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BOXES IN R —A 'FRACTIONAL' THEOREM 

MEIR KATCHALSKI 

1. S t a t e m e n t of resu l t s . A box in Euclidean ^-dimensional space Kk 

is a set of the type 

{x = (xi, . . . , xk) Ç R*: ai S x-i ^ ou i = 1, 2, . . . , k}. 

A family of boxes, unless stated otherwise, is finite. 
The object of this paper is to s tudy some intersectional properties of 

boxes in R*. 
A box is a convex set and for convex sets one has an intersectional 

theorem: 

H E L L Y ' S T H E O R E M . For a finite family s/ of at least k + 1 convex sets 
in R* the intersection C\s/ is non-empty provided that for any subfamily 
Se of se with at least k + l-members the intersection C\S3 is not empty. 

Helly's theorem appears in [7]; consult [5] for general properties of 
convex sets in R* and [3] for Helly type theorems. 

For boxes a similar well known result holds: 

T H E O R E M . Any family s/ of boxes in R* has non-empty intersection 
provided that any two members of se have non-empty intersection. 

A simple proof is as follows: Let s$ = \A\, . . . , An\ where 

Aj={ \xi, . . . , xk\ : (iij ^ xt ^ bij, i = 1, . . . , k) for 1 ^ j ^ n. 

Let ct = min {b^'A ^ j ^ n], then (ci, . . . , ck) £ Aj for each j , 
1 ^ j è n so tha t C\ stf ^ 0. Two related theorems which are 'fractional' 
in the sense tha t a fraction of all the k + 1 (or 2) membered subfamilies 
have non-empty intersection are: 

T H E O R E M A. For each 0 ^ a ^ 1 , 0 = 1 — A / 1 — a fl^d /or a?ry /£m7e 
family S$ ofn segments on the line: If the number of 2-membered subfamilies 

c~€ of se for which C\c€ ^ 0 is at least a • I I /Ae?z /Aer£ is a & <Z s/ with 

r\S§ ?£ 0 and \Së\ ^ /3-w. Furthermore f3 = 1 — V l ~~ « cannot be 
replaced by a larger number. 

T H E O R E M B. For each 0 < a < 1 ^e re is a 0 < 0 = 0(&, a ) < 1 swcfe 

that for any finite family se of n convex sets in R* with w H + L' / / the 
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number of k + 1-membered subfamilies ^ of s/ for which P \ ^ 7̂  0 is at 

n least a- , . A then there is a ^ C se with \3$\^$-n and C\$6 ^ 0. 
Kk + 1 

(Furthermore fi —> 1 a s a —» 1.) 

For Theorems A and B see [1] and [8] respectively. The main result to 
be proved is a generalization of Theorem A: 

T H E O R E M C. Let k be a positive integer and let a satisfy 0 ^ a < 1/k 
with fi = 1 — V I — ka. For any family se of n boxes in Kk: If the number 
of 2-membered subfamilies ^ of se for which C^ 7^0 is at least 

k — 1 \ n2 

—% 1" a I "7T then there exists a 3! C se with \Sê\ ^ [fi-n] and 

C^Sê ^ 0. Furthermore /3 = 1 — V I — ka cannot be replaced by a larger 
number. 

Note t ha t for fixed k > 1 when a = 0, $ = 0 in spite of the fact t h a t a t 
k — 1 n2 

l e a s t — 7 of the pairs of boxes have nonempty intersection. 

We now discuss a result in graph theory. For properties of graphs one 
may consult [2] or [6]. T h e set of edges and the set of vertices of a graph 
& are denoted by E(0) and V(0) respectively. T h e graph 0' is a 
(maximal) subgraph of 0* if it is obtained from £P by removing a set of 
vertices U and all the edges incident to a t least one member of U. T h e 
graph s/ contains the graph SS if V(sé) D V{0§) and E{s/) D E($ë). 
For a subset S of &, E(S) denotes the set of edges of £P which are incident 
to a t least one vertex of S. A complete (k-)graph is a graph (with ^-ver­
tices), such t ha t any two of its vertices are joined by an edge. A subset 5 
of V{SP) is called a special (k-)set of & if ( |5 | = k and) 

(1) T h e subgraph of 0 with ve r t i ce s5 \J {v Ç V(£P): v is incident to 
all the vertices of S) is a complete graph. 

