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Stable finiteness of twisted group rings
and noisy linear cellular automata

Xuan Kien Phung

Abstract. For linear nonuniform cellular automata (NUCA) which are local perturbations of linear
CA over a group universe G and a finite-dimensional vector space alphabet V over an arbitrary field
k, we investigate their Dedekind finiteness property, also known as the direct finiteness property,
i.e., left or right invertibility implies invertibility. We say that the group G is L!-surjunctive, resp.
finitely L!-surjunctive, if all such linear NUCA are automatically surjective whenever they are stably
injective, resp. when in addition k is finite. In parallel, we introduce the ring D'(k[G]) which is
the Cartesian product k[G] x (k[G])[G] as an additive group but the multiplication is twisted
in the second component. The ring D'(k[G]) contains naturally the group ring k[G] and we
obtain a dynamical characterization of its stable finiteness for every field k in terms of the finite
L'-surjunctivity of the group G, which holds, for example, when G is residually finite or initially
subamenable. Our results extend known results in the case of CA.

1 Introduction

In this paper, we investigate and establish the relation between some extensions of two
well-known conjectures in symbolic dynamics and ring theory, namely, Gottschalk’s
surjunctivity conjecture and Kaplansky’s stable finiteness conjecture. More specifi-
cally, given a group G, a field k, and a finite set A, Kaplansky conjectured [22] that the
group ring k[G] is stably finite, i.e., every one-sided invertible element of the ring of
square matrices of size n x n with coefficients in k[ G] must be a two-sided unit, while
Gottschalk’s surjunctivity conjecture [19] states that every injective G-equivariant
uniformly continuous self-map A® © must be surjective. It is known that every one-
sided unit of C[G] must be a two-sided unit [22]. Moreover, both conjectures are
known for the wide class of sofic groups introduced by Gromov (see [1, 4, 16, 20, 23,
35, 39]) but they are still open in general. As an application of our main results, we
obtain an extension of the known equivalence (cf. [35, Theorem B], [36, Theorem B])
between Kaplansky’s stable finiteness and a weak form of Gottschalk’s surjunctivity
conjecture. More precisely, we establish the equivalence between the surjunctivity
property of locally disturbed linear cellular automata (CA) and the stable finiteness
of some twisted group rings (Theorem B).

To state the main results, let us recall some notions of symbolic dynamics. Given
a discrete set A and a group G, a configuration c € A® is a map c:G — A. Two

Received by the editors November 11, 2022; revised January 18, 2023; accepted May 15, 2023.
Published online on Cambridge Core May 22, 2023.

AMS subject classification: 16534, 37B10, 37B15, 43A07, 68Q80.

Keywords: Stable finiteness, group ring, nonuniform cellular automata.

https://doi.org/10.4153/50008414X23000329 Published online by Cambridge University Press


http://dx.doi.org/10.4153/S0008414X23000329
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0002-4347-8931
https://doi.org/10.4153/S0008414X23000329

1090 X. K. Phung

configurations x, y € A9 are asymptotic if x|g\r = y|g\¢ for some finite subset E c G.
The Bernoulli shift action G x A® — AS is defined by (g, x) ~ gx, where (gx)(h) =
x(g7'h) for g, h € G, x € AS. We equip the full shift A® with the prodiscrete topology.
For x € A®, we define 2(x) = {gx:g € G} c A® as the smallest closed subshift con-
taining x. Following an idea of von Neumann and Ulam [27], a CA over the group G
(the universe) and the set A (the alphabet) is a self-map A% © which is G-equivariant
and uniformly continuous (cf. [6, 21]). One refers to group elements g € G as to
the cells of the universe. When different cells can evolve according to different local
transition maps, we obtain nonuniform CA (NUCA). More precisely, we have (cf. [14,
15], [33, Definition 1.1]) the following:

Definition 1.1 Let G be a group, and let A be a set. Let M c G be a subset, and let

S = A" be the set of all maps AM — A. Given s € S, the NUCA o,: A® — A is
defined for all x € A® and g € G by the formula

0s(x)(g) = s(g)((¢7%)|m)-

The set M is called a memory and s € S the configuration of local defining maps
of g5. Every CA is thus a NUCA with finite memory and constant configuration of
local defining maps. Following [33], we say that o, is invertible if it is bijective and
the inverse map ;' is a NUCA with finite memory. Moreover, d; is left-invertible,
resp. right-invertible, if T o o, = Id, resp. 0 o T = Id, for some NUCA 7: A® — A® with
finite memory. The NUCA o; is pre-injective if o, (x) = 05(y) implies x = y whenever
x, y € AY are asymptotic, and g; is post-surjective if for all x, y € A® with y asymptotic
to 0,(x), then y = 0,(z) for some z € A asymptotic to x. We say that o, is stably
injective if o, is injective for every p € X(s). Similarly, o, is stably post-surjective if o,,
is post-surjective for every p € Z(s).

If A is a vector space, A is naturally a vector space with component-wise opera-
tions and we call a NUCA 7: A® — A€ linear if it is also a linear map of vector spaces.
Clearly, 7 is a linear NUCA if and only if its local transition maps are all linear. Such
linear NUCA with finite memory are interesting dynamical objects since they satisfy
the shadowing property [29, 37].

Definition 1.2 Given a group G and a vector space V, we denote by LNUCA, (G, V)
the space of all linear NUCA 7: V¢ — V¢ with finite memory which admit asymptot-
ically constant configurations of local defining maps, i.e., 7 € LNUCA.(G, V) if there
exist finite subsets M, E ¢ G and s € £(V™, V)€ such that 7 = o, and s(g) = s(h) for
all g, h € G\E.

Let G be a group, and let k be a field, it is not hard to deduce from [33, Theorem 6.2]
that LNUCA, (G, k") is a k-algebra whose multiplication is given by the composition
of maps and whose addition is component-wise.

In parallel, we can define a generalization of the group ring k[G], namely,
D'(k[G]), which is given as the product D'(k[G]) = k[G] x (k[G])[G] with
component-wise addition but where the multiplication is given by

(0€1>/31) * (062:/5)2) = (061062) 061ﬁz + /51062 + /51[32)-
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Here, the product & &, is computed with the multiplication rule in the group ring
k[G] so that k[ G] is naturally a subring of D'(k[G]) via the map & ~ (&, 0). However,
o182, Braz, P12 are twisted products (see Definition 5.1) which are different from the
products computed with the multiplication rule of the group ring (k[G])[G] with
coeflicients in k[ G].

