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Abstract

The existence of a negative solution, of a positive solution, and of a sign-changing solution to a
Dirichlet eigenvalue problem with p-Laplacian and multi-valued nonlinearity is investigated via sub-
and supersolution methods as well as variational techniques for nonsmooth functions.
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1. Introduction

Let Q be a bounded domain in RY, N >3, with a smooth boundary 0€2, let
1 < p<+o0, and let g: Q2 x R— R be measurable in each variable separately.
Given a real parameter A, consider the problem

_ = Mu|P~2u — i
{Apu—)»lul u—glx,u) inQ, (1.1)

u=0 on 0%2,

where A pu = div(|Vul|? ~2Vu). If p =2 then the existence of multiple solutions to
(1.1) has been widely investigated; see [1, 2, 18, 19] and the references therein. All
these papers treat the case where (x, ) — g(x, t) does not depend on x and is suitably
regular, for example, continuously differentiable [1] or Lipschitz continuous [18, 19].
Roughly speaking, the results obtained are as follows. Let the function g exhibit a
superlinear behaviour at both zero and infinity. Under a further technical condition,
which may vary from one situation to another, problem (1.1) possesses at least three
nontrivial solutions provided A > A,, the second eigenvalue of the operator —A in
H(} (£2). Combining the method of sub- and supersolutions with variational techniques
chiefly based on the second deformation lemma, two very recent papers [4, 17]
examine a much more general situation, that is, 1 < p<4ocoand g: Q2 x R— R
of Carathéodory’s type only.
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We next point out that Struwe’s result [19, Theorem 10.5] was extended to a wider
class of problems, the so-called elliptic hemivariational inequalities, in [11].

The same nonsmooth framework of [11] is adopted here, but the technical approach
exploited is based on that of [4]. More precisely, setting, for g merely bounded on
bounded sets,

§
G(x,$§) 1=/ gx,0)dt, (x,8§) e QxR,
0

we shall be concerned with the problem

(1.2)

—Apu € MulP~2u — 3G (x,u) in g,
u=~0 on 0€2,

where dG (x, u(x)) indicates the generalized gradient of & — G(x, &) at the point
u(x). Obviously, (1.2) reduces to (1.1) if g satisfies Carathéodory’s conditions. We

say thatu € Wol’p(Q) is a solution of (1.2) if there exists an n € L?/(?=1 () such that

n(x) € 0G(x, u(x)) almost everywhere in €2, (1.3)
_ - 1,
/Q IVulP2Vu - Vo dx + /Q(n —AMulP2u)pdx =0 forallg e W, P@). (1.4

The main result of this paper, Theorem 4.1 below, establishes the existence of at
least three nontrivial solutions u_, u4, ug € Cé(Q) to (1.2) such that u_ <0 < u,
while u( changes sign, in © provided A > A5, the second eigenvalue of —A, in

WO1 P(Q). It represents a nonsmooth version of [4, Theorem 4.1] and includes both [17,
Theorem 3.9] and [11, Corollary 3.2] as special cases. Accordingly, Theorem 4.1
also extends the results of [1, 2, 18, 19] to problem (1.2). We subsequently note
that it exhibits significant qualitative properties of the solutions obtained. For other
multiplicity results under different assumptions, see [9, 12, 15] and the references
therein.

Problems like (1.2) are sometimes called elliptic hemivariational inequalities.
They arise in the mathematical formulation of several complicated mechanical and
engineering questions, where the relevant energy functionals turn out to be neither
convex nor smooth (the so-called superpotentials). The monographs [9, 10, 14, 16] are
general works on this subject.

2. Basic assumptions and preliminary results

Let (X, || - ||) be areal Banach space. _Given aset V C X, write 0V for the boundary
of V, int(V) for the interior of V, and V for the closure of V. If x, z€ X and § > 0
then

Bs(x):={weX:||lw—-x|<d}, [x,zl:={0-t)x+1tz:1re]0, 1]}
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The symbol X* denotes the dual space of X, while (-, -) indicates the duality pairing
between X and X*. A function @ : X — R is called coercive if
lim &®(x) =+o0.
llx||—+o0
If to every x € X there correspond a neighbourhood V, of x and a constant L, >0
such that

|®(z) — ®(w)| < Lyllz — w| forall z, w € Vy,

then we say that @ is locally Lipschitz continuous. In this case, ®Ox: z), x,z€ X,
denotes the generalized directional derivative of @ at the point x along the direction z,
that is,
. P(w+1z7) — P(w
®'(x; z):= lim sup ( ) ( ).
w—x, 1—07F !

The generalized gradient of the function @ in x is the set
dP(x) = {x* € X*: (x*, 2) < d(x; ) Vz € X).

Then [6, Proposition 2.1.2] ensures that d® (x) turns out to be nonempty, convex, in
addition to weak™ compact, and that

®0(x; 7) = max{(x*, z) : x* € 3P (x)}, z€X.
Hence, it makes sense to write
me(x) == min{||x*[|x+ : x* € ®(x)}.

