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Perturbation and Solvability of Initial L?
Dirichlet Problems for Parabolic Equations
over Non-cylindrical Domains

Jorge Rivera-Noriega

Abstract. For parabolic linear operators L of second order in divergence form, we prove that the solv-
ability of initial LP Dirichlet problems for the whole range 1 < p < oo is preserved under appropriate
small perturbations of the coefficients of the operators involved. We also prove that if the coefficients of
L satisfy a suitable controlled oscillation in the form of Carleson measure conditions, then for certain
values of p > 1, the initial L? Dirichlet problem associated with Lu = 0 over non-cylindrical domains
is solvable. The results are adequate adaptations of the corresponding results for elliptic equations.

1 Introduction

Let Q C R""! be an open bounded set, n > 3, with some additional features that we
will describe later in the paper. Consider operators of the form

(1.1) Lu = div(AVu) — %

where (X, t) € R"xR,and A(X, t) = (a; ;(X, ) is a symmetric matrix of real-valued
functions that satisfies a standard ellipticity condition of the form

(12) MIEP <D ai(X 068 < M€

ij

for certain 0 < A\; < A; < o0, and every & = (&1,...,&,) € R". The constants A,
A, are referred to as ellipticity constants of L.

When €2 is a cylindrical region, solutions to Lu = 0 are taken in the weak sense, as
we now recall from standard literature. First, V() is defined as the space of functions
u € L*(Q) such that |Vyu| € L*(Q), u(-,t) € L*() for all t, where Q(t) =
{(Y,s) € Q:s=t}, and such that the norm on V given by

||u||‘2,:/|qu(X7t)\2dth+sup/ (X, )dX
Q t Jow
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is finite. Here Vx denotes the gradient with respect to X variables only.
With this notation and these definitions, a weak solution u associated with Lu = 0
is an element u € V such that

(1.3) /<A(X, t)VXu(X7t),Vg0(X7t)>dth—/u(X,t)g—f(X, 1)dXdt =0
Q Q

for every p € C{(Q).
The adjoint of an operator L as described above is given by

(1.4) L*u = div(AVu) + %,

and adjoint solutions will have a definition similar to (1.3): v € V is a weak solution
of L*v = 0 if for every p € C}(f2) one has

/(A(X, t)VXV(X,t)7V<p(X,t)>dth+/v(X,t)aa—f(X7 t)dXdt = 0.
Q Q

As usual, to make sense of boundary values for weak solutions one introduces the
subspace Vj as the closure of C} () (the class of C! functions vanishing on 0,2) with
respect to the norm of V().

In our non-cylindrical setting, we may assume that the coefficients are of class C*
and still obtain estimates depending only on the ellipticity constants of the operator
L and dimension n. This way standard limit arguments may be applied to conclude
estimates that hold when the coefficients are measurable and bounded.

In this work we deal with the questions of perturbation and solvability of initial
L? Dirichlet problems associated with Lu = 0, 1 < p < oo on {2, where {2 is a certain
type of non-cylindrical domains.

In a sense, this work may be viewed as a natural continuation of the research
started in [25], where we aimed to provide an example of a wide class of operators as
L, generalizing the heat operator, and for which one could prove a mutual absolute
continuity of caloric measure and surface measure in the A, sense (as described
below), so that the initial L? Dirichlet problems can be solved.

In that generalization we considered a class £ of operators as L described in (1.1),
over a basic parabolic Lipschitz domain £2(1)) (defined in the bulk of the paper) and
their pull back operator L, under a parabolic adaptation of the so-called Dahlberg—
Kenig—Stein mapping from Q (1)) to R"*1.

When taking L equal to the heat operator, this pull-back operator has principal
part as in (1.1) and a drift term. Moreover, all the new coefficients satisfy a Carleson
measure condition that allowed the application of a technique introduced for elliptic
operators in [20] through the use of certain square function estimates.

One of our main results in this paper states that under some technical conditions
of Carleson measure type on the oscillation of the coefficients of the matrix A(X, t)
over {) one can obtain such a solvability (see Theorems 3.2 and 3.3) . Results of
this type have been obtained for the corresponding elliptic equations, for instance, in
[5,6,21].
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We also prove a parabolic version of a perturbation result for L? Dirichlet prob-
lems originally proved in [9] (see Theorem 3.1) that to our knowledge has not been
previously adapted to parabolic equations.

Although details are provided for divergence form linear equations, some ideas
are applicable to non-divergence parabolic linear equations (see Theorems 6.1 and
6.3).

The works on equations of elliptic type provide not only the motivation to study
the corresponding questions for the parabolic equations, but also, to some extent,
some guideline of the techniques that could be applied.

However, it is important to point out some instances in which the parabolic ana-
logues of well-known results for the elliptic case turn out to have non-trivial appli-
cations or adaptations (e.g., the doubling property of parabolic measure [14,27] or
the elliptic-type Harnack principle [11, 13, 14]); or that some technical issues arise
given the regularity required in time-variable (for instance the need of introducing
a special regularity entailed in the definition of parabolic Lipschitz graphs provided
some paragraphs below, see e.g., [16,22,23]). Some of these issues are present in the
results contained in this work.

2 Description of Parabolic Setting and of the Initial L? Dirichlet
Problem

The precise statement of our main results requires the introduction of some technical
definitions that we provide in this section. In the next paragraphs we have included a
fairly complete description of the non-cylindrical domains as well as of the initial L?
Dirichlet problem.

Parabolic Homogeneity

There are some pioneering works providing a thorough description of the parabolic
homogeneity associated with R"*! (see e.g., [4, 10, 12] and the references therein).
Here we just recall some basic notions used at several stages of this paper.

Within this work, the parabolic distance between (X, t), (Y,s) € R"! is given by
the expression d(X, t;Y,s) = |[X — Y|+t —s|'/2 = | X =Y, t —s||. This last expression
defines what we call the parabolic norm of points in R"*!, and it may also be applied
to points (x,t) € R"~! x R.

