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1. Introduction. An MS-algebra is an algebra (L; v, A, °, 0, 1) of type (2,2,1,0,0)
such that (L; v, A, 0,1) is a distributive lattice with smallest element 0 and greatest
element 1, and x+—x° is a unary operation such that 1°=0, x =x* for all xe L, and
(x Ay)°=x°v y° for all x, y € L. These algebras belong to the class of Ockham algebras
introduced by Berman [3]; see also [2,10,15]. A double MS-algebra is an algebra
(L, v, A,° ™, 0,1) of type (2,2,1,1,0,0) such that (L, °) and (L4, *) are MS-algebras,
where L, denotes the dual of L, and the operations °, * are linked by the identities
x°t=x* and x*°=x""*. We refer to [5, 6,7, 8] for the basic properties of MS-algebras
and double MS-algebras. Concerning the latter, the properties x°°=x°, x*** =x*, and
x°<x" will be used frequently. The class of double MS-algebras is congruence-
distributive and consequently the results of [13] can be applied. As to general results in
lattice theory and universal algebra, the reader may consult [1, 9, 12].

In [8] we gave a complete description of the 22 non-isomorphic subdirectly
irreducible double MS-algebras. We can order these algebras by writing A < B if and only
if A is isomorphic to a subalgebra of B. In so doing, we obtain the Hasse diagram of
Figure 1 in which n denotes the subdirectly irreducible algebra SI,.

Figure 1.

The lattice of subvarieties of double MS-algebras can in theory be obtained from this

by applying a theorem of Davey [11] in precisely the same way as we did in [6] to obtain
the lattice of subvarieties of MS-algebras. However, in the case of double MS-algebras
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the lattice is rather large and so we shall concentrate on some important ideal sublattices.
Specifically, if SI, denotes the subvariety generated by SI,, we shall describe here the
lattices of subvarieties of SI,;, SI,, and SI;5 v SI;,. We shall also obtain equational bases
for the subvarieties in these lattices, and hence in particular for all of the subvarieties
generated by the 22 subdirectly irreducible double MS-algebras. It is a pleasure for the
third author to acknowledge stimulating conversations on this topic with Pierre Goossens.

2. Semisimple double MS-algebras. Of the 22 non-isomorphic subdirectly ir-
reducible double MS-algebras listed in [8], 11 are simple. These comprise the subset

{S1,;n=1,2,3,4,6,7,8, 10, 14, 15, 21},

which forms an ideal of the ordered set of Fig. 1. A double MS-algebra is said to be
semisimple if it is a subdirect product of simple double MS-algebras; in other words, if it is
a subdirect product of copies of SIL;.

We can characterise the semisimple double MS-algebras as follows, in which @9 is

the congruence
x, y)edi e x°=y° and x*=y").

THEOREM 2.1. The following conditions on a double MS-algebra are equivalent:
(ag) L is semisimple;
(@) Vx,yeL) xAay*=x*tvy;
(1) P4 = w.

Proof. (&)= (a): It suffices to observe that SL, satisfies («).

() > (a): Examination of each of the subdirectly irreducible double MS-algebras
reveals that only those that are simple satisfy («). Thus, if L satisfies («) then by
Birkhoff’s Theorem L is a subdirect product of copies of SL.

(o) > (a,): Suppose that L satisfies («) and that x, y € L are such that x°=y° and
x*=y*. Then (@) gives x=xAx®=xAy*=x""vy=y**vy=y. Similarly we
obtain y <x, whence y =x.

(1) > (@): Suppose that % = w and consider the elements

P=XAY®, q=xAYCA@ETVvy).
We have '
q°=x°Vy°V (x+ /\y°)=x°vy°=p°;
q+=x+vy°v(x+/\y+)=x+vy°=p+.

It follows that ¢ = p whence («) follows.

