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Abstract

We consider the two-dimensional shrinking target problem in beta dynamical systems (for general 8 > 1)
with general errors of approximation. Let f, g be two positive continuous functions. For any xq, yy € [0, 1],
define the shrinking target set

ITgx — xol < o5/

E(Tg. f,8) = {(x,y) €[0,17°:

: for infinitely many n € N ¢,
T2y = yol < 5 v }

where S, f(x) = ZJ’ZOI f(Tgx) is the Birkhoff sum. We calculate the Hausdorff dimension of this set and
prove that it is the solution to some pressure function. This represents the first result of this kind for the
higher-dimensional beta dynamical systems.

2020 Mathematics subject classification: primary 11K55; secondary 28A80, 11J83, 11K60, 37C45,
37A45.

Keywords and phrases: beta-expansions, shrinking target problem, Hausdorff dimension.

1. Introduction

The study of the Diophantine properties of the distribution of orbits for a
measure-preserving dynamical system has recently received much attention. Let
T : X — X be a measure-preserving transformation of the system (X, B, u) with a
consistent metric d. If the transformation 7 is ergodic with respect to the measure p,
Poincaré’s recurrence theorem implies that, for almost every x € X, the orbit {7"x}°
returns to an arbitrary but fixed neighbourhood of x infinitely often. That is, for any
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290 M. Hussain and W. Wang 2]
xo € X, for yu-almost all x € X,

liminf d(T"x, x9) = 0.
n—oo
Poincaré’s recurrence theorem is qualitative in nature but it does motivate the study
of the distribution of T-orbits of points in X quantitatively. In other words, a natural
motivation is to investigate how fast the above limit infimum tends to zero. To this end,
the spotlight is on the size of the set

D(T,p) :={xe€X:d(T"x,xp) < ¢(n) forim. n € N},

where ¢ : N — Ry is a positive function such that ¢(n) — 0 as n — co. Here and
throughout, ‘i.m.” is used for ‘infinitely many’. The set D(T,¢) can be viewed as
the collection of points in X whose T-orbit hits a shrinking target infinitely many
times. The set D(T,¢) is the dynamical analogue of the classical inhomogeneous
well-approximable set

W(p) :={x€[0,1): Ix - p/q—xol <¢p(g) forim. p/q € Q}.

As one would expect, the ‘size’ of both of these sets depends upon the nature of the
function ¢, that is, how fast it approaches zero. The size of the set W(¢) in terms of
Lebesgue measure or Hausdorff measure and dimension has been established even
in the higher-dimensional (linear form) settings; see [1, 8, 19] for further details. In
contrast, not much is known for the higher-dimensional version of the set D(T, ¢) for
general 7.

Following the work of Hill and Velani [6], the Hausdorff dimension of the set
D(T, ¢) has been determined for many dynamical systems, from the system of rational
expanding maps on their Julia sets to conformal iterated function systems [15].
We refer the reader to [3] for a comprehensive discussion regarding the Hausdorff
dimension of various dynamical systems. In this paper, we confine ourselves to the
two-dimensional shrinking target problem in beta dynamical systems with general
errors of approximation.

For a real number 8 > 1, define the transformation 7 : [0, 1] — [0, 1] by

Tp : x = Bx (mod 1).

This map generates the B-dynamical system ([0,1],7g). It is well known that
B-expansion is a typical example of an expanding nonfinite Markov system whose
properties are reflected by the orbit of some critical point; in other words, it is not
a subshift of finite type with mixing properties. This causes difficulties in studying
metrical questions related to S-expansions. General S-expansions have been widely
studied in the literature; see for instance [7, 9, 12—14] and references therein. In
particular, the Hausdorff dimension, denoted throughout by dimg, of D(Tg,¢) was
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obtained in [13] and the Lebesgue measure and Hausdorff dimension of the set

IT3x — xol < 1(n)

D(Tg, @1, ¢2) = {(x,y) e [0, 1]

D forim.n e N
1Ty = yol < ¢a(n)

was calculated in [9]. Here xo, yo € [0, 1] are fixed and the approximating functions
©1, ¢y are positive functions of n.

In 2014, Bugeaud and Wang [2] calculated the Hausdorff dimension of the set with
the error of approximation given by the ergodic sum, that is,

E(Tg, h) := {x € [0, 1] : [Tjx = xol < e forim. n € N},

where £ is a positive continuous function on [0, 1] and S,A(x) = h(x) + - - + h(Tg”x).
Clearly the error of approximation is exponential depending upon the orbits 7x. Note
that it is still an open problem whether e 5" implies the arbitrary function ¢(n)
or not. However, e=5"/® reduces to " by considering h(x) = tlog|T”’(x)| for some
7 > 0. Thus, the result of [2] implies the Jarnik—Besicovitch type result for the set
under consideration.

In this paper, we extend Bugeaud and Wang’s set E(Tj, h) to the two-dimensional
setting and calculate its Hausdorff dimension. Let f,g be two positive continuous
function on [0, 1] and let xy, yy € [0, 1] be fixed. Define

ITx = xol < e~ S5/

E(Tp. f.8) = {(x,y) €[0,1]%:

S gy forim. neNp.
ITgy —yol < e

The set E(T3, f, g) is the set of all points (x,y) in the unit square such that the pair
{(T"x, T"y)} is in the shrinking rectangle B(xo, e 5/®) x B(yo, e5¢") for infinitely
many 7. The rectangle shrinks to zero at exponential rates given by e=5/®) and ¢=5:80),
We shall prove the following result.