The classical Palais—Smale condition for C'! functions here takes the following form

(see [5, Definition 2]).

(PS) Every sequence {x,} € X such that {®(x,)} is bounded and lim,,_, { 5c me (xy)
= 0 possesses a convergent subsequence.

We say that x € X is a critical point of ® if 0 € ¥ (x), that is, ®%(x; z) > 0 for all

z € X. Obviously, each local minimizer or maximizer of ¢ turns out to be a critical

point of ®; see [5, Proposition 10]. Put

K(®)={xeX:0c0d(x)}.

The following nonsmooth version of the Ambrosetti-Rabinowitz mountain pass
theorem is essentially due to Chang [5, Theorem 3.4] and will be exploited in
Section 4.

THEOREM 2.1. Let X be reflexive and let ® satisfy (PS). If there exist xg, x1 € X,
r > 0 such that ||x1 — xo|l > r and max{®(x9), ®(x1)} < infreyp, (r,) P(x) then &
has a critical point X € X such that

inf  ®(x) < ®X) = inf max ®(y(2)),
x€d B, (xp) yel tel0,1]

where I' :=={y € co(o, 11, X) : y(0) = xg, y(1) =x1}.
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An operator A : X — X™* is called coercive if

(A), x)

im = 4-00.
Ixl—>+o0  [lx]]

We say that A is of type (S)4 if x, — x in X and lim sup,, , , \.{A(x,), x, —x) <0
imply x, — x.

Throughout this paper, 2 denotes a bounded domain of the real Euclidean N-space
(RN, |- 1), N >3, with a smooth boundary 92, p € ]1, +o0[, and p' := p/(p — 1).
The symbol Wol’p(SZ) indicates the closure of C;°(£2) in whr(Q). On W()l’p(Q) we

introduce the norm
1/p
ull := (/ |Vu(x)|? dx) .
Q

Denote by p* the critical exponent for the Sobolev embedding Wé P(Q) — L1(Q).
Recall that p* = Np/(N — p) if p < N and p* = 400 if p > N. As usual, we write

L1(Q)y :={ue L1(Q) : u(x) > 0 almost everywhere in Q},
Co( Q)4 = {ueCH():ux) >0 VxeQ)

It is known (see, for example, [10, Remark 6.2.10]) that
_ — 0
int(Cy(Q)+) = {u € CH(Q) 1 u(x) >0, a—”(x) <0Vxe sz}
n

with n(x) being the outward unit normal vector to d€2 at the point x € Q2.
Let —A,: W(;’p(Q) — (W&’p(Q))* be defined by

(—=Apu, v) :=/ IVu(x)Ip_ZVu(x) -Vo(x)dx forallu,ve Wé’p(Q), 2.1
Q

and let Ay (A2) its first (second) eigenvalue. One usually refers to A, as the

p-Laplacian operator. The following properties of A, A, and —A, can be found

in [10, Section 6.2]; see also [8].

(P1) 0<i <o, B

(p2) There exists an eigenfunction @1 corresponding to A1 such that ¢ € int(C(l) Q)4
aswell as ||g1]Lr) = 1.

(p3) If S:={u e WP () : llull o) = 1} and

To:={y e COU—1, 11, 8) : y(=1) = —¢1, y(1) =1},
then
Ap= inf  max |lu|?.
yelpuey([—1,1])

(p4) The operator — A, is maximal monotone, coercive, and of type (S) 4.
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Finally, for notational convenience, we define, for u, v: Q — R,
Qu<v):={xeQ:ukx) <vkx)}, wu':=max{u,0}, wu :=min{u, 0},

and henceforth ‘measurable’ will always mean Lebesgue measurable. Suppose that
g : 2 x R — R satisfies the following conditions.

(g1) g is measurable in each variable separately.

(g2) There exista; > 0, g € 1p, p*[ such that

lg(x, D < ar(1+ 111971,
for almost every x € Q and every t € R.

Then the functions G(x, -) : R — R and G : L9(2) — R given by

&
G(x, &) :=/ g(x,t)dt forall &€ eR,
0
Gu) = / G(x,u(x))dx forall ue L1(Q), (2.2)
Q

respectively, are well defined and locally Lipschitz continuous. So, it makes sense to
consider their generalized gradients G (x, -) and G. For every (x, t) €  x R, set

g1(x,t):= lim essinf g(x, 1), go(x,t):= lim esssupg(x, 7).
§—01 [t—1|<$ —>0% |r—¢|<s

Then [14, Proposition 1.7] ensures that

G (x, &) =[g1(x, §), g2(x, §)], (2.3)
while [10, Theorem 4.5.19] leads to

0G(u) C{w e Lq/(Q) 1g1(x, u(x)) <w(x) < g (x, u(x)) almost everywhere in 2},
2.4)

with ¢ :=¢/(q —1). The next result is an immediate consequence of [6,
Proposition 2.1.5], apart from the choice of g.

