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On certain function spaces
and group structures

Hiroshi Yamaguchi

We generalize a result of Walter Rudin about the structure of a
compact abelian group G for which C(G) + H(G) 1is a closed
subalgebra of LG .

1. Introduction

Sarason ([5], [61) showed that C(T) + Hm(T) is a closed subalgebra
of L(T) , and that Cu(R) + H(R) is a closed subalgebra of L (R) . On

the other hand, for a compact abelian group G whose dual group 8 is
ordered, Rudin showed in [4] that C(G) + H () is a closed subalgebra of
Lw(G) if and only if G =T . Moreover, Rudin showed the following in
[4]: for a locally compact abelian group G , Cu(G) + H is always a

closed subspace of Lw(G) for each translation invariant and weak*-closed
subspace # of Lm(G) . For a locally compact abelian group & whose

dual G is an algebraically ordered group, we define the space H;(G)

OQur purpose in this paper is to investigate the relationship between the
fact that ﬁ;(G) + Cu(G) becomes a subalgebra of L (G) and the group

structures of G . Let (G be a locally compact abelian group with a dual

group ¢ . Ll(G) denotes the space of all integrable functions on G ,
and L (G) is the space of all essentially bounded measurable functions on
G .

Let #(G) be the Banach algebra of all bounded regular measures on

¢ , and Cu(G) the space of all bounded uniformly continuous functions on
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DEFINITION 1. Let G be a locally compact abelian group. G is
called an algebraically ordered group if there exists a subsemigroup P of

G satisfying the (AO)-condition, namely,
(i) Pu (-P) =G and
(ii) P n (-P) = {0}

G 1is an algebraically ordered group if and only if it is torsion-free

(see, for example, [3]).

DEFINITION 2. Let G be a locally compact abelian group such that

G 1is an algebraically ordered group. Suppose P 1is a subsemigroup of ?;

with the (AO)-condition. We define HZlD(G), H;(G) , and M?,(G) as follows:

#5(6) = {f € 1N6); F(Y) =0 for y ¢ P}

© e i ) {

Hp(G) = [H;;(G)J = {g €L (G); JG flx)g(x)de =0 for f € H},(G)} H
M(G) = {u € M(G); Ti(y) =0 for y § P} .

REMARK |. If G=R and P={z € R; x> O} , then FHS(R) and

P

H;(R) are the usual Hl(R) and Hm(R) respectively.

If ¢ =T and P =1{n € Z; n= 0} , then lf;(T) is the space

H(T) + ¢(7)

H:(T) . But, in this case, we note that H‘.;(T) + C(T)
DEFINITION 3. Let I ©be a set of functions on G . We call I
invariant if Taf belongs to I for all f €I and a € G , vwhere
T f(x) = flz-a) .
PROPOSITION 1. Suppose G is a locally compact abelian group such

that G is an algebraically ordered group. Let P be a subsemigroup of
G with the (AO)-condition such that it is not demse in G . Then H;(G)

is a translation invariant and weak*-closed subalgebra of L (G) . Hence,
in particular, by [4], Theorem 3.3, H;(G) + Cu(G) 18 a closed subspace of

o) .
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Proof. Evidently H;(G) is a weak*-closed subspace. Since H;(G)

is translation invariant, we have

[EACEErS | e eras

=0
for each a €G , f € H;(G) , and g € Hz];(G) . Hence H;(G) is

translation invariant. Finally, we prove that H;(G) is an algebra. For

g € H;(G) and h € H;(G) , gh belongs to H;(G)

Hence, for f, g € H;(G) , Wwe have
f
| flxlglzx)nle)de = 0 for every h ¢ 5(a) .
G

Therefore fg Dbelongs to H;(G) . //

Our purpose in this paper is to prove the following theorem.

THEOREM. Let G be a nondiscrete locally compact abelian group such
that G is an algebraically ordered group. Let P be a subsemigroup of
G with the (AO)-condition such that it is not dense in G . Then the
following are equivalent:

(i) Cu(G) + H;(G) is a eclosed subalgebra of L (G) ;

(i1) G admits one of the following structures,

(a) G=R,
) G=R®D,
e) G=1T,
(d) ¢G=T@®&D,

where D is a discrete abelian group such that D is

torsion-free.

REMARK 2. If P is dense in & , HG) = {0} . Hence

o] . oo o<
Cu(G) + HP(G) is always an algebra, since HP(G) =L (G)
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If G is a discrete abelian group such that 8' is torsion-free, then

P is necessarily dense in G . Therefore Cu(G) + H;(G) is always an

algebra.

2. Proof of the theorem

We prove the theorem by using the structure theorem of locally compact
abelian groups. Before proving the theorem, we investigate whether

Cu(G) + H;(G) becomes an algebra or not, for some special groups.

LEMMA 2. Let G be a noncompact locally compact abelian group such
that G is an algebraically ordered group. Let P be a subsemigroup of
G with the (AO)-condition such that it is not dense in G . Then the
following are established:

(i) for F €L(G) and u € My(G) , F xu € £(6) ;

(ii) for F ¢ H;(G) and u € M(G) , F wu € Hy(G) .

Proof. (i) For f € HZ]_.',(G) , we put }'(:c) = f(-z) . Then }‘ belongs

to H]('_P)(G) . Hence we have

j F % y(x)flx)dx j F * pla)f(-x)de
G G

(Fep) * £(0)
F * (uxf)(0) .

