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Abstract Given a separably closed field K of characteristic p > 0 and finite degree of imperfection, we
study the f functor which takes a semiabelian variety G over K to the maximal divisible subgroup of G(K).
Our main result is an example where Gm7 as a ‘type-definable group’ in K, does not have ‘relative Morley
rank’, yielding a counterexample to a claim in Hrushovski [J. Amer. Math. Soc. 9 (1996), 667—690].
Our methods involve studying the question of the preservation of exact sequences by the g functor,
and relating this to issues of descent as well as model-theoretic properties of G?. We mention some
characteristic 0 analogues of these ‘exactness-descent’ results, where differential algebraic methods are
more prominent. We also develop the notion of an iterative D-structure on a group scheme over an
iterative Hasse field, which is interesting in its own right, as well as providing a uniform treatment of
the characteristic 0 and characteristic p cases of ‘exactness descent’.

1. Introduction

For a semiabelian variety G over a separably closed field K of characteristic p > 0
and finite degree of imperfection, the group p*G(K) =), p"(G(K)) played a big
role in Hrushovski’s proof of the function field Mordell-Lang conjecture in positive
characteristic [16]. The group p®G (K), which we also sometimes call G¥, is type definable
in the structure (K, +, -). It was claimed in [16] (in the Remark just before Lemma 2.15)
that p>*°G(K) always has finite relative Morley rank. One of the reasons or motivations
for writing the current paper is to show that this is not the case: there are G such that
p°G(K) does not even have relative Morley rank. (Note that, however, Lemma 2.15 itself
does hold; the generic type of p®G(K) is indeed ‘thin’, which implies that p*°G(K) does
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have finite U-rank, but just not that it has finite relative Morley rank. The finiteness
of U-rank suffices for all the results in §4 of [16], in particular Proposition 4.3, to go
through, and hence the validity of the main results of [16] is unaffected.) Hrushovski
used expressions such as ‘Morley dimension’ or ‘internal Morley dimension’ for what we
call here relative Morley rank. The notion is somewhat subtle and concerns performing a
Cantor—Bendixon analysis inside a closed space of types. Details and examples are given
in §2.3.

As the second author noticed some time ago, the ‘relative Morley rank’ problem is
related in various ways to whether the p*> (or ) functor preserves exact sequences. So
another theme of the current paper is to give conditions on an exact sequence 0 - G| —
G, — G3 — 0 of semiabelian varieties over K which imply exactness of the sequence 0 —
G? — Gg — Gg — 0, as well as giving situations where the sequence of G? is NOT exact.

A third theme relates the preservation of exactness by # to the issue of descent of a
semiabelian variety G over K to the field of ‘constants’ K7~ = Na K?" of K.

If K has degree of imperfection e (meaning that K has dimension p® as a vector space
over its pth powers K”), then K can be equipped naturally with e commuting iterative
Hasse derivations. We will, for simplicity, mainly consider the case where e =1 (so, for
example, where K = F,(r)*P), in which case we have a single iterative Hasse derivation
(8,)n whose field of absolute constants is K?° . This differential structure on K will play
a role in some proofs, by virtue of so-called D-structures on varieties over K.

The analogue in characteristic 0 of the differential field (K, (9,),) is simply a
differentially closed field (K, 9) (of characteristic zero). And for an abelian variety G over
our characteristic 0 differentially closed field K, we have what is often called the ‘Manin
kernel’ for G, the smallest Zariski-dense ‘differential algebraic’ subgroup of G(K), which
we denote again by G*. The issues of preservation of exactness by # and the relationship
to descent to the field C of constants make sense in characteristic 0 too.

In characteristic p, it is possible to obtain our results with a purely algebraic approach
using p-torsion and Tate modules (carried out in §4). In characteristic 0, we need to
use differential algebraic methods, in particular D-structures. But in fact the algebraic
proofs given in characteristic p can also be seen as involving D-structures, and we take
the opportunity of giving such a uniform proof in all characteristics in § 5.

Our paper builds on earlier work by the second author and Frangoise Delon [§],
where, among other things, the groups G* (in positive characteristic) are characterized
as precisely the commutative divisible type-definable groups in separably closed fields.
Our results, especially in characteristic 0, are also influenced by and closely related to
themes in the third author’s joint paper with Daniel Bertrand [6].

Let us now describe the content and results of the paper.

Section 2 recalls key notions and facts about differential fields, and semiabelian varieties
over separably closed fields. We also discuss relative Morley rank, preservation of descent
under isogeny, and some properties of p*G(K).

In §3, we introduce the f functor in all characteristics, and begin relating relative
Morley rank to exactness.

Section 4 concentrates on the characteristic p case. We begin by making some
observations about descent of semiabelian varieties and Tate modules, proving for
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example that an ordinary semiabelian variety G descends to the constants of K if
and only if all of the (power of p) torsion of G is K-rational (§4.1). We make no
claim that our results on descent are especially novel, and we would not be surprised
if they were explicit or implicit in the literature on semiabelian varieties in positive
characteristic. However, we were unable to find precise references despite consulting
several experts. In §4.2, we answer the original question which motivated this paper.
In Proposition 4.12, we show that, if 0 - G| — G, — G3 — 0 is an exact sequence
of ordinary semiabelian varieties such that G; and Gj3 descend to the constants, C,
then the sequence of the G? is exact if and only if G, descends to C. This yields an
example of a semiabelian variety G such that G* does not have relative Morley rank (in
fact, the example is simply any nonconstant extension of a constant ordinary abelian
variety by an algebraic torus). See Corollary 4.14, which as mentioned above is among
the main results of our paper. The remainder of §4 contains both positive and negative
results about preservation of exactness by fi in various situations. In particular, we give
an example of an exact sequence of ordinary abelian varieties for which the f functor
does not preserve exactness. This cannot happen in characteristic 0, as shown in the
next section.

In §5, we switch to differential algebraic methods in order to treat uniformly both
characteristic 0 and characteristic p. In §5.1, we recall the definition of D-structures for
group schemes and the fact that a semiabelian variety G over a Hasse field K descends
to the constants of K if and only if G admits an iterative D-structure.

In order to relate exactness of the f functor and descent in characteristic 0, we use,
as in [6], the universal extension G of G by a vector group, which always admits a
unique D-structure. In characteristic p, we need to replace this universal extension
by a (p-divisible) proalgebraic group, also called G. In §5.2, in characteristic p, we
endow G with an iterative D-structure, and prove the characteristic p version of the
characteristic 0 results relating descent and the D-structure on G. Finally, in §5.3, we
can then give a uniform proof, in all characteristics (Proposition 5.21), of the fundamental
result (Proposition 4.12) proved previously in characteristic p.

We should say that, as far as ‘algebraic geometry’ is concerned, this paper is elementary,
and, even in § 5.3, it does not make heavy use of modern methods. The reader is referred
to [12] for a modern scheme-theoretic treatment of descent, K/k-trace, etc., for abelian
varieties in positive characteristic. As is pointed out there, much of the literature on
such questions, and on important results such as the Lang—Neron theorem, remains in
the language of Weil. The same will be to some extent true of the current paper, where
our real aim and motivation is to understand G(K) as a definable group in the structure
(K, +, ), as well as its type-definable subgroups.

2. Preliminaries

2.1. Hasse fields

We summarize here basic facts and notation about the fields K that concern us. More
details can be found in [4, 41] for the characteristic p case and [21] for the characteristic 0
case.
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If K is a separably closed field of characteristic p > 0, then the dimension of K as a
vector space over the field K? of pth powers is infinite or a power p¢ of p. In the second
case, e is called the degree of imperfection (we will just say the ‘invariant’) of K, and we
will be interested in the case when e > 1 (and often when e = 1). For e finite, a p-basis
of K is a set ay, ..., a, of elements of K such that {a;”agz a1 0< n; < p¢) form a
basis of K over K7.

The first-order theory of separably closed fields of characteristic p > 0 and invariant e
(in the language of rings) is complete (and model complete). We call the theory SCF, .
It is also stable (but not superstable), and certain natural (inessential) expansions that
we mention below have quantifier elimination.

For R an arbitrary ring (commutative with a 1), an iterative Hasse derivation d on R
is a sequence (9, : n =0, 1,...) of additive maps from R to R such that

(i) 9o is the identity,
(ii) for each n, 9,(xy) = Zi+j:n 9;(x)9;(y), and,
(iii) for all i, j, & 08; = ("1/)d;4; (iterativity).
Note that 0 is a derivation, and that, when R has characteristic 0, 9, = 3] /n!. (So, in
the characteristic 0 case, the whole sequence (9,), is determined by 9;.)

In some rare cases, we will speak about noniterative Hasse derivation, meaning that
the third condition is not required.

By the constants of (R, (9,)n>0), one usually means {r € R :9;(r) =0}, and by the
absolute constants {r € R : 9,(r) = 0 for all n > 0}. In this paper, we will mainly consider
the field of absolute constants, denoted C, and refer to them in what follows as ‘the
constants’.

If 3' and 92 are iterative Hasse derivations on R, we say that they commute if each al.l
commutes with each 3?.

Fact 2.1. (i) If K is a separably closed field of invariant e > 1, then there are
commuting iterative Hasse derivations 9l,...,0° on K such that the common
constant of 8]1,...,816 is KP. In this case, the common (absolute) constant of
', ..., 8¢ is the field KP™ =), K"".

(ii) Moreover, in (i), if a1, ..., ae is a p-basis of K, then each 8; is definable in the
field K over parameters consisting of the ay,...,a. and their images under the
maps 9y, (n=1,...,e,m = 0).

(ili) The theory CHF, . of separably closed fields of degree e, equipped with e commuting
iterative Hasse derivations d',..., 8¢, whose common field of constants is K, is
complete and stable, with quantifier elimination (in the language of rings together

with unary function symbols for each 3%, i =1,...,e,n >0).

Note that, after adding names for a p-basis ay, ..., a. of the separably closed field K, we
obtain for each n a basis 1,dy, ..., dpn_1 of K over K/’n, and the functions A, ; such that
X = Zi(kn,i(x))l’"di for all x in K, are definable with parameters ay, ..., a, in the field
K. The theory of separably closed fields also has quantifier elimination in the language
with symbols for a p-basis and for each 1, ;. The relation between the A-functions and
the 8;. is given in §2 of [4].
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In the current paper, we concentrate on the iterative Hasse derivation formalism. In
fact, when we mention separably closed fields K with an iterative Hasse structure, we will
usually assume that e = 1, and so K is equipped with a single iterative Hasse derivation
d = (9n)n- The basic example is F ), (1)*P (where *P denotes separable closure) with 9; (f) =
1 and 0;(¢) =0 for all i > 1. The assumption that ¢ = 1 is made here for the sake of
simplicity, as some of the results we will be quoting are only explicitly written out for
this case, but it will be no real restriction, thanks to the following.

Fact 2.2 (See, for example, [4]). Let Ko be an algebraically closed field of characteristic
p, and let Ky be a finitely generated extension of Ko. Then there is a separably closed
field K of degree of imperfection 1, extending K1 and such that Ko = KP™ .

Our characteristic 0 analogue is simply a differentially closed field (K,d) of
characteristic 0, where now 9 is the single distinguished derivation (rather than a
sequence). The corresponding first-order theory is DCFy, in the language of rings together
with a symbol for 8. The theory DCFy is complete with quantifier elimination, but is now
w-stable.

2.2. Varieties, semiabelian varieties, and separable morphisms

From now on, K is an algebraically closed field of characteristic 0, or a separably closed
field of characteristic p and of finite degree of imperfection e > 1, and K denotes an
algebraic closure of K.

As already mentioned in the introduction, we will use mainly Weil type language in
this paper, except in § 5.2. A variety over K, or defined over K , will always be a separated
reduced scheme of finite type over K. We denote by V(L) the set of L-rational points
of V, for L an extension of K. Recall that, when K is separably closed, and V is over
K, V(K) is Zariski dense in V. We will often identify V with its set of geometric points
V(K). For L an extension of K, we will denote V;, =V xg L (extension of scalars or base
change).

Recall that, if V and W are two irreducible varieties over K, and f is a dominant
K-morphism from V to W, f is said to be separable if the function field extension K (W) C
K (V) is separable.

The following is classical. For the convenience of the reader, we include a short
(model-theoretic) proof in Appendix A.

Fact 2.3. Let G, H be two connected algebraic groups defined over K, and let f be a
dominant separable homomorphism from G to H (equivalently a surjective separable
homomorphism from G(K) onto H(K)). Then f takes G(K) surjectively onto H(K).