We shall now obtain the lattice of subvarieties of semisimple double MS-algebras and
equational bases for the subvarieties in this lattice. We can construct the lattice in
question by applying Davey’s Theorem [11] in precisely the same way as we did in [6]. We
can predict the size of the this lattice by means of the following ingenious result of
Berman and Kohler [4].
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THEOREM. Let F be a finite ordered set and let O(F) be its lattice of order ideals. Then,
for every x € F, ’

|O(F)| = |0(F\{x})| + |O(F\C,)|
where C,={yeL;y<xory=x}.
Applying this to the ideal generated by SL,; in the Hasse diagram of Fig. 1, we see
that the lattice of subvarieties of semisimple double MS-algebras has 31 elements. By

Davey’s Theorem, the lattice itself is that depicted in Fig. 2 (ignore for the moment the
other labelling).

Figure 2.

As to the problem of establishing equational bases for each of the subvarieties in this
lattice, our strategy will be to discover first equational bases for its A-irreducible
elements. Equational bases for all the subvarieties can then be deduced from these.

For this purpose, a few preliminary considerations are necessary. Note first that

SII) SIZ) SIS) SI4) SIS) SIS) SIIO) SIl41 SIIS’ SIZO, SIZI’ SI22

are self-dual, whereas we have the dual isomorphisms

Sly=Sh, Sly= Shy, Sk =Sk, She=Sky, Shs=Sk.
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For a given axiom (n) we shall denote by (n*) the axiom obtained from (n) by
replacing v, A, °, ¥, 0, 1, < respectively by A, v, *,°,1, 0, =. If (n) (n*) then we

shall say that (n) is self-dual. Clearly, if L, satisfies (n) and L; = L, then L, satisfies (n™*).

We shall require the following facts concerning axioms of the form x” Ax?=y" v y*

where {p, q, r,s} = {', %, *, **} and x' means x. Such axioms will be considered trivial

if either side reduces to a single term, e.g. x A x*° =x.

THEOREM 2.2. Inequalities of the form

@) f=y™tvy*, @) fsyvy®, (@) f=sy®vyt, () f=syPvy°
are equivalent. Likewise, inequalities of the form

G) x°ax"=g, () xax°sg, () x*TAx"sg, (W) Xt Axtsg
are equivalent.

Proof. 1t is clear that (i) = (if) = (iii). That (iii) > (i) follows on writing y** for y.
To see that (i) = (iv), write y*° for y; and that (iv)=> (i) write y** for y. The second
statement is similar.

In what follows we shall denote by S(L) the skeleton of L, i.e. the set
{xeLix=x*}={xeL;x=x""}={xeL;x*=x""}).
THEOREM 2.3. Inequalities of the form
() yvy’=feS(L), (vi) y*" vy =feS(L)
are equivalent. Likewise, inequalities of the form
w) x Axt=geS(L), (wj) x*Axt=geS(L)
are equivalent.

Proof. It suffices to apply ** and * respectively.

THEOREM 2.4. There are 36 non-trivial axioms of the form x” A x? <y" v y*. Of these,

16 are equivalent to

(a) x AX°=<y®vy°,
16 are equivalent to

(b) x Ax°=yvy°,
3 are equivalent to

() x*AxT=y™"vy°,

and the remaining axiom is

d) xAxt=yvy°

Proof. That there are 36 non-trivial forms is clear from the fact each of x°, x* can be
taken along with any one of x*™, x, x*. Now by Theorem 2.2 both sides of (a) may take
4 different forms. As for (b), this is axiom (5) of [6] which is self dual and hence
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equivalent to
®*) x Axt=syvy*

By Theorem 2.2, (b) has 4 equivalent forms for the left-hand side, three of which belong
to S(L). Then, by Theorem 2.3, there are 2 equivalent forms for the right-hand side.
Similarly, there are 8 equivalent forms of (b*). As for (c), Theorem 2.3 provides 3
equivalent forms. It follows from the above count that the only remaining axiom is (d).