By [5], there exists a canonical ring isomorphism between M, (k[G]) and the ring
LCA(G, k") of all linear CA (k™)¢ — (k™")©. Extending the above isomorphism, we
can also interpret LNUCA, (G, k™) algebraically in terms of the ring M,,(D*(k[G]))
as follows (see Theorem 6.2 and Proposition 7.1):

Theorem A  For every field k and every infinite group G, there exists a canonical
isomorphism LNUCA, (G, k") ~ M, (D' (k[G])) for everyn > 1.

In [5] and [36], respectively, the authors study the L-surjunctivity and the finite L-
surjunctivity of a group, namely, a group G is L-surjunctive, resp. finitely L-surjunctive,
if for every finite-dimensional vector space V, resp. finite vector space V, every
injective 7 € LCA(G, V) is also surjective. It was shown that all sofic groups are L-
surjunctive [5, 20]. Notably, we know from [5] that a group G is L-surjunctive if
and only if k[G] is stably finite for every field k. Moreover, results in [36] show
that L-surjunctivity and finite L-surjunctivity are equivalent notions. In this vein,
we introduce the following various notions of surjunctivity in the case of linear
NUCA.

Definition 1.3 Let G be a group. We say that G is L'-surjunctive, resp. finitely L'-
surjunctive, if for every finite-dimensional vector space V, resp. for every finite vector
space V, every stably injective 7 € LNUCA,(G, V) is also surjective.

In the line of some recent results which establish the multifold interaction between
symbolic dynamics, group theory, and ring theory such as [2, 10, 31, 35, 36], etc. our
main result is the following:

Theorem B For every infinite group G, the following are equivalent:

(i) Gis L'-surjunctive;
(ii) Gis finitely L'-surjunctive;
(iii) for every field k, the ring D' (k[G]) is stably finite;
(iv) for every finite field k, the ring D' (k[G]) is stably finite;
(v) G is dual L'-surjunctive;
(vi) G is finitely dual L'-surjunctive.

Here, a group G is dual L'-surjunctive, resp. finitely dual L'-surjunctive, if for every
finite-dimensional vector space V, resp. for every finite vector space V, every stably
post-surjective T € LNUCA, (G, V) is pre-injective.

The dual surjunctivity is studied in [3] where it was shown that every post-
surjective CA over a sofic universe and a finite alphabet is also pre-injective. See also
[32] for some extensions. As an application of Theorem B, we obtain the following
result which extends [33, Theorem B] and [37, Theorem D] to cover the case of initially
subamenable group universes (see Section 2) and arbitrary finite-dimensional vector
space alphabets.
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Theorem C  All initially subamenable groups and all residually finite groups are L'-
surjunctive and dual L'-surjunctive.

We deduce immediately from Theorems B and C the following result on the stable
finiteness of twisted group rings.

Corollary1.1 Let G be a residually finite group or an initially subamenable group. Then
for every field k, the ring D' (k[G]) is stably finite.

The paper is organized as follows: We recall in Section 2, the definition of initially
subamenable groups and residually finite groups. Section 3 collects the construction
of various induced local maps of NUCA. Then we establish the equivalence of the left-
invertibility and the stable injectivity of elements of the class LNUCA,(G, V'), where
V is any finite-dimensional vector space (Theorems 4.2 and 4.3). The construction
of the twisted group ring D' (k[G]) is given in Section 4. We then present the proof
of Theorem A as a consequence of Theorem 6.2 and Proposition 7.1, respectively, in
Sections 5 and 6. The dynamical characterization of the direct finiteness of the ring
M, (D'(k[G])) in terms of the direct finiteness of LNUCA, (G, k™). The proof of
the main result Theorem B is contained in Section 8. Finally, in Section 9, we prove
Theorem C as an application of Theorem B.

2 Initially subamenable groups and residually finite groups
2.1 Amenable groups

Amenable groups were defined by von Neumann [26]. A group G is amenable if
the Folner’s condition [18] is satisfied: for every ¢ > 0 and T c G finite, there exists
F c G finite such that |TF| < (1+ ¢)|F|. Finitely generated groups of subexponential
growth and solvable groups are amenable. However, all groups containing a subgroup
isomorphic to a free group of rank 2 are non-amenable (see, e.g., [38] for some more
details). The celebrated Moore and Myhill Garden of Eden theorem [24, 25] was
generalized to characterize amenable groups (cf. [2, 9, 12, 28, 32]) and asserts that a
CA with finite alphabet over an amenable group universe is surjective if and only if it
is pre-injective.

More generally, we say that a group G is initially subamenable if for every E c G
finite, there exist an amenable group H and an injective map ¢:E — H such that
¢(gh) = 9(g)e(h) for all g,h € E with gh € E. Initially subamenable groups are
sofic but the converse does not hold [13]. Note also that finitely presented initially
subamenable groups are residually amenable but there exist initially subamenable
groups which are not residually amenable [17].

2.2 Residually finite groups

We say that a group G is residually finite if for every finite subset F c G, there exists
a finite group H and a surjective group homomorphism ¢:G — H such that the
restriction ¢|p:F — H is injective. All finitely generated abelian groups and, more
generally, all finitely generated linear groups are residually finite. Note that free groups
are non-amenable but residually finite.

https://doi.org/10.4153/50008414X23000329 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000329

Twisted group rings and noisy linear cellular automata 1093

3 Induced local maps of NUCA

To fix the notation, for all sets E c F and A c AF, we denote Ap = {x|p:x € A} c AL,
Let G be a group, and let A be a set. For every subset Ec G, g€ G, and x ¢ AE | we
define gx € ASE by setting gx(gh) = x(h) for all h € E. In particular, gA® = {gx:x €
AE} = ASE,

Let M be a subset of a group G. Let A be a set, and let S = A" For every finite
subset E ¢ G and w € S*, we define a map fjf , : A"M — AF by setting

(€Y few(0)(g) = w(g) (g7 %) m),

forall x € A"M and g € E (see, e.g., [9, Lemma 3.2], [28, Proposition 3.5], [30, Section

2.2] for the case of CA).

In the above formula, note that g7'x € A8 EM and M c g 'EM ssince 1 € g'E for
g € E. Therefore, the map f; , : A"M — A" is well defined.

Consequently, for every se S®, we have a well-defined induced local map
fg,le :AEM — AE for every finite subset E c G which satisfies

(3:2) 05(x)(8) = f5.q, (x[Ea) ()
for all x € A® and g € E. Equivalently, we have, for all x € A®, that
(3.3) o5 (x)[e = f5.q, (x[Enm)-

4 Left-invertibility of stably injective linear NUCA

For the proof of the main result of the section Theorem 4.2, we shall need the following
useful technical lemma.