LEMMA 2.2. Suppose u,, — u in Wol’p(Q), w, = win Lp/(Q), and wy, € 3G (uy,) for
alln € N. Then w € 0G(u).

We shall further make the following assumptions.
(g3) lims—o(g(x, 1)/|t1P~2t) = 0 uniformly for almost all x € Q.
(g4) limp - 4o0(g(x, 1)/|t|P=%t) = 400 uniformly for almost all x € Q.

REMARK 2.3. For p=2 and if (x,?)+ g(x,t) does not depend on x and is
continuous, hypotheses (g3)—(g4) have previously been introduced in [1, 18]. The
very recent paper [11] deals with possibly discontinuous nonlinearities.
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REMARK 2.4. Assumption (g3) forces g1(x, 0) <0 < g2(x, 0) for almost all x € €.
Hence, in view of (2.3), problem (1.2) always possesses the trivial solution.

A function u € WP () is called a subsolution to (1.2) if u|3q < 0 and there exists
ann € LI’/(Q) such that

Q(x) € 3G (x, u(x)) for almostevery x € €2, 2.5
[ 1vur v Ve dr+ [ =g dr <o
Q Q-
forall g € W'P(Q) N LP(Q). (2.6)

Likewise, we say thatu € Whr(Q)isa supersolution of problem (1.2) if u|3q > 0 and
there exists an 77 € L? (Q2) fulfilling

N(x) € 9G(x, u(x)) for almostevery x € €2, 2.7
/ |Vu|P =2V - Vo dx + / @ — MualP 2w dx >0
Q Q
forall ¢ € W,"”(2) N LP ()4 (2.8)

As aresult of (p4) the operator —A , turns out to be surjective; see, for instance, [10,
Corollary 3.2.21]. Thus, we can find a function e € Wol’p(Q) such that —A, e=1.
Gathering [9, Theorems 1.5.6 and 1.5.7] together yields e € int (Cé (Q)4).

We are now in a position to establish the existence of sub- and supersolutions to
problem (1.2).

THEOREM 2.5. Let (g1)—(gs4) be satisfied. Then, for every A > A1, there exists
a constant ay > 0 such that —aye (aye) is a subsolution (supersolution) of (1.2).
Moreover, epy (—e@1) is a subsolution (supersolution) to (1.2) and e¢ < aje in Q
for any sufficiently small ¢ > 0.

PROOF. Pick A > A1. Hypothesis (g4) produces a t, > 0 such that

glx, 1)
|t|P—21

> A provided |f| > 1. 2.9)

Through (g2) we can find a ¢, > 0 fulfilling
lg(x, 1) — At|P7%t| <) forall |t] <1. (2.10)

Both inequalities above hold almost everywhere in 2. Moreover, combining (2.9) with
(2.10), we achieve

— Ap(—c/ P Ve) 4 rcre? 4+ ga(x, —c)/ P Ve) <0 @2.11)

as well as
— Ap(c)/ P Ve) —rcre? ' + gi(x, )/ P Ve) > 0, (2.12)

Therefore, on account of (2.3), the first conclusion is true once we put @, := ci/ (p=1),
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Next, since A > A, assumption (g3) yields a §, > 0 such that

lg(x, 1)

T <A —X1 provided 0 < |t] <. (2.13)

Fix a positive number & < 8, /||l¢1 |l (q). From (p2) and (2.13), which holds almost
everywhere in €2, it easily follows that
—Ap(epr) — 2P oP T £ g (x, £91) <.
Likewise,
—Ap(—eg1) + 2P ol T+ g1 (x, —eg1) > 0.

Hence, the function eQ1 (—&¢1) turns out to be a subsolution (supersolution) of (1.2).
Finally, as e € int (Cé (£2)4), for any sufficiently small ¢ > 0,

I3 ) —

e — —p1 €int(Cy(R)+),
a

that is, e < aye in Q. This completes the proof. O

3. Constant-sign solutions

Two nonzero, constant-sign, extremal solutions to problem (1.2) can be achieved

when A > A1, the first eigenvalue of —A in WO1 "7 (). The next result represents a
preliminary step in this direction.

THEOREM 3.1. If (g1)—(ga) hold true, while ) > Ay, then for every € >0 small
enough (1.2) has a minimal positive solution u, € int(Cé (Q)4) N[egr, arel and a
maximal negative solution u_ € —int(Cé (Q)4) N [—axe, —e@1], with ay, > 0 given by
Theorem 2.5.

PROOF. Since similar reasoning is used for u_ and u ., we shall confine ourselves to
the case of u. Let
u:=¢e@Q), u:=ae.