Equational bases for each of the subvarieties in the class of MS-algebras may be
found in [6]. They also appear in a more general setting in [15]. As all of the axioms that
are involved there will play an important réle in what follows, we list them here for

convenience.
(1) x=y
(2) xvx°=1 B) xAx°=syvy°
24) x Ax°=0 (6) x Ax°<y®vy°
3B) x=x= D EAx)vyvy =(x*Ax’)vyvy°®
(4) x AX°=x"AXx° B) x vy vy*=x*vy’vy>
(4) x vx*=x"vx® 9) xAx) vy vy®=(x"Ax) vy’ vy®

The complete list of implications between these identities was given in [6, Theorem
2.2). In [7] we showed that if L is a double MS-algebra then (8) = (7), and the axioms (1),
), (22), (3), (5), (6), (7) are self-dual. Recently, Noor [14] succeeded in showing that
(9) is also self-dual.

Observe from [6] that (4) is equivalent to (8,) and so the axiom

@) xvxt=x**tvx*t

is equivalent to (8)) which is equivalent to (8).
Also, (9) is equivalent to
(9) x°AXxCAyT=sy° vy
Indeed, applying * to (9) gives
(x*VIO)AYPAY =(x° VX)) AYP AYS,

whence x* Ay Ay°=x°vx* and (9') follows on interchanging x and y. Conversely,
applying ° to (9') yields

xOO V xO V y++ ZyOO /\yo'
Since also x® v x° v y° = y*° A y° it follows that x*° v x° v (y** Ay°) = y*° A y° and so
vV (Tt AY)z=x® vy (® Ay

Consequently x*° v x° v (y A y°) € S(L), from which (9) follows on interchanging x and y.
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In this section we shall consider the following inequalities. They have, of course,
been chosen with a considerable amount of hindsight.

(1), (22), (4), (4*), (6), (9",

(10) x°AxZ Ayt =x*"Vvy°,

(1) x* Ax® Ay T =xTTvy°vy*t,
(12) x° AxZ Ayt =sx*tt vy vyt
(13) x° AxZ Ay T =xTT vy vy®,
(@) xAay®=x**wvy.

Note that relation (10) is self-dual. To see this, apply ° to each side of (10) then
interchange x and y to obtain x* Ay* =<y* v y°v x*". Now write y A x™ for y to obtain

XA vt aAx)v(tvxty vt
from which (10*) follows. The reverse implication is established similarly.
Also, (11) is self-dual. This follows from the fact that (11) is equivalent to
x® Ax*=x"" vx° Indeed, taking y = x in (11) we obtain this relation; and (11) follows
from this relation on writing x v y for x.

By Theorem 2.1, the relation (&) describes the subvariety SI,,. Observe now that,
the ordering being logical implication, we have the Hasse diagram of Figure 3.

(o,11)

Figure 3.

Of the implications in Figure 3, only the following is non-trivial:
(4)=>(10): By (4) we have x* Ax°=<x 50 x* Ax°<x*" and hence x> Ax®° Ay* <
x++ v yo.

https://doi.org/10.1017/50017089500007503 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500007503

EQUATIONAL BASES FOR SUBVARIETIES 7

THEOREM 2.5. In the lattice of subuvarieties of semisimple double MS-algebras the
A-irreducible elements have the following equational bases:

SI,:(1), SL: («, 2,)

SL,vSI v SIg:(a,4), SLvSLvSI:(a, 4%),
SI,: (a, 6), SI; v SIL,:(a, 9),

SL v SL;s: (a, 10), SIo v SLis: (a, 11),

SI, v SIp v SIs: (o, 12), SI, v SI;s5:(a, 13),
SL,; : ().

Proof. We refer to Fig. 2 in which the A-irreducible elements have been labelled
accordingly. Observe that in this lattice the ordered set of A-irreducible elements is
isomorphic to the ordered set of Fig. 3. Also, it is readily verified that the strongest of the
above relations that are satisfied by each of the a-irreducible elements are as listed in the
statement of the theorem. It follows that the lattice of relations whose set of A-irreducible
elements is that of Fig. 3 is isomorphic to the lattice of Fig. 2 and the quational bases are
as asserted.