In this paper, we will only consider exact sequences of algebraic groups
0—>G1—g>G2i>G3—>O

such that both morphisms are separable. These are sometimes called strict exact
sequences [34]. We will say also that G is an algebraic group extension of Gz by Gy,
denoted by G; € EXT(G3, G1). By the assumption of separability of the morphisms,
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G3 is isomorphic (as an algebraic group) to G,/g(G1), and G| is isomorphic to a closed
subgroup of Gj.

We will say that the exact sequence is over K if the groups Gy, G2, G3 are algebraic
groups over K and f, g are separable K-morphisms of algebraic groups.

We now recall some very basic facts about semiabelian varieties. We will be particularly
interested in rationality issues, that is, in the groups of K-rational points of some
basic subgroups of G(K). There are many classical references for abelian varieties (for
example [26], or [19]). For the case of tori, see, for example, [9].

It is then easy to obtain the corresponding facts for the case of arbitrary semiabelian
varieties.

Recall that a semiabelian variety G (over K) is an extension of an abelian variety by a
torus, i.e.,

0-T—>G— A—0,

where T is a torus over K, A is an abelian variety over K, and the two morphisms are
separable K-morphisms (G is then also an algebraic group over K).
The following facts hold when K is separably closed.

Fact 2.4. (i) Let T be a torus over K. Then T is K -split; i.e., T is isomorphic over K
to some product of the multiplicative group, (Gn,)™". Any closed subgroup of Tx is
then also defined over K.

(ii) Semiabelian varieties are commutative and divisible; i.e., G(K), the group of
K -rational points of G, is a commutative divisible group.

(ili) Let G be a semiabelian variety over K. Then any closed connected subgroup of G¢
1s defined over K.

Definition 2.5. Let Ko C K| be an extension of fields, and let G be an algebraic group
over K1. We will say that G descends to Ky if G is isomorphic to Hg, for some algebraic
group H over Kj.

As semiabelian varieties are defined as extensions, one should check what descent
exactly means in that case. The following fact, which follows from classical manipulations
on EXT(A, T) (see, for example, [34]), deals with this question.

Fact 2.6. Let Ko C K be separably closed fields, and let G be a semiabelian variety defined
over Ki, which is an extension of A by T = (G))k,. If G descends to Ky, i.e., if G
is isomorphic to (Go)k, for some semiabelian variety Go over Ko, then we have the
following:
i f
0—T G A 0

id g h

io

fo
0—T (Gy)k;, — (A, —— 0
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where g and h are isomorphisms, and 0 — (G})gx, = Go — Ao — 0 is a semiabelian
variety over Ko. Furthermore, if A is of the form (Ao)k, for some Ao over Ko, we can
choose h to be the identity.

Proposition 2.7. Assume that char(K) = p. Let G be a semiabelian variety over K, such
that G descends to KP" for alln > 0. Then G descends to KP”.

Proof. Let A be the abelian part of G, and let T be its toric part. By Fact 2.6, A
descends to K?" for all n. Using a suitable moduli space (namely the moduli space of
abelian varieties equipped with a polarization of fixed degree and an m-level structure;
see [27]), it follows that A descends to KP° .

Now fix Ag over KP~ such that A= (Ag)gx. It is classical that Ext(A,T) ~
(Ext(A, G,n))' ~ (A)', where A is the dual abelian variety of A, and is isomorphic to
(Ap)k (see, for example, [33]). Using Fact 2.6 again, and since G descends to K?" for
each n, the isomorphism type of G is parameterized by a point in Ao(ﬂn KP"y = AO(KPOO);
that is, G descends to KP~. O

Remark 2.8. Over a separably closed field K of characteristic p > 0, the semiabelian
varieties over K are exactly the commutative divisible algebraic groups over K. Indeed,
let H be commutative divisible, and consider the biggest connected affine subgroup of
H, T. By divisibility it must be a torus, and, as K is separably closed, it is defined over
K (and split over K), and H/T is an abelian variety, by Chevalley’s theorem ([30]).

2.2.1. Torsion.  The behaviour of the torsion elements of G is particularly important
in characteristic p. The following classical facts will enable us to fix some notation for
the rest of the paper.

Fact 2.9. Let G be a semiabelian variety over K, written additively, and let
0—-T—-G—A—0,

with dim(A) = a and dim(T) =t

1. If n is prime to p = char(K) or arbitrary in characteristic 0, then [n]: G +— G,
X > nx is a separable isogeny of degree (=separable degree) n?tt . We denote by
Gln] the kernel of [n], the points of n-torsion; then G[nl(K) = (Z/nZ)****. By
separability, G[nl(K) = G[n](K).

From now on, char(K) = p > 0.

2. [p]: G — G is an inseparable isogeny of degree p>?**, and of inseparable degree at

least p***. Hence there is some r, 0 < r < a, such that, for every n,
G[p"1(K) = Ker[p"1(K) = (Z/p"Z)".

We say that G is ordinary if r =a (note that tori are ordinary semiabelian
varieties).

As G[p"1(K) is finite, it is contained in G(K), but not necessarily in G(K).
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3. Let G[p*>] or GLpoo](?) denote the elements of G with order a power of p, and let
G[p'] or G[p'1(K) denote the elements of G with order prime to p. Then G[p'] =
G[p'1(K) is Zariski dense in G.

Note that, even for G ordinary, we may well have that G[p*](K) = {0}.

We will also need the following easy observations.

Fact 2.10. Let 0 - G; — G» l> G3 — 0 be an exact sequence of semiabelian varieties
over K. Then for every n, the restriction of f to n torsion induces an exact sequence (in
the category of groups), i.e.,

0= G1[nl(K) — Ga[nl(K) > G3[n1(K) — 0.
It follows in particular that, in all characteristics,

0— TorG; — Tor G, —f> Tor G3 — 0

is an exact sequence of groups, where Tor G denotes the group of all torsion elements of
G(K).
Divisibility by p also behaves quite differently in G(K) and in G(K) when char(K) = p.
Let
PPG(K) = [ [p"IG(K).
n>1

Proposition 2.11. 1. G(K) is n-divisible for any n prime to p.
2. Forn prime to p, for every k, G[nl(K) = G[nl(K) C [p¥1G(K).
3. G[p'1(K) = G[p'1(K) is a divisible subgroup of G(K).
4. p®G(K) is n-divisible for any n prime to p.
5. p*G(K) is infinite and Zariski dense in G.
6. p*°G(K) is the biggest divisible subgroup of G(K).

Proof. 1 to 5 are clear from previous facts.
6 follows from Ko6nig’s lemma and the finiteness of G[p"] for every n. O

2.2.2. Isogenies and descent in char.p. We will not necessarily directly use all
the classical facts about isogenies recalled below, but they give a picture of the various
problems linked to descent questions in characteristic p. We will provide short elementary
proofs when they exist.

In this section, K is any separably closed field of characteristic p > 0, and G and H
are semiabelian varieties over K.

Note first that, if G and H are semiabelian varieties over K, and f a morphism of
algebraic groups G — Hp for some extension L D K, then f is actually defined over
K, ie., f = gr for some K-morphism g from G to H: by 2.4, the graph of f, which is a
closed connected subgroup of (G x H)p, is also defined over K.

Recall that an isogeny is a surjective morphism of algebraic groups with finite kernel.

Let G be a semiabelian variety over K. It is classical that for every n > 1 the relative
nth-Frobenius isogeny F":G —> GP" (G(P”) descends to Kpn) is purely inseparable
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of degree p"4MG and admits a ‘quasi-inverse’ isogeny, the nth-Verschiebung, denoted

V, : GP) — G, such that V,o0F" =[p"]g and F"oV, = [p"]gem . It is easily seen,
counting degrees, that the following holds.

Fact 2.12. If G is ordinary, then, for every n, the Verschiebung V, is separable.

Lemma 2.13. Let G be a semiabelian variety over K, and let L be an extension of K.
Then, ifa € p"G(L), there exists b € G(L) such thata € K(F"(b)). So, if G is over KP",
then [p"1G(K) C G(K”n), and in particular p>*°G(K) = p°°G(K”").

Proof. Consider the nth-Verschiebung V,,, described above. If a € p"G(L), then a = p"b
for some b € G(L), and a = V,,(F"(b)). If G is over Kp", then the Verschiebung is also
over K" and a € KP" (F"(b)) = K?". O

Abelian varieties have one specific very important property.

Fact 2.14. Let A be an abelian variety over K. Then A is isogenous over K to a finite
product of simple (i.e., which have no proper nontrivial closed connected subgroup) abelian
varieties.

We will now recall some very classical facts about descent. We will try to point out
where the difficulties arise, for our readers not completely familiar with the theory of
abelian varieties in characteristic p.

In characteristic 0, any semiabelian variety which is isogenous to one defined over some
algebraically closed Ky descends, in the sense above, to Ko (i.e., Fact 2.15 applies). The
situation is more complicated in characteristic p.

Fact 2.15. Let Ko C K1, with Ko algebraically closed. Let G be a semiabelian variety over
Ko, let H be a semiabelian variety over Ky, and let f be a separable isogeny from Gk,
onto H. Then H descends to K.

Proof. As f is a separable isogeny, the kernel of f is a finite closed subgroup of G(Ky),
N, of cardinality the degree (= separable degree) of f. Then G’ := G/N is a semiabelian
variety over Kg, and f induces an isomorphism from H onto G’Kl. O

The following is also classical, but more complicated and s only true for abelian
varieties.

Fact 2.16. Let Ko C K1, with Ko algebraically closed. Let A be an abelian variety over
Ky, let B be an abelian variety over Kgy, and let f be a separable isogeny from A onto
Bg,. Then A descends to Ky.

Proof. This is a particularly simple case of the ‘proper base change theorem’ (see, for
example, in [15] or [24]). O

Remark 2.17. Note that, in the case of dimension one, Fact 2.15 holds without the
assumption that f is separable. That follows easily from the fact that, in dimension one,
an isogeny factors through some power of the Frobenius (see, for example, [36]).

We will give later (Remark 4.20) an example showing that Facts 2.15 and 2.16 do not
hold without the separability assumption in dimension >1.
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2.3. Relative Morley Rank

In this section, T will be a complete theory, and we work in a given x-saturated model M,
for « sufficiently big. We will here define the relative Morley rank, namely the Morley rank
inside a given a\-definable set. This was called the internal Morley dimension in [16]. By
an M-definable set (infinitely definable set) we mean a subset of some M" which is the
intersection of a small (size < k) collection of definable subsets of M" (that is the set of
realizations of a partial type over a small set of parameters). We will fix an m-definable
set X € M".

If X is an infinitely definable subset of M", by a relatively definable subset of X we
mean a subset of the form Z = XNY for Y € M" definable with parameters. Then we
define the Morley rank for relatively definable subsets Z of X, as follows.

(i) RMx(Z) > 0 if Z is nonempty.

(ii) RMx(Z) > a + 1 if there are Z; C Z for i < w which are relatively definable subsets
of X, such that Z; NZ; =¥ for i # j and RMx(Z;) > « for all i.

(iii) For limit ordinal o, RMx(Z) > « if RMx(Z) > § for all § < a.

As in the absolute case, we obtain the (relative) Morley degree. Namely, suppose that

RMx(Z) = a < oo. Then there is a greatest positive natural number d such that Z can

be partitioned into d (relatively in X) definable sets Z; such that RMx(Z;) = « for all i.
We will say that X has relative Morley rank if RMx(X) < oo.

Remark 2.18. (i) Suppose that Y is a relatively definable subset of X. Then RMx (Y) =
RMy (Y).
(ii) We can also talk about the relative Morley rank RMx (p) of a complete type p of
an element of X over a set of parameters. It will just be the infimum of the relative
Morley ranks of the (relatively) definable subsets of X which are in p.

(iii) Suppose that T is countable and that X is m-definable over a countable set of
parameters Ag. Then X has relative Morley rank if and only if for any countable
set of parameters A D Ag there are only countably many complete types over A
extending X.

Now suppose that X,Y are mn-definable sets and that f:X — Y is a surjective
definable function. By definability of f we mean that f is the restriction to X of some
definable function on a definable superset of X. Note that then each fibre f~'(c) of f
is a relatively definable subset of X, so we can talk about its relative Morley rank (with
respect to X or to itself, which will be the same by Remark 2.18(i)).

Lemma 2.19. Suppose that X, Y are m-definable sets and that f : X — Y is surjective
and definable.

(i) Suppose that RMy(Y) =B and that, for each c €Y, RMx(f~'(c)) < a. Then
RMx(X) <a(B+1) ifa>0,and < B ifa =0.