THEOREM 1.1. Let f, g be two continuous functions on [0, 1] with f(x) > g(y) for all
x,y € [0,1]. Then

dimy E(Tp, f, g) = min{sy, 52},
where

s; =inf{s > 0 : P(f —s(logB + f)) + P(—g) < 0},
5o =1inf{s > 0 : P(—s(logB + g)) + log s < 0}.

Here P(-) stands for the pressure function for the S-dynamical system associated
to continuous potentials f and g. To keep the introductory section short, we formally
give the definition of the pressure function in Section 2. The reason why the Hausdorff
dimension is in terms of the pressure function is because of the dynamical nature of
the set E(Tp, f, g). For the detailed analysis of the properties of the pressure function
and ergodic sums for general dynamical systems we refer the reader to [17, Ch. 9].
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The proof of this theorem splits into two parts: establishing the upper bound and
then the lower bound. The upper bound is relatively easier to prove by using the
definition of Hausdorff dimension on the natural cover of the set. However, estab-
lishing the lower bound is challenging and the main substance of this paper. Actually,
the main obstacle in determining the metrical properties of general S-expansions lies
in the difficulty of estimating the length of a general cylinder and, since we are dealing
with two-dimensional settings, the area of the cross-product of general cylinders. As
far as the Hausdorff dimension is concerned, one does not need to take all points into
consideration; instead, one may choose a subset of points with regular properties to
approximate the set in question. This argument in turn requires some continuity of the
dimensional number, when the system is approximated by its subsystem.

The paper is organised as follows. Section 2 is devoted to recalling some elementary
properties of S-expansions. Short proofs are also given when we could not find any
reference. Definitions and some properties of the pressure function are stated in this
section as well. In Section 3 we prove the upper bound of Theorem 1.1. In Section 4
we prove the lower bound of Theorem 1.1, and since this takes up a large proportion
of the paper we subdivide this section into several subsections.

2. Preliminaries

We begin with a brief account of some basic properties of S-expansions and we fix
some notation. We then state and prove two propositions which give the covering and
packing properties.

The -expansion of real numbers was first introduced by Rényi [11], and is given by
the following algorithm. For any 8 > 1, let

T3(0) :=0, Tp(x)=px—[px], x€[0,1), 2-1)
where |£] is the integer part of € € R. By taking
&(xp) = | BT} 'x] €N

recursively for each n > 1, every x € [0, 1) can be uniquely expanded into a finite or an
infinite sequence

T!x
_awp . Ez(xz,ﬁ) . en(x;lﬂ) N
B B B B
which is called the B-expansion of x, and the sequence {€,(x,8)},>1 is called the digit
sequence of x. We also write the S-expansion of x as

e, B) = (e1(x,0),...,6(x,0),...).
The system ([0, 11, Tp) is called a B-dynamical system or just a B-system.

b}

DEFINITION 2.1. A finite or an infinite sequence (wy, w, ...) is said to be admissible
(with respect to the base ), if there exists an x € [0, 1) such that the digit sequence of
x equals (wy, wy,...).
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Denote by Zj the collection of all admissible sequences of length n and by X4 that
of all infinite admissible sequences.

Let us now turn to the infinite S-expansion of 1, which plays an important role in the
study of S-expansions. Applying algorithm (2-1) to the number x = 1, then the number
1 can be expanded into a series, denoted by

1 1 (1,
alp) el &),

B B B

If the above series is finite, that is, there exists m > 1 such that ¢,(1,8) # 0 but
€:(1,83) = 0 for n > m, then S is called a simple Parry number. In this case, we write

6*(1’ﬁ) = (Er(ﬁ)’ E;(ﬂ)9 .. ) = (El(l’ﬁ)’ cees Em—l(laﬁ)’ Em(l’ﬁ) - 1)009

where (W)™ denotes the periodic sequence (w,w,w,...). If 8 is not a simple Parry
number, we write

€(LA) = (B, &(P),..) = (a(l.p),&p),...).

In both cases, the sequence (€;(f), € (B),...) is called the infinite S-expansion of 1
and we always have that

1=

B B B

The lexicographical order < between infinite sequences is defined as

&)  &(B) @B,

W= (Wi, Wa,eo o, Wy, ) <W = (W, W, W), )

if there exists k > 1 such that w; = w]’. for 1 <j <k, while w; < w. The notation w <
w’ means that w < w’ or w = w’. This ordering can be extended to finite blocks by iden-

tifying the finite block (wy, w», ..., w,) with the sequence (w,w,,...,w,,0,0,...).
The following result due to Parry [10] is a criterion for the admissibility of a
sequence.

LEMMA 2.2 (Parry [10]). Let B> 1 be a real number. Then a nonnegative integer
sequence € = (€1, €, ...) is admissible if and only if, for any k > 1,

(€ €k+1, ) < (6](B), &(B), .. ).

The following result of Rényi implies that the dynamical system ([0, 1], T) admits
log B as its topological entropy.

LEMMA 2.3 (Rényi [11]). Let > 1. Foranyn > 1,

ﬂn+l
g-1

B < #Ep <

where # denotes the cardinality of a finite set.
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It is clear from this lemma that
log(#ZZ,)
lim

n—oo

= logp.
For any €, := (¢,...,€,) € Z[’;, call
I(€,) = {x€[0,1),€x,p)=¢,1 <j<n}

an nth-order cylinder (with respect to the base (). It is a left-closed and right-open
interval with the left endpoint

€ € €n
[— + _2 + “ee + _n
B B B
and length
1
|In(6n)| < —.
B

Here and throughout the paper, we use |-| to denote the length of an interval. Note that
the unit interval can be naturally partitioned into a disjoint union of cylinders; that is,
forany n > 1,

[0.11= [ J L(en.