Theorem 2.5 ensures that u () turns out to be a subsolution (supersolution) of (1.2)
lying in int(Cé (2)+) and that u < u provided ¢ > 0 is sufficiently small. Put

U:={ue Wol’p(Q) 1u(x) <u(x) <u(x) for almost every x € Q2}.
Thanks to (g1), (g2) the functional Ej : Wol’p(Q) — R given by
1 A
Euw) 1= lull” - ;||u||{m) +G@) forallu e Wy"(Q),

with G as in (2.2), is well defined, locally Lipschitz continuous, weakly sequentially
lower semicontinuous, and coercive in U. Hence, there exists a u) € U fulfilling

E;L(u;L) = inlf] Ek(u). (31)
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We claim that u, solves problem (1.2). Indeed, pick v € Wol’p (), a > 0, and set

u(x) if x € Q(uy) + av <u),
wkx) = 3up(x) +avx) ifxeQu <u)p+av) NQLu) +av <u),
u(x) ifx e Q(u <uy + av).

Obviously, w € U. Consequently, tw + (1 —t)uy € U for all t € [0, 1]. If Ijp 1
denotes the indicator function of [0, 1] C R,

fO=E@w+ (1 -0u) and f@):=f@)+hon®, tek,

then, due to (3.1), the function f attains its minimum at ¢t = 0. Accordingly, by [16,
Proposition 2.1],

F20; £ —0) + Lo, 13(t) — Io.11(0) >0 forallz e R,

which means, in particular, that f°(0; 1) > 0. Since f°(0; 1) = max{z:z € 3f(0)},
we can find a z € 3f(0) N [0, +oo[. Using the chain rule [6, Theorem 2.3.10] yields

af (0) CIEN(uy) - (w — uy). (3.2)
On account of (3.2) and (2.4) there thus exists a w;, € Lq/(Q) such that

wy(x) € 3G (x, uy(x)) almost everywhere in €2, (3.3)

(A, uk,w—ux)—)u/ uf_l(w—u)\)dx—i—/ wy(w —uy)dx=z>0. (34)
Q Q

We explicitly note that w — u; € L9(2) because g < p*. If n () belongs to Lp/(Q)
and satisfies (2.6) ((2.8)) then, by the choice of w, inequality (3.4) becomes

0<a« / |VuA|p72Vu;L -Vvdx —« / ()»uf_l —wy)vdx

Q Q

— / |Vu|P =2V - V(uy + av — 1) dx
QU<u;+av)

+/ WPt =) (uy, + av —u) dx
QU=<u;+av)

+/ |VulP~2Vu - V(u — uy, — av) dx
Q(up+av<u)

Q(up+av<u)

— / (P~ =) (= u; — av) dx
v

P! — n-— )»uf_l +w;) (U — u; —av)dx
QU<u)+av)

+/ P~ = — 2™ w) @ — s — aw) dx
Q (uy+av=u) -
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- / (IVup|P "2V — |VulP~>Vu) - V(up — u) dx
Q () +av<u)
—oz/ (\Vun|P~>Vuy, — |VulP~>Vu) - Vv dx
Q (u)+av<u)
—1—/ (\Va|P 72V — |Vuy|P72Vu,) - V(uy, — 1) dx
Qu<uy+av)
+a/ (\Va|P~2Vi — |Vu; |P"2Vuy) - Vv dx. (3.5)
QU<u)+av)

Now, putting ¢ := (u) + av — u)" in (2.8) leads to

— / |Va|P~2Vi - V(uy, + av — ) dx
QW<u)+av)

+/ A~ =) (uy, + av — @) dx <0, (3.6)
QU<u)+av)
while (2.6) written for ¢ := (u — uy — av)™ gives

/ |VulP>Vu - V(u — uy, — av) dx
Q(up+av<u)

+/ (n — ") (u — uy — av) dx <0. (3.7)
Quj+av<u) ~
Since u < u) < u in 2, the result is
/ (i —uffl) (u —u) —av)dx <0, (3.8)
Q(up+av<u)
/ @ —u?™") @ — u, — av) dx <0. 3.9)
QU<u)+av)

Next, assumption (g2), (2.3), and the continuity of u, # on  ensure that both
dG(x, u(x)) and 0G (x, u(x)) are uniformly bounded with respect to x € 2. So, in
view of (2.5), (2.7), and (3.3), there exists a constant a > 0 fulfilling

/ (=n+wy) (U —up —av) dx
Qup+av<u)

Saz/ (z—ux)dx—a/ vdx (3.10)
Q(up+av<u<uy) Qup+av<u)(—n+wy)

as well as

/ (=7 +wy) @ — u) —av) dx
QU<u)+av)

502/ (Mx—ﬁ)dX—i-a/ vdx. (3.11)
Q(up <u=up+av) Q@<u;+ov)@T—wy)
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Finally, by virtue of (p4) we obtain
- / (IVur|PVuy, — |Vu|P7> V) - V(s — ) dx <0 (3.12)
Q (uj+av<u)

and

/ (IVE|P 72V — |Vuy |P72Vuy) - V(u;, — ) dx <0, (3.13)
QW<u)+av)
At this point, gathering (3.5)—(3.13) together and dividing by « > 0 yields