Given (X,t) € R" x R = R"*!, denote by C,(X, t) the cylinder

{(Y,9) e R™ X —Y| <, |t —s| <7}

The parabolic ball of radius r > 0 centered at (X, ) is Q,(X,t) = {(Y,s) € R"! :
|X — Y|+ |t —s|'/? < r}. Given (x, 1) € R"~! x R we define the parabolic cube in R"
by

B(x,t) ={(y,s) e R" VX R:|x; —yi| <1, |t—s'P<r, i=1,...,n—1}

The parabolic boundary of an open connected set Q € R™!, denoted by 9,0,
consists of points (Q,s) € 0f (the topological boundary of §2) such that for every
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r > 0 one has C,(Q,s) \ Q # &. Here the parabolic cylinder of radius r > 0 and
centered at (X, t) is defined as

C(X,t) ={(Y,s) eR™ : X —Y|<r,0<t—s<r}

Time-varying Graphs

We now describe what has become to be known as the “good graphs” for both initial
L? Dirichlet problems and boundedness of parabolic singular integrals, as considered
in previous works (see e.g., [15,16,19,22] and the references therein).

From now on, we adopt the convention that points in R""! may be denoted by
(x0,x,t) € R x R*™! x R, to stress that in graph coordinates x, is the variable de-
pending on (x,t). This particular way to denote graph coordinates for problems
associated with heat equation goes back at least to [22].

A function ¢: R" — R is a Lip(1, 1/2) function with constant A, > 0 if for
(x,1), (x,5) € R, [Y(x,t) —(y,s)| < Agllx — y,t — s||. The function 1) is called
a parabolic Lipschitz function with constant A, if it satisfies the following two condi-
tions:

e 1 satisfies a Lipschitz condition in the space variable
[th(x,t) — (y,t)| < Aj|x — y| uniformlyon t € R;

e foreveryinterval I C R, every x € R",

1 [Y(x,t) — ¥(x, )|
)

1P dtds < A, < 0.
5 —

This last condition can be recalled as a BMO-Sobolev scale in the t-variable, by re-
sults in [30]. It roughly states that a half order derivative of 1 (x, t) with respect to ¢
variable is in BMO. See more details in [16].

A basic parabolic Lipschitz domain is a domain of the form

Q@) = { (x0,x, 1) ERX R x R:xg > th(x,1) }

for some parabolic Lipschitz function . This function is often taken with compact
support.

We adopt the notation X, Y, etc. for points in R""! whenever both the time vari-
able t and the graph variable x, are irrelevant for the argumentation. This notation
becomes particularly handy in Section 5.

Parabolic Starlike Cylinders

To describe domains given locally by parabolic Lipschitz graphs we adapt definitions
from [3], which are also used in [24].

Let 2 C R™! be an open connected set such that 0,0 = 9 and let A}, rp > 0.
Define the local cylinder with constants Ay, 1y as

Z = {(x0,x,t) € RXR" 'R : |x;| < 19,7 =1,2,...,n—1, |xo| < 2nAro, t € R}.

https://doi.org/10.4153/CJM-2013-028-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2013-028-9

Initial LP Dirichlet Problem for Parabolic Equations 433

Here, x € R"™! is viewed as the (n — 1)-tuple x = (x1,%2,...,%,_1). We denote
by 2% the concentric double of Z, and set diam{2 = sup,y, €2(s), where, as before,
Q) ={(X,1) € Q:t =5}

We say that €2 is an infinite starlike parabolic cylinder with constants A;, 1o, if there
exist local cylinders {Z; : i = 1,2,...,N}, with constants A, o, that are obtained
from Z through rigid motions in the space variables, and parabolic Lipschitz func-
tions {¢; : i = 1,2,..., N} with constant A;, defined on the transformation of R"
through the same rigid motion defining Z;, and such that the following conditions
hold:

o 27, MO = {(x0,%,8) 1 x0 = Yi(x,8)} N 2Z;,i =1,2,...,N;

o 27, N = {(x0,%,8) 1 x0 > Yi(x,6)} N2Z;,i=1,2,...,N;

» 0% is covered by Uil Zi;

e Q(t) is bounded for every t € R;

* there exists Xy € R” and py > O such that {X € R" : | X — Xo| < po} X R C Q.

If 2 is an infinite starlike parabolic cylinder, then for T' > 0 we define the bounded
parabolic cylinder of height T as Qr = {(X,t) € Q : 0 < t < T}. The lateral
boundary of Qr is denoted by St = 9,01 N 052, Also set Z = (X, T), which will be
recalled as the parabolic center of Q).

Suppose (Q,s) = (go,4,s) € 02 and 0 < r < ry. The Carleson region is defined
as

U.(Q,s) = {(xo,x,t) EN:|x—gq|l+ |t—s|1/2 <1 |xo — qo] < No)},

and the surface cube is defined as A,(Q, s) = ¥,(Q,s) N O1.
Here Ny is chosen such that, with respect to the corresponding local cylinder, one
has that ¥,(Q, s) contains the set

{(Xo,x, t) : 1/1(36, t) S Ar(Qa 5)7 ¢(X7 t) < X0 < Q/J(xa t) + T}.

This choice guarantees a sort of parabolic starlike property of points in A,(Q, s) with
respect of either of the following points:

A(A) = A(Q,5) = (qo + 2Nor, g, s + 21°),
A(A) = A,(Q,5) = (qo + 2Nor, g, s — 2r°).

Notice that if A = A,(Q,s) is as described before, then the notation W(A) still
makes sense with an obvious meaning. If A is any surface cube such that its closure
satisfies A C S, to shorten notation we write A € Sr.

Given (X, t) € Q we write §(X, t) = dist(X, t; 0€2), and defining for (Q,s) € Sr,

To(Q,s) = {(X,1) € Q: dist(X,;Q,s) < (1 + a)dist(X, ;9Q)},
we denote by I',(Q, s) the non-tangential region defined as the truncation of fa(Q, s)

at height p(Q) = |Q — Xo| + po/2. Unless we state otherwise, the aperture o > 0 is
chosen such that I', (Q, s) C Q) for every (Q,s) € 9% (see [3, p. 572]).
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Parabolic (Caloric) Measure

For Qr as described above the parabolic measure associated with L, denoted by
wr(+;X,t) for (X,t) € Qr, is the unique Borel measure supported on St such that

uy(X, 1) = / (Y, 9)dor (Y, 5 X, 1)
9,0

is the solution, in the Perron—Wiener—Brelot sense (see e.g., [7]), of the Dirichlet-type
of problem Lu = 0 on Qr, u|s, = f for f continuous and supported on St. Observe
that in particular u(X,0) = 0 for every X € €2(0). We denote by w the parabolic
measure wy (-, =)

Analogous to the case of equations of elliptic type, the key property of caloric
measure in order to solve an initial L? Dirichlet problem associated with Lu = 0 is a
weight property referred to as reverse Holder property, which we now recall. Denote
by o the surface measure defined for any Borel set F C R"*! as

o(F) = /datdt,
F

where o, is the (n — 1)-dimensional Hausdorff measure of F; = FNR" x {t}, and
dt denotes integration with respect to 1-dimensional Hausdorff measure.

