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Abstract

We prove that every for every complete lattice-ordered effect algebra E there exists an orthomodular
lattice O(E) and a surjective full morphism ¢z : O(E) — E which preserves blocks in both directions:
the (pre)image of a block is always a block. Moreover, thereis a 0, 1-lattice embedding ¢} : E — O(E).

2000 Mathematics subject classification: primary 06C15; secondary 03G12, 81P10.

1. Introduction

Effect algebras have recently been introduced by Foulis and Bennett in [9] for the
study of the foundations of quantum mechanics. The class of effect algebras includes
orthomodular lattices and a subclass equivalent to MV-algebras (see [4]).

In [30], Rie€anova proved that every lattice-ordered effect algebra is a union of
(essentially) MV-algebras. This result is a generalization of the well-known fact that
every orthomodular lattice is a union of Boolean algebras. Generalizing the terminol-
ogy from orthomodular lattices, a maximal sub-MV-effect algebra of a lattice-ordered
effect algebra is called a block. Later, Rie¢anova and Jenca proved in [24] that the
set of all sharp elements of a lattice-ordered effect algebra forms an orthomodular
lattice. Both papers show that the class of lattice-ordered effect algebras general-
izes the class of orthomodular lattices in a very natural way. In [18] a new class,
called homogeneous effect algebras was introduced and most of the results from {30]
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and {24] were generalized for the homogeneous case. The main result of [18] is that
every homogeneous effect algebra is a union of effect algebras satisfying the Riesz
decomposition property.

Intuitively, one can consider the class of lattice-ordered effect algebras as an “un-
sharp” generalization of the class of orthomodular lattices, and the class of homoge-
neous effect algebras as an “unsharp” generalization of the class of orthoalgebras (see
[10]). In these generalizations, the role of Boolean algebras is played by MV-effect
algebras and by effect algebras with the Riesz decomposition property. The problems
concerning this generalization were examined, for example, in [31] and [19]. The
present paper continues this line of research.

The basic question we deal with in this paper is: “How are the blocks in a complete
lattice-ordered effect algebra organized?”. The main result is that for every complete
lattice-ordered effect algebra E, there exists an orthomodular lattice O(E) and a
surjective full morphism of effect algebras ¢z : O(E) — E such that for every
block B of O(E), ¢z(B) is a block and for every block M of E, ¢g‘ (M) is a block
of O (FE). This shows that the block structure of every complete lattice-ordered effect
algebra is the same as the block structure of some orthomodular lattice. For the finite
case, this result was proved in [19]. Moreover, we prove that the lattice E can be
0, 1-embedded into the lattice O(E).

Qur construction of O(E) is based on certain relations on the set of all quotients
(that is, comparable pairs of elements) of E. We hope that it will be possible to adapt
the techniques we have developed in this paper in order to deal with the more general
orthocomplete non-lattice-ordered case. Most of the theorems were designed with
this long-term goal in mind.

2. Definition and basic relationships

An effect algebra is a partial algebra (E; @, 0, 1) with a binary partial operation &
and two nullary operations 0, 1 satisfying the following conditions.
(E1) Ifa @ bisdefined thenb @ a isdefinedanda &b =b & a.
(E2) Ifa®band (a ®b) ® c are defined then b @ c and a & (b & c) are defined and
adb)dc=ad bdo).
(E3) Ifa®@b=a®cthenb =c.
(E4) Ifa®b=0thena =0.
(ES) Foreverya € E thereisana’ € E suchthata @a’ = 1.
(E6) Foreverya€ E,a® 0 =a.

Effect algebras were introduced by Foulis and Bennett in their paper [9]. In the
original paper, a different but equivalent set of axioms was used.
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In their paper [26], Chovanec and Ko6pka introduced an essentially equivalent
structure called a D-poset. Their definition is an abstract algebraic version the D-poset
of fuzzy sets, introduced by Kopka in the paper [25]. Another equivalent structure
was introduced by Giuntini and Greuling in [12]. We refer the reader to [7] for more
information on effect algebras and related topics.

One can construct examples of effect algebras from an arbitrary partially ordered
abelian group (G, <) in the following way: choose any positive ¥ € G; then, for
0<a,b<u,definea@bifandonlyifa+b < uandputa ®b = a+ b. With such
a partial operation @, the interval [0, u] becomes an effect algebra ([0, u], @, 0, u).
Effect algebras which arise from partially ordered abelian groups in this way are called
interval effect algebras, see [2].

In an effect algebra E, we write a < b if and only if there is a ¢ € E such that
a @ c = b. It is easy to check that for every effect algebra the relation < is a partial
order on E. Moreover, it is possible to introduce a new partial operation 8; b © a is
defined if and only if a < b and then a & (b © a) = b. It can be proved that, in an
effect algebra, a @ b is defined if and only if @ < &/, if and only if ¥ < a’. The partial
operations @ and © are connected by the rules

.10 a®b=(dob)
(2.2) a®b=(dab).

Let E, C E besuchthat 1 € Ey and, forall a,b € Ey witha > b,a© b € Eq.
Sincea’ = 16 aanda® b = (a' © b), E, is closed with respect to & and . We
then say that (Ey, @, 0, 1) is a subeffect algebra of E. Another way to construct a
substructure of an effect algebra E is to restrict @ to an interval [0, a], where a € E,
letting a act as the unit element. We denote such effect algebra by [0, a]g.

EXAMPLE 1. Let G be the set of all real functions, partially ordered in the usual
way. Let u be the constant function u(x) = 1. Then the restriction of 4 from G to
the set [0, u] gives rise to an effect algebra, which we denote by [0, 1]*'!. Note that
[0, 111 is a complete distributive lattice.

Let E;, E, be effect algebras. A map ¢ : E; — E, is called a morphism of effect
algebras if and only if it satisfies the following condition.
(M1) ¢(1) =1and, foralla, b € E,, if a @ b exists in E, then ¢ (a) ® ¢ (b) exists
in E;and ¢p(a ® b) = ¢(a) ® ¢ (b).
Every morphism preserves ', 0, < and ©.

A morphism ¢ : £, — E, of effect algebras is called full if and only if the following
condition is satisfied.
(M2) Ifgp(a)®¢(b)existsin E; and ¢ (@)D (b) € ¢ (E;) thenthereexistay, by € E,
such that a; @ b, exists in E, and ¢ (a) = ¢(a,) and ¢ (b) = ¢ (by).

https://doi.org/10.1017/51446788700036867 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700036867

184 Gejza Jenca [4]

A bijective and full morphism is called an isomorphism of effect algebras.
An ideal of an effect algebra E is a subset / of E satisfying the condition

a,bel and adbexists <= adbel.

The set of all ideals of an effect algebra E is denoted by I(E). I(E) is a complete
lattice with respect to inclusion.

An element ¢ of an effect algebra is central (see [14]) if and only if [0, ¢] is an
ideal and, for every x € E, there is a decomposition x = x; & x, such that x; < c and
x3 < ¢’. It can be shown that this decomposition is unique. The set C(E) of all central
elements of an effect algebra is called the centre of E. C(E) is a Boolean algebra. For
every central element ¢ of E, E is isomorphic to [0, c]g x [0, ¢']¢. For every central
element ¢ of E and every element a € E, a A c exists and the mapping a > a Acisa
full morphism from E onto [0, c]g; in other words, (a; @ ax) Ac = (g Ac) D (az A )
anda=(aAc)® (aAnc).

If E is an effect algebra such that (E, <) is a lattice, then we say that E is a
lattice ordered effect algebra. If (E, <) is a complete lattice, then we say that E is
a complete lattice ordered effect algebra. An orthoalgebra E (see [11]) is an effect
algebra such that a < a’ implies a = 0. It is easy to check that an effect aigebra E is
an orthoalgebra if and only ifa Aa’ =0foralla € E.

EXAMPLE 2. Recall, that an orthomodular lattice is an algebra (O;V, A, ’,0, 1)
such that (0; Vv, A, 0, 1) is a bounded lattice and a < bifand only if ¥’ < @', a” = a,
ana =0,(avVvb) =a Ab,and the orthomodular law

2.3) a<b = b=av@Aad)

is satisfied. Equip O with a partial operation as follows: a & b is defined if and only
ifa <b andthena ® b = a v b. Then (O;®,0, 1) is an orthoalgebra. On the
other hand, for every lattice-ordered orthoalgebra (0; &, 0, 1), (O; Vv, A, /,0, 1) isan
orthomodular lattice. However, there exist non-lattice-ordered orthoalgebras.

EXAMPLE 3. An MV-algebra (see [4,28]) is a commutative semigroup (M; @, —, 0)
satisfying the identities x & 0 = x, =—x = x, x & =0 = =0 and

XD (xD-y)=yd—(y ®—x).

There is a natural partial order in an MV-algebra, given by y < x if and only
if x = x® —(x & ~y). Every MV-algebra (M;&®, —, 0) can be considered as
an effect algebra (M, ®, 0, —0), when we restrict the operation & to the domain
{Cx, y) 1 x = =y}

https://doi.org/10.1017/51446788700036867 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700036867

[5] Lattice ordered effect algebras 185

Every lattice-ordered effect algebra satisfies the de Morgan laws. More generally,
for an interval [0, a] and x, y € [0, a], we have

2.4 ad(xVvy)=@oex)A@ey)
(2.5) a0 (xAy)=(@ex)V(@oy).
A substitution a = b’ and an application of (2.2) now yields
(2.6) bea(xvy)=0bex)vay)
(2.7) bd(xAy)=0bax)A0bdYy),

forallx,y <?'.
Let E be a lattice-ordered effect algebra. For a pair of elements a, b € E, the
following conditions are equivalent:

a®(anb)=(@vb)ebsb.
a®(aAb)<b.
There are a;, a, suchthata = a; < a,,a; < b,a, <V'.

