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ELEMENTARY CHAINS OF INVARIANT SUBSPACES
OF A BANACH SPACE

JON M. CLAUSS

ABSTRACT.  We will generalize Ringrose’s notion of a simple chain of closed in-
variant subspaces of a compact operator acting on a Banach space, to that of an ele-
mentary chain of invariant subspaces of a subalgebra of compact operators. With this
we expand the notion of diagonal coefficients to that of diagonal representations and
subsequently generalize Ringrose’s theorem equating the spectrum of an operator to the
collection of diagonal coefficients. This in turn, in conjunction with some results from
the theory of Polynomial Identity algebras, allows us to generalize Murphy’s theorem
which states that a closed subalgebra A4 of compact operators is simultaneously trian-
gularizable if and only if 4/ rad(A) is commutative. Let 4 be an algebra of compact
operators acting on a Banach space with a norm || - || 4 which dominates the operator
norm, and under which A4 is complete. Then A4 has an elementary chain of invari-
ant subspaces of bound » if and only if 4/ rad(A) satisfies the standard polynomial
Pop(xy, X2, .0, X2,) = Zr&Sz,, SEN(T)Xr(1)Xr(2) - - *Xr(2n)-

0. Introduction. We are interested in characterizing subalgebras A4 of the compact
operators which have a collection of closed subspaces invariant under each of the op-
crators in our collection. In particular, we will consider conditions under which certain
types of chains of closed A4 invariant subspaces exist.

We denote by K (X) the set of compact operators acting on a Banach space X.
Throughout this section, unless otherwise stated, we will assume that 4 is a norm-closed
subalgebra of K (X).

1. Elementary chains and the existence of idempotents.

DEFINITION 1.1. A complete chain, N, of subspaces of a Banach space X is a linearly
ordered set of closed subspaces of X, such that:
i) {0}, X e N
ii) For every subfamily Ap of A/, the intersection and the closed linear span of the
union of sets in A are in Al
We denote the intersection, and the closed linear span of the union of elements of a
subfamily Ay by A{M : M € A} and \V{M : M € Ny} respectively.
To each element M € N we associate its predecessor

M_=\{LeN :LCMandL# M}.

A chain A will be called:
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i) invariant for a collection of operators A, if for each M € A, and each T € 4,
T(M) C M,
ii) simple if it is a complete chain such that for each M € A[, dim(M/M_) < 1.
iii) elementaryifitis a complete chainsuch that foreachM € A[, dim(M/M_) < oo.
An elementary chain is bounded, of bound n, if there exists a natural number n such
that max{dim(M/M_) : M € N} = n.
AL will be said to have a gap at M whenever 0 < dim(M /M_).
We begin by showing that the existence of non-zero idempotent elements in our alge-
bra imply the existence of gaps in our A-invariant chain A/

LEMMA 1.2.  Let N be a complete maximal A-invariant chain of closed subspaces.
If there exists an idempotent G € A : G* = G # 0 then there exists a corresponding
M = Mg € N such that diim(M /M) > 0.

PROOF. Note that dim(GN) is an increasing function of N € A, left continuous in
the order topology on A(. It is also right continuous. For if Ny = infy~y, N, then since G
is finite rank, £ = inf{dim(GN) : N > Ny} is attained at some N;. Hence GN; = GN for
all Ng < N < N;. Consequently GN; is contained in My=n,N = Ny, so that GN|, = GN,
also has dimension k.

Now let Mg be the infimum of all elements N € A such that dim(GN) # 0. [

We denote the Jacobson radical of 4 by rad(A4). An irreducible representation will
refer to a topologically irreducible representation, while a strictly irreducible represen-
tation is understood to mean an algebraically irreducible representation.

Two subcollections of 4 will play a central role in the development.

DEFINITION 1.3. i) We call a non-zero element G a minimal idempotent in 4 if,
whenever E € A with0 # E = E? and GE = EG = E, it follows that E = G. We denote
the set of minimal idempotents of 4 by M ().

i) The pullback, under the canonical quotient homomorphism, of the center of
A/ rad(A) will be denoted by Z,(A). We have

Z(A)={T € A:TS— ST € rad(A), forall S € 4}.

