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F o r k:> 2, t>_2 , le t W(k, t) denote the l e a s t i n t ege r m such 
that in e v e r y p a r t i t i o n of m consecu t ive i n t e g e r s into k s e t s , a t 
l e a s t one se t conta ins an a r i t h m e t i c p r o g r e s s i o n of t + 1 t e r m s . 
This pape r p r e s e n t s a cons t ruc t ion which i m p r o v e s the b e s t p r e v i o u s l y 
known lower bounds on W(k, t) for s m a l l k and l a rge t. 

1. In t roduc t ion . F o r k > 2 , t > 2 , let W(k, t) denote the l e a s t 
i n t ege r m such that in e v e r y p a r t i t i o n of m consecu t ive into k s e t s , 
at l e a s t one s e t conta ins an a r i t h m e t i c p r o g r e s s i o n of t+1 t e r m s . 
Accord ing to a wel l -known t h e o r e m of van de r Waerden (1925), 
W(k, t) < oo. It i s obvious that 

(1) W(k, t) < W(k, t + 1) . 

Using r a n d o m coding a r g u m e n t s , E r d o s and Rado (1952) have shown 
that 

(2) W(k,t) > [ 2 t k Y / 2 . 

By a m o r e refined noncons t ruc t ive a rgumen t , Schmidt (1962) has 
shown that 

(3 , W(k,t) > k ( t + l ) - c [ ( t + l , log( t + l ) ] 1 / 2 

w h e r e c i s an abso lu te cons tan t . The m a j o r r e s u l t of this p a p e r i s 

THEOREM 1. If k i s a p r i m e - p o w e r , and if W is an i n t ege r 
such that 

(4) W < t f k ^ D / k ^ l ) 

for a l l d which a r e p r o p e r d i v i s o r s of t, and if 

(5) W < t f k ^ l J / D 

for a l l D < t which a r e d i v i s o r s of k - 1 , then 

v 
(6) W(k, t) > W 
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The proof c o n s i s t s of a cons t ruc t ion , based on the Ga lo i s field 
t ^ 

GF(k ), which p a r t i t i o n s W consecu t ive i n t e g e r s into k s e t s , none 
of which conta ins any a r i t h m e t i c p r o g r e s s i o n longer than t . In some 
c a s e s th is c o n s t r u c t i o n can be extended by s p e c i a l a r g u m e n t s , to give 

THEOREM 2. _If t i s p r i m e , W(2, t) > t2*. 

The bound of T h e o r e m 2 i s s t r o n g e r than equat ion (3). If t i s 
the s q u a r e of a p r i m e or the p r o d u c t of two l a rge p r i m e s whose 
d i f ference i s s m a l l , then T h e o r e m 1 aga in r e p r e s e n t s a s l ight 
i m p r o v e m e n t over equat ion (3). However , for m o s t va lues of t, the 
bound of T h e o r e m 1 can be i m p r o v e d by d e c r e a s i n g t to the next 
s m a l l e r p r i m e and invoking equat ion (1). Although this technique 
g ives the b e s t known bound for s m a l l k and l a r g e t, the c o n s t r u c t i o n 
of L. M o s e r (I960) s t i l l g ives the b e s t known bound for s m a l l t and 
l a r g e k, namely , 

(7) W(k,t) > t k C l ° g k . 

The bound of T h e o r e m 2 i s a l so d isappoin t ing for s m a l l va lue s 
of t . T h e o r e m 2 shows only tha t W(2, 3) > 24, ye t J. F o l k m a n (1967) 
ha s shown that W(2, 3) > 34 by the following c o n s t r u c t i o n : F o r 
i = 0, 1, 2, . . . , 33, le t i € S if i = 0, 11 , or a quad ra t i c n o n r e s i d u e 

mod 1 1 . It is be l ieved that F o l k m a n ' s p a r t i t i o n i s the b e s t p o s s i b l e , 
and that W(2, 3) = 3 5 . S i m i l a r c o n s t r u c t i o n s us ing q u a d r a t i c 
r e s i d u e s modulo c e r t a i n l a r g e r p r i m e s m a y be used to obtain o ther 
lower bounds on W(2, t), but the g e n e r a l f o r m of t hese bounds i s 
unknown for l a r g e v a l u e s of t . 