There are a;, ¢, by suchthata, @ c® b, existsanda = a, dcand b = b, G c.

If a, b satisfy any (or, equivalently, all) of these conditions then we say that a, b are
compatible (in symbols a <> b). It is easy to check that a < b or a < b’ implies that
a < b. Moreover, a < b if and only if ¢ <& b’. We say that a subset A C E is
compatible if and only if we have a <> b forall a, b € A. If M is a lattice ordered
effect algebra such that M is a compatible subset of M then we say that M is an MV-
effect algebra. 1t was proved in [5] that there is a natural, one-to-one correspondence
between MV-effect algebras and MV-algebras, as outlined in Example 3. Every MV-
effect algebra is a distributive lattice. A lattice-ordered effect algebra is an MV-effect
algebra if and only if, for all elements a, b,

aAnb=0 = a<bV,

that means, the sum of every disjoint pair exists (see [1]). An orthoalgebra that is an
MV-effect algebra is a Boolean algebra.
Let L be a lattice. We say that Ly C L is a full sublattice of L if and only if

e forall A C Lgsuchthat\/ A existsin L, \/ A € Ly, and
e forall A C Lgsuchthat A\ Aexistsin L, A\ A € L,.

Note that a full sublattice of a complete lattice is complete.

Let E be a lattice-ordered effect algebra. A subeffect algebra of E that is maximal
with respect to the property of being an M V-effect algebra is called a block. According
to [30], blocks coincide with maximal compatible subsets of E. Moreover, every block
is a full sublattice of E, (see [24]). Since every singleton is a compatible set, a lattice-
ordered effect algebra is a union of its blocks.
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If L is a compatible sublattice of a lattice-ordered effect algebra, then there is a
block M D L. Since M is a distributive lattice, L is distributive as well.

If E is an orthomodular lattice then every block is a Boolean algebra. Thus, the
fact that every lattice-ordered effect algebra is a union of its blocks is a generalization
of the well-known fact that every orthomodular lattice is a union of Boolean algebras.

We say that an element a of an effect algebra is sharp if and only ifa A @’ = 0. We
write S(E) for the set of all sharp elements of an effect algebra E. An orthoalgebra can
be characterized by £ = S(E). Every central element is sharp, hence C(E) € S(E).
In general, S(E) is not closed with respect to &, (see [15]). However, by [24], if E
is lattice ordered, then S(E) is a subeffect algebra and a full sublattice of E. For a
block M of a lattice-ordered effect aigebra, we have S(E) N M = S(M) = C(M),
(see [24]). '

An effect algebra E is called homogeneous if and only if, for all u, v, v, € E such
that u < v, @ v, < u/, there are uy, u, such that u; < vy, uy < vy, and u = u; ® u,.
Homogeneous effect algebras were introduced in [18]. Every orthoalgebra and every
lattice-ordered effect algebra is homogeneous. The set of all sharp elements of a
homogeneous effect algebra is closed with respect to é, hence it forms an orthoalgebra.

In [18], most of the results (concerning compatibility, blocks, and sharp elements)
from [30] and [24] were generalized for the homogeneous case. The situation is more
complicated here. In a homogeneous effect algebra, the blocks need not be lattice-
ordered anymore (they only satisfy the Riesz decomposition property) and the notion
of compatibility has to be generalized as well.

EXAMPLE 4. Let B be a Boolean algebra with at least two elements. Let us equip
B x B with a partial @ operation as follows: (x;, x;) @ (y1, y2) is defined if and only
if x; A y2 = x5 A y; = 0 and then

LX) ® Ly =k VHV @AY, BV YV @A)

Then (B x B; @, (0,0), (1, 1)) is an effect algebra denoted by D2. In D%, we have
{x1, x2) < (3, y2) if and only if x; < x; and y; < y,. Thus, D? is the same lattice
as the “ordinary” Boolean lattice B x B. However, if B has more than one element
then D?® is not an MV-effect algebra: we have (1,0) A (0, 1) = 0 but (1, 0) & (0, 1)
does not exist.

It is easy to check that

(x1, x2)" = (x3, x7)
and that
S(D®) = {{x,x): x € B).

Note that S(D?) is a Boolean algebra. This implies that S(D?) = C(D?). Since, for
|B| > 1, there are unsharp elements in D2, D? is not an orthomodular lattice.

https://doi.org/10.1017/51446788700036867 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700036867

7 Lattice ordered effect algebras 187

3. Generalized test spaces

In this section we present a slightly generalized version of the notion of test space,
originally introduced by Foulis and Randall in [11] and [29]. Despite of its relative
simplicity, the notion of test space (and its generalizations) is a very useful tool for
construction of orthoalgebras and effect algebras. See for example [6], [8], or [19] for
constructions that use test spaces.

Let X be a nonempty set and let .4#°, J be subsets of 2¥. We say that a triple
(X, Z,.A4) is a generalized test space if and only if the following conditions are
satisfied.

(GTS1) X = Ueot.

(GTS2) ¥ isanideal of 2%, that is, .#” is nonempty and for all 0,, 0, C X we have
0,Uo, € A ifand only if 0,,0;, € A4,

(GTS3) Forallt Ct, € X suchthatt, € &, we have t, €  if and only if
t,\t, e A

(GTS4) Forallt, Ct, C X suchthatt, \t; € 4, we have t; € . if and only if
t,e .

A generalized test space is a test space if and only if A" = {@}. For a test space, the
Axioms (GTS2) and (GTS4) collapse to tautologies and (GTS3) transforms to

(TS) Ift;,t, € T andt, Cty, thent; =t,.

(GTS1) and (TS) are the original axioms of a test space.

EXAMPLE 5. Let X be the system of all measurable subsets of the real interval
[0, 1]z and let Z be the set of all finite systems t € X such that the elements of t
are measurable, pairwise disjoint and w(UaqA) = 1. Let A be the set of all finite
pairwise disjoint systems of sets with zero measure. Then (X, Z, /) is a generalized
test space.

Throughout this section, we assume that (X, 7, /4') is a generalized test space.

An element of Z is called a rest. Since X is nonempty, (GTS1) implies that there
is at least one test. We say that a subset f of X is an event if and only if there is a test
te  suchthatf C t.

LEMMA 3.1. Every element of AN is an event.

PROOF. Lett, beatestandleto € 4. Putt, =t, Uo. Wehavet; \'t, Coc 4.

Since 4 is an ideal of sets, t, \ t, € A4. By (GTS3),t, €  and t; \ t; € A4 imply
that t, is a test. Thus, 0 C ¢, is an event. O

The elements of A are called null events.
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We say that two events f, g of a generalized test space (X, 7, /4) are

(i) orthogonal (in symbols f L g)ifand only if fNg € .4 and f U g is an event.
(i1) local complements (in symbols f loc g) if and only if fNg € A andfU g is
a test.
(iii) perspective (in symbols f ~ g) if and only if they share a local complement.

Note that every pair of tests is perspective, since @ is a local complement of every
test.

LLEMMA 3.2. For an eventf we havef ~ @ ifand only iff € A.

PROOF. Suppose that f ~ (. There is a test t such that f loc t. Since f U tis a test,
(GTS3) implies that f Ut \ t = f\ f Nt is a null event. Since floct, f Nt is anull
event. Therefore, f = (£ \ fNt) U (f Nt) is a null event.

Suppose that f € 4. Since f is an event, there isatestt D f. SincetNf =f € 4
andtUf =te 7, floct. Since tis atest, @ loc t. Therefore, £ ~ @. ]

LEMMA 3.3. Let t be a test and let f be an event such that £ ~ t. Then f is a test.

PROOF. Let h be alocal complement shared by f and t. Both tUh and t are tests. By
(GTS3),tuh\t € .#. Sincet loc h, tnh € .#. Therefore, h = tUh\t)U(tNh) € A&
and, sincefUh\f Ch,fUh\f € #/. By (GTS4),fUh e J andfUh\f e A4
imply thatf € 7. O

We say that a generalized test space is algebraic if and only if for all events f, g, h
we have

f~g and floch = gloch.
LEMMA 3.4. In an algebraic generalized test space, perspectivity is transitive.

PROOF. Suppose that f ~ g ~ h. There are events u,, u, such that f loc u; loc g
and g loc u, loc h. Since u, loc h andu, ~ u,, u, loc h. Therefore, f ~ h. O

Note that, in an algebraic generalized test space, both 4" and  are equivalence
classes of ~.

LEMMA 3.5. In an algebraic generalized test space, if f; ~ £, and £, L g then
f, Lgandfiug~f,Ug

PROOF. Let h be a local complement of f; Ug. Since f;lochU g and f; ~ f,,

f,loch U g This implies that f, | g Moreover, as f; Uglochlocf, U g,
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THEOREM 3.6. Let (X, I, A') be an algebraic generalized test space. Let & be
the set of all events of (X, 7, A). Define on &/ ~ a relation 1 and a partial
operation @ with domain L in the following way: [fl. L [g]~ ifand only iff L g
and then [f]. & [g]~ = [fUgl.. Then (&) ~, ®, A, T) is an orthoalgebra.

PROOF. Let us prove that 1 and @ are well-defined. Suppose that f; ~ f, and
g ~gandf, L g. By Lemma35,f L g andf Ug ~ f; Ug, Again, by
Lemma 3.5, this implies thatf, L g, and f, Ug, ~ £, U g,.

