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PERIODIC SOLUTIONS OF SOME DIFFERENTIAL DELAY
EQUATIONS CREATED BY HAMILTONIAN SYSTEMS

JIBIN L1, ZHENGRONG LiU AND XUEZHONG HE

This paper is concerned with finding periodic solutions of differential delay systems

() =Y flalt-r))

i=1
and
n—1
) =% &if(mt—ri)), & ==l
i=1
where r; (¢ = 1,2,.-- ,n — 1) are positive constants. By using the theory of Hamil-

tonian systems, we obtain some sufficient conditions under which these systems
have many periodic solutions with known periods.
1. INTRODUCTION

In this paper we deal with the existence of periodic solutions of the differential
delay equations

n—1
(11) () =Y fzt— 1))
i=1
and
n—1
(1.2) )=+ &f(zt-r)),
t=1
where r; >0 (i=1,2,--- ,n— 1) are constants and é; = 1, §; = %1 for 7 > 2.
In 1974, Kaplan and Yorke [11] studied equations of the forms
(1.3 2(t) = —f(a(t - 1))
and
(1.4) '(t) = = [f(z(t - 1)) + f(=(t - 2))],
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when f is an odd function. They connected the equations (1.3) and (1.4) to coupled
ordinary differential equations and derived some precise conditions under which the
equations (1.3) and (1.4) have periodic solutions of period 4 and 6 respectively. By
developing the technique of Kaplan and Yorke, numerous results have been established
on the existence of periodic solutions for some differential delay equations with one or
two delays (see [1, 2, 3, 4, 5,6, 7, 8,9, 10, 15, 16]). For more general equations of
the form

n-1

(1.5) 2 (t) =~ fz(t - 1)),

=1

Kaplan and Yorke conjectured that when f is a suitable odd function, the equation (1.5)
has periodic solution of period 2n. In 1978, using some general fixed point principles of
nonlinear functional analysis, Nussbaum [13] proved that the Kaplan-Yorke conjecture
is correct. The problem and results given by Nussbaum [13] are more general, but the
idea of the proofs is completely different from that of Kaplan and Yorke [11]. In our
recent paper Li and He [12], we shown that the same technique of Kaplan and Yorke
can also be used to prove their conjecture and obtained some more generalised results
on the existence of many periodic solutions of the equation (1.5) if f/(0) =w > 0. One
of the main results of [12] is contained in the following Theorem A which will be used
repeatedly in our discussion in this paper. In [12], we considered the delay differential

equation
(1.6) z'(t) = Zf (t—rs))
where r; (i=1,2,--- ,n — 1) are positive constant delays. In order to find the periodic

solutions of (1.6), we introduce an associated ordinary differential system

(1.7) % = A, VH(Y)

and a symmetry group GO = {g | ¢ = T™, m = 1,2,---,2n}, where ¥ =

(1,2, ,¥n)" , (T denotes the transpose). The function
(1.8) HY)=H(y,yz, 4n) = 3 Flu:)
i=1

is called a Hamiltonian, F(z) = f: f(s)ds for x € R, VH(Y) denotes the gradient
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of H(Y),

0 -1 -1 -+ -1 -1

1 0 -1 -1 -1

1 1 0 -1 -1
(1.9) An = _ :

1 0 -1

1 1 0/ xn
and

0 In—l
T =
=(4)
where I,_; is the (n — 1) x (n — 1) identity matrix.

To investigate the existence of periodic solutions of (1.7) and hence (1.6), we con-
nect (1.7) to two associated coupled Hamiltonian systems

(1.10) %)t—(— = AxVH(X), for n=2k

and

(1.11) % = Ay VH*(X), for n=2k+1,

where X = (zy,z2,- - ,z2k)7

(1.12) H(X)= H(z1,z2, - ,Zax) = F(z1) + F(z2) + -+ - + F(z21),

H‘(X) = H‘(Il,.’l"z,' .- ,.’L‘zk) = F(a:l) +F(22) +--- +F(.’E2k)
k
(1.13) +F(Z (z2: —xzi—l))-
=1
Ay is defined by (1.9).
Throughout this paper we assume that
the function f(z) € CY(R), f(-z) = —f(z), f(0)=0, f'(0)=w > 0,
zf(z) >0 for z # 0 and 0 < £ < A, where A is a constant.