We will often use the notation of the Lie bracket, [T, S], to denote 7S — ST. We use
1<J, to indicate that / is a two-sided ideal in ./, and / < J to indicate that / is a subalgebra
of J, or simply a subspace when no other algebraic structure is present.

LEMMA 1.4. Let 4 be an arbitrary subalgebra of B(X) and let N be a complete
maximal A-invariant chain with a gap at M. Define

T A— BM/M) by mu(T(x+M_)=Tx+M_.

If dim(M/M_) > 1, or if my # O then
i) m is an irreducible representation, and
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i) if N has a finite dimensional gap at M then 7 is strictly irreducible.

PROOF. Notice that we are not assuming that 4 is a subalgebra of X (X), nor that it
is norm-closed.

For i), suppose there exists a non-zero subspace of M/M_ which is invariant under
mu(A). Such a subspace is of the form {x+ M_ : x € L} where M_ < L < M. If the
norm closure of {x + M_ : x € L} is properly contained in M /M_ then it follows that
M_ < L < M. By maximality of A, this implies that L = M.

For ii), again suppose that there exists {x+M_ : x € L} asabove. Thensince M /M_ is
finite dimensional, there exists {x;}/_; C X'suchthat {x+M_ : x € L} = span{x;+M_}.
Butthen M_ < L < M and L = span{x;} ¢ M_. Hence by maximality of A, L = M. m

THEOREM 1.5. Let N be a complete maximal A-invariant chain with a finite dimen-
sional gap at M, and define my: A — B(M/M_) as in Lemma 1.4. Then there exists a
corresponding G €¢ M (Z,(ﬂ)) such that my(G) is the identity in B(M [ M_.).

PROOF. Define
My A/ rad(A) — BM/M_) by Ty(T+rad(A))(x+M_)=Tx+M .

Notice that rad(A) C ker(mys), by Lemma 1.4, so that I'ly, is well defined. Furthermore,
again by Lemma 1.4, I, is surjective by Burnside’s Theorem, since my,(A4) and hence
also ITy(A) are transitive. Now let J = ker(ITy). Since B(M/M_) is a simple algebra
with identity, it follows that J is a maximal modular ideal in 4/ rad(A4).

Denoting 4/ rad(4) by A4, and the image of T in 4 / rad(A) by T, note that since
T € XX, spﬁ(i’) has no non-zero limit points. Furthermore, using Theorem 4.2 of
[Bar2] we see that A4 is a modular annihilator algebra. From this, and Lemma 2.8.10 of
[Ric], it follows that the left and right annihilators of J (lan(J/) and ran(J) respectively)
are identical and are not equal to {0}.

Now let K = lan(J) = ran(/). Note that, since (K NJ)* = {0}, KNJ = {0}. Then,
since J is maximal and K is finite dimensional, J + K = 4, and therefore, J ® K = 4.

Now K = 4/J = B(M/M._), so that there exists F € K < 4 such that F is the
identity in K and F?> = F # 0. In particular, by Theorem 2.3.9 of [Ric] there exists
G € A such that G* = G # 0 and the image of G in 4 is equal to F. We claim finally
that G € M (Z,(A)).

That G € Z,(A) follows from the fact that G is the identity in K, the annihilator of J.

G is aminimal idempotent in Z,(4) since, givenany E € Z,(A) suchthat £> = E # 0
and EG = GE = E, it follows that £ = EG € K since K is an ideal in 4. Furthermore, £
is a non-zero central idempotent in K = M,,(C), where n = dim(M /M ). Hence E=G,
the unique non-zero central idempotent in K. Since G — E € rad(A4) and GE = EG = E
implies that (G — E)> = G—E,G=E. .

We let QA(A) denote the set of topologically nilpotent or quasi-nilpotent elements
of 4, and QJ(A) denote the set of quasi-invertible eclements of 4.
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Denoting the bounded finite rank operators by F(X), we let F(A) denote the set
F(X)N A. Tt is easy to see that given T € F(A4) with dim(R_(T)) = n it follows
that dim(7A4T) < n?.