(i) RMy(Y) < RMx(X).
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Proof. (i) This is proved in the definable (absolute) case by Shelah [35] (Chapter V,
Theorem 7.8) and Erimbetov [14]. Martin Ziegler [40] also gives a self-contained proof.
We point out briefly how Ziegler’s proof (see §2 of [40]) adapts to the more general
context.

Case 1, when o = 0, [40] works word-for-word.

Case 2, when a > 0. Work by induction on 8. We may assume that Y has ‘relative Morley
degree’ 1 (with respect to itself). Suppose for a contradiction that o +a < RMx (X).
Lemma 3 of [40] applies, yielding a relatively definable subset X’ of X, such that e <
RMx(X’) and such that the ‘generic fibre’ of f|X’ has finitely many, say k, elements
(where possibly k& = 0). We now apply compactness to find a relatively definable subset
Y* of Y such that, for all b € Y*, f~1(b) N X’ has at most k elements. Let Y’ =Y \ Y* be
a relatively definable subset of ¥ such that RMy(Y') = B’ < B. By Case 1, X' N f~1(Y*)
has relative Morley rank < f8, whereby the relative Morley rank of X” = X' N f~1(Y’) is
> af > a(B’+1). This contradicts the induction hypothesis applied to f|X” : X" — Y’.

(ii) is easier, and has the same inductive proof as in the definable (absolute) case,
bearing in mind that, because f is the restriction to X of a definable function on a
definable superset of X, the preimage under f of any relatively definable subset of Y is
a relatively definable subset of X. O

If X = G is an A-definable group with relative Morley rank, then some of the general
theory of totally transcendental groups applies (as already mentioned inside Definition 4.0
of [16]). For example, we have the DCC (descending chain condition) on relatively
definable subgroups, yielding that G is connected-by-finite among other things. And
this is really all we will be using about groups of finite relative Morley rank.

We now consider an exact sequence of m-definable groups 1 — G LY Gy — Gz — 1.
We can assume that G| = Ker(h) € G;, as the relative Morley rank is preserved by
definable bijection, and note again that G is then a relatively definable (normal)
subgroup of G;. With this notation we have the following corollary, which follows
immediately from Lemma 2.19:

Corollary 2.20. Suppose that G and G3 have (finite) relative Morley rank. Then so does
Gy.

We complete this section with some additional comments and examples. First, we
obtain the usual (absolute) Morley rank of a definable set Z € M" by taking X to be M"
in the definition at the beginning of this subsection. Of course the Morley rank can be
defined directly for complete types (over a saturated enough model M), by RM(p(x)) = «
if p(x) is isolated in the subspace of S,(M) obtained by removing the set of types of
Morley rank < «. Here, the ambient space of types is Sy (M). We can make the analogous
definition for relative Morley rank RMx (p), by working in the space Sx (M) of complete
types over M extending the type-definable set X. In any case it should be clear to the
reader that RMx(p) need not coincide with RM(p). For example, suppose that X is a
so-called minimal type-definable set: namely X is infinite and every relatively definable
subset of X is finite or cofinite (in X). Then there is a unique nonalgebraic complete type
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over M extending X, say p(x). Moreover, RMx(p) = 1. But RM(p) may be undefined
(i.e., 00). This is precisely the case when M = K is a separably closed, nonalgebraically
closed field, and X =k =), K”". X is type definable and minimal. For p(x) € Sy (M) the
‘generic’ type of X as above, RMx(p) = 1, but RM(p) = 0o, because otherwise there would
be a formula in p of ordinal valued Morley rank, and there are no such (nonalgebraic)
formulas in the theory of separably closed fields.

3. The g functor

Here, K will be either a separably closed field of characteristic p > 0 and finite degree
of imperfection, or a differentially closed field of characteristic 0 (so with distinguished
derivation 9). We distinguish the cases by ‘characteristic p’, ‘characteristic 0’. In the
characteristic p case, we will take K to be say w;-saturated, so as to be able to do model
theory, although this will not always be necessary. Definability will mean in the sense
of the structure K. In the characteristic 0 case, as DCFy is w-stable, we have DCC on
definable subgroups of a definable group, so any a-definable group is definable. In the
characteristic p case, by stability, any s-definable subgroup is an intersection of at most
countably many definable groups.

Definition 3.1. Let G be a semiabelian variety over K. Then G? is the smallest
M-definable subgroup of G(K) which is Zariski dense in G.

Various equivalent characterizations of p>®G(K) were given in [8]. In particular, it was
shown ([8], Proposition 3.6) that p®G(K) is the unique divisible subgroup of G(K) which
is Zariski dense in G. But the following one was omitted at the time.

Proposition 3.2. Suppose that char(K) = p, and let G be a semiabelian variety over K.
Then p>®G(K) is the smallest mM-definable group of G(K) which is Zariski dense in G;
hence p>*G(K) = G*.

Proof. Let H be any m-definable subgroup of G(K), also Zariski dense in G. By stability,
H is a decreasing intersection of definable subgroups of G(K), (H;);e;. Certainly each H;
is itself Zariski dense in G. By [7] Corollary 4.16, the connected component of H;, C;, is
also definable in G(K) and has finite index in H;. It follows that it is also Zariski dense
in G.

Now, for every r > 1 the (definable) subgroup [p"]C; is also Zariski dense in G. It
follows, by compactness and saturation, that ﬂn>1[p"]Ci is also Zariski dense in G. But
ﬂnZl[p"]Ci is a divisible group, and by the remark above, p*G(K) = ﬂn>l[p”]Ci for
every i, and is hence contained in H. O

In characteristic 0, G¥ is sometimes called the ‘Manin kernel’ (see [20]). Alternative
characterizations and key properties in arbitrary characteristic are given in the following
lemma.

Lemma 3.3. (i) G* can also be characterized as the smallest Mm-definable subgroup of
G(K) which contains the (prime-to-p, in the char. p case) torsion of G.
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(i) G* is connected (no relatively definable subgroup of finite index), and of finite
U-rank in char. p, and finite Morley rank in char.0.

(i) If G = (Go)k for some Go over the constants C of K, then G = G(0).

Proof. (i) Recall first that the (prime-to-p) torsion is contained in G(K). In the
characteristic p case, G* = p>®G(K) does contain the prime-to-p torsion. On the
other hand, as the prime-to-p torsion is Zariski dense in G, any subgroup of G
containing the prime-to-p torsion is Zariski dense. So the lemma is established
in characteristic p. The characteristic 0 case is well known and due originally to
Buium. See, for example, Lemma 4.2 of [28] where it is proved that any definable
Zariski-dense subgroup of a connected commutative algebraic group G contains
Tor(G).

(i) G* is connected as any finite index subgroup of a Zariski-dense subgroup is also
Zariski dense. In the characteristic 0 case, Buium [10] showed that G* has finite
Morley rank. An account, using D-groups, appears in [6]. In the characteristic p
case, finite U-rank of G* was first shown by Hrushovski in [16], and can also be
seen to follow easily from Lemma 2.13.

(iii) In characteristic p, this is a direct consequence of Lemma 2.13 or of the fact that
G(C) is both divisible and Zariski dense in G. In characteristic 0, it can be seen
as follows. Assume G to be defined over C. Note that G(C) is definable in the
differentially closed field K. As C is algebraically closed, G(C) is Zariski dense in
G:; hence G* € G(C). If G* C G(©), G* = H(C) for some proper algebraic subgroup
H of G over C, and then H(C) could not be Zariski dense in G. O

Lemma 3.4. Let G, H be semiabelian varieties over K, and let f: G — H be a (not
necessarily separable) rational K -homomorphism. Then the following hold.

(i) f(GH < H".
(ii) If f is dominant, then f(G%) = H".

Proof. (i) Let Tor,(G) be the prime-to-p torsion (so all the torsion in char.0).
Note that f(Tor,(G)) € Tor,(H). If (i) fails, then D = f(GHNH* is a proper
m-definable subgroup of H(K) which by Lemma 3.3 contains f(Tor, (G)). But
then f~1(D)NG(K) is an m-definable subgroup of G(K) which contains Tor, (G)
and is properly contained in G¥, contradicting Lemma 3.3.

(ii) Note that f(G*) is m-definable (by w;-saturation in characteristic p, since in this
case f(NG;) =Nf(G;)), and, since f is dominant, £(G®) must be Zariski dense in
H. By part (i), and the definition of H®, f(G*) = H". O

Remark 3.5 (Characteristic p). Let f : G — H be as in the hypothesis of Lemma 3.4(ii).
If f is separable (that is, induces a separable extension of function fields) then, as we
remarked in Fact 2.3, figk) : G(K) — H(K) is surjective. If f is not separable, f may
no longer be surjective at the level of K-rational points, but nevertheless Lemma 3.4(ii)
says it is surjective on the fi-points when K is wi-saturated.
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Note however that, if f is an isogeny, f(p*°G(K)) = p*°H(K) without any saturation
assumption (if f has degree of inseparability n, then [p"]H(K) C f(G(K)), and one
concludes by Koénig’s lemma).

By Lemma 3.4(i), we can consider f as a functor from the category of semiabelian
varieties over K to the category of m-definable groups in K. It is natural to ask whether
fi preserves exact sequences, and this is an important theme of the paper.

Recall that, by an exact sequence of algebraic groups defined over K, we mean that
the homomorphisms are not only over K but also separable. Consider two semiabelian
varieties Gy, G3 over K, a separable surjective K-homomorphism f : Gy — G3, with
Ker(f) = G| connected and thus a semiabelian subvariety of G, over K. Then, by
Fact 2.3, the sequence 0 - G|(K) — G2(K) — G3(K) — 0 clearly remains exact (in
the category of definable groups in K). By Lemma 3.4, the sequence

O—>G?—>G§—>G§—>O

will be exact if and only if
G' = G(K)NGS.

So the group (G{(K)N Gg)/Gt]I is the obstruction to exactness.

In the characteristic O case, this group, which is clearly of finite Morley rank, can be seen
to be connected and embeddable in a vector group. By Lemma 4.2 of [28], for example,
G1(K) /G? (as a group definable in K by elimination of imaginaries) embeds definably
in (K, 4+)" for some n. Hence (G1(K)N Gg)/Gq also embeds in (K, +)", and as such is a
(finite-dimensional) vector space over the field of constants of K. Hence (G1(K) N Gg) / G?
is connected. Note that, as G% is also connected, it follows that G{(K) N Gg itself is also
connected.

The characteristic p case is different in an interesting way. Note, first, that the group
(G1(K)N G;) / GE is not even infinitely definable; it is the quotient of two A-definable
groups. Such groups are usually called ‘hyperdefinable’.

We will recall the (model-theoretic) definition of a connected component. First, if G is
an M-definable group in a stable theory, then we have DCC on intersections of uniformly
relatively definable subgroups (see [29] or [39]). What this means is that, if ¢(x, y) is a
formula, then the intersection of any collection of subgroups of G relatively defined by
some instance of ¢ (x, y) is a finite subintersection. It follows that, working in a saturated
model, say, the intersection of all relatively definable subgroups of G of finite index is
the intersection of at most |L| many (where L is the language). We call this intersection,
GO, the connected component of G. It is normal, and type definable over the same set
of parameters that G is. Moreover, G/G? is naturally a profinite group. In the w-stable
case (or the relative finite Morley rank case as in §2.3), by DCC on relatively definable
subgroups, G will itself be relatively definable and of finite index in G.

Lemma 3.6 (Characteristic p). Let Gy be a semiabelian subvariety of the semiabelian
variety Go, both defined over K. Then Gﬁ is the connected component of G1(K)N Gg.
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Proof. First, by 3.4, G:lI is a subgroup of Gl(K)ﬂGg. By Lemma 3.3, Gl(K)ﬂG; is
M-definable of finite U-rank. Hence, for any H sn-definable subgroup of G1(K)N Gg,
classical U-rank inequalities for groups give us that U(H[n]) + U ([n]H) = U(H). As for
each n the n-torsion of H is finite, U ([n]H) = U(H). It follows that H is connected if and
only if it is divisible: if H is connected, then any proper infinitely definable subgroup of
H has strictly smaller U-rank than H, so, for every n, [n]H = H, and H is divisible. But
G? is the biggest divisible subgroup of G1(K). Thus G? must coincide with the connected

component of G{(K)N Gg. O

Remark 3.7. By Lemma 3.6, the quotient (Gl(l()ﬂGg)/thI is a profinite group. If Gg
had relative Morley rank, the quotient would have to be finite (as remarked above). We
will see in §4 an example where the quotient is infinite, and give an explicit description
of this quotient in terms of suitable Tate modules.