Since 8 is not discrete, u * }‘ =0 . Hence F %y € HP(G)

(iZ) For & € HZ];(G) , F ¢ H;(G) , and u € M(G) , we have

( .
J F x u(x)d(x)dx f J Fx-y)du(y)@(x)dx
G GG

L; jG Fzy)® () dudu(y)

On the other hand, by Proposition 1, H;(G) is translation invariant.
Hence F(z-y) € H;(G) for every y € G . Hence F % u belongs to

H(G) . /]
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LEMMA 3. Let G be a locally compact abelian group such that G is
an algebraically ordered group. Let P be a subsemigroup of G with the
(AO)-condition such that it is not dense in G . For fe€ d;(G) and

u € M?_P)(G) , we have f %= n=0.

Proof. For g € Ll(G) we have

j £ u@lglalds = | £ e u@)n)ds
G

G

= (fau) * §(0)

= F (13)(0)

- J Flz)u * §(-zidw
G

On the other hand, (uxg)~ € Hll,(G) . Indeed, (u*d)~(y) = n(=y)g(-y) =0

if v § P . Hence J Ff * u(x)glz)dr = 0 for all g € @) ;  that is,
G

f*u=0. //

LEMMA 4. Let G be a locally compact abelian group. Let py and v
be in M(G) and g 1in L) . If V=1 on supp(ﬁ) + Y, for some

Yo € G , then we have
(vog#u) * v =vg * v .
Proof.

(vog#u) * v(=z,) = JG [xo-x, Yo)g * u[xo—x]dv(x)

Jc JG (@=2-y, vo)g(zy-z-y)d (v ) (y)dv(=)

(ry) * (brgh) o) (s,)

(vog) * (vou (=,)

| e vodaleya) (e, volduta)

(25> Yol * u(=z,) . /1

The following lemma is a sufficient condition for Cu(G) + HP(G) not
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to become an algebra.

LEMMA 5. Let G be a noncompact locally compact abelian group such
that G is an algebraically ordered group. Let P be a subsemigroup of
G with the (A0)-condition such that it is not demse in G . If there

exist u € My(G) , v ¢ zsf(‘_P)(G) , g €L7(G) , and Yy € G such that
g*ut Cu(G) and V=1 on supp(ﬁ) * Yy s then Cu(G) + H;(G) 18 not
an algebra.

Proof. Suppose Cu(G) + H;(G) is an algebra. Since vy, is in
Cu(G) and g * U in H;(G) by Lemma 2, there exist H € Cu(G) and

K € H(G) such that
(=, Yp)g * ulz) = H=) + K(z)

Hence, by Lemmas 3 and 4, we have

[

Yog * = (vogm) * v
=Hxv+Kxv
=H=xv .

Since H € Cu(G) , H* v belongs to Cu(G) - On the other hand, y,g *u

does not belong to Cu(G) . This is a contradiction. //

LEMMA 6. Let F be a compact abelian torsion-free group. Let P
be a subsemigroup of R" @ F with the (A0)-condition such that it is not

o
dense in RneF. Then P <includes PRneF,where Pn=Pan and

R
o
PRn denotes its interior.
Proof. Since P 4is necessarily dense in F , P is not dense in
Rn . Hence there exists a unitary transformation T on Rn such that

2

o .
T(PRn) = {:z: = [a,-l, Ty vevs xn) 4 x > 0} . Define an automorphism

on *®F vy (s, t) = (1(z), t) for (z, t) € R*®F . Then %(P) is

a subsemigroup of R @ F with the (AO)-condition such that it is not
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dense in RnGF . Let 's,' and denote the orders on Rn®F

D '57;(?)'

induced by P and T(P) respectively. Suppose there exist

T
[o]
y = (yl, ey yn] €PRn and 8 € F such that y éPs . Then
T(y) é%'(P) Ts) =8 . Let T(y) = (:z:l, eee, xn] [:L‘l > 0) . Then, for

z = (zl, cees zn) with zl = x, , we obtain that

z = (0, 8) + (2, -8) € [R(B)] + =@ = 7@ .

Since |-T(P)] 1is a semigroup, R" is included in l-‘ﬂP)] . Therefore
[«

_T(P) is dense in R' . This is a contradiction. Hence P O P ZOF .
R

REMARK 3. We note that Lemma 6 remains valid if we replace il by
R®2Z .

LEMMA 7. Let G be a nondiscrete locally compact abelian group such
that G is an algebraically ordered group. Let P be a subsemigroup of
G with the (AO)-condition such that it is not demse in G . Let T be an
automorphism on G . Then the following are equivalent:

W ¢+ HXG) is an algebra;
(2) Cu(/G) + H:(P)(G) ig an algebra.

Proof. Let T* be the dual automorphism of T , that is,
[T*(x), y) = [x, T(Y)) for z € G and ¥ €C . We only prove (1) implies
(2).
. =1
Claim 1. For f € Hi(P)(G) , fortT* ™ ¢ Hl];(G) . Indeed, for

Y ¢ P, we have

~

Fo vy

J Flrr ) ) (cx, y)dx
G

k J Flz) (T4 (=), ¥)dz
G

k| s e, )
G

kF(t(y))

where k 1is a constant depending on T*_l
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o0
3 *
Claim 2. For g € Hy(G) , g o T* ¢ HT(P)(G) . Indeed, for

f € H'l'(P)(G) , since f o e b‘ll,(G) , We have

\ f -
j g(t*(2)) flx)dx = k } gD F(t* ) d
G G

=0 .
g -1
In the same way, for g € (G) , we have g o T € H (G) .
(P) y
Therefore, since (T-l)* ot =TI, (1) implies (2) is proved. //
PROPOSITION 8. Let n =2 . Let P, be a subsemigroup of F' with

s n
the (AO)-condition such that Pl > {x = (xl, Lyy vees xn) € R, x > 0} .

