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Abstract. Dynamics of the rotational motion of the Earth and Moon is investi-
gated numerically. Very convenient Rodrigues-Hamilton parameters are used for
high-precision numerical integration of the rotational motion equations in the post-
newtonian approximation over a 400 yr time interval. The results of the numerical
solution of the problem are compared with the contemporary analytical theories
of the Earth’s and Moon’s rotation. The analytical theory of the Earth’s rotation
is composed of the precession theory (Lieske et al., 1977), nutation theory (Sou-
chay and Kinoshita, 1996) and geodesic nutation solution (Fukushima, 1991). The
analytical theory of the Moon’s rotation consists of the so-called Cassini relations
and the analytical solutions of the lunar physical libration problem (Moons, 1982),
(Moons, 1984), (Pesek, 1982). The comparisons reveal residuals both of periodic
and systematic character. All the secular and periodic terms representing the be-
havior of the residuals are interpreted as corrections to the mentioned analytical
theories. In particular, the secular rate of the luni-solar inclination of the ecliptic
to the equator J2000.0 (—0%027, with a mean square error 07000005) is very close
to its theoretical value (Williams, 1994).

1. Statement of the Problem

The Earth and Moon, on a whole, in their physical properties are close to
a rigid body and therefore the most essential features of their rotational
motions can be reproduced well enough by the rotation of a rigid body. The
rotational motions of the Earth and Moon are the results of the gravitatio-
nal interaction of their bodies with the perturbing bodies (the Sun, Moon,
and planets) in the post-newtonian approximation. The orbital motions of
the disturbing bodies are defined by the DE200/LE200 ephemeris. The re-
ference frame of the problems is based on the fixed ecliptic J2000.0. The
problem of the Earth rotation is solved separately from the lunar rotation
problem.
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2. Mathematical Model of the Problem

The rotation of a celestial body about its center of mass is described
as the rotation of its principal axes of inertia with respect to the non-
rotating body-centric coordinate system. As the variables of the problem,
four Rodrigues-Hamilton parameters are taken. They are defined by the
Euler angles ¢, 6, ¢:
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The Rodrigues-Hamilton parameters are bounded variables which is very
important for the numerical solution of the problem. These variables de-
termine the orientation of the principal axes of inertia with respect to the
fixed ecliptic and the fixed vernal equinox at the epoch J2000.0. The diffe-
rential equations of the problem are deduced from the Lagrange differential
equations of the second kind:

Here and subsequently, a dot over the letters means a differentiation with
respect to the barycentric dynamical time. The Lagrange function has the
form, L = T+ U + AL, where the kinetic energy of the rotational motion is
T = $(Aw? + Bw3 + Cw3). In the case of the Earth rotation the equatorial
moments of inertia A and B are equal. Projections of the angular velocity
vector upon the axes of the principal moments of inertia are expressed via
the Rodrigues-Hamilton parameters and their derivatives as follows:

wi = 2(=Ado+ doi + Azhy — /\25‘3)
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The force function of the gravitational interaction of the Earth with the
disturbing bodies is expressed as:
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where rjg = (/zlg +ylg + 27y and zj¢,Yje,2j0 are the geocentric equa-
torial coordinates of the disturbing body. Then the transformation matrix
has a form:

Ag + A% — /\% - A% 2(AOA3 + AlAz) 2(A1A3 — /\oAz)
2(/\1)\2 - A()Aa) Ag - A% + /\% - Ag 2(AOA1 + )\2A3)
2(/\0/\2 + )\1/\3) 2(A2A3 - /\0'\1) )‘% - ’\% - )‘g + ’\g

The expression for the force function of the gravitational attraction of the
Moon by the disturbing bodies contains all the harmonics up to the 4R
order as well as the mixed harmonics, describing gravitational interaction
of the lunar and terrestrial bodies.

The additional part of the Lagrange function generating geodetic per-
turbations in the Earth’s rotation is represented by the following expression:
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i#® Ti®
3 . . . .
-53—{(0 - Blwi(zje¥ie + Yiozie) + (A — Clwa(zjeije + zjetie)+
o

+(B — A)ws(yjetje + Tiolio)+

+25=(C - Byrzjotio + (4 - Ouszjotio + (B - Auszjotiall)
i
Here, the angular momentum vector is H = Awi; + Awi; + Cwiz, while T;
is the vector of the barycentric velocity of the disturbing body determined
in the equatorial coordinate system.