(E1) is trivially true, so let us prove (E2). If both sides of the associative equality
exist, they are (obviously) equal. Suppose that ([f]. & [g]-) ® [h]- exists. Thenf L g
and ([fl. @ [g]~) = [fugl].. Therefore fUg L h and we see that [f]. ® ([g]~ & [h].)
exists.

Let us prove (E3). Suppose that [f].. & [h]. = [g]. & [h]-, that means, f,g L h
and f Uh ~ g U h; let u be a common local complement of f Uh and g Uh. We see
that h U u is a common local complement of f and g, therefore f ~ g and [f]. = [g]-~.

(E4) is trivial, so let us prove (E5). For an event f, [f]_ is just the set of
all local complements of f. Obviously, [f]., can be characterized by the property
fl-®lfl.= 2.

The proof of (E6) is trivial.

Finally, let us prove that [f]. < [f]. implies [f]l. = 4#". Since f L f, we have
fNf =f e 4. Therefore [f]. = .# and we see that (&/ ~, ®, A, T) is an
orthoalgebra. g

The orthoalgebra (&/ ~, &, A4, ) is called the orthoalgebra of the generalized
test space (X, T, N).

4. The generalized test space of quotients

In this section we introduce our main tool. For every homogeneous effect alge-
bra E we shall construct a generalized test space Q2(E), where tests are finite sets of
comparable pairs (called quotients) with certain properties.

The origins of the notion of a quotient and the relations " and \ lie in lattice
theory, see for example [13, Section III.1]. However, the definitions of /' and
introduced here do not coincide with their lattice-theoretical versions, even in the case
of a lattice-ordered effect algebra (see the remark following Proposition 4.3). In the
case of an MV-effect algebra, our definitions coincide with their lattice-theoretical
counterparts.

Let E be an effect algebra and let P be a subposet of E. Let a/b denote an ordered
pair of elements of P satisfying a > b. We say that a/b is a quotient of P. The set
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of all quotients of P is denoted by Q(P). We say that ¢/d is a subquotient of a/b (in
symbols ¢/d T a/bora/b Jc/d)ifandonlyifb<d <c <a.

If a > b, we say that a/b is proper, otherwise we say that a/b is null.

We write a/b / c¢/d if and only if ¢ < ¢, b < d, c©a = d ©b and
(coa)An@ob) =0. Wewritea/b \y ¢/d if and only if c < a,d < b,
a©c=bodand (a6 c)A(aoSb)=0. Itis easy to check that a/b | ¢/d or
afb / c/dimpliesthata © b =cSd.

PROPOSITION 4.1. Let E be an effect algebra and let a/b,c/d € Q(E). The
following are equivalent:
®) a/bN\c/d;
(i) c/d 7 a/b;
i) v'/a S~ d [
(v) d'/d \WDb'/a
PROOF. The proofs of the equivalence of (i) and (ii) and of (iii) and (iv) are trivial.
Let us prove that (i) implies (iii). Since c < a,a’ <. Sinced <b, b <d'. We
have
dob=dob)Y =Wdsd)y=0ad =hbod.
Similarly, ¢ ©a’' = a © c and b’ © 4’ = a © b. Therefore,
dob=bod=a6c=coa
-and
dobynWoa)y=bodnr@eb)=@ec)r(asb)=0.
Let us prove that (iii) implies (i). By the previous parts of the proof,
bija fd')]c => d'/c \\VJjd = c/d /al/b = a/b\ c/d. a

EXAMPLE 6. Let [0, 1] be the effect algebra of all real functions of a real variable
[0,1] = [0, 1). Fora/b, c/d € Q(0, 1]*") we have a/b \| c/d if and only if, for
all x € [0, 1], a(x) # c(x) or b(x) # d(x) imply a(x) = b(x) = c(x) = d(x).

For example, we may take

a(x)=|x—-05{+05 cx)=1-x,
b(x) = x, dx)=05—|x—-0.5|

(see Figure 1).

EXAMPLE 7. Let E be a 6-element effect algebra with two atoms a, b, satisfying
a®a®a=a®bdb = 1. On Q(E), the \ relation is not transitive: we have
1/a’ \ya®b/banda & b/b\ a/0,but 1/a’ X, a/0,because a Aa’ =a # 0.
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FIGURE 1. a/b \| ¢/d in [0, 1]V

PROPOSITION 4.2. For every homogeneous effect algebra, /' and \ are transitive.

PROOF. Let E be a homogeneous effect algebra and let a/b, c/d, e/f € Q(E).
Assume thata/b /' ¢/d and c/d /' e/f. Obviouslya < eand b < f. We see that

eCa=(0c)®d(cBa)=(fed)o(dob)=fob.

Suppose that x < e©a, a©b. SinceeOa < (a6b) < x'andeba = (eSc)P(cOa),
we obtain
x<(e®c)®(cOa)<x.

Since E is homogeneous, there exist x; < e ©cand x; < c©Sa such that x = x; @ x».
However,ascOd = a© b, we have (e©c)A(c&d) = (eSc)A(aSb) = 0and thus
X1 <eSc,a0bimpliesthatx; =0. Asx; <cBa,a8band (cSa)A(@aeb) =0,
x5 = 0. Therefore, (¢ ©a)A (a6 b)=0anda/b /e/f.

Assume that a/b N\ ¢/d and ¢/d \, e¢/f. By Proposition 4.1, this is equivalent
tob'/a’ /S d'/candd'/c 7 f'/€. Since  is transitive, b'/a’ /' f'/e' and hence
a/b\ e/f. O

PROPOSITION 4.3. Let E be a lattice-ordered effect algebra and let a/b, c/d €
Q(E). Then

(i) a/b /c/difandonlyifa < d,avd=c,and=»s,
() a/b\ic/difandonlyifc & b,cvb=a,cAb=d.

PROGF. (i) Supposethata/b / c¢/d. Since (c©a)®(a©b) b exists, the set
{cSa, a©b, b} iscompatible and can be embedded into ablock M. Asa = (a©b)®b,
ae€eM. SincceccGa=doeb, weseethatd = (dOSb)Bb=(cSa)dbe M.
Therefore, a <> d. We see that

coavd)=(0anr(cod)=dob)Ar@eb)=0.

Therefore c = a v d.
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Sincea &> dandcod =a©b,
cod=@vd)oed=ao@nrd) =aob.

Thereforea Ad = b.
Suppose that a <> d, avd = canda Ad = b. Obviously, a Ad < a and
d <avd. Sincea & d,(avd)©a=do (a Ab)and it is easy to check that
[aeand)lInlde @nd)]=0.

(ii) This follows from (i) by a permutation of {a, b, c, d}. ad

REMARK. In lattice theory, the relation ” is defined by the rule
a/b /'c/d <= avd=c and aAnd=b

and '\ is defined in a dual way. By Proposition 4.3, our “effect-algebraic 7 is
more restrictive than the original lattice-theoretical . Both definitions coincide for
MV-effect algebras, because in this case the additional condition a <> d is clearly
satisfied.

In what follows, the symbol = denotes the transitive closure of (\( U ). Obvi-
ously, = is an equivalence relation.

EXAMPLE 8. Let a/b, c/d € Q([0,1]1"). We have a/b = c/d if and only if for
all x € [0, 1]

a(x) #c(x) or bx)#Fdx) = a(x)=>b(x) and c(x)=d(x).
We say that quotients a/b and c/d are disjoint if and only if for all x/y and z/w,
a/b3Ix/y=z/wCc/d — x=0y.

We say that a/b and c/d are orthogonal (in symbols a/b L c/d) if and only if
a/b and c/d are disjoint and (a © b) & (¢ © d) exists in E. We say that a finite set f
of quotients is pairwise orthogonal if and only if any two distinct elements of f are
orthogonal. We say that a finite set of quotients f = {a,/b,, ..., a,/b,} is orthogonal
if and only if f is pairwise orthogonal and the sum |f| defined by

|f| = (al ebl) ®--- @(an ebn)
exists in E.

EXAMPLE 9. In [0, 1]°Y, we havea/b L c/d if and only if, for all x € [0, 1], the
intervals (b(x), a(x)] and (d(x), c(x)] are disjoint.
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FIGURE 2. a/b L c/d in [0, 1]®:1

EXAMPLE 10. In an orthoalgebra, wehavea/b L c/d if and only if (a ©b) D (cOd)
exists.

Note that, fora/b " c/d and x/y T a/b, there is xo/yy T c/d withx/y 7 xy/ yo.
Indeed, we may put xo = x @ (c © a) and y; = y & (c © a). There is an analogous
relationship between \ and C.

PROPOSITION 4.4. Let E be a homogeneous effect algebra and let a/b, c/d, e/f €
Q(E). Ifa/b = c/d and c/d is disjoint with e/ f, then a /b is disjoint with e/ f.

PROOF. Suppose thata/b /' c/d. Let x/y and z/w be such that
a/bJx/y=z/wCe/f.

There is xp/yo € ¢/d with x/y " xo/yo. However, since ¢/d J xo/y; = z/w C e/f
and c/d, e/f are disjoint, x; = y; and hence x = y.

Similarly, a/b ~\ c¢/d implies that a/b is disjoint with e/f. The rest of the proof
is a simple induction. g

Let E be a homogeneous effect algebra. Let us extend the relation = to the set of
all finite subsets of Q(£): for two finite sets of quotients f and g we write £ = g if
and only if the following symmetric pair of conditions is satisfied.

e For every proper a/b € f there is exactly one c¢/d € gsuchthata/b =c/d.

e For every proper a/b € g there is exactly one ¢/d € f such thata/b = c/d.
It is obvious that = is an equivalence relation on the set of all finite sets of quotients.
Note that f = @ if and only if f contains only null quotients.