Then Cu(Rn] + H;l(l?n] ig not an algebra.
Proof. Define measures u € M‘Zz,l [Rn] and v € N(E_Pl) [Rn) as follows:

du(z), =') = hlz;)de, x dsy(x') ,

av(z,, =') k(xl)dxl x ds (z') ,

where 7 1is a function in Ll(R) with supp(h) c (1, 2) , k is a
function in Ll(R) such that supp(k) € (=, 0) and k=1 on

[-2, -1] , and 60 denotes the Dirac measure at O in Rn-l

We choose functions g, € L°°(R) and 9, € Lw(}?n-l) such that
5 -1 . . ©
g, *n # 0 and 95 ¢ Cu(Rn ) . Define a function g € L (Rn) by

g(:z:l, .'z:’) = gl(xl)gz(:z:’) . Moreover, we define Yo ¢ =F" by

-i3x

Yolx) = e 1 here z = (xl, Ty ey xn) € * . Then

2’
g * u(xl, z') = g, * h(:cl]g2(x ) ﬁC’u(Rn) and V=1 on supp(l) + Yo -

Hence, by Lemma 5, Cu(l?n) + H; (an is not an algebra. //
1
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PROPOSITION 9. Let n= 2 and P be a subsemigroup of B with
the (A0)-condition such that it is not dense in R' . Then

Cu(Rn) + H;(Rn } is not an algebra.

Proof. There is a unitary transformation T on R” such that

1(P) D {:c = (xl, Tps oves xn) € Rn; z, > 0} . Hence, by Lemma T and
Proposition 8, Cu(Rn) + H;(an is not an algebra. //

PROPOSITION 10. Let G be a locally compact abelian group such that

G is an algebraically ordered group and GeR'er , where n =2, and

o @8 a compact open

subgroup. Let P be a subsemigroup of G with the (AO)-condition such
that it is not dense in G . Then Cu(G) + H;(G) is not an algebra.

F ig a locally compact abelian group containing F

Proof. Case 1: Fy = {0} . In this case, F 1is a discrete abelian

group, and P ” (= B a P) is a subsemigroup of R’ with the (AO)-
R

condition.

Case 1.1: Fg = {0} ana P is not dense in K" . Since n = 2 ,

by Proposition 9, C'u(Rn] + H; (Rn] is not an algebra. Hence there exist

er

functions f € Cu(Rn) and g € H; [Rn] such that

Rn

fg ¢ Cu(Rn] + H; [Rn) . Let F and L be functions on G defined by
e

Flx, y) = flz) and L(x, y) = glz) for (x,y) ¢ F*@F . Evidently, F
belongs to Cu(G)

CLAIM 1. L belongs to H(G) .

Indeed, for each 4 € HZ]_;(G) and positive integer »n , there exists

Bn € Ll(G) such that Il\?n has compact support and
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A-AxB < .
lA-AsB || < 1/n

Since F is discrete, projF(supp(AQBn)) = {Yl’ Yps ees Ym} for

some Y ey Ym € F , where proJF denotes the projection from 5 onto

1’

F . There exist functions oy ELl(Rn) (k =1, ..., m) such that

n
4 *B(z, y) = kz o () (v, Yk) S B R yk} , then
=1

r m
JG LA % B dm, = JR" g(x) k§1 0 () L”" v, Yk)de(y)dx
=0.
If 0 € {Yl, cees Ym} » We assume Y, = 0 without loss of generality.
Then 9 must belong to Hl]; (Rn) . Hence we have

Rn
m
+ L J ACITAED JA (> v, )dmy(y)dz
k=2 7 F
=J g(x)cpl(x)dx
e
=0 .

Hence, in each case, we have J LA * Bnde =0 . On the other hand,
G

lim IIA—A*BnHl = 0 . Hence, we have,

£ imaiid

' ¢
J LAdn = Lin | 14 + B dn
G nao JG n

0.

Thus L belongs to H;(G) .

Suppose that Cu(G) + H;(G) is an algebra. Then there exist

functions S € C, (G) and T ¢ H;(G) such that FL = S + T .
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We define functions p(z) € ¢ (') and gq(x) € L”(F") as follows:

pla) = [, Sta, () 5

e

qlz) = JA T(x, yldmsly) .
P

CLAIM 2. gq(=z) eyll, () .
Rn

Indeed, for each n € HIJ; (Rn] , put Y(z, y) = n(x) for

7

(x, y) € Rn®g’ . 'Then Y belongs to Hl];(G) . Hence we have
YTdm
G

J[ ¥z, y)T(z, y)dmyly)de

() [, 7e, y)angly)ds

n F

n(z)qlx)dz .

o=
|,
d
|,

Therefore ¢(x) belongs to H;Rn(ﬁnj . Evidently, plx) € Cu[Rn)

Hence, by Claim 2, we have

flx)glx) = J~ F(z, y)L(z, y)dmy(y)
F
s
= S
J, ste wam) + [ 10, prangty)
= p(z) + qlx) € Cu(Rn] + By (7"
4

This is a contradiction. Hence, in this case, Cu(G) + I;;(G) is not

an algebra.
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CASE 1.2. F0= {0} ana PR" is dense in K' . Since R' is an

open subgroup of 6 and P is not dense in Er‘ , there exists an element

Yo € F with Yo >p 0 such that B+ Yo < P . Ve define measures
u € M;(G) and Vv € MC(Z_P)(G) as follows:
dulz, y) = dvylz) x (g, vo)dmly) ,
av(z, y) = dyylx) x (y, -y )dm(y)
Choose a nonzero function f € Lw(Rn) \Cu(Rn) , and define a function

F on G by Flz,y) =flx)(y, vy) - Then F » ulz, y) = flz)(y, v,)

does not belong to Cu(G) . EBvidently, v =1 on supp(i) - 2YO .