A graph SP is called k-complete if 

(2) I t contains a special &-set provided t ha t it contains a complete 
&-graph and any subgraph of SP also satisfies (2) 

The intersection graph of a family of sets se is a graph wrhose vertices are 
members of s/, two vertices being joined if the corresponding members 
of s/ have nonempty intersection. 

T h e theorem on ^-complete graphs to be used is 

T H E O R E M D. Let a satisfy 0 :§ a < 1/k. A k-complete graph with n 

n2(k — 1 \ 
vertices and at least—I — h a I edges contains a complete graph with at 

least [(1 — V l — ka) -n] vertices. Furthermore, the number 1 — y/1 — ka 
cannot be replaced by a larger constant. 
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The motivation for studying ^-complete graphs is 

THEOREM E. Let se be a (finite) family of boxes in R*. The intersection 
graph of s/ is a k-complete graph. 

Turân's theorem for graphs [10] gives the number of edges, for a graph 
with n vertices, which 'force' the graph to contain a complete graph with 
k vertices. The following slightly weaker form of Turin's original theorem 
will be used. 

n2 k — 2 
TURÂN'S THEOREM. Any graph with n vertices and at least—--, — + 1 

2 k — 1 
edges contains a complete k-graph. 

Proofs of Theorems C, D and E will be presented in the next section. 
The last section contains Turân type problems and remarks. 

Finally, "the family s/ intersects" and " G and G intersect" mean 
that Pi J / ^ 0 and that G P G 9* 0 respectively. 

2. Proof of theorems. Theorem E shall be proved first, then 
Theorems D and C. 

Proof of Theorem E. For a box <j> ^ Q = {(%i, . . . , xk) ; at ^ xt ^ bu 

i= 1 , . . . ,*} letf(Q) = (bu...,bn). 
For two points a = («i, . . . , ak) and b = (61, . . . , bk) define an order 

relation: 

(3) a > b if either a = b or for i the smallest integer such that 
at ?* bu at > bi. 

Note that if A and B are boxes and A C B then f(B) ^ f(A) and also 
tha t / (C) G C for any box C je 0. 

From the definition of the function / if follows that 

(4) If f(C\&) = c for a family ^ of at least k boxes in R*, then 
there is a 38 C ^ with |J>| = & a n d / ( P J * ) = c. 

Let s/ be a family of boxes in R* and assume the existence of a ^ C srf 
with P ^ ^ 0 and \<£\ = k. We have to show the existence of a ^ 0 C s/ 
with | ^ o | = & and P ^ % ^ 0 and such that 

(5) ll@ = {A£ s/:AC\ ( fWo) ^ 0} then P ^ ^ 0. 

Let ^ o C ^ be such that | ^ 0 | = k, P ^ 0 ^ 0 and 

(6) / ( P ^ ) > / ( P ^ o ) for any 9? C ^ with \&\ = k and P ^ 7 ^ 0. 

Let ^ be as in (5) and suppose that A G ^ \ ^ o with ^ = ^ 0 U U } . 
By (4) there is a 2' C ^ with P ^ ' ^ 0, | ^ ' | = k and f{C\9') = 
/ ( P ^ ) . But C\2 C P ^ o so t h a t / ( P ^ 0 ) >f(r\2) =f(r\9'). By 
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(6) f{C\9') > / ( n ^ 0 ) so tha t f(C\9) = / ( n ^ 0 ) and f{C\^\) £ 
C\9 Ç A. Since this is true for any A ^ 3ê, the intersection C\Së D 
{ / ( n ^ o ) } ^ 0 and (5) holds. This completes the proof of Theorem E. 

Proof of Theorem D. T h e proof is based on the following two observa­
tions: 

1. Let J f be a graph with / vertices which does not contain a complete 
ra-graph and let S be a special &-set of ffl. Then 

(7) \E(S)\^[y + {l-k){k-\)+m-k-l. 

and 
2. A subgraph of a ^-complete graph is a ^-complete graph. 