Recall that a Banach algebra 4 is semiprime if, whenever J < 4 such that J? = 0, it
follows that J = 0.

LEMMA 1.6. Let N be a complete maximal A -invariant chain. If there exists G €
M (Z»,(ﬂ)), then there exists a correspondingM € N such that dim(M /M_) = n < co.
Furthermore, if my: A — B(M/M_) is defined as in Lemma 1.4, then my(G) is the
identity in B(IM | M_).

PROOF. Let M = Mg € N be as in Lemma 1.2, so that 0 < dim(M /M_).
Notice that by Lemma 1.4, 7y, is an irreducible representation. We claim that
i) A4/ ker my is semiprime; and
ii) under the canonical quotient homomorphism 4 — 4/ ker 7y, rad(“4) maps into
rad(A4/ ker my).
Proof of i) GivenJ <4/ kermy, such thatJ? = {0}, and

Iy A/ ker my — B(M/M_)

the algebra homomorphism induced, as in Theorem 1.6 above, by 7y, then either
[y(H)M/M_) = {0} in which case ITy(J) = {0}, which then forces J = {0}, or
My (J)M/M_) is dense in (M/M_), from which, since [Tj/(J*) = {0}, it follows that
J={0}.

Proof of ii) This follows from Proposition 24.16.iii) of [BD].

Notice that if G € M(Z(A)), then G € F(A). Using Proposition 32.5 of [BD], it
follows that (rad(4) + ker my)(G + kermy) = 0 +kermy. That is, if 7 € rad(4), then
TG(x+M_) = 0+M_ forall x € M, so that TG(M) C M_. Therefore rad(4) annihilates
GM/M_)={Gx+M_:x e M}

Finally we claim that {0} # G(M/M_) is invariant under 4. Since G € Z,(A), for
all T € 4, TG — GT € rad(AQ); hence (TG — GT)(Gx+M_) = 0, so

T(Gx+M_) = TG(Gx+M_) = GT(Gx + M_) = G(y + M_),

where y = TGx € M. Consequently, G(M/M_) = M/M_, by maximality, and hence
dim(M/M_) = n < oo. n

EXAMPLE 1.7. It is shown in Theorem 5 of [CD] that if X and Y are Banach spaces
with Schauder bases, then a linear transformation 7 is in X (X, Y) if and only if
lim,—. ||T4]| = 0, where T,(x) is defined by the matrix

4" = aj, ifi>n
i 0, ifi<n

where (a;;) is the matrix representation of 7, relative to the given bases of X and Y.
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Fixing X a Banach space with a Schauder basis, consider A4 the algebra of all operators
in K (X) of the following form:

Ay x  x %
0) 4, * x ---
A=41©) 0 4 % --- | €KX :4;€M,(C)

If A € A4, then the “diagonal” of 4 is made up of blocks, each of which is itself a
matrix. In fact, in each of these blocks of 4 we have the entire matrix algebra, M, (C).
Consequently the (non-trivial) invariant subspaces of 4 are M; = {x € X : x; = 0 for
i> Zj’.‘zl n;}. Hence the complete maximal A-invariant chain of closed subspaces A
consists of the chain My C M} C M, C--- C M, C --- C X, where dim(My /M) =
ny.

Notice that R = {4 € 4 : 4; = 0 for all i} = rad(A4). Consequently,

Ay (0) (0) (O

0 4 O ©) -
A/ rad(A) = (0) (02) A3 (0) --- € K(X) : 4; € M,,(C)

As in Theorem 1.5, to a gap that occurs at M; € N there corresponds a non-zero
idempotent in M(Z,(ﬁl)). This is the element £; € A such that the i-th diagonal block
of E; consists of the identity matrix / € M,,(C), and all of the other of whose entries are
zero. First, clearly E; is a non-zero idempotent in 4. While givenany 4 € 4,