(Hi)

As shown in [12], under this assumption, the linearised systems of (1.10) and (1.11)
have respectively k pairs of purely imaginary eigenvalues (see [12, Lemma 3.1]):

2
ii»yqziiwtan(q—“)—"-, g=0,1,-, 2 _1 for n =2k
2n 2
(1.14) i 2
:tﬁqsiiwtanin—, g=12-, 2=~ for n=2k+1.
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Based on [12, Theorem 3.6], the systems (1.10) and (1.11) have respectively k distinct
families {I'9} of periodic solutions in a neighbourhood of the origin and each family
{T'?} depends on one parameter £4. If ¢, = 0, then the corresponging orbit tends to
the origin and its period 7, ., tends to 27/v, for n = 2k and 27 /7, for n = 2k + 1,
respectively. For every g defined by (1.14), let

l=2k—(2¢q+1) or g=(2k-1-1)/2, for n = 2k,
(1.15) { ( ) ( )/

l=2k+1)—29 or gq=2k-1+1)/2, for n=2k+1.

THEOREM A. Suppose that the condition (H,) holds.

(i) When n # jl (for 2< j <n/3,l odd and 3 <l < k), for a real p satisfying
Tyeq = 2np < 2m/74(27/7,) with Ty, sufficiently close to 2m/v,(27/7,), take r; =
(i + 2nm;)lp where | is defined by (1.15), that is, suppose the following holds:

Hy) there exist nonnegative integers my,ma,--- ,mp—1 (N0t necessary

2

( distinct ) such that the delaysr; (i =1,2,--- ,n — 1) of (1.6) satisfy
(1.16) T1 T2 _ T3 . "n-1 =l

1+ 2nm,y - 24 2nmg ”=i+2nm,-=. (n—1)+2nm,_1

Then every family {I'?} of periodic solutions of (1.10) ((1.11)) yields a periodic solution
of period 2np of (1.6).

(ii) When n = jlg (for 2 € j < n/3,lo = 2k~ (2g0+1) or lp = (2k+1) — qo
fixed), for a real p satisfying Tgye, = 21 < 27/74(27/Yqy) with Ty, suffi-
ciently close to 2m[vg, (27 [Fq,), take vy = (i + 2jm;)lp for some nonnegative integers

my, Mo, -+ ,Mu_1 (N0t necessary distinct), this means that the delays of (1.6) satisfy
T1 T2 Th-1
1.17 - = - =:..= - =
( ) 14+2imy 24 23mg n—1)+2jm,_

Then the family {I'®} of periodic solutions of (1.10) ((1.11)) yields a periodic solution
of period 2ju of (1.8).

In this paper we obtain some sufficient conditions on the existence of periodic
solutions of differential delay equations (1.1) and (1.2) with certain given periods and
symmetries. The method we use in this paper follows from that in [12] and [8]. Namely,
it consists of two steps. First, we connect the delay equations to their coupled Hamilto-
nian systems and show that the existence of a periodic solution of the delay differential
equations can be obtained from their coupled Hamiltonian systems. Then, using the
theory on the existence of periodic solutions of Hamiltionan systems and the related
results in [12], we derive the existence of periodic solutions of the delay differential
equations. The paper is divided into three sections. In Section 2 we investigate the ex-
istence of periodic solutions of the equation (1.1). Then the results obtained in Section
2 and [12] are generalised to the wider classes of equations (1.2) in Section 3.
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n—1
2. PERIODIC SOLUTIONS OF THE EQUATION z'(t) = X f(z(t —r:)).
=1

In this section we study the existence of periodic solutions of the differential delay

equation

n—1
(2.1) z'(t) = Zf(x(t - 1)),

i=1
where f is a suitable odd function and r; > 0 (¢=1,2,--- ,n — 1) are constants.
Associated with the equations (2.1), we consider the following ordinary differential
system

dY

(2.2) e —-A,VH(Y)

where A,,Y and H are defined as before.