Lemma 4.1 Let G be a finitely generated infinite group, and let V be a finite-
dimensional vector space. Let T € LNUCA(G, V') be a stably injective linear NUCA,
and let T := 1(VS). Then there exists a finite subset N ¢ G such that the following
condition holds:

(C) for any d €T and g€ G, the element 77(d)(g) € V depends only on the
restriction d|gn.

Proof Since 7isalinear NUCA with finite memory, there exists a finite subset M c G
and s € S¢, where S = £(VM, V) such that 7 = 0. By hypothesis, s is asymptotic to a
constant configuration ¢ € S°. Up to enlarging M, we can also suppose that s|G\ M=
c|\m and that 1 € M. Since the group G is finitely generated, thus countable, it admits
an increasing sequence of finite subsets M = Eq c --- C E,, ... such that G = U,enEy.

Suppose on the contrary that there does not exist a finite subset N ¢ G which
satisfies condition (C). Then, by linearity, there exist, for each n € N, a configuration
d, € T and an element g, € G such that for ¢, = 77!(d,,) (which is well-defined since
7 is injective), we have

dulg,E, = 0% and cu(gn) 0.
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Consequently, by letting x,, = g,,'c, and y,, = g,,'d,, we infer from [33, Lemma 5.1]
that 0-1,(x,) = y, and

Vulg, =05 and  x,(1g) # 0.

Since s is asymptotic to a constant configuration ¢ € S® by hypothesis, the set
T = {s(g):g € G} is actually a finite subset of S = £L(VM, V). It follows that X(s) c
TC is a compact subspace. Therefore, up to restricting to a subsequence, we can
suppose without loss of generality that the sequence (g,'s) ey converges to a con-
figuration t € T¢ c S with respect to the prodiscrete topology.

By [33, Lemma 8.1], we know that 2(s) = {gs:g € G} u{c}. Note that if s is
constant then the lemma results from [5]. Hence, we can suppose in the sequel that
s is not a constant configuration. In particular, T and Z(s) are not singletons. We
distinguish two cases according to whether ¢ = ¢ or not.

Case I: t = gs for some g € G. Then, since G is infinite and s is asymptotic but not
equal to ¢, we can, up to restricting to a subsequence again, assume without loss of
generality that g,' = g for all n € N. Up to replacing s by gs, we can also suppose that
g =1g so that o5(x,) = y, for all n € N. For each n € N, consider the following linear
subspace of VEM;

I = Ker(fg, g, ) © yEM,

Observe that x,|g, » € I,\{0F"}. Note also that, for all n < m < k, the projection
Pum : AEn — AEv induces a linear map 7, : I, — I, and 7,5 (Ix) © 7 (I). Hence,
for each n € N, we obtain a decreasing sequence of linear subspaces (7, (In))msn
of I,,. Hence, (7 (In) ) msn is stationary and there exists a linear subspace J, c I, c
AEM guch that 71,,,, (I,,) = ], for all m large enough.

Observe that 7., (J,) € J, for all m > n. We claim that the restriction linear map
Gnm :Jm = Ju is surjective for all m > n. Indeed, let y € ], and let k > m be sufficiently
large such that g, (Ix) = J, and quk (Ix) = ;. Thus, g,k (x) = y for some x € Ix. As
Gnk = Gnm © Gmk> We have g, (') = y, where ¥ = ¢k (x) € J . The claim is proved.

We choose k € N large enough such that 7o (Ix) = Jo. Let 2o = mog (xx) € Jo then
zo(1g) # 0. We define by induction a sequence (z, ) yen, where z,, € J,, forall n € N as
follows. Given z,, € J, for some n € N, there exists by the surjectivity of the map g, ,+1
an element

-1 E,yM
Zn+1 € qn,n+1(zn) c ]n+1 c AP,

We thus obtain a configuration ¢ € VO defined by z|g,m = z, for all n € N. Since
G = UpenEn M, the configuration z is well-defined.
By construction, we have for all n € N that

7(2)|g, = [ EnsslE, (2lg,m) = [T En>slg, (2a) = 07"

Therefore, 7(z) = 0° but z(1g) # 0 which then contradicts the injectivity of the
linear NUCA 1.

Case 2: t = c. Then, since lim, ., g,'s = t and s # ¢, we deduce immediately that
gn — oo when n — oo, i.e,, for every finite subset E c G, there exists N € N such that
gn ¢ E for all n > N. Consequently, by restricting to a suitable subsequence, we can

https://doi.org/10.4153/50008414X23000329 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000329

Twisted group rings and noisy linear cellular automata 1095

suppose without loss of generality that g,E,M n M =@ for all n e N. As s|g\y =
c|g\m it follows that (g;,'s)|s,am = ¢|E,u for all n € N. Since ¢ is constant, we deduce
that 0. (x,)|g, = 0f and x,, (1) # 0. We infer from the stable injectivity of o; that o,
is injective. Therefore, a similar argument as in Case I applied for o, and the sequence
(%1 ) nen leads to a contradiction.

Consequently, there must exist a finite subset N c G which satisfies condition (C)
and the proof is thus complete. [ ]

Our next results Theorems 4.2 and 4.3 extend the results [37, Theorem 10.1] and [33,
Theorem 7.1] for NUCA over finite alphabet to the class LNUCA, over an arbitrary
finite-dimensional vector space.

Theorem 4.2 Let G be a group, and let V be a finite-dimensional vector space. Let
7€ LNUCA,(G, V) be a stably injective linear NUCA. Then 7 is left-invertible, i.e., there
exists 0 € LNUCA(G, V) such that g o 7 = 1d.

Proof As the linear NUCA 7 has finite memory, we can find a finite subset M c G
and s € S where S = £L(VM, V) such that 7 = g,. By hypothesis, the configuration s
is asymptotic to a constant configuration ¢ € S. Hence, we can, up to enlarging M,
suppose that s|g\y = ¢|g\m and that 1 € M.

Assume first that G is a finitely generated infinite group. Then we infer from Lemma
4.1 that there exists a finite subset N c G such that for any d € 7(V°) and g € G, the
element 77'(d)(g) € V depends only on the restriction d|gy. Up to enlarging M and
N, we can clearly suppose that M = N. Consequently, for each g € G, we have a well-
defined map ¢, : 7(V?) g — V given by d|ga = 77'(d)(g) for every d e VO.