For the record, we now mention cases (in characteristic p) where G* has (finite) relative
Morley rank.

Fact 3.8 (Characteristic p). Let G be a semiabelian variety over K. Then the following
hold.

(i) If G descends to KP~ (in particular, if G is an algebraic torus), then G* has finite
relative Morley rank.

(ii) If G = A is an abelian variety, then A* has finite relative Morley rank.

Proof. (i) We may assume that G = (Gg) g for some G over KP% . Then, by Lemma 2.13,
G! = p®G(K) = G(KP™). As KP” is a ‘pure’ algebraically closed field inside K, G(K?™)
has relative Morley rank equal to the (algebraic) dimension of G.

(ii) The abelian variety A is isogenous to a product of simple abelian varieties. So
we may reduce to the case where A is simple. In that case, A% has no proper infinite
definable subgroup (Lemma 2.16 in [16] or Corollary 3.8 in [8]). By stability, A® has no
proper infinite A\-definable subgroup. We will now use an appropriate version of Zilber’s
indecomposability theorem to see that A® has finite relative Morley rank. As A* has finite
U-rank, there is some small submodel K (over which A® is defined) and a complete type
p(x) over Ko extending ‘x € A®’, which has U-rank 1 (and is of course stationary). Let
Y C A? be the set of realizations of p. Then Y is an m-definable subset of A% which
is ‘minimal’, namely Y is infinite, and every relatively definable subset of Y is either
finite or cofinite. We claim that Y is ‘indecomposable’ in A, namely, for each relatively
definable subgroup H of A%, |Y/H| is 1 or infinite. For, if not, then, as remarked earlier,
the intersection of all the images of H under automorphisms fixing Ko pointwise will be
a finite subintersection Hp, now defined over K, and we will have |Y/Hy| > 1 and finite,
contradicting the stationarity (or even completeness) of p. Let now X be a translate
of ¥ which contains the identity 0. Then X is still a minimal s-definable subset of A*.
Moreover, Theorem 3.6.11 of [39] or Theorem 6.10 of [29] applies to this situation, to yield
that the subgroup B say of A" which is generated by X is s-definable and moreover of
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the form X 4+ X 4---+ X (m times) for some m. As noted above, it follows that B = A*,
and so the function f : X™ — AF is a definable surjective function between s-definable
sets, in the sense of § 2.3. But, as X is minimal, clearly RMx(X) = 1 and RMxm (X)) = m.
By Lemma 2.19(ii), A® has finite relative Morley rank too. O

Let us remark that, in the context of the proof of (ii) above, when A is a simple
abelian variety over K which does not descend to the constants, then, via the dichotomy
theorem for minimal types in separably closed fields, A* is connected, of U-rank 1,
and hence has relative Morley rank 1. However, we wanted to avoid the appeal to the
dichotomy theorem, and hence above we use the proof involving a version of Zilber’s
indecomposability theorem.

4. Characteristic p

Here, we follow the ‘naive’ algebraic approach which works in a very simple way in
characteristic p. In order to highlight the uniformity with char.0, we will, in the next
section, adopt a point of view closer to algebraic geometry.

We deal now with the characteristic p case. Let G be a semiabelian variety over any
model (K, d) of CHF, 1, that is, any separably closed field of degree of imperfection 1.

4.1. Torsion points, Tate modules, and descent

We make no saturation hypothesis for the moment.

Definition 4.1. We define G as the inverse limit
G =lim(G <= G L),
pan
In particular, for L an extension of K (we will mainly consider L = K or L = K),
G(L) = {(x)ien € G(L)" 1 Vi > 0,x; = [plxir1).

Let mg be the projection onto the ‘left component’ G(L). The kernel of 7 is precisely
T,G(L), where T,G is the Tate module of G.

Its L-points in an arbitrary algebraically closed extension L of K coincide with the
sequences of torsion points in K,

T,G(K) = {(xi)ien € GK)Y 1 x9 = 0,Vi > 0, x; = [plxi1).

By definition, G is a proalgebraic group, i.e., an inverse limit of algebraic groups.
In §5.2, G will be viewed as a group scheme. Here, we adopt a more naive point of
view, closer to model theory. Objects such as G(K) and T,G(K) are what are called
“x-definable’ groups in K (projective limits of definable groups).

Let us note that, for a given gog € G(K), go € G* if and only if there is some (x;);eN €
G(K) with gg = xo; we deduce directly from this the relation between the Tate module
of G and G*.

Lemma 4.2. The morphism wg induces an exact sequence of *-definable groups.

0— T,G(K) — G(K) 8 G* > 0.
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In the case of ordinary semiabelian varieties, if the dimension of the abelian part
is a, TpG(f) ~ 75 (see Fact 2.9). We relate now the part of the p®-torsion lying in
K with issues of descent. Most of the following results are certainly well known; see,
for example, [38] for the description of the torsion of G for abelian schemes of maximal
Kodaira—Spencer rank. But we have found no systematic exposition which we could quote,
and, furthermore, we choose to give here very elementary proofs which are suitable for
our purpose.

Proposi_tion 4.3. Let G be an ordinary semiabelian variety over K. Then, for every n,
G(p"I(K) =G[p"I(K) if an_d only if G descends to KP". In pﬂ"ticular, G descends to
KP~ if and only if G[p™1(K) = G[p*1(K) if and only if T,G(K) = T,G(K).

Proof. Let us fix n > 1. If G descends to K?", we may assume that G = (Go)x for
some G over K?". Since G is ordinary, V,, is separable, and the geometric points of the
kernel of V,, are K ?"-rational, and, since [p"] = Vyo F*, Go[p"1(K) = F~"(Ker(V,)(K)) C
Go(K). B

Conversely, assume that G[p"](K) € G(K). Since V,, is separable, G is isomorphic
to the quotient F"G/Ker(V,). But Ker(V,)(K) = F"(G[p"1(K)) is a finite group of
K P"-rational points; hence F"G /Ker(V,) descends to K?". The ‘in particular’ statement
follows from Proposition 2.7. O

Corollary 4.4. Let Ko be an algebraically closed field, and let K| > Ko be a finitely
generated extension of Ko. Let G be an ordinary semiabelian variety over K. If
G[p>®1(K1) = G[p>®1(K1), then G descends to Ky.

Proof. As Ky is algebraically closed, K is a separable extension of Ky, and hence it is
contained in the separable closure of Kq(t1, ..., #;) for t, ..., t, algebraically independent.
Then (Fact 2.2) there is a separably closed field K of degree of imperfection 1, extending
K1, and such that Ko = K~ . We can now apply Proposition 4.3 to conclude that G
descends to KP~. O

This yields easily the following result (compare with Fact 2.15; here f is no longer
separable but G is ordinary).

Corollary 4.5. Let G be an ordinary semiabelian variety over some algebraically closed
field Ko. If H is any semiabelian variety over K| > Kg such that there is an isogeny f
from Gg, onto H, then H descends to K.

Proof. Let K; < K be a finitely generated extension of Kg over which H and the isogeny
f from G to H are defined. We claim first that any point of p®-torsion in H is the image
of a point of p*-torsion in G: indeed, let h € H[p>®](K>), i.e., for some m, [p"]h = 0. Let
g € G(K>) be a preimage of h, f(g) = h. Then [p™]g € Ker f. Let n > 1 be the order of
the finite group (Ker £)(K>). Then n = p"d, where d is prime to p. Write 1 = ud 4+ vp™,
u,v € Z. Then g = [ud]g + [vp™]g, so h = f(g) = f([ud]g), with [p"t"][ud]g = 0.
Now, as Ky is algebraically closed, G[p>®1(K2) = G[p™](Kp), and hence by the above
claim H[p®1(K2) € f(G[p™1(K2)) = f(G[p™1(K0)) € H[p*](K2). We can now apply
Corollary 4.4. O
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Corollary 4.6. Let Ky < K| be an extension of fields with Ky algebraically closed, and let
00— C — B — A —> 0 be an exact sequence of ordinary abelian varieties over Ky,
such that A and C descend to Ko. Then B descends to K.

Proof. By Poincaré’s reducibility theorem, B is isogenous to A x C, which descends to
Ko, and we just have to apply Corollary 4.5. O

Remark 4.7. See Remark 4.20 for a counterexample if one does not require the abelian
varieties to be ordinary.

We complete this section with some basic remarks about torsion in G(K)/G*
(= G(K)/p>*G(K)) in characteristic p which will immediately enable us to describe the
link between the question of relative Morley rank and that of preservation of exactness.

Lemma 4.8. Let G be a semiabelian variety over K.
(i) GIp>I(K) is a direct sum of a divisible group and a finite group.
(il) G(K)/p™®G(K) has finite torsion.
(iii) If G descends to KP% | then G(K)/p®G(K) is torsion free.
(iv) If G(K) has trivial p-torsion then G(K)/p®G(K) is torsion free.
Proof. (i) G[p>](K) is a subgroup of G[p>](K) which is a finite direct sum of copies of
the Priifer group Z .

As p®G(K) is divisible, if g € G(K) and ng € p*®°G(K), then there is & € p*°G(K)
such that ng = nh, whereby n(g —h) = 0; so g is congruent mod p*°G(K) to an element
of order n. We know that p®°G(K) contains all the prime-to-p-torsion of G. On the other
hand, by (i), G[p*1(K)/p®°G(K) is finite. This gives (ii) immediately.

Similarly, for cases (iii) and (iv), where p®G(K) contains all the torsion of G(K). O

Proposition 4.9. Suppose that K is wi-saturated, and let G be a semiabelian variety over
K,0—-T— G — A— 0. Then the following are equivalent.

(i) G* has relative Morley rank.
(if)
(iii) (T(K)NG®)/T* is finite.
(iv) T(K)NG* is divisible.

The sequence 0 — T* — G* — A% — 0 is ezact.

Proof. By the previous lemma, as T has no p-torsion, T(K)/T* is torsion free. Also
note that 7% = T'(C) is divisible and is the connected component of T(K)N G* (3.6).
Hence (T(K)NG%)/T*? is finite if and only if it is trivial if and only if the sequence
0 — T% - G* - A" - 0 is exact. And, moreover, these conditions are equivalent to the
divisibility of T(K) N G*. This gives the equivalence of (ii), (iii), and (iv).

On the other hand, if G* has finite relative Morley rank, then every relatively definable
subgroup is connected by finite, so (i) implies (iii). Conversely, we have seen (3.8) that
both T% and A? have relative Morley rank. By 2.20, the exactness of the sequence implies
that G* also has relative Morley rank. Thus (ii) implies (i). O
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4.2. Exactness and descent

We now assume that K is wi-saturated.

Proposition 4.10. Let 0 — G, LN G —f> G3; —> 0 be an exact sequence of
semiabelian varieties over K. Let f® be the induced morphism of Zp-modules from
T,G2(K) to T,G3(K). Then there is an isomorphism

¢ : (h(G1(K) N G5)/h(G))=ST,G3(K)/f*(T,Ga(K)).

Proof. Note that we may assume that & is the inclusion. We first define ¢. Let g
be in G{(K)N p*G2(K). There exists an element (g;)ien in Tp(G2(K), g) (the fibre
of G2(K) over g), with go = g € Gi(K). Hence f“((gi)) € TpG3(K). We check that it
gives a well-defined map (even a group homomorphism) from G;(K)N p>*Ga(K) to
T,G3(K)/f“(T,G2(K)): if (g))ien is another element in T,(G2(K), g), then (g;) — (g}) €
T,G2(K), and hence f“((g;))— f“((g}) € f*(T,G2(K)). Let us prove now that the
kernel of this map is p®°G(K): if g € p®G1(K), we can choose (g;) € T,(G1(K), g),
which is sent to 0 by f“. Conversely, assume that, for some (g;) € T,(G2(K), g) and
some (h;) € TpGa(K), f“((g)) = f“((hi)). Then (g —hi) € T(Gi(K), g), which gives
that g € p*G(K).

Hence we have obtained an embedding ¢ : (G{(K)Np>*Gyr(K))/p>*Gi(K) —
T,G3(K)/f“(Tp,G2(K)). It remains to prove that it is surjective. For (h;);en € T, G3(K),
we can realize in K (which is w;-saturated) the following type of length w over Ko((h;))
(Ko is a countable subfield of definition):

i € Gan f(xi) = hi Axi = [plxiv1).
ieN

(It can be realized for i < n by choosing some g,+1 € G2(K) such that f(gu+1) = hn+1,
and then defining g; = [p”“*i]gnﬂ.) For a realization (g;);eny of this type, we have
g0 € G1(K) (since f(go) =ho=0) and (g;) € T,(G2(K), go); hence gy € p*G2(K) and
F2 (&) = (hi). O

Remark 4.11. Tt follows in particular that the sequence 0 — Gli — Gg — Gg — 0 is exact
if and only if the map f* : T,G2(K) — T,G3(K) is surjective.