LEMMA 4.5. Let E be a homogeneous effect algebra and let £, g be finite sets of
quotients. Iff = g and £ is (pairwise) orthogonal, then g is (pairwise) orthogonal.

PROOF. Suppose that f is pairwise orthogonal. Let a,/b,, a;/b, € g such that
a;/by # a/b,. If one of a,/b,, ay/b, is null then a,/b; L a,/b,, so let us assume
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that both a,/b,, a,/b, are proper. Since f = g, there are ¢;/di, ¢2/d, € f such that
c1/dy = a/by, ¢;/dy = a,/b, and ¢/d, # cy/d,. Since f is pairwise orthogonal,
¢1/dy L c¢y/d,. Therefore, a;/by L ay/b,.

Suppose that f is orthogonal. Then g is pairwise orthogonal and it remains to
observe that the elements occurring in the sum |f| are (up to some zeros) the same as
the elements occurring in the sum |g|. Therefore, g is orthogonal. O

LEMMA 4.6. Let E be a homogeneous effect algebra and let

f= {al/bl’ vy an/bn} - Q(E)
be a pairwise orthogonal n-element set. Let
g= {Cl/dlv-- o Cn/dn} C Q(E)

be a finite set such that, foralli € {1,...,n}, ¢;/d; = a;/b;. Thenf =g

PROOF. We have to prove that, for proper a;/b; and ¢;/d;, a;/b; = c;/d; implies
that i = j. Suppose that i # j. Since f is pairwise orthogonal, a;/b; L a,/b;.
However, a;/b; = c;/d; = a;/b;. Therefore, a;/b; = a;/b; and this is a contradiction
with a;/b; 1 a;/b;. O

Note that we cannot omit the assumption that f is pairwise orthogonal from
Lemma 4.6. To see this, let f = {a,/b1, a;/b,} be such that a,/b, = a,/b, and
a; /by is proper. Then for g = {a;/b,,a,/b;} we have g £ f.

Let E be a homogeneous effect algebra. Let Z be the set of all finite orthogonal
sets t € Q(E) with [t| = 1 and let 4 be the set of all finite sets of null quotients.
We define atriple Q(E) by Q(E) = (Q(E), T, A). Itis evident that Q (E) forms a
generalized test space. Note that, for all events f, g of Q(E), f = g implies thatf ~ g.

The main aim of the following two sections of this paper is to prove the following
theorem.

THEOREM 4.7. Let E be a complete lattice-ordered effect algebra. Let f be a finite
set of quotients of E. Then the following are equivalent:
(a) fisanevent of Q(E);
(b) fis an orthogonal set of quotients;
(c) fis apairwise orthogonal set of quotients.

It will then turn out that Q (E) is an algebraic generalized test space. Later we shall
prove that the orthoalgebra O(E) of Q(E) is actually an orthomodular lattice with
the same block structure as E.
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5. Reduced quotients

Let E be an effect algebra and let a/b € Q(E). We say that a/b is a reduced
quotient if and only if

a/lbNc/d = afb=c/d.

Note that a/b is reduced if and only if x < band x A (@ © b) = O imply x = 0.

A null quotient a/a is reduced if and only if a = 0. In an orthoalgebra, a proper
quotient a/b is reduced if and only if b = 0. On the other hand, in a totally ordered
effect algebra every proper quotient is reduced.

We say that a finite set {a, /b, ..., a,/b,} of quotients is compatible if and only if
{ai, b1, ..., a,, b,} is a compatible set.

The aim of this section is to show that for every pairwise orthogonal finite set f
of quotients in a complete lattice-ordered effect algebra there exists a compatible
pairwise orthogonal finite set fz of reduced quotients with f = f¢.

EXAMPLE 11. A quotient a/b € Q([0, 1]®") is reduced if and only if
a(x)=b(x) — alx)=bkx)=0.

An effect algebra E is sharply dominating if and only if, for every x € E, the
element x' defined by

xt= A\ ft:telx 11NSE))

exists and is sharp. It is easy to see that in a sharply dominating effect algebra E, the
element x* defined by

xt=\/{t:1 € [0,x1N S(E))

exists and is sharp for all x € E. Moreover, we have x = x"* and x¥ = x’*. We say
that x* is the sharp cover of x and that x* is the sharp kernel of x. In his paper [3],
Cattaneo proved that for every sharply dominating effect algebra the set of all sharp
elements forms a subeffect algebra which is an orthoalgebra. See [16] for another
version of the proof.

EXAMPLE 12. The lattice-ordered effect algebra D® from Example 4 is sharply
dominating, even if B is incomplete. We have

(x1, %2)" = (x; Vx2, X Vx;) and

(J\Tl,xz)i = (X1 A Xz, X1 A Xa).

https://doi.org/10.1017/51446788700036867 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700036867

196 Gejza Jenta [16]

We say that an effect algebra E is orthocomplete if and only if every chain has a
supremum in E. See [23] and [22] for results on orthocomplete effect algebras. A
lattice-ordered effect algebra is orthocomplete if and only if it is a complete lattice.

PROPOSITION 5.1. ([21, Corollary 5]) Every orthocomplete homogeneous effect
algebra is sharply dominating. Moreover, for every block M, x € M implies that
[x*, x], [x,x"] € M.

Since all complete lattice-ordered effect algebras are orthocomplete and homoge-
neous, we may apply Proposition 5.1 for them. Note that Proposition 5.1 implies that
every subset of a complete lattice-ordered effect algebra of the form [x*, x] U [x, x"]
is compatible.

LEMMA 5.2. Let E be a complete lattice-ordered effect algebra. For all y € E,
y¥ = y" is the greatest element of the set

(5.1) [xeE:x<yandyAnx=0}.

PROOF. Let us prove that y'* is the upper bound of the set (5.1). For every x,
x =< y'. Therefore, x <> y and there is a block M D (y, x}. By [21, Lemma 1],
y A x = 0 implies that y' A x = 0. Since M is an MV-effect algebra, this implies that
x < yv =yt

Since y* < y’ and

yAyt=yay <yt Ayt =0,
y'* belongs to (5.1). a

PROPOSITION 5.3. Let E be a complete lattice-ordered effect algebra and let
a/b € Q(E). The following are equivalent:
(i) a/bis reduced;
(i) ba(@eb)’ =0;
(iii) a <(aobd);
(iv) b<(aob) e (@ob).

PROOF. (i) = (ii): Suppose that x < b, x < (a©b)V. Sincex < b,x < (aOb)".
By Lemma 5.2, x < (a © b)V implies that x A (@ © b) = 0. Since a/b is reduced,
this implies that x = 0.

(ii) = (ii): Let M be a block of E with a,b € M. By Proposition 5.1,
(a© b)t € M and hence (a © b)" € M. Since (a © b)" is sharp, (a © b)" is central
in M. Thus, we may compute

an@eb’=(aeb)db)r@ob)’=(aeb)r@eb)V)e(br@obd).
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By Lemma 5.2, (@ © b) A (a © b)" = 0. By assumption, b A (a © b)" = 0. Since
a A (a© b)Y =0and M is an MV-effect algebra, a < (@ © b)!" = (a © b)".

(iii) = (iv): We seethata = (a©b)®b < (aSb)', hence b < (aOb)'S(aOD).

(iv) = (i): Supposethatx < b,x A(a©b) = 0. Sincex < b < (aob)'©(aOb),
we have x < (a © b)’. By Lemma 5.2, x < (@ ©b) and x A (a © b) = 0 imply
x<(@oby*=@eb) Sincec@@eb)'rA@eb)’=0,x=0. O

The following lemma is crucial.

LEMMA 5.4. Let E be a complete lattice-ordered effect algebra. Let a/b be a
reduced quotient of E and let M be a block of E witha © b € M. Thena,b ¢ M.

PROOF. By Proposition 5.3, a < (a © b)*. This implies thata € [a © b, (a ©b)"].
Therefore, by Proposition5.1,a € M. Sincea, (a©b) € M,b = a&(acb) e M. [

COROLLARY 5.5. Let E be a complete lattice-ordered effect algebra, let f be a finite
set of reduced quotients of E such that {a © b : a/b € £} is compatible. Thenf is a
compatible set of quotients.

PROOF. Let a/b,c/d € f. Since a © b & ¢ © d, there exists a block M with
a©b,coS5de M. By Lemma 54, a,b,c,d € M. Therefore, {a/b,c/d} is a
compatible set of quotients. Thus, f is a compatible set of quotients. O

COROLLARY 5.6. Every reduced pairwise orthogonal finite set of quotients of a
complete lattice-ordered effect algebra is compatible.

PROOF. This follows from Corollary 5.5. O
EXAMPLE 13. If a/b is a quotient of [0, 1]*! then a® /b is given by

af(x) = [a(x) ?fa(x) > b(x), bR (x) = [b(x) ?fa(x) > b(x),
0 ifa(x) = b(x), 0 if a(x) = b(x).

(See Figure 3.)

Let E be a complete lattice-ordered effect algebra. Let us introduce a mapping
R : Q(E) — Q(E), given by a/b — a®/bR, where a® = a A (a © b)' and
b® = b A (a © b)". We say that a®/b¥ is the reduct of a/b.

PROPOSITION 5.7. Let E be a complete lattice-ordered effect algebra. For every
a/b e Q(E), a/b \, a® /bR and a® /bR is reduced.
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FIGURE 3. a/band a® /b® in [0, 110!