€, 622

One difficulty in studying the metric properties of S-expansions is that the length
of a cylinder is not regular. It may happen that |I,,(e,...,€,)| < 7. Here a < b is
used to indicate that there exists a constant ¢ > 0 such that a < cb. We write a < b if
a < b < a. The following notation plays an important role in bypassing this difficulty.

DEFINITION 2.4 (Full cylinder). A cylinder I,(€,) is called full if it has maximal
length, that is, if

1
ﬂ_n.
Correspondingly, we also call the word (e, .. ., €,), defining the full cylinder 7,,(€,), a
full word.

|In(6n)| =

Next, we collect some properties about the distribution of full cylinders.

PROPOSITION 2.5 (Fan and Wang [5]). An nth-order cylinder I,(€,) is full if and only
if, for any admissible sequence €, := (€[, €, ...,€,) € EZ’ withm > 1,

(€, €,,) € X5
Moreover.
Ly sm(€n, €] = lu(€,)] - (€.

So, for any two full cylinders I,,(€,), 1,(€,,), the cylinder I,,,,,(€,, €,) is also full.
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LEMMA 2.6 (Bugeaud and Wang [2]). For n > 1, among every n+ 1 consecutive
cylinders of order n, there exists at least one full cylinder.

As a consequence, one has the following relationship between balls and cylinders.

PROPOSITION 2.7 (Covering property). Let J be an interval of length B~ with | > 1.
Then it can be covered by at most 2(I + 1) cylinders of order .

PROOF. By Lemma 2.6, among any 2(/ + 1) consecutive cylinders of order /, there are
at least two full cylinders. So the total length of these intervals is larger than 257", Thus
J can be covered by at most 2(/ + 1) cylinders of order /. ]

The following result may be of independent interest.

PROPOSITION 2.8 (Packing property). Fix O < € < 1. Let ng be an integer such that
2nB < B"V€ for all n > ng. Let J C [0,1] be an interval of length r with 0 < r <
2noB~"™. Then inside J there exists a full cylinder I, satisfying

r> || > rite.
PROOF. Let n > ng be the integer such that
2nB™" < r < 2(n— 1B

Since every cylinder of order # is of length at most 57", the interval J contains at least
2n —2 > n + 1 consecutive cylinders of order n. Thus, by Lemma 2.6, it contains a full
cylinder of order n and we denote such a cylinder by I,. By the choice of ng, we have

re Ll =8> QM- )(BH)e > plre
This completes the proof. -

We now define a sequence of numbers Sy approximating 8 from below. For any N
with €y,(8) > 1, define By to be the unique real solution to the algebraic equation

_aB &b &b

By ,6’12\, ,val

Then By approximates S from below and the Sy-expansion of unity is

(B, ey (B), y(B) — DT.

More importantly, by the admissible sequence criterion, we have, for any €, € g
and €, € EZ’N, that

(fn, ON, e;ln) € ZZ;Ner’ (2_2)

where 0¥ means a zero word of length N.
From assertion (2-2), we get the following proposition.
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PROPOSITION 2.9. For any €, € ZZN, Lin(€,, ON) is a full cylinder. So,

1 1
— < |In(6n)| < =

ﬁn+N - Bn :
We end this section with a definition of the pressure function for a S-dynamical
system associated to some continuous potential g:

1
P(g,Tp) := lim —log sup 580 (2-3)
n—oo n

&z Yeh(en

where S,g(y) denotes the ergodic sum Zj'.’:_ol g(T;,;y). Since g is continuous, the limit
does not depend upon the choice of y. The existence of the limit (2-3) follows from
subadditivity:

log Z eS11+nxg(.y) S 1Og Z eSng(y) + log Z eSmg(y)'

(€, ,s,’n)e):lg*m €€} €,€Z

The reader is referred to [16] for more details.

3. Proof of Theorem 1.1: the upper bound

As is typical in determining the Hausdorff dimension of a set, we split the proof of
Theorem 1.1 into two parts: the upper bound and the lower bound.
For any €, = (¢1,...,€,) € Z/'; and w, = (w1, ...,w,) € X}, we always take

oG8 &
B B B"
to be the left endpoint of /,(¢,) and
ol w2
B B B"

to be the left endpoint of I,,(w,,).
Instead of directly considering the set E(7p, f, g), we consider a closely related limit
supremum set

Edgf.0)=( | | Jne) xu@n),
N=1n=N €,,w, EZZ
where

Ju(€,) = {x€[0,1] : |Tgx — X0l < e_snf(x*)}’
Ju(wy) = {y e€[0,1]: |Tgy —y0| < e—Sng(y*)}_
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In the sequel it is clear that the set E(Tﬁ, f,g) is easier to handle. Since f and g are
continuous functions, for any 6 > 0 and n large enough, we have

1S, f(x) = Suf (X)) < 18, 1S,8(y) — S,g(y)| < né.
Thus we have
E(Tg, f + 6,8 +0) C E(Tg, f,8) € E(Tp, f — 8,8 — 9).

Therefore, to calculate the Hausdorff dimension of the set E(Tp, f, g), it is sufficient to

determine the Hausdorff dimension of E(Tﬁ, 18-
The length of J,(€,) satisfies

()] < 287751100,

since, for every x € J,,(€,), we have

€] €, + X0
x—(—+---+ “ ):

B B"

1T x = xol

ﬁn

< ﬂfnefsnf(x*)‘

Similarly,
Wa(wn)| < 2875707,

So, E(T[;, f>g) is a limit supremum set defined by a collection of rectangles. There are
two ways to cover a single rectangle J,(€,) X J,(w,), as follows.