It should be remarked that Theorem 2.5 can also be established by considering each
A-irreducible element in turn. For example, consider the relation (10). This is not
satisfied by SI,. But, as can readily be verified, it is satisfied by SI,, and SI;5. It follows
that an equational basis for SI,4 v SI;s is (&, 10). Indeed, it was this kind of consideration
that led to the above list of relations. The advantage of having equational bases for the
a-irreducible elements lies in the fact that we can use them to obtain equational bases for
all of the subvarieties in the lattice. This we do first for the subvarieties generated by the
subdirectly irreducibles, and for this purpose we list the following additional axioms:

(14): x> AyT=x*tvy°,

(15): x®AaxT=y**tvy°,

(16): x Ax =y vy°
COROLLARY 2.6. An equational basis for SI;s is («, 14).

Proof. 1t is clear that (14) implies both (10) and (11), so it suffices to show that (10)
and (11) together imply (14). For this purpose, observe that writing x A y** for x in
(10) gives

(xo vy+) A xoo Ay++ /\y+ < (x++ A y++) v yo
and therefore
++ °

XAyt AyT=xttvy©.
Also, by (11) we have x* A x> =x"" v x° and so
xPA@ECVED)=xTAEC VT,

Now applying ° to (10) we obtain x™ A y*°=<x* v x°v y™". Interchanging x, y in this we
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have, making use of the above observations,
AP =xC Ayt AT vy vy™)
=@ Ay VIER AYT A (YY)
=@ETTAY) VX Ay T A(y vyt
=AYV AY)V (X0 A YT Ay
=x*tvyovattvye

. =x*tty yo,
as required.

CoRroLLARY 2.7. An equational basis for SIg is (3).

Proof. It suffices by Corollary 2.6 to show that (4), (4*) and (14) together imply (3).
Now, taking y = x in (14) gives x** Ax* =x™* v x° and so, by (4),

XAXT=xCAxT A (T VvX©)
=@ AxT) v (T Ax%)
=TT AxT) v (x Ax).
Applying ** to this we obtain x® Ax* =x*" Ax™* and so x A x* € S(L). But by (4*) we

have x vx*eS(L). Since S(L) is semiconvex [in the sense that if a v b e S(L) and
a AbeS(L) then a, b e S(L)], it follows that x € S(L), whence we have (3).

CoOROLLARY 2.8. An equational basis for Sl is (a, 15).

Proof. It suffices to show that (6) and (11) together imply (15). Now from (11) we
have x* Ax* =x** v x° and so

X°Axt =2 Ax*t A ETT V) =@ AxT) v (3™ AXO).
By Theorem 2.2, (6) is equivalent to x** Ax* =y* v y° and also to x® A x°<y*v y°.
Thus we see that x*°Ax"=y*vy°, which is equivalent to x®Ax*=<y** vyt
Consequently,
xoo Ax+s(yoo vyo) A (y++ Vy+)

=yt v T Ay vy©

=y*vyTTvyovy® by (11)

=y++ v yo,
as required.

COROLLARY 2.9. Equational bases for Sk, SL, Sk, SL, are (2), (3,5), («, 4, 15),
(a, 4%, 15) respectively.

It is possible to find two-relation equational bases for other subvarieties in this
lattice. The following are two examples.