05/ |Vu, |P~>Vu, - Vo dx—/()»uf_l —wy)vdx
Q Q

—a2/ vdx+a2/ vdx
Q(uyp+av<u<u,) Q(u) <u<u)+av)

+/ (n — wy)v dx+/ n—wy)vdx
Quy+av<u) — Q@<up+ov)

- / (V)P ~2Viy, — VP72V - Vo dx
Q(up+av=<u)

+/ (\Va|P~2Vi — |Vu,|P~2Vu;) - Vo dx. (3.14)
Qu=<u)+av)
For a — 0T, inequality (3.14) becomes

0< / |Vuk|p_2VuA -Vuvdx — / (kufTI — wy)v dx,
Q Q

because u; lies in U and we have n=wy on Qu=uy), n <w, on LU =uy)

(see (2.12)). Asv € Wol’p (£2) was arbitrary, it results in

— Apuy =2l —wy, (3.15)

that is, u, is a positive solution of (1.2). From u,, w) e_LOO(Q) it follows that
Apu € L*(S2). Then [10, Theorem 6.2.7] forces u; e Cé(Q). Due to (2.13) and
(g2) we can find a constant ¢ > 0 satisfying

lgCx. ] <GtP~!, forallz € [0, [li]l L) (3.16)
Hence, by (3.15), (3.3), and (3.16),
Apuz, < O+ S)ul ™ (3.17)

The Vazquez maximum principle [9, Theorem 1.5.7] thus provides u; € int (C é (§)+).

Denote by U the set of all solutions u € int (Cé (§)+) to problem (1.2) such
that u <u <w in Q. U is nonempty since u; € U. Arguing as in the proofs of
[3, Lemma 4.23] and [3, Corollary 4.24], and using [9, Theorem 1.5.7] once more,
we then see that I/ possesses a minimal element, say u, with respect to the pointwise
usual order. O
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Two extremal solutions of (1.2) having opposite constant sign can now be obtained
via Theorem 3.1.

THEOREM 3.2. Let (g1)—(g4) be fulfilled. Then for every % > A1 there exist a minimal
positive solution u4 € int (Cé (2)+) N[0, aye] and a maximal negative solution u_
€ —int (Cé (§)+) N [—aye, 0] to problem (1.2), where a). > 0 is given by Theorem 2.5.

PROOF. Fix A > A;. Since similar reasoning is used for #_ and u, we shall confine
ourselves to the case of . Retain the notation introduced in the proof of Theorem 3.1.
By that result, for every positive integer n sufficiently large there is a minimal solution
u, €int (C& (§)+) N [%gol, u] to (1.2). The minimality property of u,, gives

up | uy pointwise in (3.18)
for some u : Q — R satisfying 0 < uy < u. We claim that
the function u turns out to be a solution of problem (1.2). (3.19)

In fact, from (1.4), with u := u,, it follows that
(—Apup, @) = / (A|un|p_2un —nu)edx forall p € Wol’p(Q), (3.20)
Q
where n, € LP/(Q) and 1, (x) € 0G(x, u,(x)) for almost all x € Q. If ¢ := u,, then

||Mn||p=/()»uf,7—nn)un dx, neN. (3.21)
Q

Due to (g2), besides the inequality 0 < u, <u, the sets dG (x, u,(x)), x € 2, n €N,
are uniformly bounded. Hence, there exists an a3 > 0 such that

[, (x)| <az, almost everywhere in €2, for all n € N. (3.22)

Thus, by (3.21), the sequence {u,} < W(}’p (£2) is bounded too. Taking a subsequence
when necessary, we may suppose that

up —uy inWyP(Q), uy—uy inLP(Q). (3.23)

On account of (3.20) with ¢ :=u, — u,
(—=Aplp, Uy —uq) =X / (tn|? — |tn|"Pupuy) dx
Q

—/ Nn(uy —ug)dx foralln e N,
Q

Now, by virtue of (3.23), (3.18), and the Lebesgue dominated convergence theorem,
this forces limy, ;oo (—A puty, u, — uy) = 0. Thanks to (ps), we then obtain

tp = uy i Wy (). (3.24)
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Using (3.22) yields a function 14 € Lp/(Q) such that n,, — n4 in LP,(Q). By (3.24),
Lemma 2.2 can be applied to obtain 14 (x) € dG(x, u4(x)) for almost every x € 2.
From (3.20) it finally follows that

(=Apuy, @)= / (A|u+|p72u+ —n4)edx forallg e Wé’p(Q),
Q

that is to say,
-2
—Apuy = Muy|P"ug —ny,

and (3.19) is proved.
Next, since uy € L°°(2), assumption (g2) produces A ,uy € L>(£2). Owing to
(3.16) we achieve, as before,

Apup < (A + Ex)ui_l.