Proposition 4.12. Let 0 - G| — G, — G3 — 0 be an exact sequence of ordinary
semiabelian varieties over K. Suppose that G1 and Gz descend to the constants of K.

Then, the sequence 0 — G? — Gg — Gg — 0 remains exact if and only if Gy also
descends to the constants.

Proof. Here again we may assume that the map G| — G, is the inclusion. First, note
that the  sequence is exact if and only if G{(K)N G = G%, by Lemma 3.4.

Let Ko be a countable elementary submodel of K over which everything is defined. By
isomorphism, we can suppose that both G| and G3 are actually defined over C N Ky, the
field of constants of Ko (precisely, G; = (G})k for some G} over CN Ky, i =1, 3).
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If G descends to the constants, then, by isomorphism, we can suppose that G, = (G})x
for some G, over the constants, so, for every i, Gif = G(C). And then G(K) ﬂGg =
G| (K)NG4(C) = G (C) = G.

For the converse, suppose that 0 — G = Gt = G3% — 0 is exact.

Our assumption that the G; are ordinary ensures that, for each i, TPG,'(?) =7y,
where a; is the dimension of the abelian part of G;. If G; and G3 descend to C, then
T,G1(K) = T,G(C) = T,G1(K) and T,G3(K) = T,G3(C) = T,G3(K). By Remark 4.11,
the sequence

0 — T,G1(K) — T,G2(K) — T,G3(K) — 0
is exact. It follows that T,G»(K) = Zp‘“+“3. As a;+a3 = ap (by exactness of 0 —>
Gy — G, — G3 — 0), and as T,G»(K) is a direct factor submodule of T,,Gz(?),
it follows that T,G2(K) = Tsz(f), and, by Proposition 4.3, that G, descends to the
constants. O]

Corollary 4.13. For any ordinary abelian variety A defined over the constants of K, there
exists an exact sequence over K,

0— G, — H— Ax — 0,
such that
0 — G} — H* — (Ag)* — 0
s not exact.

Proof. We use the fact that EXT(A, G,,) is parameterized (up to isomorphism) by the
dual abelian variety of A, say A, which is also over the constants, as in Proposition 2.7.
Then H will descend to the constants C of K if and only if H corresponds to a C-rational
point of A. So just pick some K-rational point of A which is not C-rational. O

We have established in Proposition 4.9 the connection between exactness and relative
Morley rank, and we can conclude that the following holds.

Corollary 4.14. There is an ordinary semiabelian variety G, such that G* does not have
relative Morley rank.

In fact, as above, for any ordinary abelian variety A defined over KP°, there is some
semiabelian variety G in EXT(A, G,,) such that G* does not have relative Morley rank.
We will finish this section with some direct corollaries of Proposition 4.10. Again,

00— G; — G2 —f> G3 —> 0 is an exact sequence of semiabelian varieties over K,
with G| — G, the inclusion map. Recall from Proposition 4.10 that (G1(K) N Gg)/G? =
T,G3(K)/f“(TpG2(K)).

Corollary 4.15. If G3[p*>®1(K) is finite, then the § sequence is exact.

Proof. Since G3[p*°1(K) is finite, T,G3(K) = 0. O

If we add the assumption that the semiabelian varieties have relative Morley rank, we
get the following characterization.
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Proposition 4.16. Let 0 — G| —> Gy, —> G3 —> 0 be an exact sequence of
semiabelian varieties over K such that Gg has relative Morley rank. Then the following
are equivalent.

(1) The sequence 0 —> G! — Gt — G3' —> 0 is ezact.
(2) Gi[p®1(K)NG2* = Gi[p™1(K) N G*.

In particular, the § sequence will be exact when Gy descends to the constants, or, more
generally, when G1[p®1(K) = Gi[p>®1(K), and also when G{[p®](K) = 0.

Proof. Recall that G;* = p®G;(K). We know that (1) holds if and only if G{* = G1(K) N
G>*. So, trivially, (1) implies (2). We know that G ¥ contains all the p’-torsion of G1(K).
It follows that, if (2) holds, then (G1(K)NG2%)/G1" is torsion free. As by assumption
G>" has relative Morley rank, this quotient must be finite; if it is torsion free, it is trivial.

If G1[p™1(K) = G1[p>®1(K), then G{[p™](K) C G?, and the conclusion holds. O

4.3. Further examples

We will see in §5.3 that, in characteristic 0, the f functor preserves exact sequences
of abelian varieties. This is not the case in characteristic p, even for ordinary abelian
varieties.

The examples of nonexactness for abelian varieties will have to be quite different from
the examples seen in the previous section for semiabelian varieties, as can be seen from
the following direct corollary of Proposition 4.16. Recall from Fact 3.8 that, for all abelian
varieties A, A? has finite relative Morley rank.

Corollary 4.17. We assume that K is wy-saturated. Let 0 — C — B — A —> 0 be
an exact sequence of abelian varieties over K. If C(K) has no p-torsion, or if C descends
to the constants, then the sequence 0 —> C* — B* —s A% — 0 is ezact.

Remark 4.18. From Corollary 4.17 and the example given in Remark 4.20, we see that
Proposition 4.12 does not hold for nonordinary (semi)abelian varieties.

There are still cases, not covered by Corollary 4.17, where one obtains nonexactness,
even in the ordinary case.

Proposition 4.19. There is an exact sequence of (ordinary) abelian varieties such that the
induced § sequence is not exact.

Proof. Let A be an ordinary elliptic curve, defined over K?, which does not descend
to KP~, and let C be an ordinary elliptic curve defined over K P” . Then we know
by Proposition 4.3 that A[p](K) = Z/pZ = C[p](K) but A[p*°](K) is finite. Pick an
isomorphism f between A[p](K) and C[p](K).

Let H C A[pl(K) x C[pl(K) := {(a, = f(a)) : a € A|pl[K)}, and B :=(Ax xCk)/H.
Then Ak is isomorphic to A| := (Ax x 0+ H)/H C B. Consider the exact sequence

0—>A1—>B—g>B/A1—>O.

Note that Cy := B/A; is isogenous to Ck; hence, by 2.17 or 4.5, it descends to K™ .
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One can check that the p® sequence is no longer exact: more precisely, that p>® A (K) #
A (K)N p*®B(K).

Furthermore, if K is wi-saturated, by applying Proposition 4.10, one sees that (A;(K) N
P B(K))/p>*A1(K) is isomorphic to Z/ pZ. O

Remark 4.20. The following example illustrates the necessity of the separable hypothesis
in Facts 2.15 and 2.16, and of the ordinary hypothesis in Corollary 4.6 and
Proposition 4.12.

Let E be a supersingular elliptic curve over K (w;-saturated), necessarily descending to
E. For any abelian variety A there is a one-to-one correspondence between (isomorphism
classes of) purely inseparable isogenies and sub p-Lie algebras of Lie A (see [33] or [26]).
It follows that there is an abelian variety A over K, isogenous to E X E, which cannot
be isomorphic to any abelian variety defined over ]F_p

Furthermore, for such an A, it is easily seen that A lies in EXT(E}, E;) for some elliptic
curves E1 and E, descending to IE‘_,,, and in this case 0 — E? — At > Eg — 0 is exact
by Corollary 4.17.

We thank A. Chambert-Loir and L. Moret-Bailly for pointing out these arguments
to us.

We finish this section with a summary in the case of semiabelian varieties over K
(w;-saturated)

0O—T—>G—FE—0,

with E an elliptic curve.

Proposition 4.21. Let G be as above.

(i) If E is supersingular, then the § sequence remains ezact, and G* has relative Morley
rank.

(ii) If E is ordinary and does not descend to the constants, then the tt sequence remains
ezact, and G* has relative Morley rank.

(iii) If E is ordinary and descends to the constants, the following are equivalent.
— The 1 sequence is exact.
— G descends to the constants.
— G* has relative Morley rank.
- G[p*™I(K) is infinite.
In the case when G does not descend to the constants, then (T(K)NG?%)/T*? is
isomorphic to the profinite group Z,.

Proof. Recall first that Proposition 4.9 says that in the present context G* has relative
Morley rank if and only if the ff sequence is exact.

(i) If E is supersingular, it has no p-torsion, and Corollary 4.15 applies.

(ii) If E does not descend to the constants, Corollary 4.15 applies.
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(iii) If E is ordinary and descends to K P™ by Proposition 4.12, the # sequence will
be exact if and only if G descends to K?”. As T has no p-torsion, G[p>®](K) =
E[p®](K) = Zp. So, if G descends to the constants, then G[p>®](K) = G[p®1(K),
and so is infinite.

If G does not descend to K7™, using Proposition 4.3, there is some n > 1 such that
G[p>1(K) = G[p"](K), and hence is finite.

In particular, in this case, T,G(K) = {0}. By Proposition 4.10, (T(K')DG:‘)/Tji is
isomorphic to TpE(K)/f‘“(TpG(K)) = T,E(K) = Zp, completing the proof of (iii). [

5. Uniform results in all characteristics

In order to prove the analogues of Proposition 4.12 and Corollary 4.13 in characteristic 0,
we need to use more differential algebraic methods, and in particular D-structures. But in
fact the elementary proofs we gave in the previous section for the characteristic p case can
also be seen as involving D-structures and being similar to the characteristic 0 case. This
was just ‘hidden’ by the fact that the objects manipulated have, in characteristic p, an
easy algebraic description. We believe it is interesting though to explain this uniformity
precisely, and in order to do this we will need to introduce D-structures on group schemes.

But before we launch into this slightly dry exposition, let us point out that most of the
‘uniform’ results can in fact be read at the ‘analogy’ level, without actually understanding
the D-structure in the characteristic p case. This will be briefly explained at the beginning
of §5.2.

For the whole of this section, (K, d) will be a model of DCFy or CHF, 1, where in the
latter case we assume wi-saturation.

5.1. D-structures and descent

A good exposition of notions presented here can be found in [18]; one can also look at [3].

Definition 5.1. 1. An (iterative) Hasse D-structure on a scheme X over K is an
(iterative) Hasse derivation 9 on the structure sheaf Oy, which means that, for
each open subset U C X, we have an (iterative) Hasse derivation 9y : Ox(U) —
Ox(U), such that the structure homomorphism K — Ox(U) and the restriction
homomorphisms Ox(U’) — Ox (U) preserve the Hasse derivations.

2. A morphism of schemes with (iterative) D-structure (X,dx)— (¥,dy) is a
morphism of schemes X — Y such that the corresponding morphism of sheaves
preserves the Hasse derivations.

3. In particular, for (R,d) an (iterative) Hasse differential algebra over (K, d),
(Spec(R), d) is a scheme with an (iterative) D-structure, and a D-point of (X, dx)
with value in R is by definition a morphism of schemes with (iterative) D-structure
(Spec(R), ) — (X, dx). We denote this set of D-points by (X, 9x)?(R).

4. If (X, dx) is a scheme with an (iterative) D-structure and Y is a closed subscheme of
X, we say that Y is an (iterative) D-subscheme of (X, dx) if dx induces an (iterative)
Hasse derivation on Oy, or, equivalently, if the sheaf of ideals Zy C Oy is a sheaf
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of D-ideals (i.e., for each open subset U C X, Zy(U) is an ideal of Ox(U) stable
by du).

5. We say that (G, d) is a group scheme with an (iterative) Hasse derivation if G is
a group scheme over K, with an (iterative) D-structure 9, such that the identity
element is a D-point with value in K, and such that the inverse map and the
multiplication map are morphisms of schemes over K with (iterative) D-structure.

Remark 5.2. For this last point, we have used the fact that, if (X, dx) and (Y, dy) are
schemes with an (iterative) Hasse derivation over K, X x g ¥ can be endowed in a unique
way with an (iterative) Hasse derivation such that the projection maps are morphisms in
this category. This is a straightforward consequence of the existence of tensor products
in the category of (iterative) Hasse differential algebras over K.

In the case of algebraic groups over K, we can give another description of (iterative)
D-structures, which uses the notion of prolongations. The two approaches coincide; see [1]
or [18].

We first recall the description of the prolongations for Hasse derivations, given in the
greatest generality in [25] (see also [11] or [37]).