It can be shown that in both cases n = 2k and n = 2k+1, the system (2.2) can be
related to the following Hamiltonian system, which is called the coupled Hamiltonian
system of (2.1),

(2.3) %— = —AyVH(X), for n=2%k
and
(24) -dd—)t{ = —AszH*(X), for n=2k+ 1,

where H(X) and H*(X) are defined by (1.12) and (1.13). Let X(t) be a periodic
solution of the coupled systems of (2.1). Then, obviousely, X (t) is a periodic solution
of (2.2) when n = 2k. In the case of n = 2k + 1, X(¢) is the periodic solution of

(2.4). Take Y(t) = (X(t), z2k+1(t)) in which zax4; = nz [z2i(t) — z2i—1(t)], then one

=

can verify that Y (¢) is a solution of (2.2) and it is also a periodic solution. Hence, to
find the periodic solutions of (2.2), we only need to study the coupled 2k-dimensional
Hamiltonian systems (2.3) and (2.4).

Note that the systems (2.3), (2.4) and (1.10), (1.11) are autonomous systems. Let
t in (2.3) and (2.4) be replaced by —t. Then the systems (2.3) and (2.4) are reduced
to the systems (1.10), (1.11), respectively, and hence the systems (2.3), (2.4) have the
same type of solutions as (1.10), (1.11) except the corresponding orbits have opposite
time direction. Therefore, the existence theorems of periodic solutions of Hamiltonian
systems in {12, 1.10 and 1.11} can be used for the systems (2.3) and (2.4).
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LEMMA 2.1. For the linearised systems & = —wAxz and & = —wA}, z of (2.3)
and (2.4), corresponding respectively to the pairs +iy, and 4, of eigenvalue of w A,y
and wAj, , there exist k families of periodic solutions as follows:

XT(t) = ageetet + af e et

q
(2.5) = (aRefy; — fIm&,) cosvt + (aImé&, + FReéy) siny,t
and
7 T gt | = i
X7 = @00),5500), -, 2 (t) " = angeet + amge et
(2.6) = (a@Ren, ~ BImyy,) cosF,t + (aImn, + SRen,) sin F,t,

where a = (a+18)/2, ¢ = 0,1,2,... ,k—1 for n = 2k and q = 1,2,...,k, for
n = 2k + 1. Moreover, we have for n = 2k

- 2% — (2g+1) _ !
(2.7) xIT@)y =13 xT (t + TTQ) =T XT (t + %Tq),
k
where Ty = 2 /vy, | = 2k—(2g + 1); and for n = 2k+1 letting :z:g'i)ﬂ(t) = _El [:cg‘;-)(t)—
]:

IEgZ)_l(t)] 4 Yq(t) = (iq(t),fgk+1(t)), we have

Ty _ =1 T (2k+1)~29,..\ _ -1 T -
(2.8) Yq t)= T2k+1Yq (t + mTq =Ty ¥g T+ %Tq ,

where Ty = 2n /%4, 1 = (2k + 1) - 2q.
PROOF: It is easy to show that (2.5) and (2.6) hold. We now prove (2.7). Similarly,

we can prove that (2.8) holds. Write X, = (:z:(lq) ®),z9@), -, z? (t)) and
2k — (2¢+1)
Tq = ——W’y;-—ﬂ' = qu/2n

By using (12, Lemma 3.1] and (2.5), we get that

249(0) = (_l)j-l(acos U-12g+ 7 Bsin (7 —1)(2 + 1)7r>’

2% 2k
71=12,...,2k.
) i(2g + )7 . 7(2¢+ )7
x§q)(Tq)=(—1)J (acosj( 2k ) -—ﬂsm]( q2k ) )=x§1)1(0),

j=1,2,...,2k 1.

Note that
:rgq)(O) =a, xg‘,’c)(O) = —a.
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It follows that

T — T
x7(0) = (z{(0), z89(0), -+, z82(0)) " = Ty} (289 (7), 250 (7y), - .. , 2D (7))

T -
= (—:cg‘fc)(rq),zgq)(rq), T ,$gi)_2(7'q),$gc)_1(7'q)) = TzkIXZ(Tq)'

This means that (2.7) holds. a

It is easy to see that the system (2.2) is G(?)-equivariant and G(? is also a gen-
eralised symplectic action on R™, where G = {g | g =T;™, m=1,2,---,2n}. By
using [12, Lemmas 3.3 and 3.4}, we have the following.

LEMMA 2.2. Suppose that the condition (H,) holds. Then the system (2.3)
((2.4)) has k distinct G -orbit families {I''} of periodic solutions in a neighbourhood
of the origin and each familiy of periodic solutions depends on one parameter ¢,. If
€q — 0 then the corresponding orbits tend to the origin and the period Tg, < 27/v,,
q=012--,k—1 forn =2k (Tye, <2m/7, ¢q=1,2,---,k for n = 2k +1),
as gg > 0, Tye, = 27/vq (27/7,). Under the generalised symplectic action T;!,
these distinct families {I'?} of periodic solutions satisfy the relations (2.7) and (2.8),
where XT(t) and YT (t) are G@-orbits of periodic solutions of (2.2) for n = 2k and
n = 2k + 1 respectively.

