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Abstract

Let G be a doubly transitive permutation group on a finite set €2, and let X*
be a normal subgroup of the stabilizer G, of a point « in €. If the action of
G, on the set of orbits of K* in Q—{a} is 2-primitive with kernel K¢ it is
shown that either G is a normal extension of PSL(3, q) or K* n G, is a strongly
closed subgroup of G,, in G,, where y € Q—{o}. If in addition the action
of G, on the set of orbits of K is assumed to be 3-transitive, extra information
is obtained using permutation theoretic and centralizer ring methods. In
the case where K* has three orbits in Q — {a} strong restrictions are obtained
on either the structure of G or the degrees of certain irreducible characters
of G.

Subject classification (Amer. Math. Soc. (MOS) 1970): 20 B 20, 20 B 25.

Consider the following situation: G is a finite permutation group, 2-transitive on a
set Q, for a €€) there is a nontrivial normal subgroup K* of G, = {g|g€G, o? = a},
and for y#a we denote by K7 the unique conjugate of K* contained in
G,={glgeG,y" =y}

O’Nan (1975, I) observed that in the known groups satisfying these conditions,
it seems that for y# o, either K*n K? = 1 which is equivalent to saying that K*
isa T.IL set (that is, (K*)? n K*is K% or 1 for g in G), or the subgroups K3 =K*nG,
and K} = K7nG, are equal which is equivalent to saying that K§ is a strongly
closed subgroup of G, in G,,.

We shall give conditions under which the observation is true; in particular we
shall prove the following

THEOREM A. Let G be a 2-transitive permutation group on a set Q of n points;
for o in Q let K™ be a nontrivial normal subgroup of G, and let Z* = {B¢|1<i< 1}
be the set of K*-orbits in Q—{a}. Let K7 be the unique conjugate of K in G,, for
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y# . Assume that t =|Z¢|>3 and that the action of G, on % is 2-primitive with
kernel K*. Then either
@) K3 = K? for y#a, or
(ii) PSL(3,t—1)<G<KPI'L(3,t—1), and Q is the set of points or lines of a
Desarguesian projective plane of order t—1, where t—1 is a prime power.
Also if Q is the set of points then {a} U B} is a line in the plane. Finally in this
case K*nK? =1 for y#a.

If we strengthen the conditions on the action of G, on the set of K*-orbits in
Q—{o} then we can say more in the case K§ = KJ.

THEOREM B. Let G be a 2-transitive permutation group on a set ) of n points; for
a in Q let K* be a non-trivial normal subgroup of G, and let * = {B¥|1<i<1}
be the set of K*-orbits in Q—{a}. Let K7 be the unique conjugate of K* in G,, for
y#a, and let 27 = {BY|1<i<1} be the set of KY-orbits in Q—{y), where o.c B].

Assume that |Z*|=1>3 and that the action of G, on X% is 3-transitive with
kernel K. If we set 22 = | yoq 2 then| Z| = tn and the action of G on X is transitive
of rank 6 or 1. Moreover

(i) in the rank 6 case, K*nK? =1 for y#a and G is the group described in
Theorem A (ii),

(ii) in the rank 7 case, K§ = K}, for y#«, and the subdegrees are 1, t— 1,
b, b(t—1), b(t—1), b(t— 1)k, b(t—1) (t—1—k), for some integer k satisfying
1<k<3(t—1), where b =| BY|. Now if B € B then G, /K% acts faithfully and
2-transitively on 2*—{B$} and on Zf—{Bf} both with degree t—1, and the
permutation characters for both actions are the same. Also, either these two
representations are equivalent and k = 1, or G, acting on X* is a 3-transitive
group of automorphisms of a symmetric 3-(t,k+ 1, A) design, where either
(a) t =4A+4, k =2)X+1 and the design is a Hadamard 3-design, A> 1, or
) t =(A+2)(R2+4A+2)+1 = A+ 1) (R+5X+5), and k= A+3A+1,

Azl

REMARKS. In Theorem B (ii) with k> 1, the symmetric 3-design exists in case (a)
if and only if there is a ¢ x t Hadamard matrix, and it is unknown if the 3-design of
case (b) exists for values of A greater than 1. If A = 1 in case (b) then the designis a
Steiner system on 22 points which admits the Mathieu group M,, as a group of
automorphisms (see the remarks in Cameron (1973) or Kantor (1974), section 9B).
Cameron (1971) (or see Kantor (1974), section 9B) has shown that these designs
do not have 3-transitive automorphism groups for certain values of A (for example,
if 2< A< 103, or if A+1 is a prime power). In case (a) if A is even and the group of
automorphisms is 3-transitive, then Norman (1968) has shown that A = 2.
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We shall prove Theorems A and B in Section 1, and shall continue our discussion
of the rank 7 case of Theorem B in Sections 2, 3 and 4. In Section 2 we give the
sizes of the intersections of K*-orbits and K#-orbits in terms of two non-negative
integer parameters, ¢ and x, which are related by a quadratic equation. We shall
show that G is a group of collineations of an affine plane of order t—1 if the
parameter ¢ = 0; and if ¢ is non-zero then we show that the group induced on a
K>-orbit cannot be 2-primitive. Next, in Section 3, we study the permutation
character 7’ of G acting on 2. Here, by use of centralizer ring methods, divisibility
conditions are obtained which restrict the possibilities for » and the degrees of the
constituents of »'. Finally, in Section 4, we consider the special case t =3 and
prove the following:

THEOREM D. If G is a doubly transitive group of degree n on a set Q and G, has
a normal subgroup K which has 3 orbits in Q—{«} which are permuted as Sy by G,
then one of the following occurs:
(i) G~ PSL(3,2) of degree 7,
(ii) G has a normal subgroup M, MnG, = K and G/M> S,,
(iii) G has nonlinear irreducible characters of degree x, y, y—1 such that
@ x+y=n+1,
(b) 2n(n—1)/xy and x(n—1)[(y— 1) are each squares of integers,
(c) n=4, mod 6.

DEerINITIONS. If 2, v, k, A are integers with £ 0, k>0, A>0, and v>k+1, then we
define a ¢—(v, k, A) design (or t-design) to be a set of v points and a set of blocks
with a relation of incidence such that

(i) any block is incident with & points,
(ii) any ¢ distinct points are incident with A blocks.

If we have a t—(v, k, A) design & then we define the incidence structure 2, as
follows: the set of points is the set of points of & with the point p removed, the set
of blocks of &, is the set of blocks of 2 incident with p, and incidence is the same
asin 9. Then 9, isa (t—1)—(v—1,k—1, A) design; 9 is called an extension of 9,,,
and 9, is called extendable.