CoroLLARY 2.10. An equational basis for SI v SIg v Sk, is (a, 7).
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Proof. Observe that (7) gives x> Ax°<x vy v y°and hence x* Ax°<x** vy*tv
y° from which (12) follows. It also gives x*° A x°<x™" v y°° v y° from which (9') follows
on applying ° and interchanging x and y. It suffices, therefore, to show that (9') and (12)
together imply (7). For this purpose, note that on writing x** for x in (9'), then applying
*, then interchanging x and y, we obtain

xttvyttvyt=x® AxC
Using this and (12), we then have
VYTtV vyt vyt v (x A X Ayt
= (VYT V) AT VISV YT VYO A (T vyt vyt
=X AX°AXT® AX°
=x A x°
It follows that
XPAX=SETT VYTV Y)IAXRC=S (T AX) vyttt vy®
and hence that (x*° Ax°) vy vy°=(x"" Ax°) vy v y° from which (7) follows.
COROLLARY 2.11. An equational basis for SI; v Sl is (a, 5).
Proof. In [6] we showed that (6) A (7) is (5).

Of course, equational bases are not unique and it is possible to derive other
two-relation bases. By way of example:

CorOLLARY 2.12. An equational basis for SI; v Sl is (a, 16).
Proof. Observe that if in (a) we write x A x* for x and y v y° for y then we obtain
™ XAxP AP VY)=xtT Ax) vy vy©

Now by (5) and Lemma 2.2 the right-hand side of (*) reduces to y v y°. Since (5) is
self-dual, we have x Ax* =y v y*, equivalent to x A x* =y° v y°, and so the left-hand
side of (*) reduces to x A x*.

3. Locally convex skeletons. We shall say that a double MS-algebra has a locally
convex skeleton if every interval sublattice of the form [x°, x*] belongs to the skeleton.

TueoreM 3.1. Let (L, °, *) be a double MS-algebra. Then the following statements are
equivalent:

(Bo) L has a locally convex skeleton;
B) (Vx,yeL) x*Ay =x*"wvy%
(B1) L €eSky.
Proof. (Bo)< (B): Clearly, z €[y°, y*] if and only if z is of the form (x v y°) A y™,

https://doi.org/10.1017/50017089500007503 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500007503

10 T. S. BLYTH, A. S. A. NOOR AND J. C. VARLET

and this is in the skeleton if and only if
FPVvyY)AY =TT vy) ayT,
which is equivalent to
xCAY) vy =@ vy)ayT=xTT vy,

which is equivalent to (8).
(B)© (B1): It suffices to check, with reference to Fig. 1, that (8) is satisfied by Sk,
but is not satisfied by SI;, or SL;.

It follows from Theorem 3.1 that the double MS-algebras having locally convex
skeletons form a variety, namely SI,,.

As before, we can construct its lattice of subvarieties. This has 25 elements and is
depicted in Fig. 4.

Figure 4.

As for equational bases, we apply the same technique as before, determining first
equational bases for the A-irreducible elements in the lattice. For this purpose, consider
the following relations:

A7) xAaxTAy®=x*Tvy,

A7) x Ay®=x*tvy vy’

(18) x®AxtAy®=xTtvy*ttvy

(19) xAaxTAy®=xtTvyvy°,
(B)=(14) x*Ay"=x""vy"
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Under logical implication, these relations give rise to the Hasse diagram of Fig. 5.

Figure 5.

Obviously, (18) and (19) are self-dual; and in Fig. 5 all of the implications are clear
except for (4,)=> (18), (2)=> (B), and (4,) > (B).

Now if (4,) holds then y*=<y®* v y°=y v y°=y** v y° whence (18) follows.

As for (2)=>(B), it suffices to observe that (2) implies (3) which is equivalent to
xoo = x++. .

To see that (4,) > (B), recall from [6] that (4,) is equivalent to

47) xvyvy’=xCvyvy°

It follows from these that

oo

x*=x*"vyvy°

But, as we have seen, (4,) also gives y*=y v y° whence we have y°=y* A y* and
consequently :
=yt Ay©zyt ay.
These observations give
XPAyt=Ex*Tvyvy)ayt

=@ T AYD)V(y Ay vy©
<7

which is ().
Using Figs 4 and 5, we can argue as in Theorem 2.5 to obtain the following result.