0 © O = (O
SO O x (0
(E,Al=| : o+ | €rad(A).
: 0 * %
(0)

Furthermore, E; € M(Zr(ﬂ)), that is £; is a minimal idempotent in Z,(A4). For
suppose that there exists a G € Z,(A) such that G = G # 0 and GE; = E;G = G. Then
G must be of the form:

0) (0) (0
:(0) (0)

: G (0)
\ )
Furthermore, since G € Z,(A), for all T € 4 we have [G, T] € rad(A). But this implies

that G;T; — T;G; = 0 for all 7; € M,,(C), that is G; is in the center of M,, (C), and is an
idempotent. It follows therefore, that G = E;, and hence E; € M(Z(ﬂ)).
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2. Characterizations of M (4) and the diagonal representations. Recall (The-
orem 4.3.4 of [Rin]) that if T is a compact linear operator acting on a complex Banach
space X, then there exists a simple chain, A, of closed, T-invariant subspaces. To each
M € N is associated an ay, the diagonal coefficient of T at M. For a given T, we wish
to view a(7) as the operator induced by T on M/ M_, a subspace of dimension at most
one.

In Theorem 4.3.10 of [Rin], Ringrose shows that under the assumptions above, A # 0
is an eigenvalue of T if and only if it is a diagonal coefficient of 7. Furthermore, if we
consider the nest algebra in K (X) associated to A/, Alg(A(), then for a(T) defined
as above, ayy: Alg(A)) — C is a one-dimensional representation on Alg(A(), for each
MeN.

We establish the analogous notion in the case where A4 is a norm-closed subalgebra of
K (X) with a complete maximal chain of A-invariant subspaces, A, which is elementary.

DEFINITION 2.1.  Let A4 be a subalgebra of X (X) with a maximal chain of closed 4-
invariant subspaces, A/, which is elementary. Denote by A’* the elements M € A such
that dim(M /M_) # 0. For M € N(*, define my: 4 — B(M/M_) as in Lemma 1.4. For
M e N*,let ap(T) = sp,,,q) 7m(T), while if M = M, let ap(T) = {0}. We call crpy(T)
the spectral coefficients of T at M. For M € N*, we will call m(T) the representation
of T at M, and the collection {my(T): M € N*} the diagonal representations of T.

It is well known that, if B is a Banach algebra, then for each T € B,

{0} Uspy(T) = U{spap(m(1)) : mis a strictly irreducible representation | U {0}.

We wish to establish that any strictly irreducible representation of 4 is equivalent to
7y for some M € N*, hence that

{0} Uspa(T) = U{spr,ca (tu(D)) : M € AL} U {0}.

We begin with an alternative characterization of M () in the following proposition,
the proof of which, since G is finite rank, is straightforward.

PROPOSITION 2.3. G € M (A) if and only if G is a non-zero idempotent and

GAG C CG +rad(A).

With this characterization our definition of minimal idempotent agrees, in the case
where A4 is semisimple, with the other more standard analytic definition (see e.g. Sec-
tion 30 of [BD]). It will also allow us to exploit some unpublished work on minimal
idempotents supplied by Dr. Bruce A. Barnes (see Lemma 2.6 and Theorem 2.8 below).
As preliminaries, we need the following proposition whose proof'is also straightforward.

PROPOSITION 2.4.  Let A be a subalgebra of K(X), and suppose that there exists an
element G € A such that G*> = G # 0. Then
i) there exists a non-zero F € M(A) such that FG = GF = F and
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ii) thereexist {Ex}! C M(A) suchthat E;E; = 0ifi # j, and G = E\+Ey+- - -+E,,.

COROLLARY 2.5.  For A4 a closed subalgebra of K(X), if m: A — L(Y) is a strictly
irreducible representation on a linear space Y, then there exists G € M (A) such that

mG) £ 0.