The caloric measure wy is in the class Ax(St, o) if for every ¢ > 0 there exists
0 > 0 such that ) )

o . . WL
N < 4 implies (D) <e€
for every Borel set F C A, and every surface cube A € Sr.

By the well-known general theory of Muckenhoupt weights, it turns out that this
defines a uniform mutual absolute continuity between wy and o. It is also well known
(seee.g., [24]) thatw; € A (o) if and only if the Radon—Nikodym derivative k(Q) =
dwr /do(Q) satisfies the following property: there exists 1 < g < oo such that wy is
in the reverse Holder class RH,(St), namely there is a constant C, such that for every
surface cube A C St the following reverse Holder inequality holds

1 Va 1
(2.1) (U(A) /A kq(QMU(Q)) <G /A KQ)do(Q).

In fact, we can assume that the surface cubes have radii way smaller than 7y, de-
pending on A;, where these two constants are from the definition of the local cylin-
ders of Q.

Initial L? Dirichlet Problem

We say that the initial LP Dirichlet problem associated with Lu = 0, 1 < p < 00, is
solvable, with L as described in (1.1), if for any f € C(St), the solution u(X, t) of the
initial Dirichlet problem Lu = 0 over {21, u = f on Sr, satisfies the estimate

[INullzesyy < Cll fllzecsrs
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with a constant C > 0 not depending on f. Here the non-tangential maximal function
of u defined for (Q, s) € 0f) is defined as

Nu(Q,s) = sup{|u(X, )| : (X,t) € T (Q,s)}.

Standard real-variable techniques and some well-known properties of parabolic
measure and solutions associated with Lu = 0 (see e.g., [24]) imply that the initial
LP Dirichlet problem, 1 < p < o0, is solvable if and only if w € RH,(Sr), with
1/p+1/q=1.

From this viewpoint, the main goal in order to solve an initial L?-Dirichlet prob-
lem is to obtain the corresponding reverse Holder property (2.1) of caloric measure
wy with respect to surface measure o. This is the reason that in previous work (see
e.g., [16,25]) the results are stated on basic parabolic Lipschitz domains €2(¢)) with
compactly supported ).

Another useful and fundamental result on the classes of weights we mentioned
before, is that when log dw/do € VMO(do), w € RHy(St) forevery 1 < q < oo (see
e.g, [29]). Here VMO(do) can be recalled as the closure of the space of continuous
functions on St with respect to the BMO(do) norm (see [28]).

Throughout this work we make use at several stages of some basic properties of
solutions and parabolic measure for divergence form operators, and at each occur-
rence we will provide the pertinent references. In subsequent sections we retain the
notation introduced above.

3 Description of the Results

Now we introduce notation to describe the perturbation results in this paper. Given
two operators Ly and L as in (1.1) with associated matrices A¢(X,t) and A;(X,t)
respectively, and (X, t) € €2, we define C(X,t) = Cs(x,)/4(X, ) and set

E(Xa t) = AO(X7t) - AI(X; t)7
AX,t) = sup{ |Ag(Y,s) — A (Y, s)|* : (Y,s) € C(X, t)}.

The following theorem may be referred to as the main perturbation result of this
paper. For its proof (included in Section 5) we use a result from [24].

Theorem 3.1 Fix T > 0, and let ) be an infinite starlike parabolic cylinder with
constants Ay, 1o, and with A, appropriately small. Let Ly and L, be two operators as in
(1.1) defined over 2, and assume that

lim [ 1 AX,t)
diamA—0 O'(A) T(A) 6(X,t)

dXdt| =0,

where A € St denotes any surface ball on St. Suppose further that log(dw,/do) €
VMO(do). Then log(dw,/do) € VMO(do).

The smallness assumption of A; is included in view of the result in [16, Corol-
lary 1.18].
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Now we refer to the following theorems as the solvability results for easy reference
within this work. The arguments to prove them are given in Section 6.

Theorem 3.2 Fix T > 0, and let ) be an infinite starlike parabolic cylinder with
constants Ay and ro, with A; so small that (4.2) holds. Let L be any operator as described
in (1.1), with matrix coefficients A, defined over Q1. Suppose that there exists a constant
C > 0 such that for every (Q,s) € St and every r > 0 such that A,(Q,s) € St:

(3.1)

/ ( sup 5(Z,T)|VA(Z,T)|2+ sup  8(Z,71)°
U.(Q.s) N (Z,1)eC(X,t) (Z,m)eC(X,t)

] %’:(z, T)lz) dXdt

< CU(A,(Q, s)) .

Then k = dw/do € RH,(Q2r) for some p > 1.

The proof of this theorem actually uses the main theorem in [25]. Also, the result
addressed in Theorem 3.2 has a version in which certain oscillation property on the
coefficients replaces the one on the gradient | VA|, as we now describe.

Let

O(X, 1) = sup {|A(Y,s) — avg((Y, shA)P: (Y,s) €CX, 1)},

where avg((Y, s); A) is the matrix given by
(90 = oo | Az
avg((Y,s);4) = ———— T T,
ICY,9)| Jews
and where for any n X n matrix A the quantity |A| denotes the Euclidian magnitude

of the n x n dimensional vector given by the entries of A.

Theorem 3.3 Fix T > 0, and let ) be an infinite starlike parabolic cylinder. Let L
be an operator as described in (1.1) defined over ). Suppose that there exists a constant
C > 0 such that for every (Q,s) € St and every r > 0 such that A.(Q,s) C St

O(X,1)
(3.2) [MQ’S) 5X.0) dXdt < Co(A(Q,s)).

Then k = dw/do € RH,(S2r) for some p > 1.

The proof of Theorem 3.3 follows from Theorem 3.2 and the perturbation result
in [24], through the technique explained in detail in [5, pp. 377-378]. For complete-
ness, we provide some details of the adaptation of this argument in Section 6.