Hence, by Lemma 5, Cu(G) + H;(G) is not an algebra. Thus, in Case
1, we have proved that Cu(G) + b;(G) is not an algebra.

CASE 2. Fo # {0} . Put PO =PnR" @FO . We consider two cases,

depending on whether PO is dense in Rn @Fo or not.

CASE 2.1. Suppose PO is dense in R" (] P0 . Then there exists an

element YO € F with YO >P 0 such that R ® FO + YO CcP . Let H be an

annihilator of FO in f:’; that is,

H={y €F; (y, ) =1 for every YEFO} .

Then H# 1is an open compact subgroup of F . Define measures u € l‘sz,(G)
and Vv € I'fE_P)(G) as follows:
du(zx, y) = ddo(:c) X (ya YO)Cb"H(y) ’

av(zx, y) = d6o(x) X (ya ‘Yo)de(y) ’

where 60 and mH denote the Dirac measure at 0O in Rn and the
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normalised Haar measure on H , respectively. Choose a nonzero function
flx) ¢ Lw(Rn) \Cu(Rn) , and define a function F(z, y) on G by

Pz, y) = fla) [y, v,) - Then Fxu=F §C (C)

~

Moreover, V = 1 on supp(fl) - EYO . Hence, by Lemma 5,

Cu(G) + H;(G) is not an algebra.

CASE 2.2, Suppose P_ is not demse in R' ®F, . Then there exists

0
an automorphism T on 5 such that

n ' n
(P) nR D{x= (.'1:1, ...,xn] GR;xl>O} .

Hence, by Lemma T, we may assume that

PanD{x= (ml, cers xn); x > 0}

o =]
By Lemma 6, for z € P [=Pan), 2>y for every y € F,. . Let e
7 0 1

and ¢ be positive numbers such that 0 < ¢, < e Choose a nonzero

2 1 2

function % € Ll(R) such that supp(h) (cl, c2) . We define a measure

u € M;(G) by du(xl, z', y) = h(:cl)clrl x dé (') x dmy(y) , where &, (x')

71—

is the Dirac measure at 0 in R and H is an annihilator of F in

0
F . We choose nonzero functions g, € L°(R) , g, € Lm(Rn_l) \Cu(Rn-l) ,
and g, € L(F) such that g, *h#0 and gy *m,#0 . Put
F(:cl, z', y) = gl(xl]gz(x')gB(y) ; then F %y §Cu(G) . Next we define

a measure V € If(z_P)(G) as follows:
d\)(xl, z', y) = g(xl)dxl x dg(a') x dmy(y) ,
where £ is in Ll(R) such that supp(g) c (-~, 0) and E =1 on

. ~ , —ic3xl
[—02, —cl] . Define a character n € G by n[xl, ', y) =e , where
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03 = cl + 02 . Then 3 =1 on supp(ﬁ) + n . Hence, by Lemma 5,

Cu(G) + H;(G) is not an algebra. Therefore, in each case, Cu(G) + H;(G)

is not an algebra. //

PROPOSITION 11. Let G be a locally compact abelian group such that
¢ is an algebraically ordered group. Suppose that G2R@F s Where F
i8 a nontrivial discrete abelian group. Let P be a subsemigroup of G
with the (AO)-condition such that it ie not demse in G . Then
C, (¢) + Hy (G) i8 not an algebra.

PROOF. CASE 1. Suppose P is dense in R . Then there exists an
element Yo € F with Yo >p 0 such that ‘R + Yo © P . Hence we can prove

that Cu(G) + H;(G) is not an algebra in the same way as in Case 2.2 of
Proposition 10.

CASE 2. Suppose P is not dense in R . We may assume
PnR =(0, )

CASE 2.1. First we consider the case that F % Z (integers) and
P n F induces an archimedean order on F . Then F is order preserving

and isomorphic to some subgroup of Rd which is dense in R with respect
to the usual topology of R .

Fix an element dO € F such that 4 Then

0 P

{d € F; 0 <P d <p dO} is an infinite set. By Bochner's Theorem, there

exist measures 1, € M?,nF(E') and v, € MC(Z_PnF)(?)

supp(ﬁg) c{derF;o0 =p d 5p 2do} , {d er; iﬁz(d)l > %} is infinite, and

such that

02 =1 on supp(ﬁe) - bd, . since My ¢ L}(P) , there exists a function

g, € L”(F) such that go * My ¢ C(F) . Let h be a nonzero function in

Ll(R) such that supp(#) < [1, 2] . We choose a funetion g, € L°(R)

such that g, * h#0.

We define F € L (G) , U € Ma(G) ,and v € ﬁfl_P) as follows:

Flz, y) = gl(x)gz(y)
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dulz, y) = h(x)dx x duz(y) R

dv(z, y) = Elx)dx x dv,ly) ,

where £ is a function in Ll(R) such that supp(£) € (==, 0) and
o . - -23%¢
£=1 on {-2, -11 . Define Y € G by Yo(x, y) =e v, -hdo)
Then F * u(zx, y) = g, * h(xlg, * u,(y) ¢ ¢, (G) , and V=1 on
supp(a) *+ Y, - Hence, by Lemma 5, Cu(G) + H;(G) is not an algebra.

CASE 2.2. Suppose F $ Z and P nF induces & nonarchimedean order
on F .