THEOREM 3.2. In the lattice of subvarieties of double MS-algebras having locally
convex skeletons the A-irreducible elements have the following equational bases:

SL: (1), SL:(2),

SI; v SI,: (47), SI; v SI;;: (4,),

SL v SL,,: (B, 15), SL, v SI;s: (8, 17),

SI,, v SLs: (B, 17%), SIy v SL, v SI; : (B, 18);

SIg v SI“ \% SIIS . (ﬁ, 19), Slz(): (ﬁ)
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COROLLARY 3.3. Equational bases for SI;,, Sy are (44, 15), (47, 15) respectively.

4. Kleene skeletons. We shall now turn our attention to the subvariety S5 v Sl,.
We begin by identifying this as the subvariety consisting of those MS-algebras whose
skeleton is a Kleene algebra.

THEOREM 4.1. On a double MS-algebra (L,°, *) the following conditions are
equivalent:

(Yo) L has a Kleene skeleton;

(y) (Vx,yeL) xAx°syvy";

(v1) LeSlgv Sl,.

Proof. (o) holds if and only if x*Ax°=<y*vy° and by Lemma 2.2 this is
equivalent to (y). The equivalence of (y) and (y,) results from the fact that only the
subdirectly irreducibles contained in SI,g or SI,, satisfy (y).

The lattice of subvarieties of double MS-algebras with a Kleene skeleton can be

constructed using the same technique as before. The lattice in question has 99 elements
and can be visualised using Figs. 6a, 6b, 6c. Add Fig. 6b as a second layer on top of Fig.
6a projecting down onto it, with SI, directly above Sk, then Fig. 6¢ as a third layer
projecting down onto Fig. 6b with SI directly above SI;.

To determine equational bases in this case, we consider the following relations:

1), 22), (4, 4*), (10), (11), (12), (19),
(20) xAy®°=x*Tvyvy™,
(2Q0") x Ax°Ay®=x*tvy,
Q1) xAy®Az"=sx*"vyvy vz
1Y) xAx°Ay*®azt=xttvyvz®
(217) y yv 2
(22) xAy®Aaz®Azt=x"Tvyvytvze,
22*) x Ax°AY® Azt =x*Tvyvzttvze,
(23) xAYy®AzAZ =xTTvyvytvzo,
23*) x Ax°Ay® Azt =x*tvyvzvze,
(r)=(6) xArx’<yvy™
Ordered by implication, these relations give rise to the Hasse diagram of Fig. 7.
Of the implications in Fig. 7, the following are non-trivial:
(10)=>(21*): By (10), x* Ax°Az*=x** v z° whence x Ax°Az"=x"" v z° and
(21%) follows.
(12)>(22*): By (12), x®Ax°Az " =x""vz** vz° whence x Ax° Az =x""v
z** v z° and (22%) follows.

(12, y)=> (22): By Corollary 2.11, (12, y) =(12, 6) is equivalent to x Ax°<y v y°.
Applying * to this, we obtain y* A y**=<x™ v x*. Writing x** for x, we obtain

yray®=sxtvxtt=xTva
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40

Figure 7.

Now write z for y and y for x to obtain z* A z**=<y™ v y from which (22) follows.
(11, y)=(19): By Corollary 2.8, (11, y) is equivalent to x** Ax* <y** v y°. This
gives x A x* =y v y° from which (19) follows.
(19) = (23): Writing x A z for x in (19), we obtain
xAZAEYVZ)IAYC=T AZY ) vy vyl
Consequently, x A y*° Az Az* =x** vy v y° which implies (23).

THEOREM 4.2. In the lattice of subuvarieties of double MS-algebras with a Kleene
skeleton the A-irreducible elements have the following equational bases:

SI,: (1), SI; v SI5:(y, 11),

SI, v SIs v S, : (v, 19), SLs: (2,),

SlS v SI9: (Y, 4)) SIS v Slll : (Y; 4*):

Sls \% Slg \% SIll . (Y, 10), SIS \% SIIZ \'% Sll3: (Y, 12),
SL,: (v, 20), SL, v SIy,: (y, 21),

S, v Sko: (v, 22), SLi v SLyo: (7, 23),

SIis: (7, 20™), SI;; v Sig:(y, 21%),
Ski; v SLig: (v, 227%), SI;; v Skig: (7, 23%),

SLig v SLs: ().