In the next section we describe the main result in [25] and define the class £ of
operators as in (1.1) considered in some arguments proving the main theorems of
this paper. It contains the motivation and initial point of the research reported here.
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4 Operators with Drift Term and the Class £

We start by describing the parabolic version of Dahlberg—Kenig—Stein mapping. Let
P e C§°, supported in X" = {(y,5) € R : [y,s| < 1} with [, P(x, t)dxdt = 1,
and for A > 0 set

Pr(y,s) = A" IP(y AT sAT2),

Prflx,t) = / Palx — y,t —s)f(y,s)dyds.
Rn

Note that limy_,o Py\t(x, t) = (x, t) for any v > 0. Let
R = {(\,x,1) : A >0, x € R", t € R},

and define the parabolic version of Dahlberg—Kenig—Stein mapping p: R™' — Q(1)
by

(41 pAx ) = (A+Pplx0),xt),  p(0,x,1) = ((x,1),x,1),

where v > 0 is chosen appropriately small.
As observed in [16, p. 364], if one takes parabolic Lipschitz functions with small
constant A, then one can also choose vy sufficiently small so that

1 0 3
4.2 - <1+ —=P,\<=
( ) B 3 A ) )
which incidentally also guarantees that p : ]E{ﬁ“ — (1)) defined by (4.1) is one-to-
one.
We will now record a part of [16, Lemma 2.8] for easy future reference.

Lemma 4.1 Let o, 0 be non-negative integers and ¢ = (¢p1,¢2y ..., u—1) a multi
index, where, as usual, |¢| = ¢ + -+ -+ Py_1. Set £ = o + |¢| + 0. Suppose that 1) is a
parabolic Lipschitz function with constant A,.

(i)  The measure

aklp)vkw 2 (20+20—3)
A= (Grrgmam) Aty
is a Carleson measure on R
estimate

n+1
+

whenever either o + 6 > 1 or || > 2; namely, the

v(B,(x,t) x (0,r)) < Cr*!

holds for sufficiently small r > 0, and with constant C > 0 depending on ¢, ~,
and A;.
(ii) If¢ > 1, then

P\

H N dxo DL H L SOy AN
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Given u defined on a basic parabolic Lipschitz domain €2(1)) we consider the pull-
back function u; = u o p defined on R”*!. A fundamental observation in [18] (see
also [16,17]) is that if H denotes the heat operator A — 9/0¢, and u is a solution to
Hu = 0, then the pull-back u; of u is a weak solution to H;u = 0, where the operator
H, is defined by

. 0 0 0 0
Hllxll = leA1Vu1 — (1 + a]P)A/)\'KZJ) 67: + (ap,y/\w) aul

and the (n x n) matrix A; (X, t) = (4;;(X,t)) is given by

- - 0 .
a]]*1+ w/\wv aO‘j:aj,Ozfaivp’y)\?/}a 1§]§n71
Xj
- 1+ |V, 2 ~ .
aoy(,:'i:’\wl a;j=0 1<ij<n-—-1
1+ apv/\w
By this observation, a weak solution to Hiu; = 0 is also a weak solution to
Hu, = 0, where
~ L~ - ov

(4.3) Hv = divAVv+B- Vv — %

and where X(X, t) is a new matrix of coefficients, and B(X, t) is an n-dimensional
vector of functions.

With (4.2) at hand, and using Lemma 4.1, the following result can be established
(seee.g., [18, pp. 10-11]).

Proposition 4.2 If H denotes the heat operator A — 0/0t and u is a solution fo
Hu = 0 on a basic parabolic Lipschitz domain Q(1)), ¢ compactly supported, then the
pull-back uy of u is a weak solution to Hu, = 0, where the operator H has the form
(4.3). Moreover, for the coefficients X(X t) and B(X,t) ofI?I we have:

. A(X t) satzsﬁes the ellipticity condition (1.2),
. A(X t) and B(X,t) satisfy the following estimates:

(4.4) //(|vA:xK(A,x,t)|2+|1§(A,x,t)|2)xdxdtdxgcl\A,|,
0 JA,

(4.5) //’ (/\xt)‘ Ndxdt d\ < C\|A,.

Here and in the future we adopt the notation of |V ,A(A, x, )| for the euclidian
magnitude of the vector containing the derivatives (with respect to A and x) of all the
entries of A. Similarly an integral or a derivative of the matrix A(\, x, t) is the matrix

whose entries are respectively the derivative or integral of the corresponding entry
of A.

https://doi.org/10.4153/CJM-2013-028-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2013-028-9

Initial LP Dirichlet Problem for Parabolic Equations 439

Let £ denote the class of operators L as in (1.1), and such that the coefficients of
corresponding pull-back operator L as in (4.3) satisfy (4.4)—(4.5). By Proposition 4.2
this class is nonempty, as the heat operator belongs to £.

One of our goals in [25] was to prove that for L € £ one can solve an initial
L? Dirichlet problem associated with Lu = 0 on a basic parabolic Lipschitz domain
Q(1). In [25, Theorem 1.3] we proved the following theorem.

Theorem 4.3 ([25, Theorem 1.3]) Letvy: R" — R be a nonnegative compactly sup-
ported parabolic Lipschitz function with small constant A, such that (4.2) holds. Then
for any operator L € L the L? Dirichlet problem associated with Lu = 0 over (1)) is
solvable for certain p > 1.

A result like Theorem 4.3 was developed for operators of elliptic type in [21],
where a condition related to (4.4) and (4.5) was considered. A parabolic adaptation
of the statement of [21, Theorem 2.6] is precisely Theorem 3.2.

5 Proof of Theorem 3.1

In this section we include an adaptation of an idea from [9], which, along with es-
timates and results from [24], yield Theorem 3.1. Recall that we are given L, and
L, two operators as in (1.1) with associated matrices Ag(X,t) and A;(X,t) respec-
tively. For (X,t) € € we have defined C(X,t) = Csx)4(X,t), and we have set
E(X,t) =A)(X,t) — Ai(X,t) and

(5.1) A1) = sup{ [40(¥,9) = 4y(¥,9)] "+ (V) € €, 1)}

By assumption we know that

1 A(X, 1)

2 I
(52) dianiinﬁo[a(m vy 00X, )

dth] —0,

where A C 0f2 denotes any surface ball on Sp.