Then there exist two elements dl, d2 € F with O <p dl <p d2 such
that ndl <Pd2 for every n €2 . Let A= {ndl; n €2}, and let H be
an annihilator of A in ;' . Then my (the Haar measure on H ) is

regarded as a singular measure with respect to the Haar measure on F .

Hence, by [2], Theorem (35.13), there exists g, € L7(F) such that

g, * (d2mH] ¢Cu(2"\') - Let h, and & be functions in Ll(R) such that
supp(ﬁl) c(1,2), supp(f) € (==, 0) , and £ =1 on [-2, -1] . We
choose & function g, € L7(R) such that g, *hy #0 , and define a

function F on G by Flx, y) =gl(x)ge(y)

Define measures W € M?,(G) and v € M‘?_P)(G) as follows:

du(zx, y) hl(:x:)dx x (y, dz]de(y) s

av(z, y) = E(z)dz x (y, ~d)dm(y)

-~

Then F % u ¢ C'u(G) - Define a character Yy, € G by

-1 ~ -~
Yolz, y) = e 3x(y, —2d2) . Then V =1 on supp(u) + Y, - Hence, by

Lemme. 5, Cu(G) + H;(G) is not an algebra.

CASE 2.3. Suppose F = Z (integers). In this case, we need
consider only the following three cases:
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(A) there exists a positive number b such that

(P =]P

) {(n, x) € ZOR; 2= n-bn if n < -1}

u{ln, x) € 2Z®R; x> n-bn if n = 0} ;

(B) (PBs]P {{n,x) €Z@&R; n=1, or n=0 and z = 0} ;

{{n, z) € Z®R; x= 0 if n = 0}

(c) (p,=) P
ul(n, 2z) €Z®R; >0 if n =< -1} .

But let 1(n, x) = (n, x+bn) . Then T is an automorphism on

Z@®R , and T(PA] = PC . Hence, by Lemma T, we need investigate only

Cases (B) and (C). We prove only Case (C). (In Case (B), we can proceed

in the same way.)

Let % Ybe a nonzero function in Ll(R) such that supp(il\) c [1, 2] .
Choose functions g, € L7(R) and g, € L"(R) such that g, fC(7) and
g, * h #0 . Define measures u € M?,(T @R) and v € I'f(Z_P)(T @ R) as
follows:

du(z, y) = dé (x) x hiy)dy ,

dviz, y) = ds (x) x E(y)dy ,

where & 1is a function in Ll(R) such that supp(£) € (=, 0) , and
'g‘ =1 on [-2, -1] . Then 9=1 on supp(ﬁ) + (0, -3) and
Frut Cu(T @ R) , where F(x, y) = gl(x)ge(y) €L(T®R) .

Hence, by Lemma 5, Cu(T @ R) + H;(T @ R) is not an algebra.

Therefore, in each case, Cu(G) + H;(G) is not an algebra. //

LEMMA 12, Let G = G, ® D , where G, i8 a locally compact abelian
group such that al 18 torsion-free, and D 1is a discrete abelian group
such that D is torsion-free. Let P be a subsemigroup of G with the

(AO)-condition such that it is not demse in G . Moreover, we asswme that

© A A
(t) 8 >, t for each sE(PnGl) and t €D,

(ii) Pcc(_P:al) xD, and
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°on TTaig
Gii) (-PnG)c (PnG)®.

I ¢, (6) + £ Al(Gl) is not an algebra, C,(G) + H;(G) is not an
algebra.

Proof. Suppose that Cu(G) + H;(G) is an algebra. For
fe HPn?;l(Gl) , put F(x, d) = f(x) for (x,d) €6 &D .

CLAIM 1. F belongs to Hp(G)

Indeed, for each h € 11’1]5((?1 @D) s h can be represented as follows:

«©

Wz, d) = Y hzx, dn) x den(d) for some dn €D,

n=
nll, = In(e, @)l ,
1 n§1 - d) (N
and
n(-,d) €tps(6) (r=1,2,3, ...
1

Hence we have

[}
B
|'_l‘("l 8
S
0
Pl
8
-
)
3&
~—
A
= —
&

=0 .

That is, F belongs to H;(G)

For g € Cu(Gl) , define K(x, y) € Cu(G) by K(x, y) = g(x) . Then
s - Lo
there exist functions H € C, (G, @®D) and L € Hy(G ®D) such that
FX=H+L .

Hence, in particular, F(z, 0)X(x, 0) = H(x, 0) + L(x, 0) almost
everywhere « € G, . That is, flz)gl(z) = Hx, 0) + L(x, 0) almost
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-

everywhere &« € Gl . Evidently H(e, 0) belongs to Cu[Gl)

CLAIM 2, X(+, 0) belongs to H;rﬁ (e,) -
1

Indeed, for Kk € d‘;‘, ~ [Gl) , define a function WN(x, d) € Ll(Gl @D)
1

k(x) if d =0,
Wz, d) =

lo it d#0

as follows:

S0

Then E’(Yl, Y2) = Iz(Yl) for (Yl’ Y2) € (-P ?;l) x D . Hence N =0

-0 ~ v =~
on (-Pn Gl] x D >P° . That is, N belongs to Hl];(G) . Hence we have

[ Kz, Okla)ds = | Kz, ¥z, d)an,
Gl G

=0 .

Therefore Cu[Gl) + If;nal(Gl) becomes an algebra. This is a

contradiction. //

LEMMA 13, Let T be a locally compact abelian group and P a
subsemigroup of T satisfying the (AO)-condition. Let F be an open
subgroup of T such that P 18 dense in it. If there exists an element
Yo € I' such that -P is not dense in Yo * F , then we have PD‘YO + F .