If t = 2 and if the number of points is the same as the number of blocks we call
the design a symmetric 2-design. An extension of a symmetric 2-design is called a
symmetric 3-design.

REMINDER. Readers are reminded that if G has a permutation representation on
a set Q and also on a set Q', with permutation characters II and I1’ respectively,
then
(a) (1,11)¢ is the number of orbits of G in Q, where 1 is the principal character of
G; and
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(b) (II,11") is the number of orbits of G, in Q' where a€Q
(and the analogous statements for Q’,I1").

1. Proof of Theorems A and B
Let G, K% X* = {B$|1<i<1} et cetera be as defined above, where for y# o we
assume that « € B}. We assume that K* is the kernel of the action of G, on X¢,

and we set
Z= U 2~
acQ
LemMA 1.1. (a) If G, is 2-primitive on 2* and if for B# o, K§# K£, then G acting
on X is a transitive rank 6 group of degree nt and the orbits of the setwise stabilizer
H®* of B} in X are as shown in the table.

No. Description Size
1 B3 1
2 B3, 2<is<t t—1
3 Bf, Be B b
4 B, BeBi2<j<t b1—1)
5 BY, y¢{aju By b(z-1)
6 BY, y¢{o} U B}, 25j<st b(t—1)®

(b) If G, is 3-transitive on 2% then G is transitive on X and the sets 1-5 above are
orbits for H* in X, and the last set is either an orbit or the union of two orbits for H*,
where H® is the setwise stabilizer of B} in G. Moreover, in the rank 7 case, if B€ B¢
then G is 2-transitive on both £*—{B$} and Zf —{Bf}, both with degree t—1, and
with the same permutation character, and the kernel of both representations is
Kf = K. The 6th and Tth orbits have lengths b(t— 1)k and b(t—1)(t—1—k) for
some integer k, 1<k<}(¢t—1). Either the two representations of G,z above are
equivalent and then k = 1, or the action of G, on X* is a 3-transitive group of auto-
morphisms of a symmetric 3-(t,k+1, ) design where either

() t =4A+4, k =2X+1 and the design is a Hadamard 3-design, A= 1; or
(i) t=(A+2)(R2+4A+2)+1 = QA+ D(A+5A+5), and k= 2+3A+1, A>1.

Proor oF LEMMA 1.1. Clearly G is transitive on Z. Since G is primitive on Q it
follows that By = B# if and only if o = f, i =, and so |Z| = nt. For any vy let
H?7 denote the setwise stabilizer of B.

First suppose that G, is 2-transitive on 2% Since H* is transitive on B¢ and on
Q—(Byu{a}) clearly sets 1, 2, 3 and 4 are orbits for H* in . Now if SeBY,
then (Guﬂ)zﬁ = G,5 K#|K#, and since K* is transitive on Bf clearly G,,K# = Hf
and so (Gaﬂ)zﬁ = (HA)®, and similarly (G, A= = (H*)®. Thus G, is transitive on
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X4 —{Bf} and since H* contains G, for B in BY, it follows that set 5 is an orbit
for H*in Z.

Consider the 6th set X = {BY|2<j<t,y¢Bgu{a}}. Suppose first that G, is
2-primitive on Z* and that K3+ K7, for y# a. Since (G,,)* = (H?)®, it follows
that G, is primitive on ¥ —{B7}. Also since K $# K7, then K7 is a normal subgroup
of G, which acts nontrivially on X7, and hence K% is transitive on X7—{Bf}.
Finally, since H* contains K¢ for any y in Q—(Byu{«}), it follows that H* is
transitive on X and so G* has rank 6.

Now suppose that G, is 3-transitive on %% We have shown that sets 1-5 are
orbits for H* in X so we must consider the 6th set X. Let y€Q—(Bfu{«}), and
let B3, say, be the K*-orbit containing y. Then G, is 2-transitive on Z*—{Bg}
and H¢ is the stabilizer of By in this action. Also G, is 2-transitive on X?—{BJ}.
For the proof of this lemma only, let I = 1+, and II’ = 1+ x’ be the permutation
characters of G,, for the action on Z*—{Bg} and X7 —{BJ]} respectively, where 1
is the principal character of G,, and y, x’ are irreducible characters of G, both
of degree t—2. Then the number of orbits of H $ in X¥—{B7} is

(IL11)g,, = 1+ 06 X)a,,

Since | X| = b(t—1)? and since H* is transitive on Q—(B¢u{a}), it is clear that
H* is transitive on X if and only if H§ is transitive on ¥ —{B]} for some and
hence any y ¢ B¥U{a}. We have shown above that this is true if and only if x#x'.

Consider the case in which H* is not transitive on X. Then y = x" and H§ has
two orbits in X7 —{B}}. Let their lengths be k and t—1—k where 1<k<3(r—1).
Then H* has two orbits in X of lengths b(r—1)k and b(t—1)(t—1—k) since H*
is transitive on Q—(Byu{a}). Since II = II’ clearly the kernels of the two actions,
namely K% and K are the same. Now if g is an element of G, such that y? = §,
then conjugation by g maps G, to G,4, and the actions of G,, on %*—{B3} and
X7 —{B]} to the actions of G,z on *—{B%} and X4 —{Bf} respectively. So these
latter two actions have the same character, the same kernel K§= K2, and the
setwise stabilizer, say L of B in G, has two orbits in £/ —{Bf} of lengths k and
t—1—k. Either k = 1 and the two actions are equivalent, or k >>2 and the translates
of the L-orbit of length & in 27 —{Bf} by elements of G, form the set of blocks of
a symmetric 2—(t—1,k, A) design for G, in Z#—{Bf}. Since (G,p)= = (HA)E,
this design clearly extends to a symmetric 3-design for G, in Z# with parameters
(t,k+1, A) where by Cameron (1973) and Kantor (1974), section 9B, the parameters
satisfy either

() t =4A+4, k = 2X+1 (a Hadamard 3-design), or

(ii) £=QA+2) (A2 +4A+2)+1 = (A+1)(A2+5A+5) and k = A2+ 3A+1.
(The other two conclusions of the theorem of Cameron (1973) do not have
3-transitive automorphism groups as was noted in Kantor (1974), section 9B.)
This completes the proof of Lemma 1.1,
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In the remainder of the proof of the theorems we must consider the rank 6 case,
and show that the only groups which arise are the 2-dimensional projective linear

groups.