2 . P roof of T h e o r e m 1. Le t a be a p r i m i t i v e e l e m e n t in 

GF(k ). Then e v e r y n o n z e r o e l e m e n t in GF(k ) i s a power of a, and 
i j t 

a = a if and only if i = j mod k - 1. Let (3 , (3 , . . . , (3 be a s e t of 
t 

e l e m e n t s in GF(k ) which a r e l i n e a r l y independent over GF(k) . Since 

t h e s e e l e m e n t s f o r m a b a s i s of GF(k ) over GF(k) , t h e r e ex i s t 
e l e m e n t s A. . e GF(k) such tha t 

i> J 

t 
a3 = 2 A., .p. . 

i = l 
i J i 

The field e l e m e n t <x i s the roo t of some i r r e d u c i b l e m o n i c 

po lynomia l , T j ) (x ) = 2 f ' J ' x
n , w h e r e f<j)

 € GF(k ) . The d e g r e e of 
A n n 

n=0 

f (x) i s a d i v i s o r of t . 

4 1 0 
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F o r each £ e GF(k), we define the se t of i n t e g e r s S by the 

ru l e 

V 
i e S if and only if 0 <_ i < W and A . = £ . 

b 1 > 1 

Simi l a r ly , for each £ € GF(k), we define the se t of nonze ro field 

e l e m e n t s , T , by the r u l e a e T for each i e S . 

We now c l a im that no S contains any a r i t h m e t i c p r o g r e s s i o n of 

length > t. Let us suppose that for s o m e b f 0, 

(8) {a, a + b, a + 2b, . . . , a + tb} C S . 

Since 0 <_ a < a+ tb < W, we have 

(9) b < (k*- l ) / ( k d - l ) 

and 

(10) b < (k^- l J /D 

f r o m equat ions (4) and (5). We now cons ide r s e p a r a t e l y the c a s e s 
Ê ÏÉ 0 and ê = 0. 

^ . u i r, SL (b), b , , ^ „(b) a + bn 
Case 1; £ + 0. Since a f '(<* ) = 0, we have 0 = S V ' OL 

n = 0 n 

1 (b) t 

n=0 
S A. (1 6 . . Since p, , p . . . . , p a r e l i nea r ly independent , 
.= j , a + b n r j r l r 2 r t 

th i s i m p l i e s that for eve ry j , 

(11) 2 f(b) A. . = 0 . 
. n j , a + bn 

n=0 J 

In p a r t i c u l a r , s ince A, . = £ for n = 0 - 1 , . . . , t, we m a y se t r 1, a+b n ^ J 

t 
j = 1 in equat ion (11) and obta in g S f = 0 . If £ ^ 0, th is i m p l i e s 

n=0 n 

tha t 0 = S f(b) = f ^ b ) ( l ) . T h e r e f o r e , f(b '(x) i s d iv i s ib le by x - 1 . 
n=0 

(b) (b) b 
Since f (x) i s i r r e d u c i b l e , f (x) = x - 1 , a = 1 , and b = 0 mod 
k - 1 , con t rad ic t ing both equat ions (9) and (10). 

4 1 1 

https://doi.org/10.4153/CMB-1968-047-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-047-7


Case 2: £ = 0. A weakened f o r m of equat ion (8) is 

(12) { a + b , a + 2 b , . . . ,a + t b } C S . 

By def ini t ion of T , equat ion (12) i m p l i e s tha t T conta ins the 

a+b a+2b a+ tb 1 . 
e l e m e n t s a , a , . . . , a . We c l a i m that t hese t e l e m e n t s 

a + nb a + m b t 
a r e d i s t inc t , for if a = a , then (n-m)b = 0 mod k - 1 , 
con t r ad ic t ing equat ion (10). Since T i s a s u b s p a c e of d i m e n s i o n 
t - 1 over GF(k) , any t d i s t i nc t e l e m e n t s in T m u s t be l i n e a r l y 

dependen t . T h e r e f o r e , t h e r e ex i s t B , B _ , . . . , B e GF(k) such that 
1 2 t 

t 
S B a = 0 . This i m p l i e s that a i s a r oo t of the p o l y n o m i a l 

n= l 
t n - l 
2 B x . Since the d e g r e e of th is po lynomia l i s l e s s than t, 

A n 

d 
a e GF(k ), w h e r e d i s a p r o p e r d iv i so r of t. Thus , [a ) = 1, 

so b(k -1) = 0 mod k - 1 , con t r ad ic t ing equat ion (9). We conclude 
tha t equat ion (12) i s p o s s i b l e only if b i s l a r g e r than the bounds of 
equat ion (9) or equat ion (10). 