We will describe the proof working locally in R”*!, where the next constructions
are easier to describe. Then the adaptations to any basic parabolic Lipschitz domain
can be implemented as in [24, Section 6]. In fact, by using estimates proven on basic
domains above a Lip(1, 1/2) graph in [24] (see also [13]) we avoid losing generality
in our reasonings. B

In this new setting of R"*!, for Ry > 0 and (x,#,) € R"~! x R fixed, we let

8 = ERU(-XO’ ty) = CRO(O,X()7 to) N {)\ = 0} and {Iv’ = CRO(O,X()7t0) n ]ﬁ{fljl.

Also let S5, = AR N 9.

We will simply use the notation RH,(do), VMO(do) or A (do) to refer to weight
classes in this new environment.

For 0 < 0 < 1 the matrix A? = (aﬁj) is defined by af]— =(1- Q)a?vj + Ha}J. Note
that the coefficients A’ satisfy (1.2), with new ellipticity constants that depend on A,
A2, and the smooth approximate identity P.
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Assuming that the coefficients in A are smooth, define
Lou = divA’Vu — Ohu,
and let wy denote the parabolic measure associated with Ly on ¥ with pole at A =
(Ro/2, %0, 10 + R§).

Given (A, x,t) € U denote by C(A,x,t) = Cy/2(A, x,t). In this new setting (5.1)
is translated into

A%, 0) = sup{ [40(C 3.5 = 41(C 39|+ Gy €COLxn b,

with similar adjustment to define £(A, x, t). Hypothesis (5.2) now becomes

ot A\ x,1) _
(53) dlallligl—>0|:0'(A) /IJ(A) A dAdxdt:| =0

Since log(dwy/do) € VMO(do), wy € RH,(do). Using [24, Theorem 6.5] we
conclude that wy € RH,(do) for 0 < # < 1 with uniform constants.

Now for 0 < € < 1 consider the auxiliary functions vy defined as the solutions
of the following initial Dirichlet problem associated with Lj, the formal adjoint of Ly
(see (1.4)):

Lyvg = —p on \Il,
vy =10 on d,¥,

with ¢ € Cgo(\fl) satisfying ¢ = 1 on \T/((SO/Z), ©=0o0n v \ @(60/4), where
\AI;(T) = {Y €V d(Y;Gp\TI) > T}

for 7 > 0. The §p > 0 is chosen as a fixed small fraction of Ry, say dy = Ry/100.
Denoting by g5(X, Y) the Green’s function of Ly on ¥ with pole at X, we have

VoY) = A (X, Y)p(X)dX.

Set the notation Kp(Q) = dvy/dN(Q) for the co-normal derivative of vy at Q =
(0,4, s), namely
Ky(Q) = (A(QVw(Q),N(Q)),

which is well defined for Q € Sg.
Recall that

dwg . 0gy(Ao,Q)
(5.4) O

for o-almost every Q € Sg,

where this time the co-normal derivative of the Green’s function is defined as

le' ~
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Next we note that the following estimates also hold:
(5.5) vo(X) ~ go( Ao, X) for every X € W \ W(dy),

ovy, . 9g(Ag, Q)
(5.6) L@~ o

The estimates in (5.5) follow from the comparison principle in [24, Lemma 2.10]
and an elliptic type Harnack principle (see e.g., [13, Theorem 3], [24, Corollary 3.1]).
Since the inner normal vector in Rﬁ‘r“ coincides with the \ direction, we can obtain
(5.6) again by the comparison principle and an elliptic type Harnack principle.

Now the key step to prove Theorem 3.1 is the following proposition.

for o-almost every Q € S3.

Proposition 5.1 There exists a real-valued function ®(p) defined for p > 0 satisfying
lim,_,o ®(p) = 0 and such that for any surface cube A, C A with Ag, € A,

( ! /K2d0>1/2<(1+<1>(p)) ! /Klda.
U(Ap) A() 1 ~ O'(Ap) A/,

Armed with this proposition, Theorem 3.1 follows by the arguments in [9, p. 358]
(see also [8, p. 190]). These arguments are adaptable, as they rely on a measure
theoretic lemma of [28] and an adequate version of the John—Nirenberg Lemma, and
both results hold in our parabolic setting.

To prove Proposition 5.1 we need more definitions and another auxiliary result.
Fix the surface ball A, C ﬁ, p > 0, with Ag, @ A. For f € LZ(SE,), f >0,
supported in A, with

1 2
do <1,
a(A,) /Ap fido <
and for 0 < 6 < 1 set Ky(E) = fE Kydo, where E C Sg is a Borel set. Define

1

Proposition 5.2 There exist constants 0 < 8 < 1 and 0 < & < 1 such that

dY a 1 X \ 12

—| S|P — AX) ——

‘ do |~ [P +32§,(U(A5(Q)) ,(Q) ( )5(X)) ]
s<p’3

The proof of this proposition is given below. Proposition 5.2 implies Proposi-
tion 5.1 by the following argument. Using the fundamental theorem of calculus we
first obtain the estimate

1 1
S Kyd _7/ Kodo <
Kay) /Apf o= Ay TR =
alX)l/2

& 1
(e} - A il
o élelg; ( a(As(Q)) /\I}S(Q) &) 6(X)

s<p”

https://doi.org/10.4153/CJM-2013-028-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2013-028-9

442 J. Rivera-Noriega

Now duality and the fact that log(w,/do) € VMO(S3) implies

1 dCU() 2 1 dwo
fand) < fand)
o)) /Ap( da) daN(l-i-(I)(p)) o(A) N e do

(see [9, p. 357]). This and (5.3) together imply Proposition 5.1.
It only remains to prove Proposition 5.2. After proving it we will have finished the
proof of Theorem 3.1. To proceed with the proof of Proposition 5.2 we define

1 (f — fa,)Xxa
—— | fKydo and hy= -1 I00KIX8
fAﬂsKH KQ(A/)) /Aﬂ f pao 0 K@(Ap)

and denote by uy the solution of

Loup =0 on \Tl,
ug =hy on 81,@.

Lemma 5.3 There exists 3 > 0 such that for Qo € Sz and X € U such that
[X — Qo > 2r

1
wo(Auax.qp)

B

The proof of Lemma 5.3 follows along the lines of [9], and we include some details
of this adaptation.

Proof Define for X € ¥ and Qe sS;,

o 5(XQ0)
90X, Q) = lim @) 0 0 <1.

This limit exists by [13, Theorem 6]. Moreover the following result holds.

Lemma 5.4 The function ug can be represented by
(58) w0 = [ Su(X, Q(QKn(Qdo.