Since 7 is linear and 7(V )4y is a linear subspace of V&M, it follows that ¢,
is also a linear map and we can extend ¢, to a linear map ¢,: VM — V which
coincides with ¢, on (V) gy Let ¢ : VM — VEM be the canonical automorphism
induced by the bijection M ~ gM, h + gh. Let us define an configuration f € S¢
where S = L(VM, V) by setting t(g) = g 0 ¢g: VM — M for every g € G.Itis imme-
diate from the construction that for every c € VY, g€ G, and d = 7(c) € 7(V), we
have

0:(0:(c)) (g) = ar(d) (g) = t(&)((g”'dD)Im) = 7' (d)(g) = c(g)-

Therefore, o; o 0, = Id and we conclude that 7 = o; is left-invertible. In fact, since
slo\m = ¢lg\m> the linear spaces W = ¢§1(T(VG)gM) = ¢_1(f+gM,s|gM(VgM2))
coincide as linear subspaces of VM for all g€ G\MM™. Let us fix a direct sum
decomposition VM = W @ U of VM. Thus, if we define ¢, by setting ¢,(v) = 0 for
allv e ¢po(U) and @g(v) = ¢4(v) if v € ¢4 (W) and extend by linearity on the whole
space VM then it is clear that ¢ is also asymptotically constant, which completes the
proof of the theorem in the case when G is a finitely generated infinite group.

The case when G is a finite group is trivial since every injective endomorphism of
a finite-dimensional vector space is an automorphism. Let us consider the general
case where G is an infinite group. Let H be the subgroup of G generated by M.
Let G/H = {gH:g € G} be the set of all right cosets of H in G. By identifying
x € A® with (x|, )ycg/m> We obtain a factorization A® = [T, /y A*. Moreover, o, =
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[Tuecg/u 0, where o : A* — A" is given by 0} (y) = 0(x)|, for all y € A* and any
x € A® extending y. Similarly, we have o, = [1,cq JHO¢ -

For every coset u € G/H, let us choose g, € G such that gy = 1. Then, if u # H,
we have s, = c|, and 6 = ¢ is conjugate to the restriction CA o, = /' : A" — A"
by the uniform homeomorphism ¢, : A* — A" given by ¢, (y)(h) = y(g,h) for all
y e A" and h € H (cf. the discussion following [11, Lemma 2.8]). Hence, o and o, are
left-invertible (resp. injective) if and only if so are oy, and o, (see also [7, Theorem
1.2]). Consequently, the general case follows from the case when G is finite or when G
is a finitely generated infinite group. The proof is thus complete. |

Conversely, we show that left-invertibility implies stable injectivity for linear
NUCA with finite memory whose configuration of local defining maps is asymptoti-
cally constant.

Theorem 4.3  Let G be a group, and let V be a finite-dimensional vector space. Suppose
that T € LNUCA(G, V) is a left-invertible linear NUCA. Then 1 stably injective.

Proof As in the proof of Theorem 4.2, we can suppose without loss of generality
that G is a finitely generated infinite group. Since 7 is a linear NUCA with finite
memory and left-invertible, we can find a finite subset M c G and s, t € S®, where
S = L(VM, V) such that 7 = 0, and 0; o 0, = Id. In particular, we deduce immediately
that o; is injective.

As s is asymptotically constant, we infer from [33, Lemma 8.1] that Z(s) = {gs: g €
G} U {c} for some constant configuration ¢ € S¢. Note that by [33, Lemma 5.1], the
injectivity of og, for all g € G follows from the injectivity of o;. We must show that o,
is injective. For this, we can suppose, up to enlarging M, that s|G\y = c|g\m- Since G is
infinite, there exists g € G such that gM n M = @. It follows that s|gp = c[gp. On the
other hand, we infer from the identity o, o o, = Id that

t(g) ° fg+M,s|gM = ngMz,g’

where 7 g : VF — VE denotes the canonical projection induced by any inclusion of
sets E c F. Consequently, t(g) o ng)ClgM = Mgn2,g- Since ¢ is constant, we deduce that

040 0, = 1d, where d € S© is the constant configuration defined by d(h) = t(g) for
all h € G. In particular, o, is injective and we conclude that o; is stably injective. The
proof is thus complete. ]

5 The twisted group ring D'(k[G])

Given a group G and a ring R (with unit), recall that the group ring
R[G] is the R-algebra which admits G as a basis and whose multiplication is
defined by the group product on basis elements and the distributive law.

Definition 5.1 Let k be a ring, and let G be a group. We define D'(k[G]) as the
Cartesian product

D'(k[G]) = k[G] x (K[G])[G].
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Elements of D'(k[G]) are couples («, ), where a € k[G] is called the regular part
and B € (k[G])[G] is called the singular part of («,f3). The addition operation of
D'(k[G]) is component-wise:

(a1, B1) + (a2, f2) = (a1 + a2, B1 + Pa).
The multiplication operation *: D'(k[G]) x D'(k[G]) — D'(k[G]) is defined as

follows:

(5. (a1, B1) * (a2, B2) = (awaz, a1 By + Praz + f1a).

Here, aja; is computed with the multiplication rule in the group ring k[G].
However, for a € k[G] and 8,y € (k[G])[G], we define, by abuse of notation, the
twisted products af8, B, and fy as elements of (k[G])[G] as follows, which should
be distinguished from the multiplication rule of the group ring (k[G])[G] with
coefficients in k[G]. Let g, h € G, we set:

(5.2) (aB)(8)(h) = Zéa(t)ﬁ(gt)(t_lh),
(Ba)(g)(h) = 3 B(&)(t)a(t'h),

teG

(By)(g)(h) = 3 B(&)(1)y(gt) (¢ h).

teG

It is not hard to check that the above product rule (5.2) is associative and distribu-
tive with respect to addition. For example, with the above a, f8,y, we have a(fy) =
(af)y since for all g, h € G:

(a(By))(g)(h) = Y alt) Y B(gt)(q)y(gtq)(q 't h)

teG qeG

=Y a(t) Y Blgt)(t7'r)y(gr)(r'h) (r=tq)

teG reG

=3 > a(t)B(gt)(t'r)y(gr)(r"h)

reG teG
= ((aB)y)(8)(h).
The following lemma tells us that D*(k[G]) is indeed a ring with unit.