We now suppose

there exist some integers m; > 1 (i =1,2,---, n — 1) (not necessary distinct)
such that the delays r; (i=1,2, .-, n — 1) satisfy
71 Ti Tn-1
2.10 NS S B — I
( ) 2nm; — 1 2nm; — 1 2nmy_1 — (n—1) Ho

LEMMA 2.3. Suppose that the conditions (H,) and (H3) hold. If the system
(2.2) has a 2npq-periodic solution Yu(t) = (zgq)(t),zg’)(t),-“ ,xS;q)(t)) and n # jl
for 2 £ j € n/3, | an odd number, then the equation (2.1) has a periodic solution
z(t)(z(t) = z1(t)) having period p = 2npo and satisfying z(t — nuo) = —z(t).

PRrOOF: By Lemma 2.2, there is a periodic solution Y,(t) of period 2nug of (2.2).
We have from the relations (2.7) and (2.8) that YT (t) = T, 'Y (t + luo), where [ is
defined by (1.15). This implies

TYT(8) = (—zn() 2a(t), 2 Bnca (8))”

= (zl(t - lﬂo),.’L‘z(t - luo), s ,.’L‘n(t - l/J,o))T
(2.11) =Y. (t — o).
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Then, using the condition (Hj ), we have from (2.10) that

z2(t) = z1(t + Lpo) = z1(t — (2n — 1)lpo)

_ . (2n—1r1  2(m; - 1)nr
=N 2nmy — 1 2nmy — 1

) = l‘l(t - 1‘1),
z3(t) = Ta(t + lpo) = x1(t + 2lpo) = z1 (¢ + (2n — 2)lpo)

_ (2n—2)ry  2(ma2-Dnry)
=N (t 2nm2 -2 anz -2 - zl(t - TZ)’

Ta(t) = —z1(t — lpo) = z1(t — (n 4+ 1)lpo)

=zt — (n + 1)"'n--l _ 2'n(mn_1 + l)rn—l
- 2nm,_1—(n—1) 2nm,_;—(n—1)

) =210t — rn_1).

Therefore, it follows from the first equation of the system (2.2) that z(t) = z1(t) is
a nonconstant periodic solution of (2.1) with period 2nuo. The relation (T,71)" = —1
and the oddness of | show that z(t — nug) = —z(t). 0
Similar to the proof of [12, Theorem 4.1}, Lemmas 2.2 and 2.3 lead to the following

result.

THEOREM 2.4. Suppose that the condition (H,) holds.

(i) When n # 35l (for 2 € 7 < n/3, ! odd and 3 < | £ k), for a real pqg
satisfying Tq e, = 2npo < 27 /v4(27/74) with T, ., sufficiently close to 27 /v,(27/7,),
take r; = (2nm; — i)luo where | is defined by (1.15), that is, suppose the condition
(H3) holds. Then every family {I'?} of periodic solutions of (2.3) ((2.4)) yields a
periodic solution of period 2npg of (2.1).

(ii) When n= jlp (for 2 < j<n/3, lop=2k— (290 +1) (or lo = (2k+1) — 2¢p)
fixed), for real po satisfying Tyye, = 2jpo < 27/7qy(27/7q,) with Tgy ., suffi-
ciently close to 2m/vq,(27/7q,), take ri = (2jm; — i)po for some nonnegative integers

my,Ma, - ,My-1 (not necessary distinct), that is, suppose the following (flg) holds:
T T2 Ti Tn—1

2.12 : = — S« T _

( ) 27my -1  2jmg—1 2jm; — 1 2jmp_1 — (n—1) Fo

Then the family {I'%} of periodic solutions of (2.3) ((2.4)) yields a periodic solution of
period 2jug of (2.1).

n—1
3. PERIODIC SOLUTIONS OF THE EQUATIONS z'(t) = F > & f(z(t — mi)).

i=1

This section is devoted to the existence of periodic solutions of the following two
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types of delay differential equations:

(3.1) T(t) = - & f(z(t—r:))
i=1
and
(3.2) Z'(t) = Z5if($(t - 13)),
i=1

where 6; = +1 or —1. Let o; = [1 — ¢;]/2, where [a] denotes the integer part of
a. Clearly 0; = 1 when §; = —1 and o; = 0 when §; = 1, and &(~1)7 = 1.
We shall use the method given by Ge [8] to obtain the existence of periodic solutions
for (3.1) and (3.2). We first assume that n # jl for 2 < j € n/3 with [ odd. Let
TE = 27py/(2nm+1) (m > 0) and fqdfsq = 2nxps/(2nm —1) (m > 1). Suppose

q,eq
that
(H3) for every integer ¢ defined by (1.14),
(3.3) & TE., < 21/74(2n/7,) with T,  sufficiently close to 27 /vq(27/7,).

(3.4) & T:;feq < 2m[vq(27/74) with i;‘fsq sufficiently close to 2m/v,(2m/7,).
LeEMMA 3.1. Suppose that the conditions (H,) and (H3) hold. The equations

n—1
(3.5)+ () ==Y f(z(t—ilps))
i=1
and
n—1
(36)2 2'(t) =) flot —ilus))

i=1

have respectively at least one nonconstant periodic solution X(iq)(t) and )?:(tq) () of
periods 2npy/(2nm + 1) and 2npy/(2nm — 1), created by the periodic family {I'9}
of (1.7) and (2.2), where | and q are defined by (1.15) and

1 = 1~ ~
xQ (t - 51’:89) =-x@@, XP (t - ETqi-Ea) =-X2@).

ProOF: Let r; = ilp in (1.6) and (2.1), respectively, and m; = im in (1.16) and
(2.10) where m > 0 for (1.16) and m > 1 for (2.10). Then the conditions (Hz) and
(H3) bold with p = py/(2mn +1) and po = ps/(2mn — 1). Consequently, Theorem
A and Theorem 2.4 imply the conclusion of Lemma 3.1. 0
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We now suppose that in (3.1) and (3.2), the delays r; satisfy

(3.7 Ty = ((2mi+a,-)n+i)lu+, i=1,2,---,n—1
or
(3.8) ri=(@mi+o)n—d)lu_, i=12,---,n—1

THEOREM 3.2. Suppose that (H; ) holds.

(i) If (3.7) and (3.3)4 are satisfied, then equation (3.1) has at least one
nonconstant periodic solution of period T, cg = 2npy/(2mn + 1) created

by the periodic family {T'?} of (1.7).
(it) If (3.8) and (3.3)_ are satisfied, then equation (3.2) has at least one
nonconstant periodic solution of period T, = 2np_/(2mn + 1) created

by the periodic family {T'?} of (1.7).
(il If (3.7) and (3.4) 4+ are satisfied, then equation (3.2) has at least one
nonconstant periodic solution of period T(;f eq = 2np+/(2mn — 1) created

by the periodic family {T'?} of (2.3).
(iv) If (3.8) and (3.4)_ are satisfied, then equation (3.1) has at least one
nonconstant periodic solution of period ftl—, cg = 2np_/(2mn — 1) created

by the periodic family {T'?} of (2.3).

PROOF: We have from Lemma 3.1 that for the solutions X:(:)(t) and )?(iq)(t) of
(3.5), and (3.6),,

(3.9) X% —npy) = -X2(), X% - npy) = -X2 ().

By the oddness of f(z) and (3.9), we claim that X:(g) (t) and )?:(bq) (t) are also periodic
solutions of equations (3.1) and (3.2). In fact, if 7; (: =1,2,--- ,n — 1) are defined by

(3.7), then
Sif (XDt — 7)) = 6 f(xf’ (t — ((@mi + o0)n + i)lu+))
= &f (-1 Xt — ilpy))
= 6:(=1)7 F (Xt — ilpy))
(3.10) = F(X$(t - ilpy)).
Similarly,
(3.11) & (XDt —m)) = FXD(t —ilpy)).
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Similarly, if r; (i =1,2,--- ,n — 1) are defined by (3.8), then we have
5.5 (XD(t =) = 6 (X (¢ - ((2mi + oi)n = i)in) )
=65 (1) XD (¢ +ilp_))
= 8i(-1)% F(X Dt +ilp_))

(3.12) =1 (xO(t-(n- i)lp_)).
Similarly,
(3.13) Sf (XDt —ry)) = f()?iq) (t—(n— i)lu_)).