Inequali ty (7) holds since otherwise there would be a t least m — k 
ertices of V(Jtif)\S which are joined by edges to all of the vertices of S. 

This would imply, since S is a special &-set of ffl, t ha t ffl contains a com­
plete graph with (m — k) + k = m vertices, contradict ing the assump­
tion. The s ta tement in 2 is implied by the definition of a ^-complete graph 
and the fact tha t a subgraph of a subgraph of MJ is a subgraph of ^fr. 

Let SP be a ^-complete graph with n vertices and a t least 

'-a] edges with 0 S OL < l/k. Suppose tha t SP does not con-

v 

2 \ k 
tain a complete m-graph. We shall later show tha t this implies 

(8) \E(0>)\ < (n2k - (n - m)2)/2k. 

Let m0 = [n- (1 — \/l — ka)]. I t is easy to check tha t 

(9) -n2 • I — 7 — +a I ^ — (>2& — {n — ra0)
2). 

/ife - 1 \ 
Since \E{ëP)\ ^ è w 2 - l — 7 h « , the inequality (9) implies tha t 

\E{0)\ ^ (w2£ - (» - m0)
2)/2k. 

Consequently £P must contain a complete w0-graph, for otherwise by (8) 

| £ ( ^ ) | < (n2k - (n - m0)
2)/2k 

a contradiction. 
I t remains to prove inequali ty (8). Assume tha t 0* does not contain a 

complete m-graph. We shall also assume tha t n — m + 1 is divisible by k 
so tha t n — m -\- 1 = q-k for an integer q. T h e case where this is not t rue 
is t reated similarly bu t the calculations are slightly more involved. 
Define a sequence ëP\, £P<i, . . . , &q+\ of ^-complete graphs: 

Let 0>x = 0 and for 1 ^ 1 <; q let St be a special fe-set of ^ \ and let 
<^*+i be the subgraph of Pt with vertices V(0 t)\Si. Note t ha t by Turân ' s 
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theorem [10] a graph with n vertices and more than — I , I edges 

contains a complete &-graph and therefore a graph with n vertices and at 

least —• I—7—I edges contains a complete &-graph. From this remark 

and the inequality 

1^)1^(4^+-) 
it follows that each & t contains a complete &-graph as claimed. 

The graph 3P i for 1 ^ i ^ q + 1 is a ^-complete graph with n — 
(i — l)-k vertices and SP % does not contain a complete ra-graph. From 
inequality (7) one obtains the sequence of inequalities 

(10) |E(^ , ) I - \E(0>i+i)\ S ( § ) + (n - i • *)(* - 1) + m - k - 1, 

for i = 1, 2, . . . , q. 
Adding the q inequalities results in 

(11) | E ( ^ ) | - | E ( ^ , + i ) | ^ ( | ) + ( 2 n - ( g + 1 ) . * ) . ( * - l ) 

+ 2m - 2& - 2 

Since | V(SP q+^\ = n — q-k = m — 1 the number of edges of <^ + i is 

( VYl — 1 \ 
I so that by (11) 

\E(^)\ ^ \ m 2 j + 2 ({k " l){2n ~ qk) + 2 m ~ 2 k - 2)-

Using the equality q = (w — m + 1)/* and a straightforward calcula­
tion results in equality (8). This concludes the proof of Theorem D 
without the last statement. 

The proof of the last statement of Theorem D follows from the last 
statement of Theorem C and from Theorem E. 

Proof of Theorem C. By Theorem E the intersection graph SP of the 

( k — I \ n2 

7 h OL I • — 

edges. By Theorem D, without the last statement, £P contains a complete 
graph with at least [(1 — y/\ — ka) -n] vertices. Therefore s/ contains 
a subfamily 31 with 

\@\ ^ [(1 - VT^Ja)-n] 

and such that any two boxes in the family intersect; consequently 

r\ss ^ 0. 
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It remains to show that 0 = 1 — V l — ka cannot be replaced by a 
larger number. 