PROOF. Obviously, a® < a and b* < b. Let M be a block with a,b € M. By
Proposition 5.1, (@ © b)' € M. Since (a © b)' is sharp, (a © b)" is central in M.
Therefore,

a0af=a0(an@oeb))=arn(@ob)V=(b®@ob)Ar@ob”
=(bAr@ob))d(@ob)r@eb))=br@ob)”
=b6 (bAr@obt)=bo b~
Moreover,
(@ob)A(aea®)=@eb)rar@eb)=0.

Let us prove that a®/b® is reduced. By Proposition 5.3, this is equivalent to
bR A (a®R ©b®)Y = 0. Since a/b \y a¥/b%,a © b = a® & bX. Thus,
A @ ebH =br@eb)' A@aob)V =0. O

PROPOSITION 5.8. Let E be a complete lattice ordered effect algebra and let
a/b,c/d € Q(E). Thena/b = c/d ifand only if a® /b% = c®/d®.

PROOF. If a®/b® = c®/d® then a/b \y a® /bR = c®/d® 7 c/d.
Suppose that a/b /' ¢/d. By Proposition 4.3, a < d so there is a block M with
{a, b, c,d} € M. By Proposition 5.1, (c ©d)' € M N S(E) = C(M). Therefore,

F=cncod)=(coa)@a)r(cod)!
=(coapncod)@d(arcodt).
ByLemma5.2,c©a < (c©d) and (c & a) A (c © d) = 0 imply that
.c0axz(codt=(cod".
Therefore, (c 8 a) A (c©d)" = 0 and
f=ancod=an@ob) =ar

As a consequence, dX = cR © (c©d) = a® 6 (a © b) = bR O
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Let £ be a complete lattice-ordered effect algebra. For a finite n-element set
f={a/by,...,a,/b,) we write f® = {af/b}, ..., a®/bR}.

PROPOSITION 5.9. Let E be a complete lattice-ordered effect algebra. Let £ be
a finite pairwise orthogonal set of quotients. Then f = f® and t® is a pairwise
orthogonal compatible set of quotients.

PROOF. By Lemma 4.6, f = f®. By Lemma 4.5, f¥ is pairwise orthogonal. By
Corollary 5.5, f® is compatible. O

6. Compatible sets of quotients

In this section we are going to prove a restriction of Theorem 4.7 for compatible
events, (see Proposition 6.6.) Using Proposition 5.9, it is then possible to extend the
result to the general case.

Let D be a bounded distributive lattice. Up to isomorphism, there exists a unique
Boolean algebra B(D) such that D is a 0, 1-sublattice of B(D) and D generates B(D)
as a Boolean algebra. This Boolean algebra is called an R-generated Boolean algebra.
We refer to [13, Section I1.4] for an overview of results concerning R-generated
Boolean algebras. See also [17] and [27]. For every element x of B(D), there exists
a finite chain x; < --- < x, in D such that x = x; + --- + x,,, where + denotes
the symmetric difference, as in Boolean rings. We then say that {x;}}_, is a D-chain
representation of x. It is easy to see that every element of B(D) has a D-chain
representation of even length.

Note that if D; is a 0, 1-sublattice of a distributive lattice D, then B(D,) is a
subalgebra of B(D,). '

LEMMA 6.1. ([20, Lemma 7]). Let L be a finite 0, 1-sublattice of an MV-effect
algebra M. The mapping ¢, : B(L) — M given by

6.1) ¢.(x) = P (2 © x2-1)
i=1

where {x;}" is a L-chain representation of x, is a faithful surjective homomorphism

of effect algebras. The value of ¢, (x), as given by (6.1), does not depend on the choice
Of {xi},'z:.y

Note that, since every compatible 0, 1-sublattice L of a lattice-ordered effect algebra
is a sublattice of some block M, Lemma 6.1 is true even if we merely suppose that L
is a compatible 0, 1-sublattice of a lattice-ordered effect algebra.
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Let L be a lattice. An element a of L is join-irreducible if and only ifa = b v ¢
implies that a = b or a = c; it is meet-irreducible if and only if a = b A c implies
that a = b or a = c¢. The set of all nonzero join-irreducible elements of a lattice L is
denoted by J (L) and the set of all non-unit meet-irreducible elements of a lattice L is
denoted by M (L).

Let L be a finite distributive lattice. Then the mapping r : L — 2’1 given by
r(x) ={a e J():a < x}is a0, 1-embedding of L into 2/©. Since, for every finite
distributive lattice L, r(L) R-generates 27, the injective mapping r : L — 2/®
uniquely extends to an isomorphism of Boolean algebras 7 : B(L) — 2/,

In what follows, > » denotes the usual covering relation on a poset P, sothata >, b
if and only if b is a maximal element of the set {x € P : x < a}. In a finite distributive
lattice L, we have a >, b if and only if 7(a) \ 7(b) is a singleton.

Let L be a finite distributive lattice. We have a € J(L) if and only if there is a
unique b such that @ >, b. Therefore {a + b : a >, b, a € J(L)} is the set of all
atoms of B(L).

Let L be a finite 0, 1-sublattice of a lattice-ordered effect algebra E, and let
f = {a/by,...,a,/b,} be a compatible set of quotients such that f € Q(L). We
write

+f=al+bl+"'+an+brn

where the + on the right-hand side is taken in B(L).

LEMMA 6.2. Let E be a complete lattice-ordered effect algebra and let {a /b, c/d)
be compatible. Let L D {a, b, c, d} be a finite compatible 0, 1-sublattice of E. Then
a/b=c/d implies thata + b = ¢+ d in B(L).

PROOF. By Proposition 5.8, a/b = c/d implies that a®/b® = c®/d®. Let M be a
block of E such that L € M. Since a® b € M, Lemma 5.4 implies a®/b® € Q(M).
Therefore {a/b, c/d, a® /bR = c®/d*} is a compatible set of quotients. Let L, be a
finite compatible lattice such that L € L, € M and {a®, b?} C L,.

By Proposition 5.7,a/b \, a®/b%. By Proposition 4.3, bva® = aand bra® = bX.
Therefore, we may calculate in B(L,) that

a+b=(bva®)+b=a®+ (bra®)=a"+b"
Similarly, c¢/d \, ¢®/d® implies that ¢ + d = c® + d*. Therefore
a+b=a*"+b"=cf+d"=c+d

in B(L,) and, since B(L) is a subalgebra of B(L;),a + b =c +d in B(L). O
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PROPOSITION 6.3. Let E be a complete lattice-ordered effect algebra and let
{a/b, c/d} be compatible. Let L D {a, b, c, d} be a finite compatible 0, 1-sublattice
of E. Suppose thata > b. Thena/b = c/d ifand only ifa+ b = c+d in B(L).

PROOF. Suppose that a + b = ¢ + d. Since a >, b, F(a) \ 7(b) is a singleton.
Lete € 7(a) \ 7(b). Since e is join-irreducible and nonzero, there is a single element
f € L suchthate >, f. We claim that a/b | e/f. Indeed,

anbve)y=@@Ab)viane)=bVe,

hencea > bve > b. Sincea >, b, we haveeitherbve =aorbVve = b. However,
b Vv e = b implies that e € F(b), which contradicts e € F(a) \ F(b). Therefore
bve=a.

Since L is distributive, the intervals [b, b V €] and [b A e, e] are isomorphic. As
bVve=a>; b,e > bAe. Since e is join-irreducible and nonzero, e covers exactly
one element, hence b A e = f. We have provedthatbve =aanda Ae = f. By
Proposition 4.3, a/b \  ¢/f .

Since a + b = c+d, F(a) \ 7 (b) = F(c) \ 7(d) and F(c) \ 7(d) is a singleton.
This implies that ¢ >, d and, as for a/b, we deduce c¢/d \ e/f. Therefore,
a/b\ve/f /c/danda/b=c/d.

The converse implication follows by Lemma 6.2. 0O

LEMMA 6.4. Let E be a complete lattice-ordered effect algebra and let {a /b, c/d}
be compatible. Let L D {a, b, ¢, d} be a finite compatible 0, 1-sublattice of E. Then
a/b and c/d are orthogonal if and only if a + b and c + d are disjoint in B(L).

PROOF. Suppose that a/b and c/d are orthogonal and that a + b and ¢ + d are not
disjoint in B(L). Then there exists e € (F(a) \ 7(b)) N (F(c) \ 7(d)).

Letay/by, - - ., a./b, and ¢y/dy, - - ., ¢i/di be sequences of quotients of L such that
a=4ay >, b0=a1 >r bl =Qay >y >L b,,_l =a, >Lb,,=b
and
C =Cy>L d0=C| >Ld1 =Cy>L " >L dk—l = Ci >Ldk=d.

In 2’®), we have
Fla) \ F(b) = U_o(F(a) \ 7(b))

and similarly for 7(c) \ 7(d). Therefore e € (F(a;) \ F(b;)) N (F(c;) \ 7(d))) for
some i, j. Since a; > b; and ¢; >, d;, this implies that 7(a;) \ 7 (b;) = F(c;) \ 7 (d;),
which means a; + b; = ¢; + d;. By Proposition 6.3, a;/b; = c;/d;. This contradicts
a/bl c/d. ’
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Suppose that a + b and ¢ + d are disjoint in B(L). Letx/y, z/w € Q(E) be such
that :

a/b3x/y=2z/wCc/d.

Obviously {a, b, x, y}and {c, d, z, w}are compatible sets. SincexOy = z6w <a,c
andxSy=z6w <V, d, it follows that {a, b, c,d,x © y = z © w} is compatible
as well. By Lemma 5.4, this implies that the sets of quotients

fi :={a/b, x/y,a"/b*, x" [y}, £, :={c/d,z/w,c/d", 2" /wF),  and
g:={a/b,c/d, a® /bR, c®/d®, x® [y}

are compatible. Moreover, by Proposition 5.8, x®/y® = zR/wR. Let L,, L, and K
be finite compatible O, 1-sublattices of E such that f; € Q(L,), f, € Q(L,) and
g < O(K).