LeMMA 1.2. Suppose that Be B, and that G is a transitive rank 6 group on Z;
suppose either that G, is 2-primitive on X* with K§+ K 8, or that G, is 3-transitive
on Z¢ Thenif d;; = | B¢ BS|fori=1,...,tandj = 1,...,t, the d;; take the following
values:

b—1—-(@—1De¢c, if i=j=1,

¢ if i=1, j>1, or i>1, j=1
=\ _
I;—_f, if i>1, j>1,

where c is a non-negative integer and ¢ = (bt—t+ 1 1+ a)/1® where

a=J((t-1)@(t—2)+1-1))

is also a non-negative integer.

PROOF OF LEMMA 1.2. Let H*, H/ be the setwise stabilizers of Bg, Bf respectively.
Then as we showed in the proof of Lemma 1.1,

(G = (HE* and (Gnp™ = (HA).

In particular G, is transitive on Z*—{Bg} and fixes Bf so that d;, = ¢ for some
integer ¢>0 and any i>2. Then since Yt_,d; =|Bf—{a}|=b—1, if follows
that d;; = b—1—(¢—1)c. Similarly since G,, fixes B¢ and is transitive on £/ —{Bf}
it follows that d,; = ¢ for j>2.

Next let L* be the setwise stabilizer in G, of B¢ for some fixed i>2, and let g
be an element of G, which interchanges B§ and B. Then p? = y € B¢, (L%)? = H®,
and so (L)’ = H%. In Lemma 1.1 we showed, if either G, is 2-primitive on 2*
and K e K2, or G, is 3-transitive on 2* and G is rank 6 on X, that H 5 is transitive
on X7 —{By}. It follows that L% is transitive on X#—{Bf} and so d;; = x for some
integer x>0 and any j>2. Then since b= 3! _,d;=c+(t—1)x, we have
x = (b—c)/(t—1). Since this holds for any i>2, we have found all the dj; in terms
of an integer ¢>0.

Now by Atkinson (1975), Lemma 2.7

X diy(dy—1) = (b—1) (b-2),

where the summation is over all i=1,...,zand j=1,...,¢ Since X d;; =th—1,

we have
2dy=b+(-3)b+1.

On the other hand, by using our calculated values we find that
2dy=0-1-@-D)cP+20t—1)E+(b—c)
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which simplifies to

2dYy=12-2bt—t+1)c+20*-2b+1.
Thus,

2 -2bt—t+Dc+b—(t—1)b=0
and, therefore,
c=[bt—t+1 4+ J[{(bt—t+1)2—2b(b—1t+1)}]/t?
= (bt—t+1+a)/t?,

where a = J{(t— 1) (bt(t—2)+t— 1)} is a non-negative integer.

Finally, we prove

LemMA 1.3. Suppose that G is rank 6 on X and that either G is 2-primitive on L
and K§+# K% for B+# «, or G, is 3-transitive on 2. Then

PSL(3,1—1)<G<PTL(3,1—1)

and Q) is the set of points or lines of a Desarguesian projective plane of order t—1,
where t—1 is a prime power. If  is the set of points then B¢u{o} is a line, and
finally K*n K# = 1 for a#p.

PRrROOF OF LEMMA 1.3. If G is rank 6 on 2 then by Lemma 1.1 the subdegrees are
1, t—1, b,b(t—1), b(t—1) and b(z—1)%. Now let Il = 1+y be the permutation
character for the action of G on , where 1 is the principal character and y is an
irreducible character of degree tb. Let I’ be the permutation character of G on X.
Then (II, IT’) is the number of orbits of H* in  which is 3, and since G is transitive
on X, (1,II') = 1. Thus II’ = 142y + ¢, where ¢ is a character such that (II, ) = 0.
Also since G is rank 6 on X, 6 = (II',Il") = 5+ (p, ¢) and so ¢ is an irreducible
character and its degree is

nt—1-2(n—1)=0¢-2)n+1.
A remarkable result of Frame (1941) shows that
(tn)t(t—1)°b*
n—1)4((-2)n+1)
is an integer. Then since n = 1 +¢b and setting s = t— 1 >2, the above expression
becomes

P14+ (e —1P80*  sS(1+(s+1)b)
R ((t=2)(1+tb)+1) (s—Db+s
Now the greatest common divisor of 1+(s+1)b and (s2—1)b+s is 1, and so
§5=r(s+(s>—1)b) for some integer r>1. Now if r =1 then s*=s+(s2—1)b,
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that is,
b=s(s2+1)=t(t—-1)(-2). ()]

So assume that r>2. Then
b= (s’r—9)/(s*—1)

= s(st—r)/r(s*—1).

Since (s,52—1) = 1, then s2—1 divides s*—r, that is
s$2—1=(2-1,5*—r)=(s*-1,r-1),

and it follows that

r—1=x(s2—1)
for some positive integer x. Thus

b = s(st—x(s2— 1)~ D/(x(s2— 1) + 1) (s2—1)

=8(s2+1—-x)/(x(s2—1)+1).
If x =1 then
b=s=1t—-1 2
so assume that x> 2. Now
G x(s2— D+ ) =(s,x—1)<x—1,
and
2+ 1—x,x(s2— D+ 1) =(s2+1—x,x2-2x+ 1)< (x—1)?,

and since b is an integer it follows that

x(s2—1)+1<(x—1)3. 3

Now b = s(s2+1—x)/(x(s2— 1)+ 1) <s(s2— 1)/(x(s2— 1)+ 1) < s/x, and substituting
in (3) we have
x(s2— 1)+ 1 <x3 < xs?/b* < x5%/4,
that is,
x((3s%4)—1)+1<0

which yields a contradiction since s>2. Thus the only possible values for & are
given by equations (1) and (2),namely ,

b=tt—1)(t—2) (1)
or
b=1t—1. Q)

Consider the first case. By Lemma 1.2, as the factors are distinct integers,
a=J{(-DEE-1) (-2 +1-1)}
= (-1 (-27+1)
is an integer, and hence #%(r—2)?>+1 = »* for some nonzero integer y. Hence

(y—t(t—2))(y+1(t—2)) = 1, which is impossible.

In the second case since d;, = (b—1)—(—1)c>0 and since b = ¢—1 it follows
that ¢ = 0, and so B¢ n Bf = B¢—{B}. Then by Atkinson (1975), Lemma 2.2 it follows
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that G is a group of automorphisms of a 2-design with A = 1, the blocks of which
are the G-translates of B, U{a}. Since the number of blocks containing «, namely ¢,
is the same as the number of points in a block, it follows that the number of
blocks is the same as the number of points and the design is symmetric. Then
since A = 1, the design is a projective plane of order —1. It follows from Ostrom
and Wagner (1959), Theorem 5, that the plane is Desarguesian and that
PSL(3,t—1)<G<PIL(3,t—1) where t—1 must be a prime power. Finally, since
B2u{a} is a line for any i =1, ..., ¢, then K“ is the kernel of the action of G, on
the set of lines containing «, and K* is transitive on BY for each i=1,...,¢. It
can be shown easily that K*n K# =1 for B+ « since distinct lines intersect in
exactly one point.