PROOF. Note that if 7 is quasinilpotent, then so is m(7T). Since the image of A4 is
semisimple, it follows that 7(T) = 0. Choose T € A4 such that 7(T) # 0, and note that
the spectral radius p(vr(T)) = p # 0. From the spectral theory for compact operators
there exists a spectral idempotent P € A4 such that

1 . I .
P:EEAQ—D”& with ﬂﬂzEE/Q—ﬂﬂ)UA#Q

The result now follows from the above. ]

LEMMA 2.6. Let 4 be a Banach algebra in which M () is not empty. Then
i) If Lis a left ideal of A such that £* C rad(A), then L C rad(A).
i) If L is a left ideal of 4, and E € M(AQ), such that AE Nrad(4) C L C 4E,
then either L = AF Nrad(A), or L = AE.
iii) For E € M(A), the left regular representation of A on AE | AE M rad(A) is
strictly irreducible.

PROOF. i) Using Theorem 2.3.2 i) of [Ric], if £ C rad(A4), then £? is contained in
every primitive ideal. Now using Theorem 2.2.9iv) of [Ric], this implies that L C P for
every primitive ideal P.

ii) Suppose that L # AFE N rad(A). Then from i) it follows that £*> ¢ rad(A4).
So we can choose TE and SE in L such that TESE ¢ rad(A4), hence ESE ¢ rad(A).
Furthermore, ESE = AE + R, for some complex number A # 0 and some R € rad(A4).
But ESE = AE + RE from which it follows that E = A\~'(ESE — RE). Butthen £ € L,
and hence L = AE.

iii) With the action of 4 on AE / AE Mrad(4) given by

S(T+ AENrad(A)) = ST + AE Nrad(A),

strict irreducibility is an immediate consequence of ii) above. L]
Recall that if p: 4 — L(X) and m: 4 — L(Y) are algebra homomorphisms of 4 into
the set of linear maps of X and Y respectively, then we say that p and = are equivalent
representations, denoted p = m, if there exists a linear bijection W: X — Y such that,
Wo(T) = n(T)W forall T € 4.
Given E € M(A), let X; = AE/ AE Nrad(A4). Denote by 7 the left regular repre-
sentation of 4 on Xg.

THEOREM 2.7.  Let 7 be a strictly irreducible representation of 4 on a linear space
Y. If (E) # 0 for some E € M(A), then T = .

PROOF. Note first that the operator m(£) is a non-zero projection. Choose a non-
zero yo € Y such that n(E)yo = yp. From the strict irreducibility of , it follows that
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Y ={m(T)yo : T € A}. Define the linear map V: AE — Y by
V(TE) = w(TE)yo = m(T)yo.

Then V(AE) = Y. Let L = {S € 4E : V(S) = 0}, so that L is a left ideal in 4. Notice
that if R € rad(A4), then m(R) = 0, as 7 is a strictly irreducible representation. Therefore
AENrad(A) C L C AE. As L is properly contained in AE, it follows from Lemma 2.6
ii) above that L = A4E Nrad(A).

Define W: Xy — Y by

W(TE + AE Nrad(A)) = V(TE).

With this definition it now follows easily that W is bijective, and that, for all T € A4,
Wrg(T) = n(T)W. =
We now apply these results in

THEOREM 2.8.  Let 4 be a closed subalgebra of K(X) and N a complete maximal
A-invariant chain which is elementary. If m: A — L(Y) is a strictly irreducible repre-

sentation of A on a linear space Y, then 7 is equivalent to a representation on M| M_
for some M € N*.

PROOF. By Corollary 2.5, there exists G € M(A) such that 7(G) # 0. By
Lemma 1.2, there exists a corresponding M = Mg € N *, such that 0 < dim(M/M_),
and this dimension is finite, as A is elementary. Therefore if p is the left regular repre-
sentation of 4 on M/M_, p is strictly irreducible, and by the construction of M = Mg
in Lemma 1.2, the image of G under p is not 0. Hence by Theorem 2.7 it follows that
=76 = p. n

If A is an elementary chain then every strictly irreducible representation m of 4 is
(equivalent to) a representation on a finite dimensional vector space.