3.1. Covering by shorter side length. Recall that f(x) > g(y) for all x,y € [0, 1].
This implies that J,(€,) is shorter in length than J,(w,). Then the rectangle J,(€,) X
J,(w,,) can be covered by

ﬁ_ne_sng(y*) eSnf(X*)

ﬁ_ne_snf(X*) - eSng(v*)
balls of side length 8¢5/,

Since, for each N,

E(Tﬁ»f’ g) c O U Jn(en) X Jn(wn)s

n=N en,w,,ezg

the s-dimensional Hausdorff measure H* of E(T, > f» &) can be estimated as

H (E(Tp. f.9)) < 11m mfz Z e )(;)S

Sn8(V) \ Bn eSnf(x*)
nNe,,wHGZ € ,36

Define
sy =inf{s > 0 : P(f —s(logB + f)) + P(—g) < 0}.
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Then from the definition of the pressure function (2-3), it is clear that

< 00,

o SFE ]y
P(f —s(logB+ ) +P(-g) <0 < Z Z ZSng(y*)(ﬂneSnf(X*))

n=1 €0,
Hence, for any s > s,
H(E(Tp, f.8)) = 0.
Hence, it follows that dimH(E(T/;, f,8) <s1.

3.2. Covering by longer side length. From the previous subsection (Section 3.1),
it is clear that only one ball of side length 877¢~5:¢0") is needed to cover the rectangle
J.(€,) X J,(w,). Hence, in this case, the s-dimensional Hausdorff measure H* of
E(Tﬁ, f,g) can be estimated as

W‘T(E(Tlg,f, )< liz{lriigfi Z (m)s-

n=N e,,,w,,ezg
Define
s, = inf{s > 0 : P(—s(logB + g)) + logB < 0}.

Then, from the deﬁnitiogs of the pressure function and Hausdorff measure, it follows
that, for any s > 5o, H*(E(Tg, f, g)) = 0. Hence,

dimy(E(T3, £, 8)) < 52

4. Theorem 1.1: the lower bound

It should be clear from the previous section that proving the upper bound requires
only a suitable covering of the set E(Tﬁ, f,&). In contrast, proving the lower bound is a
challenging task, requiring all possible coverings to be considered; it therefore repre-
sents the main problem in metric Diophantine approximation (in various settings). The
following principle, commonly known as the mass distribution principle [4], is used
frequently for this purpose.

PROPOSITION 4.1 (Falconer [4]). Let E be a Borel measurable set in R and y be a
Borel measure with u(E) > 0. Assume that there exist two positive constants c, 6 such
that, for any set U with diameter |U| less than 8, u(U) < c|U|*. Then dimyg E > s.

Specifically, the mass distribution principle replaces the consideration of all
coverings by the construction of a particular measure u and it is typically deployed
in two steps:

e construct a suitable Cantor subset ¥, of E(TB, f,g) and a probability measure u
supported on Fo;

e show that, for any fixed ¢ > 0, u satisfies the condition that, for any measurable set
U of sufficiently small diameter, u(U) < c|U/’.
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If this can be done, then by the mass distribution principle, it follows that
dimy(E(Tp, f,8)) > dimp(Fe) > 5.

The substantive, intricate part of this entire process is the construction of a suitable
Cantor type subset ¥, which supports a probability measure u. In the remainder of this
paper, we construct a suitable Cantor type subset of the set E(T,;, f»g) and demonstrate
that it satisfies the mass distribution principle.

4.1. Construction of the Cantor subset. We construct the Cantor subset ¥,
iteratively. Start by fixing an € > 0 and assume that f(x) > (1 + €)g(y) > g(y) for all
x,y € [0,1]. We construct a Cantor subset level by level and note that each level
depends on its predecessor. Choose a rapidly increasing subsequence {my}i>; of
positive integers with m; large enough.

4.1.1. Level I of the Cantor set. Let n; = m;. For any U;, W € ZZ;} ending with the

zero word of order N (that is, OV), let xj € 1,,(Uy), yj € I, (Wy). From Proposition 2.8,
it follows that there are two full cylinders I, (K}), I;, (L) such that

I, (K1) C B(xg, €570,
I;,(Ly) C B(yg, e 51800y,
and
eSO 5 gk (o7Su Sy Ie

B0 5 gl 5 (oS EOD)IHE — =S (14507

So, we get a subset Iy, 1k, (U1, K1) X Ly, 41, (W1, Ly) of J,,, (Uy) X J,, (W1). Since f(x) >
(1 + e)g(y) for all x,y € [0, 1], it follows that k; > [;. It should be noted that K| and L,
depend on U; and Wy, respectively. Consequently, for different U and W, the choice
of K; and L; may be different.

The first level of the Cantor set is defined as

?'l = {In1+k1(U1’K1) X In]Jr[](WlsL]) : Ul’ Wl € 2;;1]\’ ending Wlth ON}’

which is composed of a collection of rectangles. Next, we cut each rectangle into balls
with the radius as the shorter side length of the rectangle:

Iy 1, (U, Ky ) X Iy (W1, Ly)
= {5, (U1, K1) X Iy si (Wi, Ly, Hy) < Hy € S0,
Then we get a collection of balls
Gt = U, (U1, K2) X Ly (Wi, Ly, Hy) 2 Uy, Wy € 21 ending with 0V, Hy € £},

4.1.2. Level 2 of the Cantor set. Fix a Jy = I 4, (I'1) X I, 44, (T1) in G1. We define
the local sublevel ¥, (J;) as follows.
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Choose a large integer m, such that

€
o m logB > (ny + suptky : L+, (CODISI,

where [|f]l = sup{lf ()l : x € [0, 11).