Lemma 5.1 For every group G and every ring k, the set D'(k[G]) equipped with the
addition and multiplication operations as defined in Definition 5.1 is a ring with unit
(1, 0) and neutral element (0, 0).

Proof Since the addition is component-wise and k[G] and (k[G])[G] are abelian
groups, D'(k[G]) is also an abelian group. It is clear that (a, B) * (15,0) = (1, 0) *
(a,B) = (a, B) forall (a, B) € D'(k[G]). Moreover, the associativity of the multipli-
cation is satisfied since for all («;, ;) € D'(k[G]) (i = 1,2,3), we find that

((ar, 1) * (a2, B2)) * (a3, B3) = (ara2, a1 B2 + Praz + P1f2) * (a3, B3)

= (qaras, mazfs + arfras + Prazas + fifras + a1fafs + fraaPs + fif2fs)

= (s, ayazfs + afaas + a1 fafs + frosas + frazfs + Pifras + fif2fs)

= (‘%/31) * (062063) 062ﬁ3 + ﬁzfx3 + ﬁzﬁs)

= (a1, B1) * (a2, B2) * (a3, B3)) -
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Finally, we see without difficulty that the distributivity of D*(k[G]) follows from
the distributivity of k[G] and (k[ G])[G]. Hence, we conclude that D*(k[G]) is a ring
with unit (1, 0) and neutral element (0, 0). |

The next lemma says that the generalized group ring D'(k[G]) contains naturally
the group ring k[ G] as the subring of regular elements, i.e., elements whose singular
parts are zero.

Lemma5.2 Letk be a ring, and let G be a group. Then we have a canonical embedding
of rings ¢ : k[G] = D'(k[G]) given by the formula ¢(a) = (a,0) for all « € k[G].

Proof The map ¢ is trivially injective. Moreover, it is a direct consequence of the
definition of the addition of multiplication operations of D'(k[G]) that ¢(a;) +
o(az) = ¢(a; +az) and p(a1a;) = (o ay) for all ay, a; € k[G]. [

Observe that the group ring k[ G] is naturally a Hopf k-algebra where the antipodal
map is induced by g — g~! and the comultiplication map is induced by g+ g® g
for all g € G. In general, our construction of the twisted group ring D'(k[G]) can
be suitably extended in various ways where we replace k[G] by an arbitrary Hopf k-
algebra A as follows. We denote the comultiplication map of Aby A: A - A® A.Letus
first define D'(A) = A @ (A ® A) asak-module. Suppose that we have defined bilinear
productrules a * 3, B * a, f + y € A® A, where o € Aand f3,y € A ® A, which satisfy
the associativity (u * v) * w=u* (v * w) for all u,v,w € AU (A ® A) where we set
x*y=xyeAifx,ye A Then a straightforward application of the proof of Lemma
5.1 shows that the space D'(A) will become an unital k-algebra via the following
multiplication rule defined in a similar fashion as in (5.1):

(a1, ) * (@2, B2) = (a2, o1 * B+ P+ az + fi * Ba).

As an immediate example, let 9: A® A — A ® A be a k-algebra homomorphism.
For « € Aand f3,y € A® A, consider the following bilinear product rules:

ar B p(A()BeAD A
Bra=PLp(A(x)) c AR A,
Bry=PycA®A.

Then clearly (u*v)*w=ux (v+w) for all u,v,we Au(A® A) and D'(A) is
thus an unital k-algebra. The rules described by the formula (5.2) provide another
nontrivial example of dynamical origin (see Section 6) when A is the group ring k[ G]
for some group G. We suspect that such constructions may lead to further interesting
investigations concerning Hopf algebras.

6 Non-uniform linear NUCA (k")¢ ©5 and D'(M,,(k)[G])

Let k be a field, and let G be a group. Let us fix an integer # > 1 and denote V = k".
Recall that LNUCA, (G, k") is the k-algebra of all linear NUCA with finite memory
7:(k")¢ - (k")® which admit asymptotically constant configurations of local defin-
ing maps. The multiplication of LNUCA (G, k") is given by the composition of maps
and whose addition is component-wise.
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With every element w = (a,f) ¢ D'(M,(k)[G]), we can associate a map
79: VY - VC defined as follows:

(6D  °(x)(g) = Y alh)x(gh) + ¥ B(g)(h)x(gh) forallxe Ve geG.
heG heG

For every element y € M,,(k)[G], we denote the support of y as the finite subset
supp(y) = {g € G:y(g) # 0} of G. Given w = (&, ) € D'(M, (k)[G]), we define its
support supp(w) c G by

(6.2) supp(w) = Ugeg supp f(g) U supp a.

Lemma 6.1 The map t°:VC — V is a linear NUCA with finite memory. Moreover,
7 admits a configuration of local defining maps which is asymptotic to a constant
configuration, i.e., T° € LNUCA.(G, k™).

Proof Since a(g),B(g)(h) € M, (k) for all g, h € G, it follows from (6.1) that 7% is
alinear map. Let M = supp(w) c G (see (6.2)).

We define a configuration of local defining maps s € S¢, where S = £L(V, V) as
follows. For every g € G, let s(g) € S be the linear map determined for all w € V¥ by

s(g)(w) = 3 a(l)w+ 37 p(g)(h)w.

heM heM

Letx € V¢ and g € G. Then we infer from the definition (6.1) and the choice of M
that

o (x)(g) = s(g)((g7'x)|m)
= > a(h)x(gh) + Y B(g)(h)x(gh)

heM heM
= > a(h)x(gh) + 3 B(g)(h)x(gh)
heG heG

=1°(x)(8)-

We deduce that t° = o; is indeed a linear NUCA with finite memory. On the
other hand, if we denote E = supp f3 then E is a finite subset of G and we have s(g) =
a(g) for all g € G\E by construction. Consequently, s is asymptotic to the constant
configuration . Thus, 7° € LNUCA, (G, k") and the proof is complete. ]

It turns out that the converse of the above lemma also holds. In other words, every
linear NUCA over V¢ with finite memory and asymptotically constant configuration
of local defining maps arises uniquely as a map 7* described above. More specifically,
the following results says that the map w — 7% is a ring isomorphism when G is
infinite.

Theorem 6.2 Let k be a field, and let G be an infinite group. Then for every integer
n>1, the map ¥:D'(M,(k)[G]) - LNUCA,(G, k") given by w ~ 1* is a k-linear
ring isomorphism.