The Vézquez maximum principle [9, Theorem 1.5.7] ensures that either u =0 or
u4 € int (Cé (2)+). If the assertion

uy €int (CA(R)4) (3.25)
were false then . = 0. Accordingly, in view of (3.18),
up(x) 0 foralxeQ. (3.26)
Setting
- u
U, = ”u—:”, neN,

we may suppose that (along a relabelled subsequence, when necessary)
By =0 W, (Q), G- inLP(Q), (3.27)
as well as
i, (x)| <w(x) forallneN, u,(x)— u(x) foralmostallx €, (3.28)

with w € LP(2)1. By virtue of (3.20) this leads to

(—Apﬁn,w)zk/gzﬁplqadx—/g Z’ilﬁ,‘,’*wx forall g € W, (). (3.29)

Up

If ¢ :=u, — u then

(= A i, n — ) = 1 /

W@, — ) dx —/ Z" V@, — ) dx. (3.30)
Q

-1
Q ub

By (3.16), (3.28) there exists a constant ¢, > 0 fulfilling

(7, (0)] ~

1y (x)P—1 U ()Pt (x) — H(x)| < Ew(x)P i, (x) — T(x)| < 26w (x)P
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almost everywhere in 2. Due to (3.28), besides the Lebesgue dominated convergence
theorem, we obtain
Mn ~

lim i (@, — ) dx =0,
n—oo [o uyl;—
Hence, from (3.30) and (3.28) it again follows that lim,_,oo(—A iy, U, — ) =0,
which, on account of (p4), forces
W= in Wy P(Q). (3.31)

So, in particular, ||| = 1. Gathering (3.29), (3.31), (3.26), and (g3) together gives

(—Apid, ¢>:A/S25P1(pdx forall(pGWOLP(Q),

that is, u is an eigenfunction of —A, in WO1 "7 (Q) corresponding to the eigenvalue

A > A1. By [10, Proposition 6.2.15], the function % must change sign in 2, whereas

(3.28) and (3.26) imply that #(x) > 0 for almost all x € Q2. Therefore, (3.25) holds.
Let us finally verify that

u 4 is a minimal positive solution of (1.2) within [0, u]. (3.32)

If ue Wg’p(Q) N[0,u]l, O0<u<uy in 2, and u satisfies (1.2) then, by [10,
Theorem 6.2.7], u € Cé (Q). The same argument as employed before regarding u; and
u4+ now yields u € int (Cé (Q)4). Consequently, u € [(1/n)¢1, u] for any sufficiently
large n. Since u, is a minimal solution of (1.2) in [(1/n)¢y, u], it turns out that u,, < u.
As n was arbitrary, (3.18) leads to u < u, and the conclusion follows. a

4. Sign-changing solutions

A third nonzero, sign-changing solution to (1.2) can be obtained when A > A7, the
second eigenvalue of —A ), in WO1 "7 (), as the next result shows.

THEOREM 4.1. Under assumptions (81)—(g4), for every i > L, problem (1.2) pos-
sesses a positive solution uj € int (Cé (Q)4), a negative solution u_

€ —int (Cé (§)+), and a nontrivial sign-changing solution ug € Cg (Q).

PROOF. Fix A > Ap. If uy and u_ are given by Theorem 3.2 then there exist
N+, n— € L? (2) such that

—Apuy(x) =M ()P =g @), —Apus(x) = Au_ ()P Pu_(x) = n-(x),

as well as
n+(x) € 3G (x, uy(x)), n-(x)€dGx,u_(x)),
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for almost every x € Q2. Define, whenever (x, 1) € Q x R,

and

Moreover, provided that u € WO1 P (Q), set

u(x)
! llull? — / (/ (e (x, P — g (x, t))dt> dx,
p Q\JO

u(x)
L IIMII”—f(/ (= (x, D127 (x, 1) — g—(x, 1)) dt) dx,
p Q\JO

1 u(x)
— IIMIIP—/(/ ()»Ifo(x,t)lpzfo(x,t)—go(x,t))dt> dx.
p Q\Jo

E+(I/t) =

E_(u) =

Eo(u) :=

0
Ty (x,t) = {t
ut(x)
u_(x)
t
0

T_(x,1) =

u_(x)
t
ut(x)

To(x, t) ==

n+(x)

n—(x)
glx, 1)
0

n-(x)
glx, 1)
n+(x)

|
|
|
|

ift <0,
if0<t<ui(x),

ift >uy(x),

ift <u_(x),
ifu_(x)<t<0,

ift > 0,

ift <u_(x),

ifu_(x) <t <uy(x),
ift >uy(x),

ift <O,
if0<rtr<us(x),

ift > M+(-x)a

ift <u_(x),
ifu_(x)<t=<0,

ift >0,

if t <u_(x),
ifu_(x) <t <ui(x),
if t > uq(x).