Write ny = ny + k; + my. Just like the first level of the Cantor set, for any U,, W, €
ZZ,: ending with 0V, applying Proposition 2.8 to J,,,(T'1, Uy) X J,,,(T1, W,), we can get
two full cylinders I}, (K>), I;,(L,) such that

I, (Kp) € B(xg, e 570%)), 1,(Ly) € B(yo, e 5250%)
and
¢Sl (D) 5 gk 5 (g=Snfl)yle,
eS80 5 gk 5 (¢~SmEOR)IHE — (=S (1+505)

where x5 € I,,(I'1, Uz), y5 € 1,(T1, Wa).

Obviously, we get a subset I,,.r,(I'1, Uz, K2) X In,11,(C1, Wa, Ly) of J,,,(I'1, Up) X
Jn,(T1, W) and ky > I,. Then, the second level of the Cantor set is defined as

F2(J1) = Lk (01, Uz, Ko)XIy 11, (Y1, Wa, o) 2 Uy, Wy € g ending with 07},

which is composed of a collection of rectangles.
Next, we cut each rectangle into balls with the radius as the shorter side length of
the rectangle:

Lny iy (U1, Uz, K2) X Dy 41, (C1, Way Lp) = ALk, (U1, Ua, K3)
X Ly sk (Y1, Wa, Ly, Hp) : Hy € ZZ;_IQ} = G(Jh).
Therefore, the second level is defined as
= B0, 6 =])6w.
JeGi Jeg,

4.1.3. From level i — 1 to level i. Assume that the (i — 1) th level of the Cantor set
Gi-1 has been defined. Let J;_y = I, 4k, ,(L'iz1) X Iy, 4, (Ti—1) be a generic element
in Gi_1. We define the local sublevel ;(J;_1) as follows.

Choose a large integer m; such that

€
T2 ™ logB > (ni—y + supiki—1 : Ly, i, i ODISI 4-1)

Write n; = nj_1 + k;—; + m;. Foreach U;, W; € ZZ’N ending with 0V, apply Proposition
2.8 to

Jni (F}’l,‘_1+ki_1 s Ul) X Jl’l,’(Yﬂ,’_1+k ‘/Ill)'

i-1°
We can get two full cylinders Ii,(K;), I;,(L;) such that
I, (Ki) € B(xo, e /0), I (L;) € B(yo, e™*507)
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and

e~ Suf D) >ﬁ_ki > (e—Sn[f(x;‘))He,
e~ S5m807) >B_li > (e—Snig(y,’-‘))He — e—Sn,.(1+e)g(y,<*)7

where x7 € I, (I'i—1, Uy), y; € L,,(Ci_1, W)).
Obviously, we get a subset In,,+k,,(l“l~_1, U;, K;) % Ini+li(Ti—la Wi, L;) of Jni(l",-_l, Uy x
Jn,(Tiz1, W;) and k; > [;. Then, the i th level of the Cantor set is defined as

FilJi-1) = i (Cict, Ui, Ki) X Ly (Yict, Wi L) = Uy, Wi € T ending with 07},

which is composed of a collection of rectangles. As before, we cut each rectangle into
balls with the radius as the shorter side length of the rectangle:

In,-+k,-(ri—ls Ui9 Kl) X In,~+li(Ti—1> ‘/Viv Ll) - {In,~+k,~(ri—19 Ui’ Kl)
X Lyt (Yiot, Wi Li Hy) < Hy € Z571) = GilUiy).
Therefore, the i th level is defined as

Fi= ) 7. 6= | 6.

JEGi JEGi-1

Finally, the Cantor set is defined as

0o )

ro=(1Us= (U

i=1 JeF; i=1 I€G;
It is straightforward to see that ., C E(Tﬁ, 1 89.

REMARK 4.2. It should be noted that the integer k; depends upon I';_; and U;. Assume
that f is strictly positive, otherwise replace f by f + €. Since m; can be chosen as
m; > n;_y for all n;_;, we have

B = Sl = (e~ Snl T3 Dy e,
where X € I, 14, +m,(LUi=1, U;). In other words, k; is almost dependent only on U; and
B =< eSmlD X e 1L, (U)). (4-2)
The same is true for /;:
B = e7SmIOD v e I, (W), (4-3)

4.2. Supporting measure. We now construct a probability measure u supported
on ¥, which is defined by distributing masses among the cylinders with nonempty
intersection with ¥,. The process splits into two cases: when sop > 1 and 0 < sy < 1.
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4.2.1. Case I: so > 1. In this case, for any 1 < s < 50, notice that

S Loy 1 v
25:807) ( BreSi @) ) = ( BreSist) ) '

This means that the covering of the rectangle J,,(U) X J,,(W) by balls of shorter side
length is preferable and therefore, it reasonable to define the probability measure on
smaller balls. To this end, let s; be the solution to the equation

es’”i f(x;) 1 s 1
Zm- eSm[g(ylf) (ﬂm, eSm[f(x,/’) ) -
U,WEE/}}‘V

where x! € I, (U;), v € L,(W)).

