ANALYTIC FUNCTIONS ON SOME
RIEMANN SURFACES

NOBUSHIGE TODA and KIKUJI MATSUMOTO

1. Some years ago, Kuramochi gave in his paper [5] a very interesting

theorem, which can be stated as follows.

THeOREM oF KuramocHI. Let R be a hyperbolic Riemann surface of the
class Onp(Ogp,resp.). Then, for any compact subset K of R such that R— K
is connected, R— K as an open Riemann surface belongs to the class O.ix(O.ap,

resp.).

The excellent work of Constantinescu and Cornea [2] clarified that as for
the B part of this theorem, the existence of a bounded minimal harmonic
function, that is, the existence of a Martin boundary point with positive
harmonic measure and, as for the D part, the existence of an HD-minimal
Function are essential. Later Kusunoki and Mori [8] and Nakai [9] proved
the equivalence of the existence of an HD-minimal function and the existence
of a point with positive harmonic measure in Royden’s harmonic boundary of
the Riemann surface R. But there remains the question as to whether there
exists a hyperbolic Riemann surface which has no Martin or Royden boundary
point with positive harmonic measure and has yet the same property as stated
in Theorem of Kuramochi.

The main purpose of this paper is to give a positive answer to the Martin
part of the above question. In the sequel, we shall give an extension of the
B part of Theorem of Kuramochi and, using this extension, construct an open
Riemann surface, as a covering surface of the complex plane, which answers

the Martin part of the question in the positive.

2. First we shall be concerned with the boundary behaviour of bounded
analytic functions on a Riemann surface of the class O}z The class Oz was

introduced and investigated first by Kuroda in his paper [7]. It is a class of
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open Riemann surfaces, any subregion of which belongs to the class SO.s,
that is, admits no non-constant single-valued bounded analytic function with
real part vanishing continuously on its relative boundary. Here a subregion
of a Riemann surface R means a subdomain of R with smooth relative boundary

clustering nowhere in R. It is known that the following inclusions hold.

Oup == Oz == O.r
il #l
Omp == Oup

On the other hand, no inclusion holds between Ogp and O%s or O.s.

Let R be an arbitrary open Riemann surface, and let {Gn}n-1,,... denote a
sequence of non-compact subregions of R with compact relative boundary 9G»
such that GuDGu+1U0Gn+; for each # and N7.1G.=¢. We classify such
sequences with the following equivalence relation: Two sequences {Gh}n-1,2,...
and {Gh}s-1,2,... are equivalent if and only if, for any m, there is an z such
that G» DG, and vice versa. Each of these equivalence classes is a boundary
component of R in Kerékjart6-Stoilow’s sense, and we consider it as an ideal
boundary point of R. A neighborhood of this ideal boundary point P means
the union of P and an open set of R containing Gm € {Gn}n=-1.s,... for some m,
where {Gpn}n-1,» ... is a representative member of P.

Now let P be an ideal boundary point of R and let D be a subdomain such
that P can be approached by a sequence of points in D. For a single-valued
meromorphic function w = f(p) of D, we shall consider the cluster set Cp( f, P)
of f(p) at P. The cluster set Cp(f, P) is the set of values a such that
there exists a sequence of points {p,} of D tending to P and satisfying that

lim f(pn =a.

n—>o

Let R be an open Riemann surface of the class O% and let K be a
compact subset such that R— K is connected. Let w = f(p) be a non-constant
single-valued meromorphic function on R— K. We consider a disc (¢) : |w — w0l
<p" such that, for some relatively compact subregion RO K of R with
smooth boundary oR,, f(p) takes on 2R, no value in the closure of (c¢).

Then each connected component 4 of the inverse image £ *((¢)) on R— Ry, if

1) In case wo=co, we consider as (¢) a domain |w|>p.
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exist, belongs to the class SO and it follows from Theorem 5 in Kuroda [7]
that the set (¢) — f(4) is totally disconnected. Therefore the following theorem
is an immediate consequence of a localization of so-called Stoilow’s principle on

Tversen’s property®.

TueoreM 1. Let R be an open Riemann surface belonging to the class O%s.
Then, for any single-valued meromorphic function w= f(p) defined on R— K,
where K is a compact subset such that R— K is connected, the cluster set
Cr-x(f, P) is total or reduces to ome point at each ideal boundary point P
of R.