P roof of T h e o r e m 2 . If p and t a r e odd p r i m e s , then 

F e r m â t ' s t h e o r e m shows that 2 = 1 mod p so 2 i l mod p 
u n l e s s p ; 1 mod t . In o the r w o r d s , if D i s any d i v i s o r of 

t v 

2 - 1 , then D> t + 1, so T h e o r e m 1 a s s e r t s that W(2, t) > W, w h e r e 
v t 
W = t(2 - 1 ) . We sha l l now show tha t the c o n s t r u c t i o n of T h e o r e m 1 can 
be extended to inc lude t add i t iona l consecu t ive i n t e g e r s . 

The c o n s t r u c t i o n of T h e o r e m 1 i s val id for any choice of p ' s , 
so we m a y now choose these b a s i s e l e m e n t s as fo l lows: 

( i3) P l = i , p 2 = i + « . . . . . e ( t + 1 ) / 2 = i + « ( t " 1 ) / 2 ; 

P ( t + 3 ) / 2 = 1 + flrl'P(t+5)/2 = i+a'Z h = 1 + « ~ ( t ~ 1 ) / 2 . 

If t he se p ' s w e r e l i n e a r l y dependent , then a would be a r o o t of a 
po lynomia l of d e g r e e £ t - 1 , con t r ad i c t i ng the a s s u m p t i o n that a 

i s a p r i m i t i v e e l e m e n t in GF(2 ). 

With the b a s i s chosen by equat ion (13), the proof of T h e o r e m 1 
p a r t i t i o n s { 0 , 1 , 2 , . . . , W-1} into d i s jo in t s e t s S and S , with the 

p r o p e r t y that 

4 1 2 
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(14) {0, l , 2 , . . . , ( t - l ) / 2 } C S d 

and 

(15) { W - l . W - 2 W - ( t - l ) / 2 } C S . 

We se t s j = SQ ( J S^ U Sjj w h e r e 

S^ = { - l , - 2 , . . . , - ( t - l ) / 2 } 

S" = {W, W + l , . . . , W + ( t - l ) / 2 } • 

Any a r i t h m e t i c p r o g r e s s i o n of length t+1 in S would have to be 

of one of the following t ypes : 

1) Including an e l e m e n t in S' and another e l emen t in S' f. This 

i s i m p o s s i b l e b e c a u s e the d i f ference be tween any two such n u m b e r s i s 
not d iv i s ib le by t . 

2) Including two or m o r e e l e m e n t s in S' [or SL[], This i s 

blocked by equat ion (14) (or equat ion (15)). 

3) Including one e l emen t in S' (or S'r) and an a r i t h m e t i c 

p r o g r e s s i o n of length t i s S . Accord ing to the proof of T h e o r e m 1, 

the only a r i t h m e t i c p r o g r e s s i o n s of length t in S' a r e those in 

which b >_ 2 - 1. The total span of the ex tens ion of such a p r o g r e s s i o n 

would be :> t(2 -1 ) , con t rad ic t ing equat ion (15) (or equat ion (14)). 

T h e r e f o r e , S and S p a r t i t i o n the i n t e g e r s f r o m - ( t - l ) / 2 to 
y/ U 1 

W + ( t - l ) / 2 into two s e t s , ne i the r of which contains any a r i t h m e t i c 
p r o g r e s s i o n longer than t. This p a r t i t i o n can be t r a n s l a t e d to a 

p a r t i t i o n of the i n t e g e r s f rom 0 to t2 - 1 (or f rom 1 to t2 ) by 
adding ( t - l ) / 2 (or ( t + l ) / 2 ) to each e l e m e n t in S+ and S . 

0 1 

The cons t ruc t i on of T h e o r e m 1 m a y a lso be extended s l ight ly for 
o ther v a l u e s of t and k, but the i m p r o v e m e n t i s a lways r e l a t i v e l y 
s m a l l . 

3* E x a m p l e . Let k = 2, t = 3, W = 2 1 . Take a as a roo t of 
3 3 - 1 2 

x + x + l ; p = 1 , p = 1+û = a ; P 3 = i + a = a . F o r i = 1, 2, 3; 
j = 0, 1, 2, . . . , 20, A. . i s given by 

4 1 3 
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110010111001011100101 

OlOlllOOlOlllOOlOlllO 

001011100101110010111 

so S = {0,1,4,6,7,8, 11, 13, 14,15,18,20} ; S = {2, 3, 5,9,10, 12,16, 

1 J 0 
17,19} ; S+ = S Q U {-1,21,22} . 
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