By the continuity of the pressure function P(Tg, f) with respect to 8 [14, Theorem
4.1], it can be shown that s; — sy when m; — oco. Thus, without loss of generality, we
choose all m; large enough such that s; > 1 for all i and |s; — so| = o(1).

We systematically define the measure i on the Cantor set by defining it on the basic
cylinders first. Recall that for level 1 of the Cantor set construction, we assumed that
n; = my. For sublevels of the Cantor set, say 7, the role of my is to denote the number
of positions where the digits can be chosen (almost) freely, while n; denotes the length
of a word in ¥ before shrinking.

Let 1y, 4, (U1, K1) X Iy 4k, (Wi, Ly, Hy) be a generic cylinder in G;. Then define

1y
1y 1k, (U, Ky) X Ly 0, (Wy, Ly, Hy)) = (W) ,

where x| € I, (U;). Assume that the measure on the cylinders of order i — 1 has
been well defined. To define a measure on the ith cylinder, let [, . (Ii_y, U;, K;) X
L+, (Ciz1, Wi, Li, H;) be a generic i th cylinder in G;. Define the probability measure u
as

Mk, Uiz, Ui, Ki) X Ly, (g, Wi, Ly, H))

R
= pu vk (Tic) X ki, (Ti21)) X (W) ,

where x! € I, (U;). The measure of a rectangle in ; is then given as
Uik, Tz, Ui, Ki) X Ly, (Cizy, Wi, Ly))

1y
ki—l;
= sk () X () X 3 ()

eSS 1\
= ,u(ln,-,|+k,-,| (Fl—l) X 111,',|+k,-,1 (Tl—l)) X eSm[g(y,{) X (ﬁ"liesm[f(x,{)) )

where the last inequality follows from estimates (4-2) and (4-3).
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4.2.2. Estimation of the p-measure of cylinders. For any i > 1 consider the generic
cylinder,

I =Ly, (Uim1, Ui, Ki) X Ly, (Cim1, Wi, Ly, H).
We would like to show by induction that, for any 1 < s < s¢,
TORY (ks
When i = 1, the length of  is given as
] = g5 5 g (e=SufEDyee — gom (=S fx))y e
But, by the definition of the measure g, it is clear that
) < P < P,
Now we consider the inductive process. Assume that
Uity (Cim)X Dk (Cim1)) < Uk, (Timt) X Dy, (LA
Let
I = 1y1(Cic1, Ui, Ki) X Lyt (Cimy, Wi, Liy Hy)
be a generic cylinder in G;. One one hand, its length satisfies

|I| = Bf"’[*ki = |In,-,1 +ki— (Fl—l) X In,',] +ki— (Tl—l )| X Bimi X ﬁiki
Z |In,-_1 +ki— (Fl—l) X In,-_| +ki— (Tl—1)| X Bfmi(efsn,-f(x;))]+5’

where x; € [, (T, Uy).
We compare S, f(x7) and Sy, f(x]). By (4-1) we have

1S, f ) = S fOD] = [Sny iy S

< (o1 + ki)l
€
< - l]‘ b
T 1+ em ogh
where x! € I,,(U;). So we get
12 Wy ek, Timt) X Dy, (Lim)] X (B ST 0D) e, (4-4)
On the other hand, by the definition of the measure ¢ and induction, we have that

1) = Lk, Tit) X Dy, (Limp)) X (B Sl 00y
< |Il’l,'_1 +ki_1 (Fl—l) X Il’l,'_] +ki_1 (Ti—l)lS/(l+E)((B_mi€_smif(x;))l+E)S/(1+€)
< |I|S/(1+E).

In the following steps, for any (x,y) € ¥, we estimate the measure of 1,,(x) X 1,,(y)
compared with its length 8. By the construction of ¥, there exists {k;,/;};>; such
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that for all i > 1,
(6, ) € Lyis(Licy, Uiy Ki) X Ly, (Cicy, Wi, L).
For any n > 1, let i > 1 be the integer such that
ni_1+kiyo<n<n+ki=n_1+k_+m+k;.

Step Innj_y + ki +m;+; <n<nj+ki=ni_ +ki_y +m; +k;.

The cylinder ,(x) X I,(y) contains g%*%~" cylinders in G; with order n; + k;. Note
that by the definition of {k;, /;}1<j<;, the first i pairs {k;, [;}1<j<; depend only on the first
n; digits of (x, y). So the measures of the subcylinders of order n; + k; are the same. So,
the measure of 7,(x) X I,,(y) can be estimated as

#(In(x) X Il‘l(y)) = /’l([i’l,;]+k,;1 (Fl—l) X In,-,1+k,',| (Tl—l))
X (ﬂ—mie—S,7,if(x;))si Xﬁni+ki_n.
Thus by the measure estimation of cylinders of order n;_; + k;—; and the choice of k;,
one has that
,u(],,(x) X In(y)) < (ﬁ—m,l—k[,l)S/(1+6)(B—mi—ki)s/(l+f) Xﬂn;+k;—n
— (ﬁ—n[—k,-)s/(1+e) Xan,-+k,-—n
< (ﬁ—n)s/(l+5)’

by noting that n < n; + k; and s/(1 + €) > 1.

Step 2:ni_y + ki +m; <n<n+ L =n_ + ki +m;+ 1.

Recalling the definition of n; + k;, the first i pairs {k;, [;}|<j<; depend only on the first
n; digits of (x,y). So the measures of the subcylinders in G; with order n; + k; are the
same. It is clear that the cylinder 7,(x) X I,,(y) contains ﬁki"i cylinders of order n; + k;.
So, the measure of 1,,(x) X I,(y) can be estimated as

u, () X 1,(y) = Ly 4k, Tic1) X sk, (Tiz1))

% (IB—mie—Smif(x,f*))Si Xﬁki_li.