Obviously, a + b >py,y) x + y. By Lemma 6.2, a + b =p¢,, a® + b® and
x +y =spqz,) x¥ + yR. Therefore a® + b® >p,,, x® + y%. Since B(L; N K)
is a subalgebra of B(L;), we have a® + b® >p nxy x® + y%. Since B(L, N K)
is a subalgebra of B(K), this implies that a® + b® >pk, x® + y®.  Similarly,
c®+dR =gy 2® + wF = x® + yR. Since a + b and ¢ + d are disjoint in B(L), they
are disjoint in B(L N K) and hence also in B(K). By Lemma 6.2, a® +b% =3 a+b
and ¢® + d® =) ¢ + d. Thus a® + b® and c® + d® are disjoint elements of B(K).
This implies that x® + y® = 0, so x* = y® and hence x = y. O

PROPOSITION 6.5. Let E be a complete lattice-ordered effect algebra. Let
f={a\/b,...,a,/b,} € Q(E) be a compatible set of quotients. Let L be a finite
compatible 0, 1-sublattice of E with {a\, by, ..., a,, b,} € L. Thent is orthogonal if
and only if, for all i # j, a; + b; anda; + b; are disjoint in B(L).

PROOF. (=): This follows from Lemma 6.4.
(«<): By Lemma 6.4, the elements of f are pairwise disjoint. It remains to prove
that

Ifl=(a1©b)®--- & (a, © by)
exists. By assumption, the sum

(al +bl)@"’@(an +bn)
exists in the effect algebra B(L). Since ¢, is a morphism of effect algebras, the sum
$r(ar+0)®---® ¢L(a, + by,)

exists in E. It remains to observe that, for all i, ¢, (a; + b;)) = a; © b;. ]
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It is now clear that, for every finite compatible 0, 1-sublattice L of a complete lattice
ordered effect algebra E,

{a/b:a >, b,a € J(L))

is a compatible test of £ (E). On the other hand, for a finite compatible and orthogonal
set of quotients f = {a,/b,, ..., a,/b,} we have

+f = (a, + b))V ---V(a, + b,)
in every B(L) with f € Q(L), where L is a finite compatible 0, 1-sublattice of E.

PROPOSITION 6.6. Let E be a complete lattice-ordered effect algebra. Let f be a
finite compatible set of quotients of E. Then the following are equivalent:
(a) fisaneventof Q(E);
(b) fisan orthogonal set of quotients;
(¢) fispairwise orthogonal.

PROOF. (a) implies (b) and (b) implies (c) by definition.

To show that (c) implies (a), we shall prove that there exists a compatible and
orthogon'al finite sett D f with |t| = 1. Letf = {a1/b,,...,a,/b,}. Let L be a
finite compatible 0, 1-sublattice of E with {a, b, ..., a,, b,} S L. Let (c,-)?i, be an
L-chain representation of the complement of a; + b; + - - + a, + b, in B(L). By
Proposition 6.5,

t= {al/bl, P a,,/b,,, C2/Cl, . ..,CZk/CZk_l}

is orthogonal. By Lemma 6.1, we have |t[ = 1. ' g

COROLLARY 6.7. Let E be a complete lattice-ordered effect algebra. Letf € Q(E)
and g C Q(E) be events of Q(E) such that £ U g is compatible. Let L be a
finite compatible 0, 1-sublattice of E with f,g C Q(L). Thenf L g if and only if
+f L) +gand £ loc g if and only if +£ Ly +g and ¢ ((+H)V(+g)) = 1.

PROOF. This follows from Propositions 6.5 and 6.6. O
PROOF (Proof of Theorem 4.7). Let f be a finite pairwise orthogonal set of quotients.
Since f = f*, fR is pairwise orthogonal. By Corollary 5.6, f* is compatible. By

Proposition 6.6, fX is an event of Q(E), therefore there exists a test to 2 f%. Put
t=fU (t, \ f?). By Lemma 4.6, t = t,. By Lemma 4.5, t is a test. ]
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PROPOSITION 6.8. Let E be a complete lattice-ordered effect algebra and let £, g
be events of Q(E). Thenf L g ifandonly if, for all x/y € f and z/w € g, we have
x/y Lz/w.

PROOF. f 1 gifandonly if fNge .4 and fU g is an event of Q(E). The rest
follows by Theorem 4.7. a

7. Q(E) is algebraic

Let £ be a finite orthogonal set of quotients and let z/w € Q(E). We say that z/w
is covered by f if and only if there are z; /w;, . . ., Z,/w, such that

® =1,

o w,=w,

e foralll <i < n,w; =z,

e foralll <i <n,therearec/d and e/f suchthatz;/w; =c/d S e/f €f.

PROPOSITION 7.1. Let E be a complete lattice-ordered effect algebra and let t be a
test of 2(E). Let z/w be such that, foralle/f € t, 7O w < ¢ © f. Then z/w is
covered by t.

PROOF. Let us write t = {e,/fi, ..., €m/fn}. By Corollary 5.5, t® U {z®/w?} is
a compatible set of quotients. Let L be a finite compatible 0, 1-sublattice of E with
t? U {z®/w®} € Q(L). By Lemma 6.1,

¢L((ef+flR)\'/---\'/(eﬁ+f”’f))=(efef,’*)ea---ea(e,’jef”f)=|t|=1.

Since ¢, is faithful, this'implies that (ef + fF) V.-V (eR + fF) = 1.
Letzi/wy, ..., Z,/w, € @(L) be such that

o ¥ =72,

o w, =wk,

e foralll <i <n,zi =wi,
o foralll <i<n,z > w;.

In B(L), we have
R wR=(@+w)V--V(z+ w,).

Since each z; + w; is an atom of B(L), we see that for every 1 < i < n there exists
some 1 < j < m such that z; + w; < e} + f%. Therefore there exist ¢, d € L such
thatz; + w; = c + d and ef > ¢ > d > f}. By Proposition 6.3, z;/w; = c/d.

Since z®/w? is covered by t¥, z/w is covered by t. 0
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THEOREM 7.2. For every complete lattice-ordered effect algebra E, Q2(E) is an
algebraic generalized test space.

PROOF. Letf, g, h be such that f ~ g, g loc h. We shall prove that f loc h.

There is an event u such that f loc u and g loc u. Since |f| @ |h| = 1, it suffices
to prove that every pair of quotients a/b € f and c¢/d € h is disjoint. Assume the
contrary and let x/y, z/w be proper quotients such that

a/bx/y=z/wEc/d.

Since (x © y) @ |u] and (z © w) @ |g| exist and x © u = z & w, we see that, for
alle/f eulUg, xoy=z0w <(e© f). Therefore xSy =z0w <> ¢S f.
By Proposition 7.1, this implies that x/y is covered by the test u U g. However, since
x/y Ea/b ef 1 u,x/yisdisjoint with every element of u. Therefore x/y is covered
by g. In particular, there exists a proper quotient x;/y; & x/y such that x,/y, C p/qg
for some p/q € g. Asx;/y; C x/y and x/y = z/w, there exists a proper quotient
Zi/w; € z/w such that z;/w, = x;/y,. Obviously z; © w, < z © w implies that, for
alle/f eulUg, x1©y1=210w; < (¢© f) andhencex; 8y, =710 w; <> ¢S f.
By Proposition 7.1, this implies that z;/w, is covered by the test u U g. Since
z/w; E z/w C ¢/d € h L g, z;/w, is covered by u. In particular, there is /s € u
such that there is a proper quotient z,/w; € z;/w1, r/s. As z1/w; = x;/y, there is a
proper quotient x,/y, = x,/y; such that x,/y, = z,/w,. We see that

p/q 2xi1/y1 D x2/y2 =2/w E z1/wy Er/s
and x,/y, is proper. This is a contradiction with /s L p/q. |

For a complete lattice-ordered effect algebra, we denote the orthoalgebra of Q(E)
by O(E).

COROLLARY 7.3. For every complete lattice-ordered effect algebra E, the mapping
¢ : O(E) = E given by ¢x([f].) = |f| is a surjective full morphism of effect
algebras.

PROOF. It is easy to check that ¢ is a morphism of effect algebras. Lets,z € E
and suppose that s @ ¢ exists. Then, in Q(E), {s/0} L {s ®t/s} and hence, in O(E),
the sum [{s/0}]~ ® [{s & t/s}]~ exists. Since ¢pz([{s/0}].) =sforalls € E, ¢g is
surjective. |

To abbreviate our notations, let us write

e f < ginstead of [f]. < [g]~,
e a/b | finstead of {a/b} L f,
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e a/b < finstead of {a/b} Sf.

PROPOSITION 7.4. Let E be a complete lattice-ordered effect algebra and let f, g
be events of Q(E). Thenf < gif and only if, for all a/b € Q(E), a/b L g implies
a/b 1 f.

PROOF. Suppose that f < g. Thereis anevent vsuchthatv L fandvUf ~ g If
a/b L gthena/b L vUfanda/b Lf.