The proofs of both theorems follow from the results of these three lemmas.

2. Discussion of the rank 7 case of Theorem B
In this section we assume the hypotheses and notation of Theorem B and we
assume that G acts on X as a transitive rank 7 group. First we obtain a result
similar to Lemma 1.2,

LeMMA 2.1. Suppose that B e B and that G is a transitive rank 7 group on 2. If
dy;=|B¢nBf|fori=1,...,tand j=1,...,t, then the d;; take the following values:

b—1—(t=Ve if i=j=1,

c if i=1, j>1, or i>1, j=1,
dyy=\x k times in the ith row, for any i>1,
b—c—kx

t—1—k times in the ith row for any i>1,

where ¢ and x are non-negative integers satisfying

D(b—c—kx)?

= 2 —_
o B(t-3)b+1,

(b—l—(t—1)c)2+2(t—1)c2+(t—1)kx2+(t—

or equivalently
o2 10171 ) og—1yefb- i:’&)
c(t 1+t—1—k 2t—1e|b 1+t—1—k
+@-D2...... t—1-k)—2xk+2—-b(t—1-k))/(t—1—k) = 0.

(Actually if L/ is the stabilizer of B in G, then d;; = x if B lies in the L4-orbit
of length k in X*—{B%, and d;; = (b—c—kx)/(t—1—k) if B? lies in the other
orbit, where i>1, j>1.)
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PROOF OF LEMMA 2.1. Let H®, H# be the setwise stabilizers of BY, Bf respectively.
Then as in the proof of Lemma 1.2 we obtain the values dj; = b—1—(t—1)c,
dy=cifi#jand i =1 orj =1, for some integer ¢ >0.

Let L* be the setwise stabilizer of B¢ for some i>2, and let g be an element of
G, which interchanges BY and Bf so that 8¢ = y € B, (L*)? = H* and (L})? = H3.
By Lemma 1.1, H¢ has two orbits in 27 —{B7} of lengths k and #— 1 —k respectively
(and the possible values of k are given in Lemma 1.1). It follows that L% has two
orbits in XA—{Bf} of lengths k, 1—1—k respectively. Thus d; = x, say, if B/
lies in the orbit of length k and d;;=y for B} in the other orbit. Since
Diciadyy=c+kx+(t—1-k)y=5b we have y=(b—c—kx)/(t—1—k). Clearly
x is independent of i (since if L# is the stabilizer of Bg we find as above that L2
has two orbits, of length k and #—1—k respectively, in Z*—{B2}, and B lies in
the L£-orbit of length k if and only if BA lies in the L§-orbit of length k).

Finally, the quadratic equation is obtained by substituting for the d;; in the
equation

Sdydy—1) = (-1 (6-2)
of Atkinson (1975), Lemma 2.7.

LEMMA 2.2. (i) If K§ = K4 is nontrivial then b>t+2.
(ii) The group G is not a normal extension of the linear group PSL(m,q) in its
natural representation for any m>=3 and prime power q.

PROOF. (i) Since in the rank 7 case K% = K4, it follows from O’Nan (1975, II),
Theorem C, that n<(b—1)?%, and hence b>¢+2.

(ii) Suppose that G is a normal extension of PSL(m,q) for some m>3. Then
Bgu{a} is a line containing «, and K* is the kernel of the action of G, on the set
of lines containing «. Hence K3+ K% for a#p, and G is not rank 7 on Z by
Theorem A, which is a contradiction.

THEOREM C. Suppose that G satisfies the hypotheses of Theorem B and that G has
rank 7 on 2. Then:
(a) The following four conditions are equivalent.
@) b<t.
(ii) The integer c defined in Lemma 2.1 is zero.
(iii) G is an automorphism group of a 2-design with A = 1, the blocks of which
are the translates under G of Byu{a}.
(iv) Q with the translates of B3 U{a} as lines is an affine translation plane and
G contains the group of translations.
(b) If the integer ¢ defined in Lemma 2.1 is nonzero then b>t+1, H* acts faith-
Sully on B, and H* is not 2-primitive on B$. Moreover, if H* is 2-transitive
on B¢ then ¢ = (b—1)/(t—1)>2 and {Byn B|2<j<t} is a set of t—1 blocks
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of imprimitivity of length c for Gy, in BY—{B}, and is permuted 2-transitively
by Gz with kernel K&.

Proor oF THEOREM C (a). Suppose that b<t. Then since the integer dj; of
Lemma 2.1 is non-negative it follows that ¢ = 0. Thus By Bf = B¢—{B}, where
BeB, and so by Atkinson (1975), Lemma 2.2, the G-translates of Byu{a} form
the set of blocks # of a 2—(n, b+ 1, 1) design preserved by G. By Fisher’s inequality
the number ¢ of blocks containing o satisfies z>5+1. (Also |#| = nt/(b+1) and
so b+1 divides #(t—1).) Thus it is sufficient to show that the design is an affine
plane and (iv) is true. If we can show that the design is an affine plane then the
rest of (iv) follows from Ostrom and Wagner (1959), Theorem 1.

By Lemma 2.2(a), K* acts semiregularly on Q—{c}. If H® is not faithful on
B? then the design is an affine plane by Praeger (1978) and Lemma 2.2(b) and
so suppose that H* acts faithfully on Bf. Let L be the setwise stabilizer of
B = Bu{o}in G. Then L is 2-transitive on B and L, = H* has a normal subgroup
K* which acts regularly on B—{o} = B¢. It follows from Hering, Kantor and
Seitz (1972) that L® has a normal subgroup N where either N is regular and
elementary abelian, or LE< Aut N and N is Ly(q), S,(q), Us(g) or R(q). If N is one
of the simple groups then since Gz = L, is faithful on B,

IGaﬂl =|LB|/b(b+1)<(b—1)a,
where g = p® for a prime p. Now since a<g then
|Gop| <(b—1)g<(B-1)b<(t-1)(t—-2).

This is impossible since G,z is 2-transitive of degree #—1. Thus N is elementary
abelian and so 541 is a prime power. Now (N.K%)¥ is a sharply 2-transitive
Frobenius group with complement (K*)®Z. It follows that K* has a nontrivial
characteristic cyclic subgroup X say, see Gorenstein (1968), 7.6.2, 10.3.1. Then X
is normal in G, and is semiregular on Q—{a}. Thus by a result of Aschbacher and
and O’Nan (see Kantor (1974), 5B(3)), G has a regular normal subgroup M (for
none of the other groups is G, 3-transitive on a set of blocks of imprimitivity).