COROLLARY 2.9.  Let A and N be as above. For M € N * let my be the left regular
representation of A on M/M_. Then for all T € A4,

{0} Uspa(T) = U{spr, ) (mn(D)) : M € A} U {0}

As a particular case we have the following

COROLLARY 2.10 (RINGROSE, 1962). Let T € K(X) and let N be a complete sim-
ple T-invariant chain. Then the eigenvalues of T, with the possible exception of 0, are
precisely the diagonal coefficients {au(T) : M € N}.

COROLLARY 2.11. Let 4 and N be as in Theorem 2.8. Then the Jacobson radical
and the Brown-McCoy radical coincide.
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3. Elementary chains and polynomial identity algebras. At this point we would
like to explore the relationship between the type of subalgebras A4 of the compact opera-
tors acting on a Banach space that we have been considering, and the theory of Polyno-
mial Identity Algebras. In particular, we would like to generalize a result due to Murphy,
([Mur], Theorem 1), which states that a closed subalgebra A4 of the compact operators
K (X) has a complete maximal chain which is simple if and only if the algebra 4/ rad(A2)
is commutative.

DEFINITION 3.1.  We say that an n-tuple (7}, 75, ..., T,) satisfies a non-commuting
polynomial P whenever it satisfies P(Ty, 73, . .., T,) = 0. Similarly, the algebra 4 itself'is
said to satisfy the polynomial identity P if any ordered n-tuple (7', 75, . . ., T,,) of elements
from 4 satisfies P. The algebra A4 is said to satisfy a polynomial identity of degree m if
it satisfies some non-commuting polynomial of degree m. Finally, an algebra 4 is said to
be a Pl-algebra if A4 satisfies a multilinear polynomial identity all of whose coefficients
are +1.

Throughout this section, S,, will denote the symmetric group on n clements, that is,
the group of permutations of the set {1,2,...,n}. Foreachelement T € S, sgn(r) = +1,
according as 7 is an even or odd permutation.

The standard polynomial in » non-commuting variables is defined by

Pu(x1,X2,. .., X,) = ZS S(T)X7(1)X7(2) = * Xr(n)s
TES,
and will also be denoted [xi, x2, ..., x,], generalizing the Lie bracket notation.

Notice that [x},x2, . ..,x,] is an n-linear, alternating polynomial of degree n, so that an
algebra 4 satisfies [x},x7,...,x,] if and only if every set of n distinct elements chosen
from a basis for A is a root of the polynomial. Furthermore, if A4 satisfies P,, then 4
satisfies P,.4, for all natural numbers k.

We will need several results from the theory of Pl-algebras, which we will state with-
out proof. The first result is due to Shimon Amitsur and Jacob Levitzki (1950), and can
be found in Theorems 1.4.1 and 1.4.5 of [Row].

THEOREM 3.2 (AMITSUR-LEVITZKI, 1950).  The algebra M, (C) satisfies the standard
polynomial P, of degree 2n and does not satisfy any polynomial identity of degree less
than 2n.

A fundamental result in the theory is due to Irving Kaplansky and is stated as Theo-
rem X.5.1 of [Jac].

THEOREM 3.3 (KAPLANSKY, 1948).  Let A4 be a primitive algebra over a field k which
satisfies a polynomial identity of degree n. Then the center of A is a field and A has
dimension over its center less than or equal to (g)z.

In the development we will need the following immediate corollary to this theorem,
which follows from the Gelfand-Mazur theorem.
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COROLLARY 3.4.  If A is a primitive Banach algebra satisfying a polynomial identity
of degree n, then A is finite dimensional.

As the algebras that we are most concerned with are non-unital subalgebras of the
compact operators on an infinite dimensional Banach space, we make a slight alteration
of a definition found in Section 22 of [Krup].

DEFINITION 3.5.  An algebra A4 over the complex field will be said to possess a suf-
ficient family of n-dimensional representations if there exists a collection of non-zero
algebra homomorphisms @ = {¢4 }aca,

Pa: A — M(C), k=k(ax)<n,

such that S € QJ(A) if and only if det[] — p,(S)] # 0 for all « € A.
Notice that 7 € Inv(A4,) if and only if det[¢4(T)] # O for all « € A whenever
® = {pq}aca is a sufficient family of n-dimensional representations on 4.