If V is a smooth irreducible algebraic variety over K, the nth prolongation of V is an
algebraic variety A,V over K characterized as follows. For any K-algebra ¢ : K — R,
the set of R-points of A,V is A,V(R) = V(R™), where R™ = R[X]/(X"*!) is endowed
with the structure of a K-algebra by the Taylor map K — R™, a Y09 (@) X'.

For example, if V € A" is a smooth irreducible affine variety, then A,V can be described
as the Zariski closure of the image of V(K) by d<, := (3o, ..., d,),

AV = {0, (@)t x € V(K)} € A™ L

In general, using the Taylor map K — K, we get a (definable) map d<n : V(K) —
A,V (K), having Zariski-dense image. For m > n > 0, we have a natural projection
morphism 7, , : AV —> A,V such that 7, , 0 dgm = dgn-

These constructions are functorial, and, in the case where V = G is a connected
algebraic group, each A, G has a natural structure of an algebraic group, and the maps
0<n, Tm,n are homomorphisms.

Fact 5.3. Let G be a connected algebraic group over K. There is a bijective correspondence
between the D-structures on the group scheme G and the sequences of homomorphic
regular sections s = (Sp)neN for the projective system (Tpp : AnG —> AnG)mzn>0 (i.e.,
we require that each s, : G —> A, G is a regular homomorphism over K, and that these
homomorphisms satisfy Tty n o sm = s, and so = idg ).

The condition for a D-structure to be iterative translates into obvious, but laborious to
write out, conditions on the corresponding sequence of sections (see [1] or [18]).

For (G, d) a connected algebraic group with a D-structure s over K, the corresponding
sequence of sections, and (L, d) an extension of K, the set of D-points can be described
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as the m-definable subgroup of G(L):
(G, 8)3(L) ={x € G(L) : 0gn(x) = s,(x) for all n > 0}.

Moreover, if L is a model (w-saturated in characteristic p), then (G, d)°(L) is Zariski
dense in G, and it has transcendence degree equal to the dimension of G.

Remark 5.4. Let G be a semiabelian variety over K. In order to define an iterative
D-structure on G, it suffices that, for some (any) generic point g of G%(L) over K
(L an elementary extension of K), for any n > 0, 9,(g) € K(g). Indeed, because G*
is Zariski dense in G, the existence of such a point g induces a rational map from
G(L) to A,G(L), which can be extended to a homomorphism s, by a classical stability
argument. We obtain in this way a D-structure on G because s, coincides with d¢, on
the Zariski-dense subgroup G?*, and the d<n give a sequence of definable sections by
definition. The iterativity comes from the iterativity of 9, because, on an affine open
subset U, the Hasse derivation given by (s,) is such that (Frac(Og(U)), D) is isomorphic
to (K(g), d), which is an iterative Hasse field.

In particular, if G is defined over the constants C, for each g € G* = G(C), 8,(g) =0
for n > 1; hence we can define a natural iterative D-structure on G. The two following
results are a converse of this observation.

Fact 5.5. Let G be a connected algebraic group over K. Then, for each n >0, the
kernel of mp0: ApG —> G is a unipotent group (see [28] in characteristic 0 or [1]
in arbitrary characteristic). It follows that a semiabelian variety G over K admits at
most one D-structure, since the difference between two sections is a homomorphism
G — Ker(m,,0), and hence zero.

Proposition 5.6. Let G be a semiabelian variety over K with an iterative D-structure.
Then G descends to the constants.

Proof. In the characteristic 0 case, this result appears implicitly in [10]; see Lemma 3.4
in [6] for more explanations.

In the characteristic p case, it is proved in [4] (Proof of Theorem 4.4) that such a
semiabelian variety G descends to K?" for every n. Then Proposition 2.7 applies. O

Note that, in characteristic 0, since an iterative Hasse derivation satisfies 9; = }-!al, it
suffices to have a usual derivation D; on Og, or equivalently a section s = 51 : G — A|G
in order to define an iterative D-structure; A|G is also known as the twisted tangent
bundle of G.

We will now state the criteria for descent which we will be using.

In the characteristic 0 case we quote from [6], § 3.1, and, in characteristic p, this is the
object of §5.2.

(Characteristic 0) Let G be a semiabelian variety over K, and let G denote the universal
extension of G by a vector group (as defined in [31]). Let us write G as

0—>Wg—>é—>G—>0,

where W¢ is a vector group.
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Fact 5.7. 1. G admits a unique iterative D-structure.

2. Consider Ug, the mazimal subgroup of Wg, which is a D-subgroup of (G, d). We
still denote by 9 the D-structure induced on G/Ug. Then G* is isomorphic to
(G/Ug, 8)°(K).

3. It follows from Proposition 5.6 that G descends to the constants if and only if G ~
G/Wg has a D-structure if and only if Ug = Wg (since in this case the projection
G — G/ Wg must preserve the D-structures; see Corollary 3.6 in [6]).

4. Furthermore, the functor of D-points is exact on the class of algebraic D-groups [17].
In particular, (G/Ug, 8) (K) = (G, )?(K)/(Ug, ) (K).

5.2. D-structure on G in characteristic p
In this section, char(K) = p

In characteristic p, the universal extension of G by a vector group does not in general
have an iterative D-structure. Indeed, if G is an arbitrary semiabelian variety, (H, D) any
connected algebraic K-group with an iterative D-structure, and f a separable morphism
from H onto G, then G must be isogenous to (Gg)g for some Gg semiabelian variety
over the constants: f maps (H, D)?(L) onto G*(L) by density (L a sufficiently saturated
extension of K), and it follows that K({g}) is finitely generated over K as a field where
g is a generic point of G*(L), which implies the conclusion by an argument given in [4]
(compare with Remark 5.4 and Proposition 5.6). This explains why the introduction
of group schemes (or proalgebraic groups) with D-structures will be unavoidable in a
uniform treatment of both characteristics.

The construction we describe below is, as we mentioned before, the D-structure
argument which lies behind the simple algebraic treatment we gave in §4.2. But, as also
mentioned at the beginning of §5, most of the ‘uniform’ results can in fact be read at
the ‘analogy’ level, without actually understanding the D-structure in the characteristic
p case.

More precisely:

Recall from §4 that, if G is a semiabelian Variety over K,
G _hm(Go SLINpCRS LIS )

Denote T,G by Wg, T,G(K) by (Ug,d?(K), and G(K) by (G,d)?(K). These are
x-definable groups in K. From §4, we know that

G* is isomorphic to (G, 3)(K)/(Ug, 3)°(K).

Then one can more or less jump to §5.3 and read the statements and proofs of
Lemma 5.19 and Proposition 5.20, as they are, with the above definitions for the
characteristic p case. Except for condition (iv) in Proposition 5.20, which then makes
sense only in characteristic 0.

We will now begin the real construction.

We have G and G as above. The (scheme-theoretic) kernel of the projection 7 : G — Go
is the Tate module T,G. From now on, it is important to consider G and T, G as group
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schemes. We will denote by X a system of coordinates for G (for a fixed affine covering
say), such that Xy generates the maximal ideal of the identity element of G, and by X;
its image in Og; by the identity isomorphism. It follows that the sections of the sheaf

05 = lim(Og, "l o6, )

are generated over K by (X;);eN.

Here are some definitions which will play a role in the construction of the D-structure
on G in the proof of Proposition 5.8. The map [p]* induced by [p] on O is
given by [p]*(Xo) = [p]’&O(XO) and [p]*(X;) = X;_1 for i > 1. We can define a ‘shift’
homomorphism s on G characterized by s*(X;) = X;+1. It is clear that so[p] = idg, and
that s and [p] commute.

At the level of points, for (go, g1, g2,...) € (~;(L)7 L an extension of K, s(go, g1, £2,--.)
= (&1, 82, 83, - - ) and [p](go, &1, &2, -..) = ([P1g0. 80, &1, -- ).

Now, for each n, we have [p"];z = V, 0 F", where F" : G — G7") is the power of the
Frobenius homomorphism and V, : G?") — G the nth Verschiebung (induced by the
Verschiebung on each Gj;).

Proposition 5.8. There exists an iterative D-structure on G. Moreover, this D-structure
is unique ‘in a strong sense’.

Proof. We first state the uniqueness in a strong sense: for any homomorphism of
K-algebras Do : Oy — A (strictly speaking, we should replace Og by its ring of sections
for some open set), there is at most one (noniterative) Hasse derivation from Og to A over
K extending Dy. By this we only mean a sequence of additive maps (D; : Og — A)ien
satisfying the generalized Leibniz rule and agreeing with 8 on K (we cannot require
iterativity at this level of generality since A # O ).

We assume that we have such a Hasse derivation (D;);cn, and we consider some
f €0Og and some index i < p". Because of the previous equalities, we must have
Di(f) = Di(F™ oV} os™(f)). But F"™(V*os™(f)) can be represented locally as a
rational function of the variables X 5-7 n, and hence there is a unique possible value for
D;i(f) because, if P is a polynomial with coefficients in K, D;(P(X?")) = P%(Dy(X)""),
where P% is obtained by applying 8; to the coefficients of P.

Now, we start to define a truncated Hasse derivation on Og. Since GP") descends to
K", on which - pn is trivial, we obtain a truncated Hasse derivation D’ pn on Ozom =

O¢' Qg K (G’ is a model of GP") over KP") by putting the trivial truncated Hasse
derivation on Og/. Now, we define

D_pn = F"*OD;pn oVos"*.

It is clear that D’ pn breserves the comultiplication and coinverse of G’ because these

are KP"-morphisms; hence D_ pn preserves the group structure of G. And, because of the
uniqueness that we have noticed before, the D ,» for different values of n are compatible,
and hence we have defined a (the unique) D-structure D on G. It is actually iterative
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since the D" pn are (as tensor products of the trivial iterative derivation and 9) and since
Vios"™ o F"™ =id (because F"os" oV, = F'(s")o F" oV, = F"(s" o[p"]5) = id). O

Remark 5.9. Let us give a slightly informal description of this D-structure in terms of
. =, ~ . =~ =~ li ..

sections s, : G — A,G. For instance, s1 : G —> A|G = Pl A1G; is given by the sequence

of homomorphisms (s1;);:

[r] [r]
Gy G G»

o | S11 T S12 2

A1Gy

MG — A1G
Aqlp] Aq[p]

where, if x; € G;(K) (i < 1),
51 (%) = ([plxi, VI o F(x1)) € A1Gi—1(K).

As in the proof of Proposition 5.8, V¥ is defined so that, for K-rational points,
VI(F(x)) = 81(V(F(x))) (recall that F(x) is a constant for 9;), which corresponds
to applying 91 to the coefficients of V when V is a polynomial, with the obvious
generalization for rational functions. Let us remark that, for every (a;)ieny € G(K),
((ap)i, (01(a;))i) = s1((a;);); it is actually a general fact, proved in Lemma 5.11.

Remark 5.10. It follows from the uniqueness in the strong sense that, if (X, dx) is a
scheme with a D-structure, and f : X — G a morphism of schemes, it is automatically a
morphism of schemes with a D-structure: for any open subset U € G, the corresponding
homomorphism f; : Oz(U) — Ox(f~1(U)) is such that 9y o fj; and fodgs are two
Hasse derivations extending f;}, and hence must coincide, which means that f}; is a
D-homomorphism.

We now focus on the D-points of (G, D).

Iiemma 5.11. Let (R, 3) be an iterative Hasse differential K—a}gebm, Then (G, D)*(R) =
G(R). Of course this is still true for every D-subscheme of (G, D).

Proof. The proof is simply Remark 5.10 for the particular case (X, dy) = (Spec R, d). O

In Fact 5.7, we defined, in characteristic 0, Ug to be the maximal subgroup of Wg
which is a D-subgroup of (G, D). Here is the characteristic p version.

Definition 5.12. We define Ug as the maximal closed subscheme of Wg := T),G which is
a D-subscheme of (G, D). If we have chosen X such that it generates the maximal ideal
of the identity element of Gg, Ug is the D-subscheme of (G, D) defined by the sheaf of
D-ideals Zy of (O, D) generated by Xo. We see that Ug is actually a group D-subscheme
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of (G, D) because D preserves the group structure, which implies that «(Zy) € Zy and
nwZy) €Iy @1Ly.

As in characteristic 0, we obtain the following.

Lemma 5.13. G descends to the constants if and only if T,G(= Wg) = Ug.