We shall show now that G acts on & faithfully as a transitive rank 3 group.
Clearly G is transitive on &, and since any point is equal to the intersection of
some pair of blocks, it follows that G acts faithfully on .

Define a map ¢: >4 by @(B]) = {y}uB] for BY in X. Then ¢(B}) = ¢(Bf)
if and only if either

(@ y=Bi=jor

(ii) y#PB, y€ B4 (and hence B € B)).
Clearly each block in & is the image of exactly 5+ 1 members of 2. Now we know
that sets 1-5 of Lemma 1.1 are orbits for H* in X, and set 6 is the union of two
orbits of H* in X. If L is the setwise stabilizer of {a}u B§, then L> H* and L is
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transitive on {o} U Bg. First, the image under ¢ of sets 1 and 3 is the unique block
{oa} U B = B, say, which is fixed by L. Next the image under ¢ of the union of sets 2
and 4 is also an orbit for L since L fixes and is transitive on B,. Call it %,. It is
easy to see that the p(B%) are distinct for distinct pairs (8,7) where & B;, and
Jj=2,..,t, and so |%,]|=(b+1)(t—1). Now since aeB] for y#a, we have
{y}u B} = {a} U BY where y € B} and so  maps set 5 into %,. Also if y¢ B, and
if BeBg then ye B for some j>1, and {}u B/ = {y}uB] where BeB}. Since
a¢B§ then i>1 and it follows that ¢ maps at least one of the H%orbits in set 6
into %,. If @ maps the whole of set 6 into %, then ¢ maps (¢—1)(1+2b+b(1—1))
members of X into %,. However, since each block is the image of exactly b+1
members of X, this number is equal to (b+1)|%,| = (b+1)2(¢—1). It follows that
t = b+ 1. Thus the design is symmetric and so is a projective plane. By Ostrom and
Wagner (1959), Theorem 5, it follows that G is a normal extension of PSL(3, t— 1),
a contradiction to Lemma 2.2. Hence G acts as a rank 3 group on #. The image
under @ of one of the H*-orbits in set 6 is an L-orbit; call it Z;.

Suppose that ¢ maps the H*orbit of length b(t—1)m into %, where m is k
or t— 1 —k. Then the number of members of 2 mapped into %,, thatis (b+1)2(z—1),
is equal to (£—1) (1 +2b+bm) and it follows that b = m. Since b+1 divides #(¢—1)
and b>2, and since m is k or t—1—k we obtain the following possibilities:

G b=t—1-k=t-2o0r
(ii) b = k = $t—1 (Hadamard design) or
(i) b=k =A+32x+1, and t=(A+2)(A%+4A+2)+1, for some positive
integer A.

In case (i) it follows from Dembowski (1968), p. 21, that the design is an affine
plane so assume that (i) or (iii) is true. Since |#| = nt/(b+1)>n, the normal
subgroup M is not transitive on & and so G acts imprimitively on #. In case (i),
| %) = 31(1—1)>| By| = (3t —1) (1 1), so {By} U %, must be a block of imprimitivity
for the action of G on %, and in particular 1 +|%;]| divides | %, | which is impossible.
Similarly in case (iii), | Zs| = b(t— 1) (t—1—k)>|DB,| = (b+1)(t—1), s0 {B}u B,
is a block of imprimitivity for G in % and 1+|4%,| divides | %;|. A small calculation
shows that this is impossible.

ProoF OF THEOREM C(b). If ¢#£0 then by part (a), b >t. Suppose that b = ¢, Then
since the integer d,, of Lemma 2.1 is non-negative and ¢>0 we must have ¢ = 1.
Then by Lemma 2.1, y = (b—c—kx)/(t—1—k) = (¢t— 1 —kx)/(t—1—k), and x are
non-negative integers. An easy calculation shows that

() x=0—1/k,y=0,or

(i) x=y=1,0r

(iii)) x=0, y=(0-D/(t—1-k).

The quadratic equation of Lemma 2.1 with b = ¢, ¢ = 1 simplifies to

kx®+(@—1—k)y=2t—-3.
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If x = y =1 then ¢ = 2 whereas we are assuming that > 3. In cases (i) and (iii)
we find that the integers k and #—1—k respectively are equal to (z—1)*/(2t—3).
However, since (¢—1)? and 27— 3 are coprime it follows that 2—3 = 1, a contra-
diction as before. Thus b>¢+1. Suppose that H* is 2-transitive on Bf. Then
G,; = HY is trapsitive on By—{B}. However, since | By BS| = ¢#0 and since G,
fixes By n B setwise it follows that (BY n Bf) is empty, that is ¢ = (b—1)/(z—1)> 1.
Clearly the set {B‘l"nB/j [2<j< 1} is a set of —1 blocks of imprimitivity of length
c for G, in BY—{B}, and G, acts 2-transitively on them with kernel KZ.

Finally, if H® is not faithful on B{ then by Praeger (1977), Lemma 1.1 and
part (a) we have a contradiction. This completes the proof of Theorem C.

ReMARrk. If H* is 2-transitive on B we have in addition to the information
of Theorem C, the quadratic equation of Lemma 2.1. This, however, seems
intractable.

3. The permutation character of (G,X)

In this section we continue to assume the hypotheses and notation of the previous
section and, in addition, let II, 11" be the permutation characters for the actions
of G on Q,% respectively. Then, as in the proof of Lemma 1.3, Il =1+ and
II"=1+2x+¢@ where (p,II) =0. Here, however, ¢ is not irreducible; since
(II',11'y = 7 we have (p, ) =2 and ¢ = @, +¢,, Where ¢, and ¢, are irreducible
characters of G. The degree of x is n—1 and we shall denote the degrees of ¢,, @,
by x,y;sothen x+y =(—2)n+1.

We note that the Frame condition demonstrates that

{(m®.¢=1)b.b(t—1).b¢—1)b(t— D k.b(t—1)(t—1—k)}/xy
is an integer. Using n—1 = bt it follows that {n¥(n—1) (¢~ 1)5k(t—1—k)}/xy is an
integer (which we shall call the Frame parameter). Note that, if ¢, and ¢, are
rational, the Frame parameter is a perfect square, see Frame (1941).

LemMA 3.1. The degrees x and y are unequal and, in particular, @, and @, are
rational.