Proof Let V =k" We claim that ¥ is injective. Indeed, let w = (a,f)¢€
D'(M,(k)[G]) be an element such that 7 =0 as a map from V¢ to itself. Let
M = supp(w) (see (6.2)) then M is a finite subset of G. Since G is infinite, we can
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choose some gy € G\M. In particular, f(go) = 0 by the choice of M. Then for every
x € VO, we find that 7°(x)(go) = 0 and it follows from (6.1) that

> a(h)x(goh) = 3 a(h)x(goh) = 7°(x)(go) = 0.

heM heG

Since x is arbitrary, we deduce that «(h) =0 for all h € M and thus «a = 0 since
supp(a) c supp(w) = M. Consequently, we infer again from (6.1) that for all g € G:

> B(g)(h)x(gh) = Y. B(g)(h)x(gh) =0.

heM heG

Thus, B(g)(h) =0 forall g, h € G. In other words, 8 = 0 and we conclude that w =
0. Hence, V¥ is indeed injective as claimed.

To check that ¥ is surjective, let o, ¢ LNUCA,(G, V) where s € S¢ for some S =
L(VM , V), where M c G is a finite subset, such that s is asymptotic to a constant
configuration ¢ € S¢. Up to enlarging M, we can also suppose that 5|G\M = c|G\M.

Since c(1g) € L(VM, V), there exist y, € L(V, V) = M, (k) for every h € M such
that for all w € VM, we have c(1g)(w) = X jem yrw. Let us denote a = 0 Y €
M, (k)[G].

For each g € M, we define 8, = s(g) — c(g) € £L(V™, V). By linearity, there exists
uniquely 8,(h) € M, (k) = L(V, V) for h € M such that for all w € V™, we have

Se(w)= Y 8g(R)w(h).

heM

Hence, we obtain an element g = 3, pr 8, (h) € M, (k)[G] forevery g € M. Letus
denote = 3 s ptgg € (M, (k)[G])[G] and w = (a, B) € D'(M,(k)[G]). We claim
that 7% = o,. Indeed, for every x € VE and g € G, we find that

(x)(g) = X a(h)x(gh) + 3 B(g)(h)x(gh)

heG heG

= . yux(gh) +hZ ug(h)x(gh)

heM

=c(le)((g7'x)m) + D 85(h)x(gh)

heM
= c(@) (g7 ) + 8 ((g7'%) m)

s(&)((g7x)lu)
a5 (x)(8)-

We conclude that o5 = 7% = ¥(w) from which the surjectivity of the map ¥ follows.
It is immediate from (6.1) that ¥ is a k-linear homomorphism of groups and ¥ sends
the unit of D'(M, (k)[G]) to the unit of LNUCA(G, V).

To finish the proof, we have to check that for all elements w = («, ) and w’ =
(a/, ") of D'(M,(k)[G]), we have ¥(w * ') = ¥(w) o ¥(w’). Indeed, using the
formula w * 0’ = (aa’, af’ + Ba’ + fB’) and (5.2), we can compute for all x € V,
g€G,and y = 7% (x) that
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Y(wxw)(x)(g) = 3 (aa’ + (ap’+ pa’ + p')(g)) (h)x(gh)

heG

= 2 (@)@ (7 )+ B (gt) (7 h)) + P(e) (1) (& (7 h) +B' (g1) (7' h)) x(gh)

h,teG

=2 (a(t) + B(g) (1)) D (a'(r) + B'(gt)(r)) x(gtr) (r=t"h)

teG reG

=, (a(t) + B(g)(1)) y(gt)

teG

=1°(»)(g)

’

= (191" )(x)(g)
= (¥(w) o ¥()) (x)(g)-

It follows that ¥(w * w’) = ¥(w) o ¥(w"). The proof is thus complete. ]

Observe that Theorem 6.2 does not hold when G is a finite group since the ring
morphism VW fails to be injective in this case.

7 Stable finiteness of generalized group rings and stably
L-surjunctive groups

The main goal of the present section is to show that the stable finiteness property of
the generalized group ring D'(k[G]) is equivalent to the surjunctivity property of the
classes LUNCA, (G, k") for every n > 1 (Theorem 7.2).

We begin with the following isomorphism between the ring M, (D'(k[G])) of
square matrices of size n x n with coefficients in the generalized group ring D' (k[G])
and the ring D'(M,,(k[G])).

Proposition 71  Let k be a ring, and let G be a group. Then for every integer n > 1, there
exists a canonical ring isomorphism

(7.1) D'(M,(k)[G]) = Mu(D'(k[G])).

Proof By [28, Lemma 9.4], there exists a canonical isomorphism of rings
My(K)[G] = My(K[G]) given by Tyeq A(£)g = (Sgeq A(2)si@)rehjen- Consider
the map F:D'(M, (k)[G]) - M,(D"(k[G])) defined as follows. For x = (a, B) €
D'(Mu(k)[G]), we can write B =3 ,.cB(g)g e (Ma(k)[G])[G] where B(g) =
(B(8)ij)1<i,jen € Mu(k)[G] for all g € G. Then we define F(x) € M, (D'(k[G])) by
setting forall1< 4, j < m:

F(x)ij = (aijs ). B(g)ijg) € D' (k[G]).

geG
It is clear that F is a bijective homomorphism of groups and that F((I,,0)) = J,,,

where I, € M, (k)[G] and ], € M,,(D'(k[G])) are identity matrices of M, (k)[G]
and M, (D' (k[G])), respectively.
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Now, let x; = (a;, B;) € D'(M,(k)[G]) for i =1,2. Then x; * x; = (a1, a1 B2 +
Bras + f132) and thus
(72) F(x+ x2)ij = ((ae2)ijo 3, ((anfa+ Praz + PiB2)(£))ig)-

geG
On the other hand, we find that

(F(x1)F( x2))11 ZF(xl ir x2)r1 Z((“l)m(ﬁl)ﬂ) ((“2)rj’(ﬁ2)rj)~

Therefore, if we denote (F(x)F(x2))ij = (4, v) then

(73) u= Zn:(‘xl)ir(“Z)rj = (az)ij
r=1

by the definition of matrix multiplication. Moreover, we deduce from the definition
of the operation x that v = . v(g) g, where

_ i((al)n(ﬁz»j)(g) (B (@) (@) + ((B)ir (Bo)ri) (g):

We infer from (5.2) that

n

((“l)zr(ﬂZ)rJ)(g :Z Z (a1)ir(B2) r])(g)(h)h

heG

> a(t)irfa(gt)(t7 )y jh

1h,teG

S Y Y w(0)irBa(gh) (),

heG teG r=1

= > (ap2)(g)(h)ijh

heG
= (a1f2)(8)ij-

Similarly, we have the equalities Y./, ((B1)ir(a2)rj)(g) = (B1a2)(g)ij and also
Y ((B)ir(B2)rj)(g) = (B1B2)(g)ij. Comparing to (7.2), it follows that v is equal
to the singular part of F(x; * x;);;. Consequently, we deduce from (7.3) that for all
1< i, j < n,wehave

r=

M: |I

T

(F(x1)F(x2))ij = F(x1 * x2)ij-

Hence, F(x;)F(x2) = F(x; * x;) and we can finally conclude that F is a ring
isomorphism. The proof is thus complete. ]

The main result of the section is the following dynamical characterization of the
direct finiteness of the ring M,,(D'(k[G])).