Also, if Qg € St, then for X € U andr > 0,

1
wo(Adax.Qp))

(5.9) 90X, Q) — G6(X, Qo)| S ( ||X_rQ0|| )

whenever || X — Qo] > 2r, and Q € A,(Qy).
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Before proving this result we explain how to finish the proof of Lemma 5.3 using
Lemma 5.4. Since hy has zero average with respect to Ky we use (5.8) to write

up(X) = /A [59(X, Q) — So(X, Qu)] hs(Q)Ky(Q)do

Now since kg is supported in A, we can apply Holder’s inequality and (5.9) to obtain

r a 1 O'(Ap) 1 / 5 1/2
X K;d .
|ug(X)| < ( X — Qo||) wo(Adx.qy)) Ko(A)) (U(Aﬂ) A, ’ 0)

As observed above, [24, Theorem 6.5] implies that ky = dwy/do € RH,(do) with
uniform weight constants, and by (5.4) we conclude the proof of Lemma 5.3. ]

Proof of Lemma 5.4 To prove (5.8) we start by using the representation formula

dg(X, Q)

d X
uy(X) = / ho(Q)dX(Q) — / QS (Q do(@ ~ / (@Y 4o (@),

where in the last estimates we used (5.6).

We now use results in [13, Section 3], on Holder continuity of quotients of solu-
tions vanishing on a portion of the boundary. More precisely, for X € ¥,Q,Q € S5
satisfying ||Q — Q|| < r/2, 2r < ||X — Qq||, take Q/, Q" € W, with Q' approaching
Qo and Q" approaching Q

X, Q") (X Q)
ve(Q'") v9(Q")

< ( Q" — Q" ) @ g9(X, Asx:0,)(Qo))
~ X — QOH V&(Ad(x‘Qo)(Qo)) .

Taking limits and using (5.5) and the comparison between Green’s function and
parabolic measure (see e.g., [24, Lemmata 2.8 and 2.9]) we conclude (5.9), after ap-
plying a Backward Harnack inequality near the boundary [13, Theorem 4]. ]

Proof of Proposition 5.2 Given a real valued function F let dF/d = F denote the
derivative with respect to ), whenever this derivatives makes sense. Also, for the vy
already defined above, we set vy to be the weak limit in Vo(\ff) (see page 430) of the
ratio (vg—vgy)/nasn — 0. Similarly, Ky is the weak limit in L*(Sg) of (Kg —Kg.y) /1)
as 7 — 0. Incidentally, observe that actually [|Kp||r2(s;) < 1 uniformlyon0 < 6 < 1.

In order to estimate | T'(6)|, first we note that for f € LZ(GP\TI) supported in A,

we have

. 1 . .
(510) T(@) = m AP Kg(f — fA/”Kg)dU = /Ap Kyhg dU
On the other hand

(5.11) Ky = %<A9VV9,N> = (AVvy, N) = % o-almost everywhere in Sg,
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since the coefficients A? coincide in Sg,for0 <0 < 1.
Next observe that

(5.12) L% + div(EVvg) =0, ¥ =00nd,V.
P

Recalling that hy is supported in A, integration by parts and (5.10)—(5.12) imply
(5.13) 16 £ [ EC0IIT300]ITu00ldx.
T

The proof now follows the lines of the one in [9, pp. 362—-365]. For completeness we
include some details of the adaptation of that argument.

We handle the integral in (5.13) by considering the part close to Qy € Sg and its
complement:

(5.14) /~|8(X)||VV9(X)||VM9(X)|dX—/C( )\5(X)HVV9(X)HVW(X)|dX
v P8’

+ / 10| [V (0| Vitg ()X,
‘I’o\C(P‘H’)

where 3’ is a number to be determined, and for any M > 0 we have adopted the
notation C(M) = Cp(Qp) N ¥y.
Fix ko > 1 such that p?" ~ 2%*! and write the first integral as

(5.15) / 10| Vg (X)] [V (X)|dX
C(p?")

< / 00| [V utg ()| Vv (X)X
C(8p)

+Z/ |EX)||Vug(X)||Vvy(X)|dX

C2I*1p)\C(2/p)
=1+> I
j

Let A be a parabolic dyadic decomposition (see e.g., [26]) of Ag,. That is, Ag), is
decomposed in parabolic cubes in R” of diameters that are dyadic fractions of 8p. Let
R(]) be the rectangle associated with J € A defined as

R() = {X=O\x,1) € V: (x,1) € ], diam(])/2 < A < diam(])}.
In particular R(J) has a volume comparable to (diamJ])"? =~ §(X)"*2, o(]) ~
(diam )" ~ §(X)"™!, and §(X) ~ diamJ ~ diamR(J]) for X € R(J). In all the

previous definitions the diameter is defined using the parabolic metric, and cubes
are parabolic cubes.
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By Cauchy’s inequality, Caccioppoli’s inequality, and (5.5),

(5.16)
1/2 |Vup(X)[? 1/2
< £ 25(X)"d / VI o
! %sum I /R L Tneopseorax) (| SEasax)
/2 1/2
=S suplel( [ 00 lanto0Pax) (| 9w00rseo rax)
]EA R(J))

Now we use the comparison between parabolic measure and Green’s function (see
[24, Lemma 2.8]) and the fact that

AX N\ 12
sup || < / sup €@~ )
R<1p| 2 ( R(])[Zecp)‘ ] 5(X)”+Z)

and we obtain by (5.3)

|AX)| , 1/2 5 . 1/2
B [ sametH00rax) ([ vueopa)ax) o),

where
wo(Asx))

Hy(X) = 5(X)

and where Ajx) is a surface cube centered at Qg of diameter §(X) ~ diamR(]).
Let

_ lAX)| 2 1/2 B ) » 1/2
ay = (/R(D 5X)" |Hy(X)| dX) , by= (/R(]) |V g (X)]25(X) dx)

Consider F(Q) = ajx;(Q) and G(Q) = byx;(Q), functions defined for Q € ﬁo,
taking values in the space of sequences in £*(A). In fact one has

AX 1/2
[FQlen) S (/r o ;(X()nilz |H9(X)|2dX) 16wy S Saun(Q).
2(Q

Here o > 0 is an appropriately chosen aperture.
Hence, by Cauchy’s inequality and Fubini’s theorem, since o(]) ~ ¢ (X)) we
obtain

IS abo() S / F(QG(Q)dr(Q)