Suppose that, for all a/b € Q(E), a/b L gimplies thata/b L f. Letu be a
local complement of g. By assumption, every quotient in u is orthogonal to f. By
Proposition 6.8, this implies that f Uu is an event. Let v be a local complement of
f Uu. Then uis a local complement of f Uv. Consequently, fUv ~ gandf <g. O

COROLLARY 7.5. Let E be a complete lattice-ordered effect algebra and let f, g be
events of Q(E). Thenf ~ gifand only if, foralla/b € Q(E), a/b 1 { if and only if
a/b Ll g

PROOF. This follows from Proposition 7.4. ) O

PROPOSITION 7.6. Let E be a complete lattice-ordered effect algebra and let f, g
be events of Q(E). Thenf S gifandonlyif, forallx/y € f,x/y S g

PROOF. Suppose thatforallx/y € f wehave x/y < g. Lethbe alocal complement
of gz Thenf < gifand only iff L h. Let x/y € f and z/w € h. Since
x/y S g Lh2z/w, weseethat x/y L z/w. By Proposition 6.8,f L h. ]

8. Perspectivity of sharp and compatible events

We say that an event f of Q (E) sharp if and only if |f| is sharp.

PROPOSITION 8.1. Let E be a complete lattice-ordered effect algebra. Let g be a
sharp event of Q(E) and letf be an event of Q(E). Thenf < gifand only if |f| < |g|.

PROOE. Obviously, f < g implies that |f] < |g|.

Suppose that |f| < |g| and that a/b 1 g. By Proposition 7.4, it suffices to prove
that a/b 1 f. Suppose that a/b L f. By Proposition 6.8, this implies thata/b f c/d
for some c/d € f. As (a © b) @ |g| exists, (a © b) ® (c © d) exists. Therefore a/b is
not disjoint with ¢/d. In particular, (¢ © b) A (c © d) > 0. However, we then have

O<@obAr(od)<aob=|gl and
O<@oebnr(od)<cod<=<Ifl <lgl

This is a contradiction with |g] € S(E). O
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COROLLARY 8.2. Let E be a complete orthomodular lattice. Then the mapping
Y O(E) — E given by ¢ ([f]-.) = |f| is an isomorphism.

PROOF. The proof is a trivial application of Proposition 8.1 and is omitted. O

PROPOSITION 8.3. Let E be a complete lattice-ordered effect algebra. Let f, g be
compatible events of 2 (E) such that £U g is compatible. Let L be a finite compatible
0, 1-sublattice of E withf Ug € Q(L). Thenf < g ifand only if +f < +gin B(L).

PROOF. Let (c;)*, be an L-chain representation of the complement of +g in B(L)

and write h = {¢y/cy, . .., ca/Cu-1}- By Corollary 6.7, g loc h.
Since Q(E) is algebraic, f < g is equivalent to f L h. By Corollary 6.7, f L hif
and only if +f L +h. Obviously +f L +h if and only if +f < +g. ad

COROLLARY 8.4. Let M be a complete MV-effect algebra. Then the mapping
v 1 O(M) — B(M) given by ¥ ([f].) = +f is an isomorphism of effect algebras.

PROOF. Let us prove that y is well-defined: suppose that f ~ g. Since M is an
MV-effect algebra, f U g is compatible. By Proposition 8.3, +f = +g. Obviously ¥
is surjective. Suppose that ¥ (f) = ¥ (g), which means +f = +g. By Proposition 8.3,
f~g

It remains to prove that ¢ is a homomorphism. Suppose that [f]. L [g]~. This
implies that f L g. Let L be a finite 0, 1-sublattice of E with f Ug € Q(L). By
Corollary 6.7, ¥ (f) L ¥ (g) and, obviously,

v(fl-olgl.) =y(fugly) =D & (+g) =y (flo e v(gl.). - O

9. O(E) is alattice

Letf = {a;/b,, ..., a,/b,} be acompatible event of E. In what follows, (f) denotes
the (finite distributive) O, 1-sublattice of E generated by the set {a;, by, . .., an, b,}.
Let f be an event of E. We denote the test

{a/b:a € J({f?)),a >, b}
by t;. We write
f*={a/bet:a/b Lf)

We have f ~ % and f* loc f*. Since Q(E) is algebraic, f loc f*.
PROPOSITION 9.1. Let E be a complete lattice-ordered effect algebra. Let £ be an

event of Q(E) and leta/b € Q(E). Thena/b L fifand only if a/b is covered by f*.
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PROOF. Suppose that a/b 1 f. We shall prove that a/b is covered by f*. For all
c/d € f,a 6 b < c ©d. Therefore, by Corollary 5.5, {a®/b®} U f® is a compatible
set of quotients. Obviously (ff) C (ff U {a®/b%}). Asf* € Q((f*)), this implies
that {a®/b®} U f* is compatible. Therefore, for all c/d € fRUf*,a ©b < c©d. By
Proposition 7.1, a/b is covered by the test ff U f*. Since a/b L f%, a/b is covered

by f*.
Suppose that a/b is covered by f*. As f loc f*, this implies thata/b < f* and hence
a/b 1f. a

COROLLARY 9.2. Let E be a complete lattice-ordered effect algebra. Let f, g be
events of Q(E). Then g < f if and only if every a/b € g is covered by f**.

PROOF. Since f loc f*, g < f if and only if g L f*. By Proposition 6.8, g L f* if
and only if every a/b € g is orthogonal to f*. By Proposition 9.1, a/b L f* if and
only if a/b is covered by f**. O

Let us write, fora/b € Q(E) and p € S(E), (a/b)Np =a A p/b A p. Note that
the reduction map is a special case of N since a® /b® = (a/b) N (a © b)".

LEMMA9.3. Let E be a complete lattice-ordered effect algebraand let p,a, b € E.
If p & a, bthen {a/b} ~ {(a/b) Nnp,(a/b)n p’}.

PROOF. Let L be a finite compatible 0, 1-sublattice of E with a,b, p € L. An
easy computation in B(L) yields (@ Ap +bA p)V(aAp'+bAp)=a+b. By
Proposition 8.3, {a/b} ~ {(a/b) N p,(a/b) N p'}. O

LEMMA 9.4. If E is a complete lattice-ordered effect algebra then

sAGADY o tAa(GADY foralls,t € E.

PROOF. We have
SAt=SAEAD<sAGAD.
Similarly, s At <t A (s A t)'. Thus, we have
sAGADL tAGAD elsAat, AL
By Proposition 5.1, [s A t, (s A £)']is a compatible set, hence
sAGCADN o tAAD. O
LEMMA 9.5. Let E be a complete lattice ordered effect algebra. Let a/b,c/d €
Q(E) be reduced. Thenx/y < (a/b), (c/d) if and only if
x/y S(a/b)yn(@ob)Acod) and
x/y S/dn(@eb Acod).
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PROOF. We may assume that x/y is reduced. Suppose that x/y < (a/b), (c/d).
Thenx©&y<@6b)A(cOd) < ((a eb)A(cS d))T. By Proposition 5.1, since

{x©y,a6b, (a©b) A(cOd)}is acompatible set, {x©y, a©b, ((a0b) A (ced))’}
is a compatible set. As x/y and a/b are reduced quotients, Corollary 5.5 implies that
{x,y,a,b,(@Ob)A(cO d))T} is a compatible set. By Lemma 9.3, we have

(/3 S e~ {@byn(@eb acod), @bn(@onceoa)].
Let u be a local complement of

{@pn(@enrced), @pn(@enacon)].

Since {x, y,a,b,(@©b) A (cO d))T} is a compatible set and x/y L u, we have
xOy<©weo f,forall ‘

e/f € {(a/b) n{@eb)rcod), @bn(@eb e d))T'} Ju.
Therefore, by Proposition 7.1, x/y is covered by
{(a/b) M ((a Ob)A(c ed))T, (a/b) N ((a eb)yA(cO d))T/} Uu

However, x/y L uand, sincex©y < (@6 b) A (cO d))T € S(E), x/y and
a/bn ((a Ob)A (ced))T, are disjoint. Therefore, x/y < (a/b)N ((a eb)A (ced))T.
Symmetrically, one can prove x/y < (c/d) N ((@a©b) A (c© d))T.

The converse implication follows by Lemma 9.3. g

LEMMA 9.6. Let E be a complete lattice-ordered effect algebra. Suppose that
a/b,c/d € Q(E) are such that a © b <> ¢ &d. Then [{a/b}]. A [{c/d]}]~ exists in
O(E) and equals [{a® A c®/ (R v d®) A (a® v cP)}] .

PROOF. Suppose that x/y < a/b,c/d. Since {a © b,c © d,x © y} is mutu-
ally compatible, Corollary 5.5 implies that {x®/y® a®/b®, c®/d®} is a compat-
ible set of quotients. Thus, there is a finite compatible sublattice L of E with
{x®/yR, a® /bR, c®/dR} € Q(L). By Proposition 8.3, x® + y® < a® + bR, R + d*
in B(L). A simple calculation in B(L) then yields

(a" +b%) A (¥ +d%) = (a® A c®) + (7 v d*) A (a" v c)),
hence we obtain

FryR<(@®Ac®)+ ((bR vdf) A (aR v cR)) < af + bR, R 4+ dR.
Again, by Proposition 8.3, we obtain

xR/yF < a® AR (bR v dR) A (a® v ) S af /bR, R dR. a
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LEMMAO9.7. Let E be a complete lattice-ordered effect algebra. Foralla/b,c/d €
Q(E), [{a/b})~ A [{c/d}])~ exists in O(E).

PROOF. We may assume that a/b and c/d are reduced. Following Lemma 9.5,
[{a/b}]~ A [{c/d}]~ exists if and only if

“(a/b) n(eob)A(co d))T-}:L A “(c/d) n(@eb)rcod) }]~

exists, and if one exists, and hence the other does too, then they are equal.
Let M be a block of E witha © b,(a © b) A (c & d) € M. By Proposition 5.1,
((@eb) A ((:ed))T € M. Since MNS(M) = C(M), (@©b) A (ced))T is central
in M. Therefore,

O.D |@/mn(@ebnrceod)|
=(an(@eb)ncod))eo(br(@ob o))
=@ebA(@aebrcod).