[14]

Due to (gz), besides the regularity properties of u, and u_, the functionals

E(,E_ Ey: W(;’p (2) — R are locally Lipschitz continuous. We claim that

each critical point of £ belongs to [0, u4].

4.1)

In fact, if u € Wol’p(SZ) fulfils 0 € 9 E (u) then —A ,u = Aty (x, u)?~1 — w for some

w e LP/(Q) such that w(x) € 0G 1 (x, u(x)) almost everywhere in €2, with

&
G+(x,§):=/ g+(x,t)dt, (x,8)eQxR.
0
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Choosing the test function ¢ := (u — uy)™" gives
g % +) 8
(=Apu + Apuy, (u— u+)+>

= -/Q[M:Jr(x, WP~ —w— )»ui_l + 0] (w—up)tdx=0.
On account of (p4), this implies that ¥ < u . Similarly, from
(—Apu, —u")=— f (At (x, w)P ™' —wlu™ dx =0,
Q

it follows that u > 0. Hence, assertion (4.1) holds.

An easy verification ensures that the functional E. is bounded below, weakly
sequentially lower semicontinuous, and coercive. So there exists a v € WO1 P(Q)
satisfying

Ei(vy)= inf Ei(u), 4.2)
uew, (@)

which forces both vy €[0,u4], on account of (4.1), and —Apv+e)»v_f_l

— 0G4+ (x, v4). Since G 4 (x, v4(x)) C G (x, v4(x)), x € L2, the function v, turns
out to be a solution of (1.2). Moreover, v+ # 0. Indeed, by virtue of (3.25) we obtain

to1 <ug, tleillLe) <o,

with §, as in (2.13), provided that > 0 is sufficiently small. Consequently, by (4.2),
(p2), and (2.13),

11 (x)
E . (vy) <Ei(tgr) = % tP — / (/ ‘ ()»s”_1 —g(x,s)) ds) dx <0, 4.3
0

Q

that is to say, v4 7 0. At this point, the same argument as exploited in the proof of
Theorem 3.2 to achieve (3.25) shows here that

vt €int (CJ(R)4). (4.4)

Gathering (4.4), the inequality v4 < uy, and Theorem 3.2 together gives v4 =u.
Thus, due to (4.2), besides (4.4), the function u is a local minimizer of Eg in Cé (Q).
Then [9, Proposition 4.6.10] guarantees that u . enjoys the same property in the space
W(;’p (€2). Likewise, replacing the functional £ with E_ one realizes that u_ is a
local minimizer of E in W&’p(Q).

Since Ep is bounded below, weakly sequentially lower semicontinuous,

and coercive, there exists a vg € W(;’p(SZ) fulfilling Eo(vo) =infueW1.p(Q) Eo(u).
0
Moreover, as before, it results in vg # 0 as well as
each critical point of Eq belongs to [u_, uy]. 4.5)
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Therefore, vy € [u—, uy] and vg is a nontrivial solution of (1.2). Without loss of
generality we may suppose that vy = u 4 or vg = u_, because otherwise the extremality
of uy and u_ established in Theorem 3.2 would force a change of sign for vy, which
completes the proof. So, let vg = u4 (similar reasoning applies when vg = u_). We
may assume also that u_ is a strict local minimizer of Eg. In fact, if this were false
then infinitely many sign-changing solutions to (1.2) might be found via (4.5), besides
the extremality of u,, u_, and the conclusion follows. Pick a p €10, |luy —u_||[
such that

Eo(uy) < Ep(u—) < inf  Ep(u). (4.6)

u€dBy(u—

The functional E( satisfies condition (PS) because it is bounded below, locally
Lipschitz continuous, and coercive; see, for example, [13, Corollary 2.4]. Bearing
in mind (4.6), Theorem 2.1 can be applied. Hence, there is a ug € WO1 "P(Q) complying
with 0 € d Eg(ug) and

inf  Eg(u) < Eg(ug) = inf max Ey(y()), 4.7
u€dBy(u-) yel te[—1,1]

where 1
[={yec(-1,1], Wy P (@) :y(=D =u_, y(1) =u}.