JeA

“A(XH /2 5 1/2
: (/IJ(AZ) 5(X) [Ho (X dX) (/A Sa(ue)d0>

2p
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Now we continue observing that the non-tangential maximal function of Hy
is bounded by the Hardy-Littlewood maximal function of (dwg/do)xa, with re-
spect to . This Hardy-Littlewood maximal function has L? norm bounded by
wg(Azp)/U(Azp)l/z, hence we obtain, by a property of Carleson measures [29, p. 59],

< [ wolBay) #/ de 1/2 / ERy 1/2-
15 (5an) 22 (Ga@y fy o 500 @) ([, Sdo)

2p
s<p/

To estimate the factor containing the area integral, we recall that dw/do € RH?,
and so by the area integral estimates in [24, Theorem 5.1],

/Si(ug)daﬁ/ |hg|*dor.
A, Ay

P »

And now it is not hard to see that

12 g(A,,)V/?
hel?d < =
(/A o) < wo(As))

Therefore,

1 AX)| 12
. < d .
G17) I”§22(0<A5(Q>> 0 500 )

3’
s<p“f

To estimate the terms I; in (5.15), we let A; denote a parabolic dyadic decompo-
sition of Aji1,(Qo) \ Az/,(Qq). Since the set (\Ijzjﬂp(QO) \ \I'ij(QO)) \ U]eA,- R())
is contained in a cylinder C; whose diameter is proportional to its distance to the
boundary and in turn proportional to 2/ p,

I < Z/ |e<x>|\vv@(X)||vu9(X)\dx+/ 1£0X)] [ Vv (X) [V iug (X) dX
Jjea; Y RU) Cj

=Y L) +1I;.

JEA;

We estimate each of the terms above independently.
To estimate the terms I;(]J) we use the device used to handle (5.16) to obtain

2 1/2 1/2
L) S ot paism(~er( [ L) ([ wuopax)
R(J R(J

X)|? 1/2 1/2
S wa(aiam(p) ([ o liiX)J x) [( u0Pax)
R(J R(J
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where R(J) is a small dilation of R(J). By the same token

— ¢ x 2 1/2 1/2
[1; < AN : N—(2n+3)/2 | ( )l / )
J~ WQ( 2] p)dlam(C]) (/C] ( ) d}() ( C | Q(X)‘ ) '

j

We can now apply Harnack’s inequality and (5.7) in either term, obtaining for
instance for X € C;

Hence by the doubling property of w

iA\—@2n+3)/2(~j )\ (n+2)/2 2 1/2
(5.18) 1< (2/p) (2/p) ( [ [EX) dx)
C

20 0(X)

1 1 |8(X)|2 1/2
NE(G(W(C]‘)) o] 0(X) dX)

X 1 EXOP /2
< — — o x)
~ 24j SEQ(J(AS(Q)) /Ils(Q) o(X) )

s<p’

Similarly,

(5.19) L;() 27 sup
Qesy

5/
s<p’

1 X2 N 12
d .
(d&@D%@5® X)

Estimates (5.17), (5.18), and (5.19) clearly imply the desired bound for the first term
in (5.14).

To handle the second term in (5.14) we first observe that 0 < |vp(X)| < 1 and
O(X) < 1. Hence, applying Caccioppoli’s inequality, using that uy = 0 on Sg \
A,(Qp), and by (5.7) we have that

1/2 1 1/2
(/~ Vi (PaX) S - (/ (X)X
U\B(p?) P C2p"\C(p?/2)

< pBa=mn) jo—pa__ L
~ wr(Apﬁ)

A

Asin [9, p. 363], by a well-known property of RH,(do) weights, w,(A ,5) ~ pﬁu ,and
we conclude that

[ 0| Vv (X[ Vit (X)X <
T\C(p?)

where o > 0 after choosing 3 small (see [9]). This concludes the proof of the propo-
sition. |
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6 Arguments to Prove the Solvability Results

Proof of Theorem 3.2 By Theorem 4.3 it suffices to prove that any operator L as in
(1.1) with coefficients satisfying (3.1) lies in the class £.

Let (Q,s) € St and r > 0 such that A,(Q,s) C Sr. Suppose with no loss of
generality that (Q, s) lies on the graph of the parabolic function %, supported on
St N Z, where Z is the local cylinder of constants A, ry corresponding to ).

Set X(X, t) = (@;;)i j> where @; j = a; j o p are the corresponding pull-back map-
ping of the coefficients a; ;. We start by noting that if u is a weak solution to Lu = 0
on Z, then u = u o p is a weak solution to

~ e = . Ou
(6.1) LluEdlvAVu+B~Vu—§ =0
where B’(X7 t) is the same as defined in Proposition 4.2, and A= (@i j)i,; is a new
matrix of coefficients given by

1 - o -
6.2) @ :(7> (a 2N Lpp + (AVP 4, VP, )
(6.2) ap T+ 2P0 0,0 JZ; O,Jaxj A+ A, VIPag))

~ - 0
ajj = am-(l + 5]P)w/)\w) y
- 0
aoj:ajoza\o’j—za\i’ja,l)n/)\w, 1§]§n—1
i=1 '

~ ~ 0 .
(6.3) ai,j:ai7,-<l+alP’7,\w), 1<,7<n—-1,

Notice that the ellipticity condition (1.2) for A is actually a consequence of the
corresponding one for A and of Lemma 4.1.

On the other hand, if the coefficients of A(X,t) = (a; ;(X,t)) satisfy (3.1), then
the coefficients of A satisfy the right estimates, as we outline now.

First note that for (X, ) = (x,x,t) € ¥,(Q, s), if we denote by g(X, t) the vertical
distance from (X, ) to OSt, one has for r > 0 sufficiently small

8(X, 1) ~ 8(X, 1) = [h(x, 1) — x0| = [Poath(x, 1), X, 1) — xo

by the Lip(1,1/2) property of v, and geometric considerations. Therefore, ¢ o
PN, x, 1) & A
Now note that the left-hand side of (3.1) is larger than

2
/ [5(}(, VAKX, 1) + 8(X, t)S‘ 94 x, t)‘ ] dxd >
¥,(Q9) ot

0(Aop)

2
=5 0| 1,00 % 1) drdsar

/~~ [A\VM(Aop)(A,x,t)|2+A3‘
V. (Qs5)
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Here (Q,5) = p~'(Q,5) and ¥,(Q,3) = Ag,(Q,s) x (0,Nr), with Ag,(Q,3) =
{(X,?) : | X — QX —5]| < Nr}, and where 0 < N < 1 depends only on dimension
n and on the constant of ¢/ (as a parabolic Lipschitz function), and it makes possible
that
P (1:(Q.9) 2 T,(Q.9).