Thus by the measure estimation of cylinders of order n;_; + k;—; and the choice of k;,
one has that

N(In(x) % In()’)) < (ﬂ*ni—]’ki—l)S/(lJrf)(ﬂ*mi*ki)S/(]er Xﬁk"fl"
— (ﬂ—ﬂ[—k[)s/(l-l-é) Xﬁki_li
< (ﬂ—ﬂ[—li)S/(l+6)
< (IB—n)s/(l+e)’

by noting that n < n; + [; and s/(1 + €) > 1.
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Step 3:ni_y +kisy <n<niy + ki +my
Assume that U; = (€1, &, ..., &,), W; = (w1, w2, . .., wy,). We start off by denoting
l=n-(i_; +ki_1)and h = m; — [. Then

(I (x) X 1,(y))
= Z Ullsts(Cit, Ui, Ki) X Lyt (oot Wi, Ly, Hp)) X 8575

!
(€11150.-6m; )EX
(W11 5eees W yexh

= il ot (T X Dy (L) X Y (FMeSnd WDy gl

(E4150mms Emi)Eng
(@110, )EZ]

Smf G

Smg07)

= Ul vk (Cie) X Dy g (L) X Y (B Sml Dy,

(E14150ms Emi)EZé
(@110 JEZ

Then by the estimation of the measure of cylinders of order n;_; + k;—; and letting
(6,7 = (Thx), Thy), we get

S
51807)
S

UL (x) X I,(y)) < (prhmnys/d+e., (Bl s

. (B_l’le_shf(;;))si )

Sig(v)

(w/+1,».-,wm[)€ZZ
The first part can be estimated as

S

i

—n;_1—ki—1\s/(1+€)
(B ) 31807

(ﬁ—le—stf(xf))si < (B—(ni71+/<i—1+1))5/(1+€)
— (B—n)s/(1+e)’
since

S

£51807)

S(e7SIEYs <1, fors; > 1.

To estimate the second part, we first recall that we defined s; to be the solution of
the equation

eSS 1 s .
Zm» 5807 (lgneSnf(X,f)) -
U,WGZ/};]
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Therefore,
S

ST s
=, &, molgam) x| 5wl
eSI8OD\ Bl eSif o) s €Si8OD \BlESHED

U, W, ezl

So, by arguments similar to [14, pages 2095-2097] and [18, pages 1331-1332], we
derive that

Sif &) ( 1

)Si < g

180D \ lSif )

U, W, EZZ,N
Therefore,
MU () X () < B0 Bl < (e

As far as the measure of a general ball B(x, r) with 77! < r < 7 is concerned,
we notice that it can intersect at most three cylinders of order n. Thus,

u(B(x, r)) < 3(Bfn)s/(l+s)f€ < 3IBSrS/(l+E)f€ < 3I82rs/(l+e)fe'

So, finally, an application of the mass distribution principle (Proposition 4.1) yields
that

dimy E(Tg, . 8) > 0.

4.2.3. Case II: 0 < sy < 1. The arguments are similar to Case I but the calculations
are different. In this case, for any s < so < 1, it is trivial that

Snf(x') 1 s 1 s

e5n8(y) (lgneSnf(X’)) = (ﬁngsng(y’)) ’
This means that the covering of the rectangle J,(U) X J,,(W) by balls of larger side
length is more preferable and therefore, it reasonable to define the probability measure

of the rectangle to be the same measure as for the cylinder of order n; + ;.
Just as in Case I, let s; be the solution to the equation

1 N
Z ( B eSmE0) ) =1

U,WEZZI:/ ending with OV

where y! € I,,,(W;). By the continuity of the pressure function P(7p, f) with respect to
B we can assume that for all m; large enough we have that s; < 1 for all i and |s; — s¢| =
o(1).

We first define the measure u on the basic cylinders. Let I, . (U, Ki) X
I, +1,(Wy, Ly) be a generic cylinder in #;. Then define

1oy
My 11, (U, Ky) X Ly (W1, L) = (W) ,
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where y| € I,,,(W). Then the measure is evenly distributed on its subcylinders in G;.
So, for a generic cylinder I, ¢, (U1, K1) X Iy, 4k, (W1, L1, Hy) in Gy, define

1 1 51
U, 41, (U, K1) X Ly, (Wh, Ly, Hy)) = #221711 (lgmgsmlg(yﬁ))

)
Aﬁkl—ll B e5m 807 )

Assume that the measure on the cylinders of order (i— 1) has been well
defined. Then to define the measure on the ith cylinder we proceed as follows. Let
Ly, (Cic1, Ui, Ki) X 1y,40,(Ti1, Wi, Ly) be a generic cylinder in ;. Then define

Mk, Uiz, Ui, Ki) X Ly, (Cimq, Wi, L))

oy
= u(ly vk (Tic) X Ly (Ti21)) X (,W) ,

where y; € I,,(W;). By the definition of k;, /;, the measure of a cylinder in G; is then
given as

1y (Ticy, Ui, Ki) X Ly, (Ti-1, Wi, Ly Hy))

1 1 Si
= st C5e) X s ) X gy X ( ﬁmiesml_g(y;))

5807 ( 1 )si

= “(In,;l +k,;1 (Fi—l) X In,;| +k,;1 (Ti—l )) X eS'”if(x;) X ﬁmiesmig(y;)

4.2.4. Estimation of the p-measure of cylinders. We first show by induction that, for
any i > 1 and a generic cylinder

=1 ki omesks Tict, U, K X Dk mek (L1, Wiy Ly, H),
we have
p() < |17,
When i = 1, on the one hand, the length of I is given as
1] = Bk > g (=S fGDyl+e — gomi (g=Sm Sy ve

But on the other hand, by the definition of the measure g, it is clear that

7 esmlg(y’l) 1 S1
< .
) < S 1) (IBml esm.g@'.))