PRrOOF. If x = y = §((t—2)n+1) the Frame condition yields that
4bsd k(s —k)/(bs*+s—b)?

is an integer. In deriving this condition we have used that » and ¢ are coprime
with (¢—2)n+1 = bt2—2bt +t -1, and substituted s in place of t—1. We consider
the three possibilities for k given by Theorem B. In each case a routine calculation
shows that k(s—k) is coprime with bs®2+s—b. Consequently 4bs5 = r(bs?+s—b)?
for some positive integer r. We rewrite this as a quadratic in b:

b2r(s2—1)2+2bs(s2r—r—25Y) +rs2 = 0.
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The roots of this are
(255 —s3r+sr £ 253 d)/r(s2— 1)?,

Where d = s*—rs?+r, and at least one of the roots is a positive integer. In particular
one of ((2s% +2s%/d)/r(s®—1))—rs(s2— 1)/r(s2~1) is a positive integer and so one
of (2s°12s3/d)/(s®—1) is a positive integer. Since (s5,52—1)=1, one of
(252 +2Jd)/(s2—1) is a positive integer. If (2s2—2/d)/(s*—1) is a positive integer
it must be equal to 1 or 2 both of which lead to an easy contradiction. If
(2s2+2Jd)[(s—1) is a positive integer we have
2<(2824+2Jd)/(s2— 1) < (252 +25%)/(s2— 1) = 4-+4/(s*—1).

Hence 2<(2s2+2d)/(s?®—1)<5 with equality on the right only if s =2. Easy
contradictions are obtained in all cases except for (2s2+2,/d)/(s*—1) = 4 which
leads to b =5 = r—1. In this case we may argue as in the final paragraph of the

proof of Lemma 1.3 and obtain a contradiction from Lemma 2.2. This completes
the proof of Lemma 3.1.

We now apply to the rank 7 group (G, 2) some of the standard theory of
centralizer algebras. An account of this theory may be found in Higman (1972)
but we shall briefly discuss the parts which we use. Corresponding to each of the
7 orbits I'; of G on X x X there is an adjacency matrix 4; of dimension ¢n. These
matrices commute with the permutation matrices 7(g), ge€G, and span a
7-dimensional algebra A.

Suppose that U is some non-singular matrix which reduces the permutation
matrices into their irreducible constituents:

U-T(g) U = diag(X(g), Y(g), Y(g), Z(g), W(g)),
where X, Y, Z, W are the representations which afford the characters 1, y, go1, s
respectively. By Schur’s lemma the matrices U~ A; U have the form

- -

a; b;

a; b,

¢ d;

Ut A4;U=

¢ d; ?

P

bp;
q;
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where a;, b;, ¢;, d; occur n—1 times, p; occurs x times and g; occurs y times. It
follows that there exists a non-singular matrix ¥ such that

VA,V =diag(ng, Ci - Ci Dis s Pis Qo> > 43)s

¢; d

Following standard practice, we shall use terminology such as “the eigenvalue
p; 1s associated with ¢;”” and “the two eigenvalues of C; are associated with x”.
As is well known, n;, the eigenvalue associated with the character 1, is the subdegree
corresponding to 4;.

The four representations of the algebra A induced by mapping each 4; to n,,
C;, Dy g; are all irreducible and comprise all the irreducible representations of 4.
The character table of 4 is a 4 x 7 matrix whose rows are indexed by the repre-
sentations and whose columns are indexed by A;, 4, ..., A, and whose (i,j) entry
is the trace of the matrix which is the image of 4, in the ith representation. It is a
consequence of the constituents of I1” being rational that the entries of this character
table are integers. The rows of the character table satisfy certain orthogonality
relations. Taking the third row with itself leads to

a. b,
where C; = ( L ) and occurs n—1 times.

Pi, Py Py, 2PuDs P 2 _m
11 =) TR =Dk TR D =10 x
from which we can deduce that n(n—1) (¢ —1) k(t—1—k)/x is an integer. A similar
calculation with the fourth row produces a corresponding result for y and so we
have

LeMMA 3.2, n(n—D(@—-Dk(t—1-k)/x and n(n—1)(t—1Dk(t—1-k)/y are
integers.

Since 4, is the identity matrix all of its tn eigenvalues are equal to 1. In the next
lemma we consider 4,.

LeEMMA 3.3. A, has eigenvalues t—1 with multiplicity n and —1 with multiplicity
n(t—1). The eigenvalue t—1 is associated with the principal character 1 and with y,
and the eigenvalue — 1 is associated with x, o, and @, except possibly in the following
situations:

(i) t =3 and one of x and y is equal to 2,

(ii) ¢t =2b+1 and one of x and y is equal to n—1.

ProoF. The rows and columns of A4, are indexed by the points of ¥ in some

order. We shall take an ordering in which, for each BeQ, the points of X7 are
adjacent. Then it is clear that 4, has the form diag(J/—1,...,J—1I) where I and J
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are the ¢ x ¢ identity and ““all ones” matrix, and where J—1I occurs » times. Since
J—1I has eigenvalues r—1 with multiplicity 1 and —1 with multiplicity z—1 the
first part of the lemma follows.

For the second part note first that #—1 is associated with the principal character
because it is the subdegree. Since x+y = (t—2)n+1>n and the eigenvalue -1
occurs only n times, —1 cannot be associated with both ¢, and ¢,. We only have
to show that it is associated with neither, except possibly in the expectional cases.
So suppose, without loss in generality, that the eigenvalue #—1 is associate with ¢;.
It then follows that x=n—1and y = (¢t—3)n+2.

Then, according to Lemma 3.2,

nbt(t—1)k(t—1—Kk)/((t—3)n+2) is an integer.
Since ((r—3)n+2,n) =1 or 2 and (+—3)n+2 = bt>—~3bt+¢—1 which is coprime
with ¢,
™ 2b(t— D k(t—1—k)/(b12—3bt+t—1) = m, a positive integer.

We study this condition in each of the three cases arising from Theorem B.