Also ], = (1 + (0/0A)P,)) denotes the determinant of the Jacobian matrix of the
mapping p.

Using (4.2) and the chain rule, one can conclude that the assumption (3.1) implies
that the following estimates hold:

[+ @/ONP ) |2
(6.4) /~ A ‘VWA. 0
¥, (Q,9) 0
n N (8/336]')]1)7)\ 2
+Z VA - 1; ] dMdxdt < ",
j=1 0
R (8/31’)]@7)\ 2
(6.5) /~ N ’vA,X,tA- 0 dMdxdt < r*!
,(Q;) 1

Here 0 denotes the (n — 1)-dimensional zero vector, 1 ; denotes the (n — 1)-dimen-
sional vector with zeroes everywhere except in the j-th place, where there is a 1
(1<j<n—1).

Hence using (6.2)—(6.3) to evaluate |VAV()\, x,t)|* and |8tAv(/\, x,t)|*, one may use
Lemma 4.1, (4.2) and the estimates in (6.4)—(6.5), to conclude (4.4)—(4.5) holds for
the coefficients of L; in (6.1). This suffices to prove Theorem 3.2 by Theorem 4.3. W

One can actually prove a similar theorem for non-divergence operators of the
form

& 0*u u
6.6 Hu = a; (X, t) —— — —,
(6.6) ijzl il )8xi3xj ot
where the matrix is again symmetric and satisfies an ellipticity condition as in (1.2).
In this case the solutions are taken as strong solutions, and assuming the smoothness
of the coefficients A(X,t), we can only use limiting arguments to make the same
conclusions for A(X, t) € VMO (see details e.g., in [2]).

Theorem 6.1 Fix T > 0, and let Q) be an infinite starlike parabolic cylinder. Let H be
any operator as described in (6.6) defined over Q1. Suppose that there exists a constant
C > 0 such that for every (Q,s) € St and every r > 0 such that A.(Q,s) C Sr,

/ < sup [5(Z,T)|VA(Z,T)|2+5(Z,T)3’aA(Z,T)‘ZDdth
T,(Q) \ ( or

Z,1)EC(X,1)

< Ca(A(Q).
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Then k = dw/do € RH,(Q2r) for some p > 1.

The key observation is that a non-divergence operator of the form ) _ a; ;0; ju can
be written as a divergence form operator with drift terms divAVu + B - Vu, with B
satisfying the adequate Carleson measure condition. To prove Theorem 6.1 one uses
Theorem 3.2 and the following result proved in [17, Chapter III].

Theorem 6.2 Let Lyu = divAVu — Ou/0t and Lyu = divAVu — Qu /0t + B-Vube
two operators defined on ), where A satisfies the ellipticity condition (1.2) and suppose
that there exists C > 0 such that B satisfies

(6.7) / ( sup 5(Y,s)\§(Y,s)|2)dth<C0(A,(Q))
v.(Q) M (

Y,s)eC(X,t)

for every r > 0 and (Q,s) € Sr such that A.(Q,s) C St. Then wy, € Ax(St,0)
implies wi, € Aoo(ST,0).

Sketch of proof of Theorem 3.3 It has been observed before that the parabolic ver-
sion of Dahlberg—Kenig-Stein mapping is a bijection between R*! and a basic para-
bolic Lipschitz domain €2(¢), where 9 is a function associated with a local cylinder
defining €2. Also the Jacobian of this mapping is J, ~ 1 for an appropriate choice of
the parameter -y in its definition.

It has also been observed that an operator L as decribed in Theorem 3.3 is mapped
to an operator with drift terms as in (6.1), and in particular the drift coefficients B
satisfy a Carleson measure condition as in (6.7). Hence, by Theorem 6.2, in ord~er to
prove the theorem it suffices to prove it for an operator as in (6.1), defined on R"*!,
without the drift term B. _

We assume then that the matrix A(), x, t) is defined on R”*!. Denote by a(), x, t)
any of its entries and define

a*(\,x,t) = /fPA()\ —¢,x—z,t — 1)a(s, z, 7)ds dzdr
where P € C5° supported on X" = {(\, x,t) : A\ + |x|* + > < 1}, with
/fP()\,x, t)d\dxdt = 1

and Py(s,z,7) = A" 2P(cA™ L z2A 7 TAT2).
By applying the gradient to P, and adding, then subtracting, the constant
avg((Y,s); A), one can check that

2 _0\z7)

0A*
* 2 3 7
AVA* (N, z, 7)]* + A 5 Nz S P

and hence by (3.2) and Theorem 3.2 the caloric measure associated with the operator
as in (1.1) with matrix A*(X, t) is in Ao (do).
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Notice that for (£,Y,s) € C(\, x, 1),
|a(£7 Yv 5) - a*()\axa t)| S /:P)\()\ —GXx =2zt — T)‘a(gZ,T) - a(f; Y» 5)|d§ dzdr

and therefore by assumption (3.2), the perturbation result [24, Theorem 6.4] can be
invoked. This implies the theorem. ]

A consequence of the proof just presented is a sort of stability property of the class
L. In fact the following corollary states that a (non-empty) sub-class of £ is stable
with respect to certain perturbations.

Corollary  Define L as the class of operators as described in (1.1) such that their
coefficients satisfy (3.1). Let Ly, L, be operators as described in (1.1). Suppose that
Ly € Ly and that L, is a perturbation of Ly in the sense that (5.2) holds. Then Ly € Ly.

Theorem 3.3 has another consequence for non-divergence operators of the form
(6.6). In fact the proof of the following theorem follows the lines of the proof of
Theorem 3.3 sketched above, only this time using Theorem 6.1 and the perturbation
result [1, Theorem 1.1].

Theorem 6.3 Fix T > 0, and let Q) be an infinite starlike parabolic cylinder. Let H
be an operator as described in (6.6) defined over §). Suppose that there exists a constant
C > 0 such that for every (Q,s) € St and every r > 0 such that A.(Q,s) C Sr,

O(X, 1)
dXdr < Co(A(Q,5)).
/‘Pr(Q,s) 5,0 S a(AHQ,9)

Then k = dw/do € RH,(Sr) for some p > 1.
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