LEMMA 3.6.  If A is a Banach algebra which has a sufficient family of n-dimensional
representations, then A/ rad(A) satisfies the standard polynomial of degree 2n.

PROOF. First, if ¢ is an algebra homomorphism on a non-unital algebra A4 into
the matrix algebra M;(C), then we extend ¢ to the unitization of 4, 4,, by defining
p(A1+T) = A+ o(T), where [ is the identity in M;(C).

Now let ® = {p, }aea be a sufficient family of n-dimensional representations on 4.
Forall T € N{ker(pq) : a € A}, if A # 0, then det[\ — po(T)] # 0, for all « € A, so
that N{ker(yy) : @ € A} C rad(A). While by Amitsur-Levitzki, for all ¢, € ®, and for
all ordered 2n-tuples, (71, T3, . .., Try) chosen from A, [T, Ta, ..., Tay] € N{ker(ve) :
a € A} Crad(AQ). [

THEOREM 3.7.  Let 4 be a closed subalgebra of K(X), with N a complete maximal

A-invariant chain. Then N is a bounded elementary chain with bound n if and only if
A/ rad(AQ) satisfies [x1,%2, ..., X2]-

Before we begin the proof of the theorem, we return to material developed above.
For 4 as in the theorem and A a complete maximal A-invariant chain we define the
subcollection A* = {M € N : dim(M/M_) > 0}. Recall that the associated maps
and Iy, defined in Lemma 1.4 and Theorem 1.5 are irreducible representations of 4.

LEMMA 3.8. Let my be the representation defined above and K = ker(my). Then
A/ K is a i) prime, ii) semi-simple, iii) modular annihilator algebra.

PROOF. Fori), suppose that [,J<4/ K suchthatIJ =0 € A/ K.LetI = {T € 4 :
T+ K € I}, the pullback of / under the canonical homomorphism 4 — 4/ X, and
similarly forJ. Then 1,J <4, and mp (1) = {0}. Butif my(J)(M/M_) # {0}, then since
my is an irreducible representation and J is an ideal in A4, it follows that the norm closure
Tu(DMM-) = M/M._. Hence since my(I)M /M) = my(Dym (MM ) = {0},
we must have my(I) = {0}, i.e., I C ker(my) = K. Consequently / = {0}.
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For ii), note that 4/ X is semiprime. Furthermore, A/ X is not a radical algebra.
To see this, we may assume dim(M/M_) > 1. If 4/ XK is a radical algebra, using
Corollary 3.5 of [LNRR], it follows that there exists a simple chain of closed A4/ K-
invariant subspaces of M /M __, contradicting the maximality of A(. Consequently, by
Proposition 32.5 of [BD], the socle exists and is non-zero. So from i) above it follows
that rad(A4/ K) = {0}.

For iii), we use Theorem 4.2 of [Bar2] to see that 4/ X is a modular annihilator
algebra. ]

As established in Definition 3.1 of [Barl], given E € M (A4), AE is a minimal left
ideal and A(1 — E) is a maximal modular left ideal of 4. Consequently PX = {T € 4 :
TA C A(l — E)} is a primitive ideal. Furthermore Barnes proves in Proposition 3.1 that
P = lan(4E) = ran(EA).

LEMMA 3.9.  For A and X as above, A/ K is a primitive algebra.

PROOF.  We temporarily denote 4/ K by 4. Then from above 4 is a modular an-
nihilator algebra, which is prime. Furthermore, as in Section 3 of [Barl], since soc(4)
exists and is non-zero, there exists £ € M (). Then from above, PE(AE) = {0} implies
that PE(AEA) = {0}, hence P¥ = {0}. "

PROOF OF THEOREM 3.7.  Suppose that Al is a bounded elementary chain with bound
n. For each M € A*, let my, denote the associated representation as above. It is clear
that ® = {my : M € N *} is a sufficient family of representations. Consequently by
Lemma 3.6, it follows that 4/ rad(A) satisfies [x),x2,...,X2,].