(@) k=1. Then (*) becomes 2b(t—1)(t—2)/(bt*—3bt+t—1) = m which can
be rewritten as (m—2)b(t—1)(t—2) = m(2b—1t+1). If m>2 then m2b—t+1) is
positive and, since it is divisible by &(f — 1) (t—2), we have

b(t—1D(~-2)<m(2b—t+1)<2mb.
So m> 4(t—1)(t—2). But then, from (*),
2b(t—1)(t—2)>3(t— 1) (t—2) (br2—-3bt+1—1)
from which it quickly follows that t<4 and so ¢ = 3, y = 2 which is one of the
exceptional cases. If m = 2 then # = 2b+1 and this is the other exceptional case.
The case m = 1 is easily seen to be impossible.
(b) k = 1r—1. In this case (*) becomes
2b(t—1) (3t —1) 5t/(bt2—3bt+t—~1)=m
and since ¢ is coprime with the denominator we have
2b(t—1) (¢ —2)/(br2—3bt+1t—1) = dm|t
and now an argument as in (a) shows that this is impossible.
(© k=A+3A+1,
t—1—k=(A+3)(A+1)%
t—1=(2+42+2)(A+2),
1—2=(A+3A+1)(A+3).
It follows from (*) that 2b(¢t—1)(t—2) (A+1)? = m(bt>—3bt+¢—1) and this may
be rewritten as b(t—1)(#~2)(m—2(A+1)®) = mQ2b—1t+1). If m>2(A+1)? then
m(2b—t+1) is positive and, as in (@), m>4(t—1) (t—2). But then
26— 1) (—=2)(A+ 12> —1)(t—2) (b2 —-3bt+t—1)
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and we can deduce that 4(A+1)®>¢2—37. Since ¢ = (A+1)(A2+5X+35) this is
impossible. If m<2(A+1)® then b(z—1)(¢+—2) divides the positive number
m(t—2b—1) and so b(t—1)(t—2)<m(t—1). Hence

AA+1)2>m>b(t—2)>1—2 = (R+3A+1)(A+3)

which is also impossible. If m = 2(A+ 1)? then ¢ = 2b+-1 which is one of the excep-
tional cases. This completes the proof of Lemma 3.3.

Before continuing with the general exposition we consider briefly the two
exceptional cases in the above lemma. In the first case with z = 3 we may suppose
that y = 2. Let M be the kernel of @,, and let u be the 2-dimensional character of
G, whose kernel is K* (note that G,/K*~ S3). Then, as

(902'0“’ lg,+p)= (¢2|aa, 19%) = (@3, 1Fa) = (95, 11) = 1
and
(2 IG,,, 1g) = (@ lga = (ps 1) =0,
we have @, |, = p. Thus M0 G, = K* and, in particular, G/M~ S,.

In the second case with ¢ = 2b+1 we calculate with the Frame condition. The
Frame parameter is n®b(t—1)2k(t—1—k)/(t—2). If k =1 orif k = A24+3A+1 and
t=(A+1)(A2+5A+5) then k(z—1—k)/(t—2) is a square. Hence nb is a square.
Since 7 and b are coprime we have n = i2, b = j2and the equation i = j2(2j2+1)+1.
By a theorem of Siegel, see Mordell (1969), this equation has only a finite number
of solutions in integers i,;/.

In view of the above remarks we shall assume in the remainder of this section
that the exceptional conditions of Lemma 3.3 do not hold.

LeMMA 3.4. The adjacency matrices A,, ..., A, satisfy the following:
(i) Apds= A4,

(i) Ay Ay =(@—2)A,+(@—1) A4,

(iil) Ay A5 = Ag+ A,

(iv) AgAg=kA;+(k—1)Ag+kA,,

V) AgA;=(t—1-k)Ag+(t—1-k)Ag+(—2—k) A,.

Proor. The only one of these relations which we use subsequently is (i) and so
we prove only this; the others are proved in a similar way. Let B¢ and B/;.’ be a
typical a-block (that is, an element of %) and a typical B-block. The (BY, Bf)
entry of 4, 4 is the number of y-blocks B, for which (Bg, B)) e I'; and (B}, Bf) e T},
where I; is the ith orbit of G in X as described in Lemma 1.1. The first condition
holds if and only if B} = B% for some m+i and so the second condition holds
also if and only if «€ B and e B. Hence the (BY, Bf) entry of 4,45 is 0 or 1
and is 1 if and only if «€ B4 and B¢ By. This proves ().

LemMA 3.5. 4n(n—1) (t — 1) B2 k(t — 1 — k)/xy is the square of an integer.
6

https://doi.org/10.1017/51446788700038738 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700038738

162 M. D. Atkinson and Cheryl E. Praeger [1¢

Proor. The character table of the algebra 4 has the following form:

A, Ay Ag A, As Ag Aq

1 L, 1 -1 b b(t—=1)  bit—1) bt—1—k) b—1)(t—1—k)
-1 L, 2 12

x L 1 -1 P -p -p ip+a) Hp—o)

y L 1 -1 q —q —q $q+P) PICE))

The entries in the left-most column are the multiplicities of the correspondin,
characters. The entries (A4, follow from Lemma 3.3. Lemma 3.4 shows tha
[3(A) = {5(4,) {(A4,) and the other entries follow from similar consideration
together with the relations ; {,(4;) = 0if /> 1, and the relation 4, = AT. We nov
use the orthogonality relations on the rows of the character table taking the follow
ing Pair53 (€3a 53), (§4’ §4)9 (£3’ 54) This y1e1ds
(i) bk(t—1—-k)t+p*(t+ Dk(t—1—k)+1p¥(t— D)+ 12 -~ D+ Lpo(t—1 —2k)
=nn—-)(t—-Dk(t—1-k)/x,
(i) bk(t—1—k)t+q%(t+ 1) k(t—1-k)+1q%(t — 1)+ 1%t — 1)+ 4gB(r— 1 — 2k)
=n(n—1) (-1 k(@~1-k)/y,
(i) bk(t—1=k)t+pq(t+ D k(t—1-k)+1pg(t—1)+1ap(t—1)
+3(pB+qa) (1—1-2K)
=0.
Now, taking (i) g%+ (ii) p%— (iii) 2pg gives
(V) (n—1)k(@—1-k)(p—q)+ 1 —1) (g —Bp)*

=uan—-1)(—-k(@E—-1-k) (‘fo+%2).

Next we use the relations satisfied by the columns of the character table. Suppose
that A, p are the eigenvalues of C; and X, are the eigenvalues of C,. Then, as
tr(A4;) = 0 and tr(42) = tnb,

b+(n~1)(A+p)+xp+yg =0,
B+ (n— 1) (X2 + pd) + xp* + yq® = tnb
and two similar equations hold for X', u’. Moreover det C, = det C,.det Cy and so
X p' = —(t—1) Ap. Eliminating A, p, ', 1" between these 5 equations leads to
) n(xp®+yq®) (1= 1) —xp(p—g)* = nb*(t— )%

Combining (iv) and (v) then gives 4n(n—1)(t—1)b2k(t—1—k)/xy = (ag—Bp)?

thereby completing the proof of the lemma.