Proof. Since -P is not dense in YO + F , there exists an open
subset V of F such that (Y0+V) n (=P} = ¢ . Hence we have
Yo + Vc P . Since P 1is dense in F , we have V + P D F . Therefore we
have Y0+FCYO+V+PCP. //

PROPOSITION 14. Let G be a locally compact abelian group. Let G

be torsion-free and G =R @®F , where F is a locally compact abelian
group which contains a compact open subgroup Fo# {0} . Let P bea

subsemigroup of G with the (AO)-condition such that it is not dense in
¢. If Cu(G) + H;(G) i8 an algebra, then F 1is compact.
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Proof. We suppose F 1is not compact.

CASE 1. Suppose P is dense in R @® F, . Since R ) F, is an open
subgroup, there exists YO € F with Yo >p 0 such that R & Fo + Yo © P .
Hence, in this case, we can prove that Cu(G) + H;(G) is not an algebra
as in Case 2.1 of the proof of Proposition 10.

CASE 2, P 1is not dense in R @FO .

CASE 2.1. Suppose P is not dense in R@FO and P nF 1is dense

in F . Since P is necessarily dense in FO , it is not dense in R .
Hence we may assume P NnR = [0, ») . We note that 2 + F c P for each
x € R such that * > 0 . Let h be a nonzero function in Ll(R) such

that supp(f) © [1, 2] . Choose functions g, € L7(R) and
g, € Lw(f')\Cu(F) such that g, *h #0 . Put Flx, y) = gl(x)g2(y) . Let

Y. be a character of G defined by Yo(x, y) = 3% | Define measures

0

u € IIfZID(G) and Vv € M?_P)(G) as follows:

dulx, y) = h(x)dx x dGO(y) ,

dv(x, y) = E(x)dx x déo(y) )

where & is a function in Ll(R) such that supp(£) € (=, 0) , and
£=1 on |-2, -1] . Then F *p fCu(G) and V =1 on supp(p) + Yy -

Hence, by Lemma 5, Cu(G) + H;(G) is not an algebra.

CASE 2.2, Suppose P 1is not dense in R@®F, and F respectively.

0
Let F = {y+[v'o; Y €F, 0(Y+Fo) < o} | where 0(Y+F0) denotes the order of

the coset Y + Fo in I"'/F0 .

CLAIM 1, F is a finite set.

Suppose F is infinite. Put Fp = U{Y+F0; Y+F, € F} . Then F. is

F
a noncompact open subgroup of F . Evidently, P is dense in FF . We
may assume P N R = [0, ») . Since P is not dense in R @FF .
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{(z, y) €R ®Fp; >0,y € FF} is included in P . Let % be a nonzero

function in Ll(R) such that supp(’) C [1, 2] . Let H= F; (the

annihilator of FF in 1?’) and Ho =Fa [the annihilator of FO in F )
Then Iio is a compact open subgroup of F. Moreover, HO/H is infinite.

Hence my (a2 normalized Haar measure on H ) is regarded as a singular
measure with respect to a Haar measure on Ho . Hence there exists a

oo, A ~
function g, € L (F) such that g, * m, ¢ Cu(F) . Let g, bea function

in Ll(R) such that g, * h#0 . Put g(x, y) = gl(x)gz(a:) - Let v,

be a character of ( defined by Yo(x, y) = "3 | Define measures

u € I\ftz-,(G) and Vv € I\f(l_P)(G) as follows:

dulx, y) = h(z)de x dmy(y)
dvlz, y) = E(z)dz x dmy(y) ,
where £ is a function in Ll(R) such that supp(g) c (=, 0) , and

E= 1 on [-2, -1] . Then V=1 on supp(n) + Y, » and g * u does not
belong to Cu(G) . Hence, by Lemma 5, Cu(G) + H;(G) is not an algebra.
This is a contradiction. Hence Claim 1 is proved. Therefore FF is a
compact open subgroup of F .

CLAIM 2. Let Y be in F such that ¥y >p 0O and Yy +FF # F’F .
Then Y + FF is included in P .

By Lemma 13, we need only prove that y + F ¢ (=p) .

Suppose Y + FF < (-P) . since F/F'F is torsion-free, P 1is dense
in Z @ Fp = (Zy) @ F . Hence {(x,y)€R@Z@FF;x>o,yGZ®FF}
is included in P . Let H. and H Dbe annihilators of FF and Z @ FF

0

in P respectively. Then my is a singular measure with respect to a

Haar measure on F . Hence there exists a function 95 in Lw(?') such

that g, * [YmH) ¢ Cu(f'\') . Let h be a nonzero function in Ll(R) such
that supp(h) © [1, 2] . Choose a function g, ¢ L”(R) such that
g, * h # 0 , and define a function g € L7 (¢) by g(zx, y) = gl(x)gz(y)
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Let Y, be a character of G defined by YO(.'z:, y) = e_1’3x(y, -2y) .

Define measures U € l/f;,(G) and v € if(l_P)(G) as follows:

du(z, y) = hlz)de x (y, v)dm(y) ,

dvl(zx, y) = glz)de x (y, -y)dmgly) ,

where & is a function in Ll(R) such that supp(f) < (==, 0) , and
£=1 on [-2, -1] . Then g * u does not belong to Cu(G) ,and v =1
on supp(a) + Y, - Hence, by Lemma 5, Cu(G) + H;(G’) is not an algebra.
This is a contradiction. Hence, Claim 2 is proved.

~

Put P = {Y"‘FF§ Y >p 0, Y # FF} v {{0]} . Then, by Claim 2, P is

a subsemigroup of F/FF with the (AQ)-condition.

CASE 2.21. First we consider the case that P induces a nonarchi-

medean order on F/FF .