Conversely, suppose that 4/ rad(4) satisfies [x,x2, ..., X2,], so that for all {7;}{" C
A, [T\, Ts,...,T2) € rad(A). To see that A is an elementary chain, assume that there
isan M € A such that dim(M /M _) = oo. Using Corollary 1.5.28 of [Row], we see that

rad(A)/ rad(X) = rad(A)/[rad(A) N K] = [rad(A) + K]/ K C rad(4/ K).
Since rad(A4/ X)) = {0} by Lemma 3.8, rad(A) = rad(X) from which it follows that
M+ KL+ K,....T+ K] =[11,T2,...,T]+ K €rad(A) + K C X,

that is, 4/ ker(my), satisfies [x1,x2,...,x2,].

By the corollary to Kaplansky’s theorem it follows that 4/ ker(my) is finite dimen-
sional, contradicting the assumption that dim(M/M_) = oo. We conclude that A’ is an
elementary chain.

Finally, that A\ is a bounded elementary chain with bound n, follows from Amitsur-
Levitzki. n

Recall that an algebra A of operators on a Banach space X is simultaneously trian-

gularizable if there exists a maximal chain of closed subspaces of X invariant under all
elements of 4.
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COROLLARY 3.10 (MURPHY). Let A be a closed subalgebra of the compact opera-
tors acting on a Banach space X. Then A is simultaneously triangularizable if and only
if A/ rad(A) is commutative.

PROOF. Lemma 4.3.3 of [Rin]. [

REFERENCES

[Bar1] B. A. Barnes, Modular annihilator algebras, Canad. J. Math. 18(1966), 566-578.

[Bar2] , On the existence of minimal ideals in a Banach algebra, Trans. Amer. Math. Soc. 133(1968),
S11-517.

[BD] F. F. Bonsall and J. Duncan, Complete normed algebras, Springer-Verlag, Berlin, 1974.

[CD] L. W. Cohen and N. Dunford, Transformations on sequence spaces, Duke Math. J. 3(1937), 689-701.

[GR] S. Giotopoulos and M. Roumeliotis, Algebraic ideals of semiprime Banach algebras, Glasgow Math. J.
33(1991), 359-363.

[Jac] N. Jacobson, Structure of rings, Amer. Math. Soc. Collog. Publ. 37, Providence, Rhode Island, 1956.

[KR] A. Katavolos and H. Radjavi, Simultaneous triangularization of operators on a Banach space, J. London
Math. Soc. (2) 41(1990), 547-554.

[Krup] N. Ya. Krupnik, Banach algebras with symbol and singular integral operators, Birkhauser Verlag,
Basel, 1987.

[LNRR] C. Laurie, E. Nordgren, H. Radjavi and P. Rosenthal, On triangularization of algebras of operators,
J. Reine Angew. Math. 327(1981), 143—155.

[Mur] G. J. Murphy, Triangularizable algebras of compact operators, Proc. Amer. Math. Soc. (3) 84(1982),
354-356.

[Ric] C. E. Rickart, General theory of Banach algebras, D. Van Nostrand Company, Inc., Princeton, New Jer-
sey, 1960.

[Rin] J. D. Ringrose, Compact non-selfadjoint operators, D. Van Nostrand Company, Inc., London, 1971.

[Row] L. H. Rowen, Polynomial identities in ring theory, Academic Press, Inc., New York, New York, 1980.

Department of Mathematics
University of Oregon

Eugene, Oregon 97403-1222
US.A.

e-mail: clauss@euclid.uoregon.edu

Mathematics and Computer Science Department
Augustana College

Rock Island, lllinois 61201

US.A

e-mail: maclauss@augustana.edu

https://doi.org/10.4153/CJM-1995-015-9 Published online by Cambridge University Press


mailto:maclauss@augustana.edu
https://doi.org/10.4153/CJM-1995-015-9