Proof. The argument is standard. We know that G descends to the constants if and only
if it admits an iterative D-structure (see §5.1). If T,G = Ug, T,G is a D-subgroup of
G; hence there is an iterative D-structure on the quotient G/ T,G ~ G (this is done in
the characteristic O case in [17]; details in characteristic p are worked out in [3]). For the
converse, if G descends to the constants, then, up to isomorphism, each G; is endowed
with the trivial iterative D-structure, and each [p] map is a D-morphism. It follows that
the unique (iterative) D-structure on G is the trivial one, for which T,G is a D-subgroup
of G, and hence is equal to Ug. O

Lemma 5.14. Ug(K) = (Ug, D)*(K) = T,G(K).

Proof. By Lemma 5.11, each point in 7,G(K) is a D-point of (G, D). It follows that the
corresponding closed point of 7),G is a maximal D-ideal of (Og, D) containing Xy, and
hence it is in Ug. Conversely, we have Ug(K) € T,G(K). O

Lemma 5.15. Ug(K) = Ug(K).

Proof. Let Zy be the sheaf of D-ideals defining Ug (in fact, we consider its sections on
an affine open set). The reduced scheme (Ug)req is defined by VIy. Tt is well known
that +/Zy is the intersection of all the prime ideals containing Zy. But, since Zy is a
differential ideal, +/Zy is also the intersection of all the prime D-ideals containing Zy
(see [1], for example).

Now consider M, any maximal ideal of O containing Zy. We want to show that
M is a D-ideal. Let f be in M; it is in Og, € Op for some i. Let j < p" be some
index. From the first remark, () P € M, where P runs over the prime D-ideals of O
containing Zy. In particular, ((P NOg,,,) € M NOg,,,, but the first one is the ideal
defining (7744 (UG))red, a finite scheme (here, m;y, is the projection of G onto Gign) It
follows that M N Og,,,, = P N Og,,, for some D-ideal P containing 7y (which may depend
on i and n). But now we have D;(f) = F”*oD;. o VFos™(f), with s"*(f) € Og,,, by
definition and D;(f) as well, because Og,,, is stable under F”*OD} oV¥ As Pis a
D-ideal, we have D;(f) € (PNOg,,,) € M. That is, M is a D-ideal.

Now we can conclude that, for any point x € Ug(K), the corresponding maximal ideal
M of O is a D-ideal; hence the residue field K (x) is an algebraic D-extension of K. But
we know that any algebraic D-extension of K is trivial because K is existentially closed
(see [41], for example); hence x € Ug(K). O

In order to deal with a big chunk of the nonreduced part of T7,G, we introduce the

following morphism of group schemes F:G— G, for F and G defined as follows (recall
that F' is the Frobenius homomorphism G — G®"):
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B , [p] [p]

G =lim Gy G G2
F id F F?

% — lim Go G(P) G(pz)

G - Ve ! Vo 2

This is well defined since, for all i, Fi o[p] = [plo F' = VG(I,,-) o Fitl,
For each i, we will denote by Y; a system of coordinates of Ggp') such that F'*(Y;) = Xipl ;

Y; generates the maximal ideal of the identity element in G;p D,

Lemma 5.16. Ker(F) is a D-subscheme of G. In particular, Ker(F) C Ug.
Proof. The sheaf of ideals Z of the kernel is generated by the F *(Y;), that is, by the
Xfl. If p' does not divide j, Dj(Xl.pl) =0; and if j = hp' for some h < p", we have
D;(x!") = (Dy(X;)?', with

Dy(X;) = F"™ o D} o Vi (Xi4n).

Here, the map V,, : GP") - G comes from the homomorphisms V,, : G,((pn) — G, k>0.1t
follows that V;*(X;4,) € M, the maximal ideal of the identity element in O G- Since the

i+n

identity element of Gl(f:;) is a D pr-point for the trivial truncated D-structure on G;_’:;),
n i i+n
Dj,(M) € M. Hence D;(X;) € (F™*(M)) € (X’_), and D;(X) € (X],,,) S T. O

We now need G to be ordinary. We will use here the structure theorems for affine
commutative group schemes over a field L (note that Ker(F), Ug, and T,G are objects
of this category since they are commutative profinite), for which our reference is [13]
(Chapter II1, § 3 and Chapter V, §3). Let us recall that, if H is a profinite commutative
group scheme over L, the connected component H® of the neutral element is an
infinitesimal group subscheme, namely, it satisfies H°(L) = {0}. Moreover, the quotient
H/H?® is proétale (that is, a projective limit of finite étale groups), and H® is the unique
connected group subscheme of H with this property. Furthermore, if we assume L to be
algebraically closed, the reduced subscheme H;q is isomorphic to H/H® via the projection
map (it is in particular a group subscheme of H), and H is isomorphic to the direct
product Hpeq x H°. Note finally that taking the connected component H° commutes
with a base change of fields, and the same is true for taking the quotient H/H?°.

Lemma 5.17. Suppose that G is ordinary. Then (T,G)° = Ug = Ker(F).

Proof. We have seen that Ker(F) C Ug C T,G (as closed group subschemes). But
T,G/Ker(F) is a group subscheme of the projective limit

Veir
lim(O Yo ger(vy) € Ker(Vy) - )
P
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which is a proétale group scheme since each Ker(V,) is étale (V, is separable since G
is ordinary). It follows that TpG/Ker(ﬁ ) and Ug /Ker(ﬁ ) are themselves proétale (this
category is closed under subobjects). Since obviously Ker(F)(K) = {0}, the lemma is
proved. O

By combining the previous lemmas, we obtain a new proof of the Proposition 4.3 with
a ‘D-structure flavour’. Note that, for any profinite group scheme X over K, Xeq is the
unique reduced closed subscheme of X such that X (K) = Xeq(K).

Proposition 5.18. Let G be an ordinary semiabelian variety over K. Then G descends to
the constants if and only if T,,G(f) = Ug(K) if and only if T,G(K) = T,,G(E).

Proof. We have obtained that G descends to the constants if and only if T,G = Ug
(5.13). But T,G = Ug if and only if (T,G)x = (Ug)% (since field extensions are obviously
faithfully flat), and, by the direct sum decomposition, (T,G)x = (Ug)x if and only
if (TpG)gp)red = ((UG)g)reda and (TPG)%= (UG)% But, by 5.17, (T,G)° = Ug; hence
T,G = Ug if and only if T,G(K) = Ug(K). Since Ug(K) = Ug(K) = T,G(K) (5.14 and
5.15), we have the result. O

5.3. Uniform statements and proofs

We will consider G a semiabelian variety over K. Recall that, in characteristic 0, G is the
universal extension of G by a vector group, and that Wg and Ug are defined as described
in Fact 5.7. In characteristic p, G, Ug, and Wg = T, G have been defined in §5.2.

In all characteristics, we know from Fact 5.7 in characteristic 0, and from Lemmas 4.2
and 5.14 in characteristic p, that

G* is isomorphic to (G, 3)?(K)/(Ug, 3)°(K),

where, of course, by isomorphic here we mean isomorphic as *-definable subgroups.

Notation. If f : G —> H is a morphism of semiabelian varieties over K, we denote by f
the induced morphism from G to H.

In the following, we will often drop the 9 for a scheme (X, d) with a D-structure when
no ambiguity arises.

If Hy, H, are proalgebraic groups over K with a D-structure, and h : H — Hj is
a morphism of proalgebraic groups with a D-structure, we denote by h? the induced
#-definable homomorphism from H;?(K) to H>?(K). When G,H are semiabelian
varieties, G and H have unique D-structures, and so, for any f:G—~ H, f respects
the D-structures (see Remark 5.10 in characteristic p, and Corollary 3.6 from [6] in
characteristic 0), whereby f? is defined. For the same reason, f induces the maps
fu:Ug — Uy and (fu)? : US(K) — U (K) (see §§5.1 and 5.2).

Lemma 5.19. Let 0 — G| — G» —f> G3 —> 0 be an exact sequence of semiabelian

varieties over K. Then the sequence 0 —> (GDY(K) — (G2)?(K) —> (G3)*(K) — 0
is also exact.
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Proof. In characteristic 0, G; is the universal vectorial extension of G;, and the sequence

O—)Gl—>(~;2i>(~;3—>0
is also exact (see Appendix B). Each G; admits a (unique) D-structure, and the functor
H — H?(K) preserves exact sequences from the category of algebraic groups with a
D-structure to the category of definable groups (see [17]). In characteristic p, the
sequence 0 — G(K) = G»(K) — G3(K) — 0 is exact because K is separably closed;
hence, passing to the projective limit in the category of x-definable groups,

0 —> G1(K) —> Ga(K) -L> G5(K)
is also exact. The fact that f - G2(K) = G3(K) is surjective follows from the surjectivity
of f:Gy(K) — G3(K) and from the wi-saturation of K. ]

The next proposition gives us a very useful equivalent to the exactness of the g functor.
It should be noted that there is no assumption that any of the Ugi, or any of the Ug;,
are nontrivial.

Given the exact sequence 0 — G| — G» i) G — 0, f, (f)a, fu, and (fU)a are
the induced maps as above, and fn denotes the induced map from Gg to Gg, when we

identify G* with (G)?(K)/(Ug,)? (K).

Proposition 5.20. Let 0 — G| — G —f> G3 — 0 be an exact sequence of
semiabelian varieties over K. For convenience, we assume that G| is a semiabelian
subvariety of Go. Then the following are equivalent.

(i) 0 — G — Gt ﬁ) G3% — 0 is exact.
£\
i) 0 — (Ug ) (K) —> (Ue)?(K) L2 (U6 ) (K) —> 0 is exact.
1 2 3
(iii) (fv)? : (Uy)?(K) — (Ug,)?(K) is surjective.
iv) 0 — Ug, (K) — Ug,(K) ﬂ) Ug.(K) —> 0 is ezact.
1 2 3

— ~ 0
Furthermore, (G1(K)NG»%)/G* = (UG3)3(K)/(fU) ((UGz)a(K))'
Proof. From Lemma 5.19, one obtains the following commutative diagram of exact
sequences (*):

0
R
(G (K)
n 2
0 UGy (K) ——— (G2)*(K) ————— (G2)* ——— 0
(fv)? )P fx
0 (Ug)?(K) ——— (G3)?(K) T (G3)! ———0
l
0
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Claim. Ker(fy)? = (Ug,)?(K).

First, note~that (UGI.)B(K) = (@i)a(K) N W;, since it is the kernel of the re~striction
of m to (G,-)a(K), and W, QGl = Wi, since~W,- is the kern~e1 of m;: gi - G;.
It follows that (Ug,)’(K) = (Gn)*(K)NW; = (G)*(K)NW2 = (G)?(K)N(G)?(K)N
W2 = Ker((/)*) N (Ug,)* (K) = Ker(fu)°. O
Let S := (UG3)3(K)/(fU)a((UGz)a(K)) (the cokernel of (fU)a). Then the classical SnaNke
Lemma applied to diagram (*) gives the existence of a homomorphism d from Ker(f5)

to §, such that the sequence 0 —> (UGI)a — (Gl)a — Ker(ﬁ,) —d> S§—0—0is
exact in the following commutative diagram:

0 0 0
| R - |
0 (Ue)?(K) ———— (G)?(K) — Ker(f)
| ] l[ m |
0 (UG, (K) ——— (G2)?(K) G* 0
(fv)? (f)? fx
- 3
0 (Ug)?(K) ——— (G3)?(K) G5* 0
| | |
S 0 0

This says exactly that

S = (Ugy)? (K)/(fu)?((Ug,)?(K)) is isomorphic to Ker(fz)/m1((G1)?(K)/(Ug,)?(K)),
that is, to (G1(K)NG,%)/G1".

It follows in particular that

0— G — G,t LN G3f —> 0 is exact
if and only if

£\
0 — (U6, (K) — (WU,)"(K) L2 (U, (K) —> 0 is exact
if and only if (fy)? is surjective.

This is also equivalent to the exactness of the sequence 0 — Ug, (K) — Ug, (K) @
Ug, (K) —> 0. In characteristic 0, one direction follows from the exactness of the 9
functor on groups with a D-structure. For the other direction, suppose that the sequence
of the (UG,.)E)(K) is exact. For each i, Ugl_(K) has transcendence degree equal to the
dimension of the algebraic group Ug,; (Fact 5.3). It follows that dim Ug, +dimUg, =
dim Ug, (by additivity of the transcendence degree). Being vector groups, the sequence
of the Ug, is exact. In characteristic p, this is a direct consequence of Lemmas 5.14
and 5.15. O

We can now give a uniform proof of the main result which relates exactness of the
functor to questions of descent, restricted, in char. p to the class of ordinary semiabelian
varieties. It is the uniform version of Proposition 4.12.
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Proposition 5.21. Let 0 > G| — Gy — G3 — 0 be an exact sequence of (ordinary in
char. p) semiabelian varieties defined over K. Suppose that G1 and G3 descend to the
constants of K .