Then there exist positive elements [yl], [YZ] € F/FF such that
n[yl <l-5 [Y2] for every n € Z . Let [FF’ YlJ be an open subgroup of F
generated by Yy and FF . Then [FF’ Yl] =4 FF ®2Z . Let

4 . v T . 3
H = I:FF’ Yl_[ (the annihilator of Fe> Yl] in F ). Then m

Y (the

H
1 Yl

Haar measure on HY J is a singular measure with respect to a Haar
1

A

measure on F . Hence there exists a function g, € L7(F) such that

g, * (Yg’"y ) fCu(i:’) . Llet h be a function in L(R) such that
Y1
supp(#) < [1, 2] . Choose a function g, € LT(R) such that g, * h#0.

Put g(x, y) = gl(x)gz(y) for (x, y) €R & F . Define measures u € M;(G)
and Vv € l'vf(l_p)(G) as follows:

dulz, y) = h(z)de x (y, vy)dm, (y) ,
"1
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dv(z, y) = &lx)dx x (y, —Y2)dmb, (y) ,
51

where £ is a function in Ll(l?) such that supp(£) c (=, 0) , and
£=1 on [-2, -1] . Let Y, be a character of G defined by

Yol y) = e‘i%[y, -2Y2] . Then g * U fscu(G) ,and v=1 on
supp(p) + Y, - Hence, by Lemma 5, Cu(G) + H;(G) is not an algebra. This
is a contradiction.

CASE 2.22. Next, we consider the case that Z"’/FF 45 Z and P

induces an archimedean order on F/FF

Then F/FF is order preserving isomorphic to a subgroup of Rd which

is dense in R with respect to the usual topology. Hence, as seen in Case

2.1 of the proof of Proposition 11, we can construct YO € G , F € Lw(G)

u € M?,(G) , and Vv € Ma P)(G such that F = p § Cu(G) and v =1 on

supp(n) + Y, - Hence Cu(G) + H;(G) is not an algebra by Lemma 5.

CASE 2.23. Finally, we consider the case F/FF %2 Z . Then
CRO®Z@F . Let G, =R®T . Then ?;l has the following
properties:

A [+]
(i) s >p t for each s € (Glnl’) and t € Fp 3
—_—

(i1) P c (-Pné) xrF ;

- (<] ~ N A c
(ii1) (-Pn @) c (Pnc)®.

3 . b g 3 s
As seen in Case 2.3 of the proof of Proposition 11, Cu(Gl) + HPnal(GlJ is

not an algebra. Hence, by Lemma 12, Cu(G) + H;(G) is not an algebra.

Hence, in each case, we have a contradiction. Therefore F must be

compact. //
The following theorems are due to Sarason (see [3], {5], and [6]).

THEOREM 15, o(7) + H(T) 4is a closed subalgebra of L (T)
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THEOREM 16. C,(R) + H'(R) 4s a closed subalgebra of L7(R) .

The following theorem is due to Rudin ([4]).

THEOREM 17. Let G be a compact abelian group such that G is
ordered. Then C(G) + H (G) 1is a closed subalgebra of L(6) if and only
if ¢6T.

PROPOSITION 18. Let G be a nondiscrete locally compact abelian
group such that G contains a compact open subgroup F # {0} . Let P be
a subsemigroup of G with the (AO)-condition such that it is not dense in

~

G .

If Cu(G) + H;(G) is an algebra, then G =T @ F, for some compact
open subgroup F, of G .

Proof. Let F, = U{y+F; y € G, O(y+F) < »} . Then, as seen in Case

2.2 of the proof of Proposition 1k, F, 1is a compact open subgroup of G .
Put b= {Y+F;(»; Y >P 0, Y+F* # F,(.} .

If Y> 0 and Y § F, , then y + F, is contained in P .

Hence P is a subsemigroup of F/F, with the (AQ)-condition.

L 4
Let HO = F; (the annihilator of F, ). Then Hb is a compact open

subgroup of G .

[=+]

w©
CLAIM 1. For fE€HyG) , f= Y f witn lIfl, = ¥ Ifl, ,
L r 1 el M 1

where fh is the restriction of f to some coset =z + HO

-

n
o«
(n=1,2,...). Put h, = 6"”n *fn . Then f=n§_:1 Gxn*hn , and hn

belongs to H%(HO) (n=1,2, ...)

Indeed, let y be in & such that [y] <5 0. Then y+8 < 0 for

every 8 € F, . Hence we have

0 = F(y+s)

nzi ﬁn([y])(-xn, Y)(«rn, 8) for every s € F,
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i
o

Since {2n([Y])(—xn, Y)} € 1t , we obtain 2n([Y])
(n=1,2,...) . Thatis, h_ ¢ H%,(HO] n=1, 2, ...)
Let H;’O[HO) = {g € L”(Hy); g(y) = 0 if y =50} 5 that is

;,o(ﬁo] = [Hz%(ﬂo)]l. '

H~

CLAIM 2. H;;’O(Ho) < Hy(G) .

This is obtained from Claim 1.
We note that C(H)) + H3(H)) = c(d,) + H}:, o)
CLAIM 3. C(HO) + H;[HOJ is an algebra.

0
For f € C(HO) and g € HIB,O(HO) » by Claim 2, f and g can be

regarded as functions in Cu(G) and H;(G) , respectively.

Since Cu(G) + H;(G) is an algebra, there exist functions ¥ ¢ Cu(G)

and K € H;(G) such that gf = H + X .