Case 1. k = 1, a > 0. Given a > 0 construct for any w a family s/n 

of w segments on the line as follows: Start with a segment of length 
[(1 — V I — a)n] + 2 and move it to the right n — 1 times by one unit 
each time. The n segments obtained are the members of s/n. It is easy to 
check that the number of intersecting pairs in s/n is at least an2/2 but for 
each 0 > (1 — \/l — a) and n sufficiently large there are no [ft-n] 
segments in s/n with nonempty intersection. 

Case 2. k > 1, a > 0. The construction is based on Case 1. Let 
0 < a < (k — l)/k be given and let 0 > 1 — V I — ka. Choose n = km 
sufficiently large and let 

2) = {{x: a j rg x = &*} : i = 1, . . . , m\ 

be a family of m segments with at least \m2-ka intersecting pairs but 
fewer than [(3M] intersecting segments. By Case 1 such a family exists. 
Now construct k families s/1} . . . , s/k, of boxes in R*: 

s/. = {A{
j = {x G R*: at Sxj ^bt}:l ^ i ^m} f o r i S j S k-

Finally let J / = J / I U J / 2 U . . . U J#*. The family J / has the de­
sired properties: 

1. Any member of se ?; intersects any member of sf j for i ^ j giving 
m2k(k — l ) / 2 = n2(k — \)/2k intersecting pairs. Two members of se\ 
(1 ^ i S k) intersect if the corresponding members of 3ï intersect, 
adding at least k-\m2ka/2 = n2a/2 intersections. Thus as least 
n2(k — 1 \ . 
—I—7 \- a I pairs of members of S& have nonempty intersection. 

2. Suppose that some d members of s/ have nonempty intersection. 
Then there is an / (1 S l S k) such that some d/k members of s/\ have 
nonempty intersection and therefore some d/k members of 2) have non­
empty intersection. By the construction of 2iï, d/k < [0-m]. Therefore 
d < k[p-m] and d< [p-n]. 

3. The 'boxes' are not boxes, but it is easy to transform them into 
boxes without changing the intersection pattern. 

Case 3. a = 0. Let ax < a2 < . . . < am. Let 

j / . = {A t
j = {x G R*: Xj = a,} : 1 = i = w} for 1 ^ j = k 

and let 

j / = s/x \J s/2 U . . . U ^ with w = fe-w. 

The family se is a family of hyperplanes such that k-(k — l)-m2/2 = 
n2(k — \)/2k pairs have nonempty intersection but no more than k 
members (one from each srf u i = 1, . . . , k) have nonempty intersection. 
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The hyperplanes may be transformed to boxes without changing the 
intersection pattern. This shows that in R* for a = 0 the best value of 
0 is also 0. This completes the proof of Theorem C. 

3. Problems and remarks. The main purpose of this section is to 
state two related problems in graph theory. The following result is due to 
Erdos [4]: 

ERDOS ' LEMMA. There is a 0 < c < 1 such that any graph with n vertices 
n2 

T 
and at least + 1 edges contains c • n triangles with a common edge. 

Using this lemma it is simple to show that for any e > 0 there is a 
jS > 0, such that any graph with n vertices and at least \n2{\ + e) 
edges contains at least /3-w3 triangles. It is natural to conjecture 

CONJECTURE 1. For k > 2 and for each e > 0 there is a (3 > 0 (0 = 

0(k, e)) such that any graph with n vertices and at least T H T r + € I 

edges contains at least f3-nk complete k-graphs. 

If the following generalization of the Erdos lemma is true then Con­
jecture 1 is true. 

CONJECTURE 2. For k > 2 there is a 0 < c = c(k) such that any graph 
n2 k — 2 

with n vertices and at least ~^'T r + 1 edges contains at least c-nk~2 com­
plete k + 1 graphs with a common edge. 

Remarks. A 1-complete graph is one for which every subgraph has a 
special vertex (a vertex such that any two vertices which are both incident 
to it are joined by an edge). Lekkerkerker and Boland [9], in studying 
(and characterizing) interval graphs have shown that a graph is 1-com-
plete if amd only if it is a chord graph (a graph in which each circuit of 
length greater than three contains a chord). Is there a natural property 
of graphs which is equivalent to that of being 2-complete? 
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