Then the sequence 0 — Gﬁi — Gg — Gg — 0 remains exact if and only if Gy also
descends to the constants.

Proof. Without loss of generality, we can suppose that G is a semiabelian subvariety of
G2, and that G| = (G))kx and G3 = (Gy)k, where G| and G} are semiabelian varieties
over C, the field of constants of K.

If G, descends to the constants, then, up to isomorphism, we can suppose that G, =
(G4)k for some G over the constants, so, for every i, G;* = G/(C). And then G(K)N
G5 =G1(K)NG2(C) = G1(C) = G".

For the converse, suppose that 0 — G{#(K) — G>%(K) — G3*(K) — 0 is exact.

By Proposition 5.20, 0 — Ug,(K) — Ug,(K) — Ug,(K) — 0 is also exact. We know
that (see Fact 5.7 in characteristic 0 and Proposition 5.18 in characteristic p), as G
and G3 descend to the constants, Ug, (K) = Wi(K) and Ug, (K) = W3(K). Consider the
dimensions, as vector spaces in characteristic 0 or as free Z,-modules in characteristic
p, of the Ug,(K). By exactness, dim(Ug,(K)) = dim(Ug, (K)) + dim(Ug,(K)). But we
also have that dim W»(K) = dim W; (K) + dim W3(K) (this follows from exactness of the
functor G — G, which is clear in characteristic p, and proved in Appendix B for
characteristic 0). So dim Ug, (K) = dim W»(K), and hence Ug, (K) = Wa(K); that is, again
by Fact 5.7 in characteristic 0 and Proposition 5.18 in characteristic p, G, descends to
the constants. O

Hence we obtain in arbitrary characteristic the analogue of Corollary 4.13, with the
same proof.

Corollary 5.22. For any ordinary abelian variety A defined over the constants of K , there
exists an exact sequence over K,

0—G, — H— Agx — 0,

such that
0—>an—>Hﬁ—>(AK)u—>0
18 not exact.
We have given some examples of nonexactness in characteristic p in §4.3, even
for abelian varieties. In characteristic 0, the situation is completely different for

abelian varieties, as shown in the next Proposition, which is a direct consequence of
Proposition 5.20.

Proposition 5.23 (Characteristic 0). Let 0 — A — B —> C —> 0 be an ezact
sequence of abelian varieties over K. Then the induced sequence 0 — A® —s Bf —
C* — 0 is also ezact.

Proof. By Poincaré complete reducibility, A x C is isogenous to B, inducing an isogeny
of Ax C = A xC with B. As this is also an isogeny of D-groups, it induces an isogeny
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between Ugxc = Uy x Uc and Up. As these are vector groups, it follows that the induced
sequence 0 — Uy — Up —> Uc — 0 is exact. Hence, by Proposition 5.20, so is
0— A" — B — Cf — 0. O

6. Additional remarks and questions

(1) In characteristic p, the counterexamples to exactness of the induced f sequence
arise from the following situation: we have two connected commutative definable
groups G| < G, which are not divisible. We consider D;, the biggest divisible
subgroup (which is infinitely definable) of G,. The counterexamples are exactly the
cases when G| N D, is not divisible. One can ask the same question also for other
classes of groups, in particular for commutative algebraic groups. Given G| < G»
two commutative connected algebraic groups defined over some algebraically closed
field K of characteristic p, consider D < G, the biggest divisible subgroup of G>.
It is easy to check that D is a closed subgroup of G,, also defined over K.

Using the characterizations of the groups p®G(K), given in terms of the Weil
restrictions Iy JKP" G in [4], one can deduce easily from our examples that the same
phenomenon occurs for commutative algebraic groups.

(2) In previous drafts of this paper, we had mentioned an open question which we
found quite intriguing. Let A be an abelian variety defined over IFj,(¢), and let Ko
denote the separable closure of IF,(1). We can consider A(K¢) and p>A(Kj). As we
recalled in § 3, p>* A(Kjp) is the biggest divisible subgroup of A(Kjp), and it contains
all the torsion of A which is prime to p. The question was whether p® A(K() could
contain any nontorsion element. Note that, if A is defined over KoP~ = IF_p, then
P A(Kp) = A(E)7 where indeed every element is torsion. Note also that, from the
beginning of § 3, in characteristic p, when dealing with A* = p>®A(K), we suppose
that K is wi-saturated, which ensures that A contains elements which are not
torsion. This question was answered in some particular cases in [2], and in full
generality by D. Rossler, who showed in [32] that p*®A(K() contains only torsion
points.

In characteristic 0 there are results along these lines, sometimes going under
the expression ‘Manin’s theorem of the kernel’. A formal statement and proof
(depending on results of Manin, Chai and others) appears in [6] (Corollary K.3 of
the Appendix), and says that, if A is an abelian variety over the algebraic closure
Ko say of C(t), equipped with a derivation with field of constants C, and A has
C-trace 0, then A%(Kp) is precisely the group of torsion points of A. This, together
with the fact (see [6], §6 and [22], Lemma 2.2) that A*(Kq) = A%(Ko9//), shows
that A®(Ko%//) is the group of torsion points of A.

A. Appendix

Here is a proof of Fact 2.3. Let G and H be two connected algebraic groups defined over K ,
and let f be a dominant separable homomorphism from G to H (equivalently a surjective
separable homomorphism from G(K) to H(K)). Then f takes G(K) surjectively onto
H(K).
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Proof. Note first that we can suppose without loss of generality that K is sufficiently
saturated. Let Ko be a small field over which everything is defined. Let h € H(K)
be a generic point of H over Ko (in the sense of algebraic geometry). As f is
dominant, there is some generic g of G(K) such that f(g) = h. Separability of f means
that Ko(g) is a separable extension of Kg(h), and hence is contained in a separable
closure of Ko(h)(ay, ..., a,) for some a; which are algebraically independent over Kqy(h).
Choosing, by saturation of K, by, ..., b, € K, algebraically independent over Ko(h), and
an isomorphism taking the separable closure of Ko(h)(ay, ..., a,) to the separable closure
of Ko(h)(by, ..., by), we find g’ € G(K) such that f(g") = h. O

B. Appendix

In this appendix, we give a detailed proof of the fact used in Lemma 5.19, namely that the
functor ‘universal extension’, on the category of semiabelian varieties in characteristic 0,
is exact. As we could not find any references for this fact, which is possibly well known,
we give the details here, thanks to the help of D. Bertrand. We refer to [5] for discussion
about related questions. Note also that the point of view of rigidified extensions used in
[23] should give this result more directly, but we keep here a point of view which model
theorists are probably more familiar with.

Everything here is over an algebraically closed field K of characteristic 0, and every
algebraic group is commutative.

Recall that the universal extension of an algebraic group A by a vector group (when it
exists) is an extension

0—>WA—>AB>A—>0,

where Wy is a vector group, characterized by the following universal property: for every
extension f : G — A of A by a vector group, there exists a unique homomorphism of
algebraic groups g : A — G such that 74 = fog.

It follows from [31] that abelian varieties admit such universal extension. If § is a
semiabelian variety, with abelian part A, § admits a universal extension by a vector
group, which is given by § =8 x4 A (see [6]); note that Wg = Wj.

We should now explain how ~ is defined as a functor on the category of semiabelian
varieties.

First, recall some notation and constructions from [34], Chapter 7. For algebraic groups
A and B, Ext(A, B) is the set of extensions 0 > B—- C — A — 0 of A by B, up to
isomorphism of extensions. It is equipped with a structure of a group.

If C € Ext(A, B), and g: B — B’, g.(C) is the unique element C’ € Ext(A, B’) such
that there is some G : C — C’ such that the following diagram commutes (actually it
does not depend only on C, but on C as an extension of A by B):

/4
0 B C A 0

0 B’ c’ A 0
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Note that such a G does not need to be unique. By diagram chasing, we see that G’ :
C — ('’ satisfies the same property as G if and only if it can be written as G’ = G+ Aow
for some A € Hom(A, B').

Similarly, if C € Ext(A, B), and f:A"— A, f*(C) is the unique element C’ €
Ext(A’, B) such that there is some F : C’ — C such that the following diagram commutes:

T
0 B c A 0
id F| i
0 B c’ A 0

As before, F' : C' — C satisfies the same property as F if and only if F/ = F + Aox for
some A € Hom(A’, B).

We can give an explicit description of f*(C): it is (isomorphic to) C x4 A’, viewed
as an extension of A’ via the second projection, and with map to C given by the first
projection.

An important result is Proposition 2 of Chapter 7 in [34]. An exact sequence 0 —

A £ A> 5 A3 — 0 and an algebraic group H induce an exact sequence (*):
0 — Hom(As, H) 2§ Hom(As, H) <L Hom(A;, H) -5 Ext(As, H)
£, Bxt(Ag, H) L Ext(A, H),

where d(¢) = ¢«(Ar) € Ext(Asz, H) for ¢ € Hom(A, H).
Note that in the following situation
TA

0 Wa A A 0
F J id
0 w G A 0

where A is a semiabelian variety, G an extension of A by a vector group W, and F
given by the universal property, F must map the unipotent part W4 of A into the
unipotent part W of G. Hence, by definition, the restriction Fy : W4 — W is such that
G = (Fw)«(A). Furthermore, since Hom(A, W) = 0, Fy completely determines F. Hence
finding F as in the universal property is equivalent to finding the unique f : Wy — W
such that f*(A) =G.

We will now use this characterization in order to build f:A — B for f:A —
B an homomorphism of semiabelian varieties. For such an f, define Tf as the
unique Tf : W4 — Wp such that (Tf)*(A) = f*(é). Because of the definitions, we get
homomorphisms G : A —> (Tf)*(fi) and F : f*(B) —~ B making the following diagram

commutative:
TR
0 Wg B B 0
id | Fl f ]
0 Wp f¥(B) = (Tf)«(A) A 0
Tf | G| id |
0 Wa A A 0
TTA
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Now we define f = F o G; it makes the following diagram commutative:

B
0 Wg B B 0
Tf | 7l £
0 Wg A o A 0

and it is the unique such (once again using that Hom(A, Wg) = 0).

With these characterizations, it is easy to show that, for homomorphisms of semiabelian
varieties A i) B C, ¢f = &f: the calculation (gf)*(C) = f*g*(C) = f*(Tg)«(B) =
(T)x f*(B) = (Tg)«(Tf)«(A) = (TgT f)«(A) shows that T(gf) = TgTf, and the result
follows (the basic results that we use here about f* and g can be found in [31] or [34]).

Now we prove exactness.

We will use the natural identification of W4 with the dual of Ext(A, G,). More precisely,
if A is an abelian variety, the map

Hom(Wy, G,) — Ext(A, G,)
is an isomorphism (see [31], Prop. 11).

The same result is valid for a semiabelian variety 0 - T — S 1) A — 0 instead of
A. Indeed, since Hom(T, G,) = Ext(T, G,) = 0, it follows from the exact sequence (*)
that f*: Ext(A, G,) — Ext(S, G,) is an isomorphism. But, by construction, S = f*A €
Ext(S, Wa), and, for ¢ € Hom(Wy, G,), ¢S = ¢ f*A = f*¢,A; hence the result comes
from the case of abelian varieties.

Claim B.1. For f: A — B an homomorphism of semiabelian varieties, the following
diagram commutes:

12

Hom(Wyu, G,) ——— FEat(A, G,)

-oTf I

Z

Hom(Wg, G,) ————— Ext(B, Gy)

Indeed, for ¢ € Hom(Wg, Gy), (o Tf)xA = ¢ (Tf)xA = ¢ f*B = f*¢.B.

Now we consider an exact sequence of semiabelian varieties
A g
0—-A>B->C—0.

Claim B.2. The induced sequence is exact:

0 — Ext(C.Gy) 5> Ext(B.Gy) 1> Ext(A.Gy) — 0.
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We use the exact sequence (*) and the fact that Hom(A, G,) = 0 to get the exactness
on the left and on the middle. For the surjectivity, we just have to use the dimensions and
connectedness of these groups, since the dimension of Ext(A, G,) equals the dimension
of the abelian part of A.

Proposition B.3. The induced sequence is exact:
0— A —f> BL¢—o.

Proof. In the following commutative diagram

0 0 0
T

0 W Wa We 0
o7

0 A B C 0
[

0 A B C 0
l | |
0 0 0

the columns and the bottom row are exact. The top row is exact by the two claims and
duality. It follows that the middle row is exact. O
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