By (4.5), aGo(x, up(x)) € 9G(x, up(x)), x € €2, that is, ug solves (1.2). Moreover,
thanks to (4.6) and (4.7), ug # u— and ug # u. The proof is thus complete once we
show that ug € Cé () \ {0}. Let us start with ug # 0. This immediately comes out
from the inequality

Eo(ug) <0, 4.8)

which, in view of (4.7), holds if we construct a ¥ € I such that
Eo(7()) <0 forall re[-1,1]. (4.9)

Set S:={ue W(}’p(Q) NlullLr@) =1} and fix p€]0, A —Az[. Assumption (g3)
yields a §,, > 0 such that

g (x, 1)
|ep=1

<u provided 0 < [t| < 4. 4.10)

If pg € 10, L — A2 — w[ then, due to (p3), there exists a y € I'g satisfying

0
max DI < i+ —.
max [yl <2+ 5

Now, define S¢c := SN Cé (Q) and consider on Sc the topology induced by that of
Cé (). Clearly, Sc is a dense subset of S. So, given r > 0, with

1 L0 1/p
ri()»2+,00)/p—()»2+?> ,
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we can find a yp € CO%(—1, 11, S¢) such that Y (—1) = —¢1, yo(1) = ¢1, and

max t) — D <r.
,max lly @) =@l

This obviously forces
max [lyo(®)[|” < A2+ po. (4.11)
re[—1,1]

Let &1 > 0 fulfil

g1 max [u(x)| <8,, foralluey([—1, 1]). 4.12)

xe

Since wuy, —u_ € int(Cé (Q)4), to every uey(—1,1]) and every bounded
neighbourhood V,, of u in Cé (2) there corresponds a v > 0 such that

[ L

up ——veint(Cy()y), —u_+—veint(Cy(2)y)
m n
whenever m, n > v, v e V,.
Through the compactness of yp([—1, 1]) in Cé (€2) we thus obtain an gy > 0 satisfying
u_(x) <eulx)<us(x) forallx e Q, wuep(—1,1]),ee]0,epl. (4.13)

The function 7 — eyy(¢), t € [0, 1], is a continuous path in S¢ joining —e¢; and ¢g.
Moreover, if 0 < ¢ < min{gg, &1} then (4.11), (4.13), (4.12), and (4.10) yield

gp gp EVO([) (x)
Eo(ey0()) = — @) — =i + / ( / 2(x. 7o(x. 5)) ds) dx
p P Q \Jo

el eyo(r) (x)
S?(Xz+po—X)+/</ g(x,s)ds)dx
2 \Jo

p
< Gatpo—r+p <0 forall re[—1,1]. (4.14)
p

Next, write
ag:=Eq(uy), Us:={ueWy"(Q): E4@) <0}

Then clearly a4 < 0, because u = v4 and E(v4) < 0 by (4.3). Hence, U turns out

to be nonempty. Moreover, a4 = infuewl.p @ E4 () on account of (4.2). Gathering
0

(4.1) and Theorem 3.2 together ensures that E; has no critical point u with a4

< Ey(u) <Oandthat K(E4) N E;l(a4) = {u.}. Finally, since E is bounded below,

locally Lipschitz continuous, and coercive, it satisfies condition (PS). So, thanks to

[7, Theorem 2.10], there exists a continuous function 4 : [0, 1] x Uy — Uy fulfilling

h(, ) =id|y,, h(,Uy)={uy},
E+(h(t,u)) < E+(u) forall (£, u) €[0, 1] x Us.
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Let y4 :[0, 1] — Uy defined by y,(¢) :=h(t, ep;)t for every ¢t €[0,1]. Then
y+(0) = ep1, y4(1) = u4, as well as

Eo(y+(1) = E4(y4+(1)) < E4(h(t, e91)) < E4(eg1) <0, 1€][0,1].  (4.15)

In a similar way, but with £_ in place of £, we can construct a continuous function
y_ [0, 1] — Wol’p(Q) such that y_(0) = —e¢y, y—(1) = u_ and

Eo(y—(t)) <0 forallz e [0, 1]. 4.16)

Concatenating y—, o, and 4+ produces a path y € T" which, in view of (4.14)—(4.16),
satisfies (4.9). This shows (4.8) and, consequently, uo # 0. To complete the proof we
simply note that the same argument, based on [10, Theorem 6.2.7], as exploited before
leads to ug € C} (). O

REMARK 4.2. The preceding proof is patterned after that of [4, Theorem 4.1];
see also [17, Theorem 3.9]. If the function # — g(x, t) is continuous on R then
dG(x, &) ={g(x, &)}, and problem (1.2) reduces to (1.1). However, even in this
setting the result above is more general than [17, Theorem 3.9], because we do not
assume that g(x, t)t >0 forallz € R.

REMARK 4.3. Theorem 4.1 improves [11, Corollary 3.2]. In fact, let p =2, let
u € Wy (Q2) be a solution of (1.2) with g(x, ) =g(r), (x,7) €2 xR, and let
n € L¥ (Q) fulfil (1.3)~(1.4). By the definition of 3G (u(x)), for any ¢ € W, (),

nx)ex) < Go(u(x); ¢(x)) almost everywhere in 2.

Hence, due to (1.4),

—/ VM-V(pdx—I-X/ mde=/ ndeS/ GOu(x); p(x)) dx
Q Q Q Q
for all g € W% (),

that is, u# turns out to be a solution of the hemivariational inequality studied in [11].
Since the hypotheses of [11, Corollary 3.2] imply (g1)—(g4), the assertion follows.
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