4. The case =3
In this section we consider a doubly transitive group G on a set { where, for
e, G, has a normal subgroup K having 3 orbits in Q—{o}. In order to set this
in context we begin by noting some related results.
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Lemma 4.1. If G is doubly transitive on Q) and G, has a normal subgroup with
2 orbits in Q—{o} then G has a normal subgroup M of index 2 and M is a rank 3
group on Q with subdegrees 1,b,b.

The classification of such groups appears to be a very difficult problem aithough
some progress has been made by Higman (1971).

Lemma 4.2, If G is doubly transitive on ) and G, has a normal subgroup K with
3 orbits in Q—{o} then one of the following occurs:
(i) G, permutes the 3 orbits triply transitively, that is, as Ss;
(ii) G has a normal subgroup M of index 3 and M is a rank 4 group on Q with
subdegrees 1,b,b,b.
Both of these lemmas follow directly from

Lemma 4.3. If G is doubly transitive on Q and G, has a normal subgroup K of
index t with t orbits in Q—{a} then G has a normal subgroup M of index t which
is a rank t+1 group on Q with subdegrees 1,b,b, ...,b.

PRrOOF. It is easily seen that G,, < K for any B# o If Il = 1+ y is the permutation
character of G then IT = 1§_and x|g, = 18z,

Let 6 be any non-principal irreducible character of G, with kernel N, containing
K. Then (89 1) =0 and (6%, x) = (8, x|s,) = (8,182 = (O]g,e La,p) = 0(1), and
s0 69 = (1) y+ £ where ¢ is some character of degree 6(1). Since 8 is irreducible,
(09,9 =(0,€é|g)=1 and so 8=¢|;. So if My=keré then MynG, = N,.
Hence if M = [, M, (the intersection being taken over all non-principal irreducible
characters of G, whose kernel contains K) then MnG, = K. As G is doubly
transitive M must be transitive and M, = K has orbits of size 1,5, 5, ..., b in Q—{a}.

From now on we assume the hypotheses of Lemma 4.2 and conclusion (i) thus
placing ourselves under the hypotheses of the earlier sections. We shall also assume
that neither x nor y is equal to 2; this possibility was explored in Section 3 and led
to a factor group S; of G. Clearly k=1, b=m—1)/3 and x+y=n+1. The
conditions on x, y, n derived above are already very restrictive but further conditions
can be obtained by considering the subgroup N of index 2 in G, which is the pre-
image of the Sylow 3-subgroup of G,/K~ S; (we change the notation slightly by
writing K and H in place of K* and H%). Let I1” be the permutation character
for G acting on the set of cosets A of N.

LEMMA 4.4. (G, A) is a rank 4 group with subdegrees 1,1,n—1,n—1, (I1,11") =2
and (II',11") = 4,
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PROOF. Since N is transitive on the set of 3 non-trivial orbits of K in Q, N has
2 orbits in Q. Thus (IL,II”) =2 and we have I1” = 1+x+4v where 1,y are not
constituents of ».

Acting on the cosets of G,, N has 2 orbits one of which is G, itself. Each coset
of G, contains precisely 2 cosets of N. Clearly N has two orbits on the cosets of ¥
contained within G, and therefore (G,A) either has rank 4 with subdegrees
1,1,n—1,n—1 or has rank 3. Hence (v,v) = 2 or 1, respectively.

Let I be the permutation character for G acting on the cosets of K. Then
= 1¢ = (1§)% = (15,4 A+2p)¢ where 14, A, p are the irreducible characters
of G, with K in their kernel (corresponding to irreducible characters of S and of
degreesl , 1,2 respectively). Thus

I = (g, +N9+2.(1g, +p)F-2.18,
=1¢+42.1¢,-2.1¢,
= 1+3X+V+2¢1+2¢2.

It follows that (I1,11") = 11 +(v, ) +(v, ;). However (1,11') is the number of
orbits of K in X. Three of these orbits are BY, B}, B} and form X*; and the number
of orbits~ of Kin Jp=2# is clearly independent of i. So (11, 11') is divisible by 3.
Hence (11, I1") = 12 and one of (v, ¢,) and (v, @,) is equal to 1 and the other is zero.
Without loss in generality we may assume that (v, ¢;) = 1. It follows that v is not
irreducible because otherwise v =¢,, x =n, y =1. The Frame condition then
tells us that 2(n—1) is a square and so n is odd. But on the other hand if L = ker ¢,
then II’[; contains the principal character twice and so L has two orbits (of
equal length) in X and so n is even.

This proves the lemma and we note that v has the form ¢, +¢p; where @, is
irreducible and of degree y—1.

Finally, we show that Q can be given the structure of a regular 2-graph (see
Seidel (1973) for the relevant background and details). Since N has 2 orbits on
cosets of G, and 4 orbits on cosets of N, the two cosets of N contained in a single
coset of G, are never equivalent under N. In particular if xeG, neN and
G,xn = G,x then Nxn= Nx, that is, if n*eG, then n®*eN. It follows that
Hypothesis A of Hale and Shult (1974) holds. Hale and Shult prove that G acts
on a set {e,},.q of equiangular lines in the spaces afforded by either ¢, or ¢;,
that is, that Q has the structure of a regular 2-graph preserved by G. If this 2-graph
is trivial then one of @; and ¢, has dimension 1. However, we cannot have x = 1
by the argument given at the end of Lemma 4.4 and we are assuming that y—1s1.
So the 2-graph is non-trivial and in particular #n is even.

The above discussion enables the proof of Theorem D to be completed easily.
Suppose now that G is a group satisfying the hypothesis of Theorem D. Then
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(G, ) has rank 6 or rank 7 and in the former case Theorem B allows us to conclude
that G~ PSL(3,2). In the rank 7 case, if the exceptional conditions of Lemma 3.3
hold then G has a normal subgroup M, M n G, = Kand G/M~ S;. If the exceptional
conditions do not hold then » is even, n=1 (mod 3) and so n=4 (mod 6). Moreover,
as x+y =n+1 and, by Lemma 3.2, x and y divide 2n(n—1), x and y are coprime
and so xy divides 2n(n—1); by the Frame condition the quotient is a square.
We omit the proof that x(n—1)/(y—1) is the square of an integer: it follows by a
standard application of centralizer ring theory to (G, A).

We are indebted to Miss Petra Rogers for extensive computer searches for
numbers #, x, y satisfying the third conclusion of Theorem D, and for pointing out
the following parametric solutions:

@) v =Yp2 -1 (p*-2), y = p?—1, with p=3 (mod 6).

(b) n = (y—1) where y satisfies the “Pellian” condition that y and 2(y—1) are
each squares.

These are the only solutions which arise for <108,
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