Similarly, we obtain

[c/yn(@enrcod)|=codr(@onrceoa).

By Lemma 9.4 (putting s =a © bandt = ¢ 6 d),

@obA(@ob)rced) o codr(@obrced).

By Lemma 9.6,

[{amn(@ebn rcea)}| rl{eani@enrcen)]

exists in O(E). ]

THEOREM 9.8. Let E be a complete lattice-ordered effect algebra. Then O(E) is
an orthomodular lattice.

PROOF. It is well known that an orthoalgebra is a lattice if and only if it is a (lower
or upper) semilattice. Therefore, it suffices to prove that for every pair f, g of events
of Q(E), [f]~ A [g]~ exists in the orthoalgebra O(E). Let us write

f* ={a,/by,...,a,/b,} and g™ ={ci/d\,...,Cn/dn)}.
Fori € {l,...,n}and j € {1, ..., m}let e;/f; be such that
[{ei;/fij1l~ = Hai/bi})~ A [{ci/d;}]~
and let
h={e;/f;:iefl,...,n}and j e{l,...,m}}.
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By Theorem 4.7, h is an event of Q(E) and, by Proposition 7.6, h < f**,g*. It
remains to prove that, for every u < f**, g, we have u < h. Let x/y € u. By
Corollary 9.2, x/y is covered by f** and g**. By a simple induction with respect to m
and n, it is easy to prove that

{x/y} ~{xij/yij i €{l,...,n}and j € (1,...,m}},

where for each x;;/y;; we have x;;/y;; € a;/b;, c;/d;. This implies that, for all
ie{l,...,n}and j € {1, ..., m},

[xi/yis]. < [ai/bi]. Afei/d;].

Consequently, by Proposition 7.6, x/y < h and, again by Proposition 7.6,u <h. O

10. ¢g, ¢, compatibility and blocks

In this section, we shall show that there is one to one correspondence between
blocks of a complete lattice-ordered effect algebra E and blocks of O(E). Under ¢¢,
the (pre)image of a block is always a block. Moreover, we prove that E, as a lattice,
embeds into O (E).

LEMMA 10.1. Let E be a complete lattice-ordered effect algebra and let f be a
reduced event of Q(E). Then

£~ {IfI/0} U {(a/B) N If1Y - a/b € £}

PROOF. Since f is reduced, f is compatible. Let M be a block with f C Q(M).
Since |f] € M, |f|* € M. Therefore, for all a/b € f we have [f|' < a,b. By

Lemma 9.3,

{a/b} ~ {(a/b) N If)*, (a/b) M1V},
hence
(10.1) f~ (J {@b)yniflt, @/bynif¥}.

a/bef

Since |f|* € C(M), we have

fl=Pacb=EPuob)lfl Puob Alfl”.

afbef a/bef a/bef
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Since |f|* < |f| and |f|* € S(E), we see that

it = Pueb Al
a/bet
Since, forall a/b € f,

|a/b)y N if1*| = (a nIfIl) © (b AIF)),
we obtain

it = @ |{@/py n i1} = |{if1*/0}].

a/bef

By Proposition 8.1, this implies that

U {@/pyniglt} ~ {if14/0} .

a/bef

The rest follows from (10.1). O

LEMMA 10.2. Let E be a complete lattice-ordered effect algebra and let
(f]~, [g]~ € O(E). Then [f]~ <>o) [g]~ if and only if g ([f]-) <& P£((8]-).

PROOF. We may assume that f and g are reduced. By Lemma 10.1, we have

£ ~ {If1*/0} U {(a/b) N IEIY : a/b € £)",
g~ {I1gl*/0} U{@/b)nigl¥ :a/b e g)" .

Let M be a block with |f|, |g| € M. Then [|f]*, If]] U [Ig}*, |g|} € M. Since, for all
c/d € {|f}*/0} U {(a/b) N If|¥ : a/b € £}* U {Ig|*/0} U {(a/b) N Ig|¥ : a/b € g}*,
cod € M, we have ¢c,d € M for all such ¢/d. Let L be a finite compatible
0, 1-sublattice of E such that

{i61/0} U{(a/by nif1¥ :a/b e £}" U{lgl* )0} U{(a/b) N Igl¥ 1a/b e g} < Q).

Lett, bethetest{e/f : e € J(L) ande >, f}.

By Proposition 8.3 and Corollary 6.7, it is easy to check that for every c/d € Q(L)
there exists h C t; such that h ~ {¢/d}. Therefore [f]. and [g]~ are covered by the
word ([{a/b}]~ : a/b € t;). Thus [f]. « [g]-. O

THEOREM 10.3. Let E be a complete lattice-ordered effect algebra.

(@) If M is a block of E then ¢;' (M) is a block of O(E).
(b) If Bis a block of O(E) then ¢¢(B) is a block of E.
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PROOF. (a) By Lemma 10.2, ¢EI(M) is a compatible subset of O (E). We shall
prove that ¢z' (M) is a maximal compatible subset of O(E). Let y € O(E) and
suppose that, for all x € ¢z' (M), x < y. Then, ¢x({y} U gz (M)) 2 M is
compatible in £ by Lemma 10.2. Since M is a maximal compatible subset of E,
¢e({y} Uz (M)) = M. Therefore pz(y) € M and y € ;' (M).

(b) ¢=(B) is compatible. Let M 2 ¢z(B) be a block of E. By part (a), ¢z (M)
is a block of O(E). By the maximality of B, B = ¢;'(M) and we see that
$:(B) = ¢ (65" (M) = M. | O

For a complete lattice-ordered effect algebra E, a mapping ¢; : E — O(E) is
defined by ¢ (x) = [{x/0}]~. Note that ¢z (¢%(x)) = x.

LEMMA 10.4. Let E be a complete lattice-ordered effect algebra, let a/b € Q(E)
be reduced and let p € S(E) be such that p <> a © b. Then (a/b) N p is reduced.

PROOF. We shall prove thatx < b A pandx A ((a A p) © (b A p)) = 0imply that
x=0. -

Note that, since a/b is reduced and x, p <+ a © b, {x, a, b, p} is a compatible set;
let M 2 {x,a,b, p)beablockof E. Wehave (aAnp)S (bAp)=@SbAp
since p is central in M. Moreover,

(102) xA@eb)=xA((@0b)Ap) V(@b rp))

=(xAn@eb)Ap)V(xA@eb)ap)=xA@Obrp

and, sincex < p,xA(@Ob)Ap =0. Sincex <b,x A(@a©b) =0and a/b is
reduced, x = 0. ' O

THEOREM 10.5. Let E be a complete lattice ordered effect algebra. Then ¢} is a
injective 0, 1-lattice homomorphism.

PROOF. It is obvious that ¢} (0) = Oy and that ¢;(1) = lo) and that ¢% is
injective. Leta, c € E. By Lemma 9.5,

$1(@) A 95 = [{a/ON. A [{c/0}]. = [{a/0} M (@ A &)']_ A [{c/0} 1 (a A €)' /0]
=[{ar@nc)t/0}]_Al{ca@nc)?/o}]..

By Lemma 9.4, a A (a A €)' < a A (a A c)t, hence we may apply Lemma 9.6 to
obtain :

[{fan@no)t/O}_Alfeca@n c)T}]ﬁ =[{arcA@nc)/o}]. =Uanc/0)-.
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It remains to prove that ¢ preserves joins; in other words, that

[{a/0}]. Vv [{c/0}]. = [{a v ¢/0}]...
This is equivalent to [{1/a}]- A [{1/c}]~ = [{1/a V c}]~. We have
(/e =atjandt, A/ =cT/cn.

By Lemma 9.5,

[{at/a nd™}]. A[{c" /e A ],
= [{(a”/a Aatyn(a A c’)T}]~ A H(c”/c Act)yn(a A c’)T” :

We see that

(@/ana®)n(a' A c/)T =(a A c')T JaA(a A c’)T

(cM/enc)n(a A c’)T =(a'A c')T fen(a A c’)T

and that, by Lemma 10.4, both quotients are reduced. Moreover, since

,(a’/\c’)T e (a A (a' A c')T) =(18a)A (a’ /\c')T =d A (a' /\c’)T

and, similarly,

(a' A c’)T o (c A (a' A c’)T) =c A (a’ A c’)T ,

Lemma 9.4 implies that they are compatible. Therefore, we may apply Lemma 9.6 to
compute the meet of their perspectivity classes. After an easy computation we obtain

[(a’ A c’)T Jan(d A c')f] A [(a’ A c’)T Jen(d A c’)T]
= [(a’ A c')T /@ve) A (@A c’)T] .
Finally, it remains to observe that
(AJavork=(ard) J@veyn(@ac). 0

COROLLARY 10.6. Let E be a complete lattice-ordered effect algebra. Then
@5 (S(E)) is a sub-orthomodular lattice of O(E).

PROOF. By Theorem 10.5, ¢3(S(E)) is closed with respect to 0, 1, v, and A. It
remains to prove that ¢ (S(E)) is closed with respect to ’. Let a € S(E). Then
¢3(a) = [{a/0}]~. In O(E), we have [{a/0}]~ = [{1/a}}~. Since a,a’ € S(E),
{1/a} is a sharp event of Q(E). By Proposition 8.1, |{1/a}| = |{a’/0}| implies that
{1/a} ~ {a’/0} and we see that

[{1/a}]. = [{a'/0}]. = ¢} (a') € $3(S(E)). O
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