Thus, we obtain from (3.12)-(3.13) that

n—1 n—1
(3.14) - Z SF(XD(t—r)) = - Z F(X@0 —ilpy))

Z(Sf XDt —r)) = Zf(x‘q) t—(n—i)lu_ ))

(3.15) =- Z FXOE - itp));
i=1
(3-16) nz—:ltsif()?iq)(t -r)) = Ef()?_(*,q)(t —ilpy))
i=1 i=1
- r;Y__:lfsz'f()?(_‘l)(t -r)) = "z":l f()?iq)(t —(n- i)lu_))
i=1 i=1
(3.17) = 3__:1 F(X9D(t - ap)).
i=1

If follows that X_(f) (t) and X9 (t) are periodic solutions of (3.1) with periods T}

387

2npy/(2nm +1) and T, =2np_/(2nm + 1), respectively; X(q)( t) and )?iq)(t) are

periodic solutions of (3.2) with periods fq eg=2np4/(2nm - 1)

= 2nu_/(2nm — 1), respectively. This completes the proof.

and Tg

0

We next assume that n = jlp, where 2 < j < n/3, lp = 2k — (2¢o + 1) or
lo=(2k+1)—2g0, g0 € {0,1,2,--- ,k—1} for n = 2k, qo € {1,2,--- ,k} for n = 2k+1.

In this case we take

(3.18) ri = ((2mi+00)j +i)py, =12, ,n—1
or
(3.19) ri=((2mi +0))j —py, 1=1,2,---,n—1.
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Write T = (2jus)/(2jm+1) (m > 0), and ng o = (27n4)/(2jm = 1) (m > 1).
We next suppose that for the integer go defined by (1.15) with I = I,
(3.20) 4

Ti < 27 /740 (27 /g, ) With Tqio‘sq sufficiently close to 27 /74, (27 /7g,)

q0:€q
(3.21)

T;‘:0 g < 27/ Ygo (27 /7qy) with Tqi0 e, are sufficiently close to 2m/vg,(2m/74,)
0

THEOREM 3.3. Suppose that (H;) holds.

(i) If (3.18) and (3.20) 4+ are satisfied, then equation (3.1) has at least one
nonconstant periodic solution of period T, =2jpy/(2mn + 1) created
by the periodic family {I'®} of (1.7).

(ii) If (3.19) and (3.20) - are satisfied, then equation (3.2) has at least one

= 2jpu_/(2mn + 1) created

405

nonconstant periodic solution of period T,
by the periodic family {I'%} of (1.7).
(iii) If (3.18) and (3.21), are satisfied, then equation (3.2) has at least one
nonconstant periodic solution of period fq’;,eq = 2jp+/(2mn —~ 1) created
by the periodic family {T'%} of (2.3).
(iv) If (3.19) and (3.21)_ are satisfied, t;hen equation (3.1) has at least one
nonconstant periodic solution of period T,

‘IOE

= 2jp~/(2mn — 1) created

q0.q
by the periodic family {T'%} of (2.3).
Proor: Consider equations
(3.22) 4 z'(t) = Zf (t —ilops))
i=1
and
n-1
(3.23) 1 () = flz(t —dops))-
i=1

Applying Lemma 3.1 to (3.22), and (3.23), with [ replaced by lo in (3.5), and
(3.6),., we get from Theorem A and Theorem 2.4 that equations (3.22), and (3.23),

have respectlvely at least one nonconstant periodic solution X (q")(t) and X (q°)(t) of

periods T, 40 eq =2Jpx/(2mj +1) and T, qo eq = 2jp+/(2mj — 1), satisfying
(3.24) X2t - jus) = -XeP), X (8- jne) = -XET(0).
Obviously

(325) X (- np) = XgL (¢ — flops) = X5 (¢ — ja) = -X{2@).
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Similarly,
(3.26) X (t - nps) = -X§P(2).

By the same discussion as in the proof of Theorem 3.2, we obtain the conclusion
of Theorem 3.3. 0

REMARK 3.4. In the case n # jl (for 2 < j € n/3, with [ an odd number), we know
from Theorem 3.2 that all k- families {I'?} of periodic solutions of (1.7) and (2.2) can
yield periodic solutions of (3.1) and (3.2) with period 2na, where « is a given real
number.
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