenever X 1is an eigenvalue of N , that is a zero of

A

(2) 5(A) = exp{- J dx J trace(N(m, x, A)-N(zx, x))du(x)} .
0

Thus if

(3) z J |N1/1,(.’L‘, x)ldU(x) <oy

then

(1) D)) = eXp{—)\ J trace Mz, x)du(x)}ﬁ(x) )

Hence forward we shall assume that N is symmetric:

(5) Wy, x) = N(x, y) in @°

One can show that when N is bounded and p(f) < © then

=<}

(6) o =TT (1-2/2 Jexp{A/As}
1
sc that by (2),

x.P

(7) J trace Np(x, x)dpu(zx) = y s P =2, 3, ven

Hr~1 8

where Np is the kernel of N s (ef. [31, p. 178, where b should be

zero).
In §3 we shall obtain (6) and (7) under different conditions.
Let QO be any measurable subset of § such that u(Q-QO) =0
Note that f - ANf =g defines f in Q - QO in terms of g in Q - Q

and f in Q_ , so that we need only solve for f in Q

0 0

For greater completeness we add the following generalisations of the
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Hilbert-Schmidt Theorem and the mean-convergence theorems.
Suppose N satisfies (1), (5), and
2
(8) sup | l[¥(x, y)ldu(z) <= .
Q
0
Suppose also A 1is a complex measurable #n X 1 function on £ such
that J |h|2 = j lh(x)l2du(x) <o ,and f = Nh . Then the Fourier series

oo}
2 ¢i(x) J ¢i*f is absolutely and uniformly convergent in
1

flx) almost everywhere (M) in £ . When (1), (5) hold then for

o and equals

P =1,2, v »
” ”% ¢>i(x)¢>i(y)*/>\ip - Np(x, y)”zdu(x)du(y) =
1

- -2p
= f trace ng(x, x)du(x) - % Xi )

1

as g > by (7).

A stronger result is given by the following lemma needed for Mercer's

Theorem. (See, for example, [3], p. 130, for the method of proof.)
LEMMA. When N satisfies (1), (5), and

(9) ) |¢.(x)[2/|k.! converges uniformly in Q

1 2 1 0

then

(10) 7} ¢i(x)¢i(y)*/xi = Nz, y) almost everywhere (uxu) 1in 0° )
1

and the convergence is (elementwise) absolute and uniform.

Formula (10) is the function form of the formula for Hermitian

matrices: N =U A U* where UU* =1 and A 1is diagonal.

3. Mercer's Theorem

Suppose (2, T) is a topological space. Taking any QO as in 82,
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let TO = {TnQO P T € T}

THEOREM 1. Suppose N satisfies (1), (5), and

(11) for x in QO, for some m =1,

trace[N m(x, x)-2Re N2m(x, y)+N2m(y, y))

2
18 continuous at Yy = x .

Then {¢i} are continuous in QO . Suppose also that

(12) N has only a finite number of negative eigenvalues,
(13) sup trace N(x, x) < e,
Q
0
(14) N is continuous in Q02

Then (10) holds.

NOTES (i) If QO s the support of W , in the sense that
(15) every T # ¢ in QO contains a measurable set of positive

measure,

then (10) and (14) imply

Ao @) ()4 = B, y) im0 .

(16) 7 0

e~ 8

In particular (15) holds for Q C 74 if QO consists of the points of
inerease of u .
(ii) Condition (14) may be weakened to

(14') Re Nii is continuous at each (x, x) in § 1=<<Z=<mn.

O 3

However (1k'), (13) (and (11) if ¥ has negative eigenvalues), imply

(14) via the inequality for positive semidefinite N :

A7) W, y)-v', 3" <
< trace N(x, z)trace(N(y, y)+N(y', y')-2Re N(y, y'))
+ trace N(y', y')trace(N(x, x)+N(z', z')-2Re N(x, z'))

In particular (8), (9) of Withers [§] imply N 1is continuous in 92
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so that by Note (i) the conclusion there and (12), (13) of [8] hold
everywhere in 92

(1ii) Suppose u(Q) <=, mo,nﬂ compact. Then (1h) ensures that

conditions (1), (13) hold; also the inequality

[ Wz, 8)-nly, s)2du(s) = u(Q) swp Wz, s)-aly, s)|°
SEQO

implies that (11) holds when (0, T)) is metrisable.

(iv) 4s m increases, (11) becomes weaker.
Proof, This is virtually unaltered from that of Theorem 1 of [§],

consisting of proving that (9) holds, by showing that
-1 2
Nz, x) - Cz] Aoy ()]
1
is real and non-negative where {Xl, cees Aq} includes all negative
eigenvalues.
When trace N{x, x) is bounded away from zero, (13) may be removed.

COROLLARY 1. Suppose N satisfies the conditions of the theorem
with (13) replaced by
(18) 0 < trace Nlx, z) 1in QO .
%
Let No(x, y) = K(x)W(x, y)k(y) where K(x) = (trace N(z, x))7% . Let

duo(x) = trace Nz, x)dulz) , and ¢Oi(x) = ¢i(m)K(x) . Then (10) holds

with N, W, {¢i} replaced by N, 1> {¢Oi} . Hence if also
(19) 0 < inf trace Nz, z) ,
QO

then (5) holds.