Theorem 7.2 Let G be an infinite group, and let k be a field. Then for every integer n > 1,
the following are equivalent:
(i) Every stably injective T € LNUCA (G, k") is surjective.
(i) The ring LNUCA.(G, k") is directly finite.
(iii) The ring M,,(D'(k[G))) is directly finite.
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Proof The equivalence between (ii) and (iii) results directly from Proposition 7.1 and
Theorem 6.2 which imply that LNUCA (G, k") ~ M, (D' (k[G])).

Suppose that (i) holds and let 7,0 € LNUCA,(G, k") be two linear NUCA such
that 7 o 0 = Id. Then Theorem 4.3 implies that ¢ is stably injective. Consequently, we
infer from (i) that o is surjective. In particular, o is bijective and thus so is 7. It follows
from 7o ¢ =1d that g o 7 = Id as well. This shows that the ring LNUCA(G, k") is
directly finite. Therefore, we have shown that (i) implies (ii).

Suppose now that (ii) holds and let 7 € LNUCA, (G, k") be a stably injective linear
NUCA. Then we deduce from Theorem 4.2 that 7 is left-invertible, i.e., there exists ¢ €
LNUCA,(G, k") such that ¢ o 7 = Id. Hence, (ii) implies that 7 o ¢ = Id and it follows
at once that 7 is surjective. Therefore, we also have that (ii) implies (i). The proof is
thus complete. [ ]

Corollary 7.3 Suppose that G is an infinite group. Then the following are equivalent:

(a) The group G is L'-surjunctive.
(b) For every field k, the ring D' (k[G]) is stably finite.

Proof Itisa direct consequence of Theorem 7.2. [ ]

8 Stable finiteness of generalized group rings and L!-surjunctive
groups

Extending [36, Theorem B], we establish various characterizations of the stable finite-
ness of the ring D' (k[G]) (for all field k) notably in terms of the finite L'-surjunctivity
of the group G. For ease of reading, we recall the statement of Theorem B in the
Introduction.

Theorem 8.1 For every infinite group G, the following are equivalent:

() G is L'-surjunctive;
(ii) G is finitely L'-surjunctive;
(iii) for every field k, the ring D' (k[G]) is stably finite;
(iv) for every finite field k, the ring D' (k[G]) is stably finite;
(v) G is dual L'-surjunctive;
(iv) G is finitely dual L'-surjunctive.

Proof Let V be a finite-dimensional vector space, and let 7 € LNUCA,(G, V). Then
we obtain a dual linear NUCA 7* € LNUCA,(G, V') whose dual is exactly , that is,
(7*)* = 7 (see [37]). We infer from [37, Theorem A] that 7 is pre-injective if and only
if T* is surjective and that 7* is stably injective if and only if 7 is stably post-surjective.
Hence, we deduce immediately the equivalences (i) <= (v) and (ii) <= (vi).

The equivalence (i) <= (ii) is the content of Corollary 7.3. Similarly, the exact same
proof of Theorem 7.2 shows that (ii) <= (iv). Finally, the equivalence (i) < (ii)
results from Theorem 8.2. The proof is thus complete. [ ]

Our next key result extends [36, Theorem A]. The proof follows quite closely the
reduction strategy of the proof of [36, Theorem A] and [35, Theorem B] which is less
involved in our linear case.
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Theorem 8.2 Let G be a group, and let n > 1 be an integer. Then the following are
equivalent:

(i) For every finite field k, all stably injective T € LNUCA.(G, k™) are surjective.
(i) For every field k, all stably injective T e LNUCA (G, k") are surjective.

Proof Since the case when G is finite is clear and (ii) == (i) trivially, we suppose
in the rest of the proof that G is an infinite group which satisfies (i). Let V be a
finite-dimensional vector space over a field k (not necessarily finite), and let 7 €
LNUCA.(G, V). Suppose that 7 is stably injective. Then, by definition, we can choose
a finite subset M c G with 1 € M = M~! and a configuration s € £L(VM, V)¢ which
is asymptotic to a constant configuration ¢ € £L(VM, V)€ such that 7 = o5 and s\ =
c|g\u- We infer from Theorem 4.2 that 7 is left-invertible. Hence, we can find o €
LNUCA,(G, V) such that ¢ o 7 = Id. Moreover, up to enlarging the finite set M, we
canfind t € £L(VM, V)€ asymptotic to a constant configuration d € £L( VM, V)% such
that o = 0; and t|g\u = d|g\m-
Let us denote T = (V). As 0, o 0, = Id, we deduce for all g € G that

(8.1) Hapu) © Femtslon = Temrz, (>

where g g : VE — VE denotes the canonical projection for all sets E c F. Consider
the similar condition where we switch the role of s and ¢:

(8.2) f{tg},s(g) of;M,ﬂgM = MM, {g}

Since G is infinite, we can choose a finite subset M* c G such that M* ¢ M*. Then
observe that ¢, o o5 = Id, resp. o o 0y = Id, if and only if (8.1), resp. (8.2), holds for
all g e M* (see [34, Lemma 2.2] for the case of CA). Hence, up to making the base
change to k' (replacing V, s(g), t(g) resp. by V &, k', s(g) ® k', t(g) ® k' etc.),
where k' is an algebraically closed field which contains k, we can suppose without loss
of generality that k is algebraically closed.

We obtain from [36, Lemma 2.1] a finitely generated Z-algebra R c k and R-
modules of finite type V¢ and

SR> tr € Homg_poa ((VR)™, V&)©

such that for some fixed gy € M*\M?, sg(g) =sr(go), tr(g) = tr(go) for all ge
G\M* and the following hold:

I. V=Vrork,
1. s(g) =sr(g) ®r kand t(g) = tr(g) ®r k for all g € M*,
where 75 :(Vg)F"M — (Vg){l6} is the canonical projection. Essentially, we can take
R =Z[Q], where Q c k is a finite subset consisting of the entries of the matrices which
represent the linear maps s(g), t(g) for all g € M*.