Evidently, H[H belongs to C(H ] Moreover, we can check that
0

o)
[=] - g‘) .
KIHO belongs to Hz,(Ho) . Hence we have fg € C(HO] + HP[HO) . Therefore
N .0 - R
C(HO) + 1113(110) is an algebra.
Hence, by Theorem 17, we have F/F, =% Z . Hence G =T @1’5* . //

THEOREM 19. Let G be a nondiscrete locally compact abelian group
such that G is an algebraically ordered group. Let P be a subsemigroup

of ¢ with the (AQ)~condition such that it is not dense in G . If
Cu(G) + H;(G) 18 a closed subalgebra of L°°(G) , then G admits one of

the following structures

(@) G=R,
®) G=R®D,
(c) G=T

B

13

d c=T@®D,
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where D 1is some discrete abelian group.

Proof. By the structure theorem, 8' = Rn ®F , where F 1is a locally

compact abelian group which contains a compact open subgroup FO .

It n22, C(G)+ H;(G) is not an algebra by Proposition 10. If
n =1 , by Proposition 11 and Proposition 14, we have G =R , or
G=R@&D for some discrete abelian group D . If n =0 , by Theorem 17
and Proposition 18, we have G =T , or G=T ®&D for some discrete
abelian group D . //

THEOREM 20. Let D be a discrete abelian group such that D is
torsion-free. Let P be a subsemigroup of Z @& D with the (A0)-condition
guch that it is not demse in Z@®D . Then c(T®D) + H(T®D) isa

closed subalgebra of L(T®D) .
Proof. Evidently Cu(T @D) + H;(T ® D) is a closed subspace of

Lw(T ®D) . We may assume that P n 2 ={n € Z; n = 0} . We can easily

check the following:

HZ];(T ® D) {f € Ll(TeD); fle, d) ¢ HE(T) for every d ¢ D} s

(*)

H;(T @®D) = {g ¢ o @D); g(+, d) € H(T) for every d € D} .

For each nonnegative integer N , we define QIV as follows:
0 ~
QN={f(t; d) eL(T@®D); f(+,d)(n) =0 if n < -N for every d €D} .

<o
Then QN is a subalgebra of L (T @ D) containing H;(T @® D) . Moreover,

Q

; is contained in C (T &D) + H‘;(T @&D) .

CLAIM. U @, is dense in C (T @®D) + Ho(T ® D) .
n=o V u P
Indeed, for f € Cu(T @ D) , we define a function fd € c(T) by

fi(x) = flz, d) (d€D) . Put Af = {fd; d € D}

Then Af is uniformly continuous and equicontinuous. Hence, by the

Ascoli-Arzela Theorenm, Af is relative compact in C(T) . That is, for
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€ > 0 , there exist functions fd s seey fd € Af such that
1 m
m

U {necn; ln-f, ll, < e/3} oA, .
=1 dp, f

Let {Kn}:_l be Féjer's kernel. Then there exists a positive integer

N such that ”KN*fdk-fdk”m <gf3 (k=1, ...,m.

For fd € Af , there exists a positive integer % (1 <k <= m) such

that "fd_fdk"w < €/3 . Hence we have

”fd*KN-fd”w < ”fd*KN_de;*KN”w + ”fdk*KN—fdk”m + Hfdk-fdllw
<€ .
Put F.(z, d) = fd * KN(:c) . Since

N ‘ .
FN(x, d) = n§ [l - %}f‘d(n)emx ,

(o]
5 and IIFN-f‘”w <€ . That is, VUo QIV is dense in
N=

Cu(T ®D) + H;(T @ D) . Therefore Cu(T @D) + H;(T @ D) 1is a closed

Fy, 'belongs to QIV

subalgebra of (rep) . //

THEOREM 21. Let D be a discrete abelian group with D torsion-
free. P is a subsemigroup of R @D with the (A0)-condition such that it
ig not demse in R®D . Then Cu(R ®D) + H;(R @ D) 1is a closed sub-

algebra of L7(R ® D)
Proof. Cu(R @&GD) + H;(R ®D) 1is a closed subspace of Lm(R @ D)

We may assume P n R = [0, ®) . The following equations (*) are

easily checked:

Hllg(R @&D) = {f ¢ Mz ® D), Ffle, d) € H*(R) for every d € D} ,

(*)
{f ¢ Loo(R®D); fl-, d) e H(R) for every d € D} .

HP(R @ D)

For an integer n , Xn denotes a character on R defined by
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xn(:c) = etm . For each nonnegative integer n , we define A—n as
follows:

a_ = {g € L(R®D); gl+, d) ¢ X_nHm(R) for each d € D}

00
Then A—n contains HP(R ®Dp) m=0,1, ...)
CLAIM. 4 cC (R®D) + H;(R ®@p) (n=0,1, ...)
-n u

For g €4 , o let h be a function in Ll(R) such that % =1 on

[-n, 0] . Define a function F on R@®D by Flz, d) = (g(', d)*h](:c)
for (z,d) € R®D . Then F Dbelongs to Cu(R @®D) . Since

gle, d) —gl-,d) »nh ¢ B (R) for every d €D , by (*), we have
g-Fc¢ E;(R ®D) . Hence g =F + (g-f) belongs to

¢ (R&D) + Hy(R®D) .

=]
Since H(R) is an algebra, we can prove that U A—n is a
n=0

subalgebra contained in Cu(R @®@D) + HOPO(R @ D) , from (*) and the above

claim. Moreover, by using ([7], Theorem 12.11.1), we can prove that
[+

U 4 is dense in C (R®D) + HAR ®D) . Therefore
n=0 u p

(=]

o0 ‘ [+ «]
Cu(R @&D) + HP(R @D) [= U 4 nJ is a closed subalgebra of L (R®D) .//
n=0 =
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