Proof. (1b) implies K(x) > 0, so that
ANG = ¢ = A J No(x, y)¢o(y)duo(y) = ¢O(x) s

where ¢ = K*¢ . Also N m(x, y) = K(x)Nm(x, y)K(y) . In some

0 O
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applications a version of the theorem is required when there are an

infinite number of both positive and negative eigenvalues. For this
purpose it is convenient to introduce the notion of the positive and
negative parts of N .

DEFINITION. By the 'positive' and negative' parts of N we mean

+ -— f
N = %(P+N) , N = %(P-N) where P is the kernel associated with the

unique non-negative square-root of the operator N2 ; (see, for example,
[41, p. 265). N+, N~ can also be characterised as the almost everywhere -
unique positive semi-definite kernels satisfying (5) such that almost
everywhere (uxu) N = N -8 anda N is orthogonal to N

+ -+ +
N'N" = NN =0 . Continuity of N need not imply continuity of ¥ , N ;
(see the example in [2], p. 118).

COROLLARY 2. Suppose N satiefies (1), (5), (11). If N , N
satisfy (14), and either (13) or (19), then (10) holds, and

Nz, y) ) ¢i(x)¢i(y)*/ki almost everywhere in Q2 R
A.>0
Z

Nz, y)=- 7} ¢i(x)¢i(y)*/ki almost everywhere in 0° 5

Xi<0
the convergence being absolute and wniform.
Proof. By (11), {¢i} are continuous. Also (1) implies (1) for N+,
N . Tow, {¢i’ Ai > 0} and {¢i’ Ai < 0} are the eigenfunctions and

+
eigenvalues of N , N to which we apply Theorem 1.

As in [§] we have the following expansions for the iterates and the

resolvent.

COROLLARY 3. Under the conditions of Theorem 1 or Corollary 2 for
jiz1,

(20) Nﬁ(x, y) =7 Ai_j¢i(x)¢i(y)* almost everywhere in 902 5

(1) Nz, y, X)) = Z[Xi—k)_l¢i(x)¢i(y)* almost everywhere in QOQ R

if A 1is not an eigenvalue.

The convergence in (20) and (21) is absolute and uniform in & . Ir
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also (15) holds, then we may delete "almost everywhere" so that (7) and (6)
hold.
+ _
Hence (15) and J b W (2, 2)due) < @ f tr 1 (s, 2)dile) < o
imply

©

=TT ( (1-32)

1
We may compare these conditions with those of

THEOREM 2. 1f (1), (5), (8), (11) for m= 1, and (15) hold, then

(22) W, y) = AT @, e af

jze,
convergence being absolute and uniform, and hence (7) and (6) hold.

Proof. By (11) for m = 1 , the right hand side of (22) is continuous

in y for all x in QO

. _ 2 < 02
For §>1 let Ej = f 10565, @)Pdule) . Tmen B =5 ff e

so that by (8), E3 is bounded, J =1 . For j =2,

(s, z)dul(s)

2
A |

;s =)-0, G, 2)|? = ’” Wy, s)-ny', DEE

< f WGy, &)-Ny", o (o) E, | .

Hence by (11) for m = 1 , the left hand side of (22) is continuous in y
for all x in QO .
Hence by (6) of Withers [§], and (15), (22) holds.

Finally we give another mean-convergence theorem (ef. [3], p. 138)
THEOREM 3. I1f (1), (2), (8), (15) hold and

(23) for some =z 1in 2, and some m =1, Re trace N2m(x, y) and

trace N2m(y, y) are continuous at y = x ,

then for =z, m as in (23),
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q 2
(2) | e o - ! 65220, ()0, duty) =

q
= trace Nem(x, z) -} [¢i(x)[2xi_2m >0 as q > ® .

1
Proof. {¢i} are continuous at « by (23) so that by the generalised

form of (6) of [8] and (23), Re trace sz(x, y) - Re § ¢i(y)*¢i(x)ki_2m

is continuous at y = & and equals 0 almost everywhere (u) . Hence

(15) implies (2L4).

4., Separability

We have assumed throughout that

L, = {f : (9, A, ) > ', f yp-measurable, f |£1Pau < ”}

is separable. Here we note some conditions for this to be so.
THEOREM 4. If either

(a) X = (8, T) is a locally compact, separable and metrisable
space, A contains the compact sets, and W(K) <~ for K

compact; or

(b) Q €A, A is the o-algebra generated by some countable
subset of A, and W 1is o-finite;

then L, 18 separable.

Proof. (a) follows from (13.11.6) of Dieudonné [1]. (b) follows from
Problems 5, 6, p. 381 of Taylor {7].

By (b) we have
COROLLARY 4. If a2c @,

A= {QnB : B a Lebesgue-measurable set in (¥} ,
Yo F>rta Lebesgue-measurable function, du(x) = Y(x)dx , then L2 is

separable.
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