Letus denote S = Spec R which is a Z-scheme of finite type. Then we infer from [36,
Lemma 2.2] that the set of closed points of V}f" is given by A = Upega)agsp’deNHﬁ:'a)d.
Here, P denotes the set of prime numbers. By a € S, = S ®7 IF,, we mean a is a closed
point of S,,. In particular, £ (a) is a finite field. The set H, , 4 is defined by

(8.3) Hpaa=1{x¢€V,:|r(x)|=p",1<r<d},
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which is a finite linear subspace of the finite-dimensional x(a)-vector space
V., =Vzr ®r H(ﬂ).

Let us fix peP, a€S,, d € N and consider the configurations of local defining
maps s, t, € L(VM, V,)C where for all element g € G, we define s,(g) = sr(g) ®x
k(a)and t,(g) = tr(g) ®r x(a). Observe that sa(g)(H‘f,V)Iu)d) and ta(g)(H‘ffu)d) are
subsets of H, , 4 for all g € G (cf. e.g., [35, Lemma 3.1]). Consequently, we can define
Spoa,d>Lp.a,d € L(HP ad> Hp,a,a) bysettings, o 4 = salu,,, andty 5.4 = t, |Hp  forall
g € G. Thus, we obtain well-defined linear NUCA o, , ,, 0%, , , :Hga e HE

From (8.1), it is clear from our construction that for all g € M*, we have

p,a,d*

+ + = gbad
(84) Fehtpna(®) © TeMospaalon = Tort2, ()
where 7% Hﬁ ad = Hg, 4.4 denotes the canonical projection for all sets E c F. It

follows that Oty aa © 05,0 = 1d. In particular, o5, , is left-invertible and we deduce
from Theorem 4.3 that g5, , is stably injective. Since (i) holds by hypothesis and
Hj 44 is a finite x(a)-vector space, o5, , is surjective. It follows at once that
05y 0q © 01,0 = 1d.

Therefore, we deduce that for every g € M*, the equality

R
(8.5) Flersnte) © Temtalon = Tenez (g}

where 78 VgM - V{g} holds over the set A = Upep ses,, deNH o.d ofall closed

gM?.{g}"
points of (VR)gM . Since Vg is a Jacobson scheme (cf., e.g., [35, Sectlon 3]), an

argument using the equalizer as in [8, Lemma 7.2] shows that f {J’g}’SR(g) o ng’ el =

ﬂRMZ, as R-morphisms VRgM2 - VR{g}. Consequently, we obtain the relation (8.2)
for all g € M* by making the base change (8.5)®gk. It follows that o5 o 6; = Id and we
can finally conclude that 7 = o; is surjective. Therefore, we also have (i) = (ii) and
the proof is complete. [ ]

9 Applications

For the proof of Theorem C, we first establish the following extension of [33, Theorem
B] and [37, Theorem D] to cover the case of initially subamenable group universes and
finite vector space alphabets:

Theorem 9.1 Every initially amenable group is finitely L'-surjunctive.

Proof Let G be an initially subamenable group, and let V be a finite vector space.
Suppose that 7€ LNUCA (G, V) is stably injective. Then we can infer without
difficulty from [33, Theorem A] or [37, Theorem B] that there exist a large enough
finite subset M c G and two configurations s, t € £(V™, V)¢ and another configura-
tion ¢ € L(VM, V) such that 7 = 5, s|g\m = tlg\m = c|c\m> and 0; 0 05 = Id. Up to
enlarging M, we can suppose without loss of generality that 1 € M and M = M.

If G = M* then G is finite and the theorem is trivial since every injective endo-
morphism of V¢ is surjective. Consider the case M* ¢ G. Let E c G be any finite
subset which contains strictly M*, that is, M* ¢ E. Since the group G is initially
subamenable, we can find an amenable group H and an injective map ¢:E - H
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such that ¢(gh) = ¢(g)¢(h) for all g, h € E such that gh € E. In particular, (gh) =
¢(g)p(h)forallg,h € M.Since M = M~'and 1 € M, we deduce that 17 € ¢(M) and
p(M) = (M)~

Up to replacing H by the subgroup generated by ¢(E), we can suppose that H is
generated by ¢(E). As 0; o 05 = Id, we deduce for all g € E that

(9.0) Flent(e) © Fertuslow = Tem (g}

where we denote by 75, : V¥ — V2 the canonical linear projection for all sets Q c F.
The bijection ¢|¢:E — ¢(E) induces, in particular, an isomorphism ¢: V#M)
VM, Let us fix gy € E\M. The patterns s|g, t|p in turn induce the configurations
5,1 L(VeM V)H defined by §(h) = s(h) o ¢, E(h) = t(h) o ¢ forall h € p(E) and
$(h) =s(go)o ¢, t(h) =1t(go) o ¢ forall h e H\p(E).

Since ¢ is injective, it follows from (9.1) that for all 4 € ¢(E), we have

9:2) Sy i) © Trp (M) gy = Tho(M2),{h}-

Consequently, we deduce that g; o 0; = Id. In particular, o is injective. Since H is
amenable and § is asymptotically constant by construction, we infer from [33, Theorem
B(i)] that § is surjective. Hence, it follows from o3 o 0; = Id that 0; o 0; = Id. We deduce
that for every h € ¢(E), we have

(9.3) Fny s °fh+<p(M),ﬂ,,q,(M) = Tho(M2),{h}-

Therefore, via the injection ¢, we obtain for all g € E that

(94) fgg},s(g) of;M,ﬂgM = ﬂgMz»{g}'

By the choice of E and ¢, we can thus conclude that o; o 0; = Id which implies in
particular that o is surjective. The proof is thus complete. [ ]

Observe that by a similar argument, [33, Theorem B(i)] also holds for initially
subamenable group universes. As an immediate consequence of Theorems B and 9.1,
we obtain the proof of Theorem C in the Introduction as follows:

Proof of Theorem C  Thanks to Theorem B, we infer, respectively, from Theorem 9.1
and [33, Theorem B(ii)] that all initially amenable groups and all residually finite
groups are L!-surjunctive. We can thus conclude the proof of the theorem since dual
L'-surjunctivity is equivalent to L'-surjunctivity also by Theorem B. [ ]
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