CoroLLARY 4.3. Equational bases for Sl;; and Slis are (y,17*) and (y, 17)
respectively.

Proof. It suffices to prove that (19) and (20) together imply (17*). Now, writing
y vx* for y in (20) we have x A y*=<x*" v x* v y. Using this and (19), we then have

xPTvyvy'=xtT vy vyt v(x axT Ay®)
=V VvY)IAETT VT vy vy)A(xtTvy® vy
ZXAXAY)AY®
=x Ay,

as required.
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CoroLLARY 4.4. Equational bases for Sly3; and Sl,, are (15,17*) and (15, 17)
respectively.

Proof. For example, SI;; = (SI,, v SI;3) A SI;; and by Theorem 4.2 an equational
basis for SI,, v SI;; is (y, 11) which, as shown in the proof of Corollary 2.8, is equivalent
to (15). The result now follows by Corollary 4.3.

Further subvarieties that have interesting equational bases are the following, the first
two of which have been noted above.

COROLLARY 4.5. An equational basis for SI,, v SI,; is (15).
COROLLARY 4.6. An equational basis for SI; v S1; v Sl; is (5).
CoroLLARY 4.7. An equational basis for SI; v SI, v SI,; is (16).
Proof. Observe that since

SI, v SI,; v SI;; = (SIs v SI; v SE3) A (81, v S5 v SLL)

it suffices to show that (y), (12), (19) together imply (16). Now we have observed above
that (y, 12) is equivalent to x A x° <y v y°. It follows from this that x* Ax° Ay" < y**
y°. Applying ° to this, then interchanging x and y, we obtain x* Ax* =x** v y® v y°
This, together with (19), gives
xttvyvy'=xttvyvyev(x axt ay®)
=xvyvy)ATtvxtvyvy)a(xtt vy®vy©)
ZxAxTAxX®Ax”t
=xaxt
Consequently, (x Ax")vyvy’=(x*"*Ax")vyvy’=yvy°, by Theorem 2.2, and
hence x AxT =<y v y°

5. Concluding remarks. From the above results we can compile the following list of
equational bases for the subvarieties generated by the non-trivial subdirectly irreducible
double MS-algebras.

SL:(2), SL: (o, 2,), SL:(3,5), Sks: (24),

Sk :(a, 4, 15), SL,: (a, 4, 15), SI;: (3), SI,: (47, 5),
Sl: (a, 15), SI;;: (44, 5), SI;,:(15,17), SI,5:(15,17%),
SIM: (ar Y)) SIIS : (a’ ﬁ): Sll6: (Y) 17)’ sll7 : (Y’ 17*),
Skis: (y, 20%), Skio: (y, 20), Sk (B), Sk, : (a).

Of the above classes, five are worthy of especial mention, namely SI,, SI,, SI;, SIs, SI,.
These are respectively the classes of boolean, Kleene, de Morgan, double Stone, and
three-valued Lukasiewicz algebras. The first four assertions are clear since the axioms (2),
(24), (3), (y) are self-dual. As for the final assertion:

THEOREM 5.1. Sl is the class of three-valued Lukasiewicz algebras.
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Proof. A three-valued Lukasiewicz algebra is a double Stone algebra (L, *, *) which
satisfies the Moisil determination principle ®} = w; i.e. an algebra in SIs which is
semisimple, i.e. an algebra in SI;.

CoroLLARY 5.2. An equational basis for S, is (24, 16).
Proof. In the lattice of subvarieties we have
SI; = (SL; v SI; v SI;5) A SI,
so the result follows by Corollary 4.7.
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