< (™™ e_Smlf(x/l))Sl
< |I|S/(1+E),

by noting that s; < 1.
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Just as in Case I, we consider the inductive process. Assume that
Uk, T )X (Cim1)) < Uy sk, (Tit) X Dy, (Cim I 0F9),
Let
I=1,u,0ic1, Uy, Ki) X Ly, (Ci1, Wi, Ly, Hy)
be a generic cylinder in G;. By (4-4) we get
M1 = Ly (D) X Dk, (L) X (BT ST D)1,

From the definition of the measure y, induction and the fact that s; < 1, it follows
that

eSmi g(}’:) ( 1 )Si

:U(I) = ,U(Ini—l-#k,;l (Fi—l) X I}’li—]+ki—l (Ti—l)) X eSm,-f(X,{) X Bmfgsm[é’(y;)

<yt (Tist) X Dy i, (LT AFO(( S5m0y Lreys/(Tre)
< |I|S/(1+E)

— (B_ni_ki)S/(1+E)
= (ﬁ—m,‘—k,‘)s/(1+5).
So, for a rectangle
J =Ly Cic1, Ui, K) X Ly, (T, Wi, Ly)

in ¥;, we have that

1 S
)= ke i) X (o) X ()

< (ﬁ_"i—l_ki—l )5/(1+5)(B_miﬁ_li)5i
S (B_ni_li)S/(1+6)-

For any (x,y) € ¥, we estimate the measure of I,,(x) X I,,(y) compared with its
length 87". By the construction of ¥, there exists {k;, /;};>; such that for all i > 1,

¢, y) € Ly, (Ticr, Ui, Ki) X Ly, (Vi1 Wi, Ly ).
For any n > 1, let i > 1 be the integer such that
niy+kiog<n<ni+ki=ni_+ki_y +m;+k.

Step I: n;_, +kig+m+L<n<ni+ki=ni_1+ki_i +m+k.
In this case, the cylinder can intersect only one rectangle in ¥;, so

u,(x) X 1,(y) = ek, Tict, Ui, Ki) X Ly, (Tim1, Wi, Ly))
< (ﬁ—n,-—l,-)s/(1+e)
< (ﬁ—n)s/(1+e).
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Step II'ni_y+kiy+m<n<n+l=n_1+ki_1+m;+1.

Now the cylinder I,(x) X I,(y) contains 8%+ cylinders in ¥; with order n; + [;.
Note that by the definition of {k;, /;}1<j<;, the first i pairs {k;, [;};<;<; depend only on the
first n; digits of (x, y). So the measures of the subcylinders of order n; + k; are the same.
So, the measure of /,,(x) X I,(y) can be estimated as

1
(X)) X 1,(y)) = L4k, (Tic1, Uiy Ki) X Dk, (Wiog, Wi, L)) X gt
1

S (B—ni—li)s/(l+€) X

n—n,-—l,-
S (ﬁ—n)s/(]+€)'
Step HI:ni_y +ki_y £n<ni+kiog +m.

Assume U; = (€1, €,...,6n), Wi = (w1, w2,...,0y,). Write [ =n-—(ni_; +ki_1)
and & = m; — [. Then

U () X 1, ()
= > iUk (T, Us K X Dy (Y1, Wi L)

(E415ee0s E,ni)Eng
(@11 15000s0 JEZ

= puln_ vk Cic) X Ly 1 (Ti21) X Z (BmieSms0 s,

!
(€1115--6m; )EX
(W41 5005 Wiy )Ezg

Then by the estimate of the measure of cylinders of order n;_; + k;—; and letting ;Z =
Téyl’., we get

u,(x) X I,(y))
< (B k14 L (grleSiE0N s Z (B e—Shg(;,'-))sl-
(€141 5005 E,,,l.)EEé
(Wr1 5000 wn11)€22
< (ﬁ—n)s/(1+e) . Z (ﬁ—he—shg(yj’»))sz'.

(€141 5--5Em; )EZZ;
(W11 500, Oy )eZ/’;

Recall the definition of s;:

1 N
Z (ﬁmies,nig(y;>) =1

m;

U’WEZ,@N
Then
1 Si 1 S
= Z ( / Sg()')) ' Z ( S C)) ’
20 . 7
UL Wiesh Bes UsWaex) BlerEn

where y/* € Li(Uy), Y| € I(Wa).
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So, with a similar argument to the previous section, we have that

Y o) =
Bheshg@ -

Uz,WzEZl’gN
Therefore,
p(x) X L,(y)) < ()19 gle < (pmy/d+oe,

Notice that a general ball B(x, r) with B7"~! < r < 87 can intersect at most three
cylinders of order n. Therefore, the measure of the general ball can be estimated as

;l(B(x, r)) < 3(B—n)s/(]+5)—e < 3ﬁsrs/(]+s)—e < 3,82”/(”6)_6.

So, finally, by using the mass distribution principle we have the lower bound of the
Hausdorff dimension of this case,

dimy E(Tg, f,8) > so.

Hence, combining both cases, we have the desired conclusion.
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