As a corollary of this theorem, we have

Tureorem 2%. Let R be an open Riemann surface belonging to the class

%8, let K be a compact subset such that R— K 1is connected and let

w= f(p) be a single-valued meromorphic function on R — K which is bounded

or has a Riemannian image of R— K over the w-sphere with finite spherical
area. Then f(p) has a limit at each ideal boundary point of R.

Proof. If f(p) is bounded, then Cgr-x(f, P) is not total. Hence by
Theorem 1 Cr-x(f, P) reduces to one point, so that our assertion follows.

Next suppose that the Riemannian image ® of R— K by f(p) has a finite
spherical area. If Cgr-x(f, P) is total, then we see by Theorem 5 in [7] that
@ covers the whole w-plane infinitely often except for at most a union of a
countable number of closed sets of the class W in the sense of Kametani [4]
(= the class Ng in the sense of Ahlfors and Beurling [1]). Hence the
spherical area of ® must be infinite. Contradiction. Therefore Cr-x(f, P) is

also one point in the second case.

3. Let R be an arbitrary open Riemann surface and {Rn}n o,1,2, . be a
normal exhaustion of R such that R — R, is connected. For an ideal boundary
point P of R, this exhaustion determines a representative member {G,} of P
such that every G is a connected component of R—R,. We consider the
harmonic function wmm(p) (0 < wnm(Pp) <1) in Rm — Gun— Ry (m=n) with

2) Cf. K. Noshiro [10], Chapt. IV, §2.
8) See Kuramochi [6]. There he proved the same result in the case where f(z) is
bounded.
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boundary values such that

(0 on (3Rn~—Gn) U 2R,

wnm(p) = {1 on oGh.

wn,m(p) increases as m— < so that wnm(p) tends to a harmonic function
wn(p). Now let n tend to infinity. Then w.(p) decreases and tends to a non-
negative harmonic function we(p) defined on R—R,. ws(p) =0 or we(p)>0
in R— Ry, and we say that the harmonic measure of an ideal boundary point
P is zero or positive according as the first or the second case occurs, re-
spectively. Of course this property of an ideal boundary point P does nct
depend on the choice of the exhaustion {R.} of R.

Now we prove an extension of Theorem of Kuramochi stated in §1.

TueoreM 3. Let R be a Riemann surface of the class O%p which has at
least one ideal boundary point with positive harmonic measure. Then, for any
compact subset K of R such that R— K is connected, R— K belongs to the
class O,p.

Proof. We denote by P the ideal boundary point with positive harmonic
measure. Let f(p) be a single-valued bounded analytic function on R— K
and let {Rn}n=0,5,5.. be a normal exhaustion of R. Then f(p) has a limit at
P by Theorem 2. We may suppose that | f(p)| <1 and this limit is equal to
0 and that Ry, K and R— R, is connected.

We shall use the same notations for our exhaustion {Rn}x-o,1,2 ... as used
in the above to define the harmonic measure of an ideal boundary point. By
our assumption, the function — log |f(p)| is positive and superharmonic in

R— Ry, and, for any positive number M, there is an integer 7, such that
—log | f(p)|> M on G,U?3Gx for evey n= .

Therefore we have by the maximum principle that
0<wnm(p) < 4z (—log [/(P]) in Rm— G~ Ry
for every m(=n). We make first m and next » tend to infinity so that

0§wp(j))<-2‘14~(—10g L) in R—R..
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Since we can take M arbitrarily large and since wr(p)>0 in R—R,, this
implies that — log | f(p)| = + oo, that is, f(p) =0. Hence we can conclude
that any single-valued bounded analytic function on R— K is constant. Our

theorem is thus established.

4. For the proof of Theorem 3, we do not need the existence of a
Martin boundary point with positive harmonic measure. In fact we can give
an example of a Riemann surface which has no such a point and yet satisfies
the condition of the theorem.

Construction of the example. Let E be a Cantor set on the closed interval
Iy : [ —1/2, 1/2] with constant successive ratios &,, 0<&,=21<1/3. Then E
is of logarithmic positive capacity, because E is of logarithmic capacity zero
if and only if

-1
Z“log &n = 1 oo,

= 2

Defining the Cantor set E, we repeat successively to exclude an open segment
from the middle of another segment and there remain 2" segments of equal
length 1" after, beginning with the interval I,, we repeat n times. We denote
these segments by Inx(n=1,2,...; k=1,2,...,2"). Now we consider the
complementary domain F of E on the real axis with respect to the extended
w-plane, and denote by As,r (n=1,2,...; k=1,2,...,2") the following

ring domains on F.
Anp =A< |w=wa sl < ST A= D),

where wy,r is the middle point of I.,x:. These ring domains A, r have the
same harmonic modulus x = (1/I—1)/2 greater than 5/2, and for each n>=1,
all of Anre (B=1,2,...,2"") together separate E from all of Anr (k=1,2,
..,2"%). We suppose thateach Anx =12 ... ; k=12, ...,2") encloses
Ani1,2r and Apey,2r+1 and denote by 4, the doubly-connected domain bounded
by the inner boundary of A,,» and the outer boundaries of An+1,2% and Ap+1,0541.
Fix a slit S,,r arbitrarily in 4, .
We shall construct a Riemann surface with only one ideal boundary com-
ponent as a covering surface of F in the way of Constantinescu and Cornea
[3]. Let F, be a replica of F with slits S, for all # and 2 (n=1,2, ... ;

https://doi.org/10.1017/50027763000011119 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000011119

216 NOBUSHIGE TODA AND KIKUJI MATSUMOTO

k=1,2,...,2" and, for each integer m=1, let F, be a replica of F with

slits Su,r onlv for n satisfying that
n=2""1(2i+1) (1=0,1,2,...).

Then each slit Sp,» appears precisely two times, once on Fy, and once on some
Fn (m=1). Connect all F,, with F, crosswise across Sn (n=2"" (2i+1)
(1=0,1,2,...); k=1,2,...,2"%. Then it is easily seen that the resulting
surface F has only one ideal boundary component. Since 7 has as its projec-
tion the domain F in the w-plane whose complement E is of logarithmic
positive capacity, F is hyperbolic and hence its only one ideal boundary

component has a positive harmonic measure.

To show that F is a desired Riemann surface. It is enough to prove that
(i) ﬁ = 0?43,

(ii) F admits no bounded minimal harmonic function.

Proof of (i). Denoting by Ay™ the ring domain on F, corresponding to

Anr on F, we consider on Fy all A (n=1,2,...; k=1,2,...,2") and
on Fm (m=1,2,...) A% only for » and % such that

n=2"141  and k=1,2, ....,2%
Then these Ay’ (m=0,1,2, ... ; n=1if m=0 and »=2"""+1 otherwise ;
kE=1,2, ...,2") have the same harmonic modulus ux=(1/1-1)/2 greater

than 5/2, and, for each n=1, all of AY?, r (all m satisfying n+1=2""14+1;
k=1,2,...,2"") together separate the ideal boundary of F from all of
AY (all mosatisfying n=2" '+ 1lifn=2and m=0if n=1; k=12, ...,2%.

Here we use the following criterion due to Kuroda [7].

If a Riemann surface R admits a sequence of ring domains Bnr(n=1, 2,

.5 k=1,2, ..., v(n)) such that, for each n, all of Bni1r(k=1,2, ...,
vin+1)) together separate the ideal boundary of R from all of Bn k=1, 2,
., v(n)) and

N
lim sup {3 log u»— log v(N)}= + oo,
n=1

N->x

then R belongs to the class O%s. Here ua denotes the minimum harmonic

modulus of ring domains Bn 1(k=1,2, ..., v(n)).
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In our case, un = u>5/2 and p(n) <2"n. Hence

N
lim sup {3} log u»—log »(N)}=lim {N log g - 10g(2”N)} = 4 o,
N-o» n=2]

Ne»

so that F belongs to the class O%z.

Proof of (ii). Constantinescu and Cornea proved in their paper [2] that
if a Riemann surface R admits a bounded minimal harmonic function, then
any non-constant single-valued analytic function on R takes every value infinitely
often with possible exception of logarithmic capacity zero. The projection of
F is non-constant, single-valued and analytic but takes no value of E of
logarithmic positive capacity. Therefore it follows from Constantinescu and

Cornea’s result that ¥ admits no bounded minimal harmonic function.
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