Now, the differential equations of the rotation in the Rodrigues-Hamil-
ton parameters have form,

. 1.1
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where w? =w? +w? +w?2 or w? =403+ A2+ A3+ A3).
The first derivatives of the angular velocity components are expressed
by means of the Euler dynamical equations,
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The independent variable of system (1) is the barycentric dynamical time
(TDB). For the problem of the Earth rotation the numerical values of the
constants entering system (1) are taken from the system of the astronomical
constants of the ephemeris DE200/LE200. For the lunar rotation problem
the LURE2 system of astronomical constants is used.

3. Initial Conditions of the Problem

The initial conditions of the numerical solution of system (1) are taken from
the semi-analytical theories of the problems. The semi-analytical theory of
the Earth rotation is composed of:

a) semi-analytical precession theory (Lieske et al., 1977),

b) mean sidereal time expression,

¢) semi-analytical nutation theory SKRE96 (Souchay, Kinoshita, 1996),

d) geodesic nutation solutions (Fukushima, 1991).
The semi-analytical theory of the nutation of the Earth figure equator
SKRE96 contains harmonics with amplitudes not less than 0.0001 mas.
When compiling the semi-analytical theory of the Earth rotation the har-
monics with periods less than 400 yr are retained in SKRE96. The semi-
analytical theory of the lunar rotation consists of:

a) so-called Cassini relations,

b) semi-analytical theory of the lunar physical libration (Moons, 1982),

(Moons, 1984), (Pesek, 1982).

The amplitudes of the harmonics in the semi-analytical theory of the phy-
sical libration of the Moon do not exceed 07001. The power polynomials
for the mean longitudes of the Moon and the ascending node of the lunar
orbit entering the Cassini relations are taken from (Simon et al., 1993).

4. Method of Numerical Integration

For the solution of system (1) the high-precision numerical integration me-
thod (Belikov, 1990) with a number of modifications (Eroshkin et al., 1993)
was applied. For the problem of the Earth rotation the numerical integra-
tion was performed with a constant step size of one day and a 16*h degree
Chebyshev polynomial approximating the right-hand sides of the differen-
tial equations. In the case of the lunar rotation the size of the step equals
24 days when choosing a 24" degree of the approximating polynomials.
The integration of the problems is carried out over the time interval 1750
— 2169 from the initial epoch JD 2440400.5. The initial conditions of the
numerical integration are taken from the semi-analytical theories reduced
to the fixed ecliptic J2000.0.
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5. Results

A comparison of the results of the numerical integration in Euler angles
with the semi-analytical theories revealed discrepancies, both of systema-
tic and periodic character. In the case of the Earth rotation problem the
discrepancies were analyzed by means of the least squares method. The
systematic trends in the luni-solar precession and inclination were appro-
ximated by third order power polynomials in time. A number of periodic
harmonics were also evaluated. Then these corrections were added to the
semi-analytical theory and the process of the numerical integration was
repeated anew. After several iterations the following corrections to the ex-
pressions of the luni-solar precession and inclination of the precessional
theory (Lieske et al., 1977) were found,

dl/) = -0".0051 +4/1.10-6 — 0".0144 i2”~10'°T +
+ 0".0004 4g01.10-6T2% 4 0”.0001 450.19-7T>
dv = -— 0“0089 +91.10-6 - 0”0271 :tl“-lO‘GT'i"

+ 0".00004411.19-7T2 + 0".000024711.10-7T2,
and a number of correcting harmonics to the KSRE96 nutation theory,

Ay = 07.000238 cos(2) + 0'.000073 cos(—3Lv + 5Lg + 2pa)+
— 0".001126sin(Q) + 0.000322sin(F — D+ Q — 8Ly + 12Lg)+
+ 07.000041 cos(2Ly + 2p4) — 0.000096 sin(2F — 2D + 2Q)

Ae = 0".000594 cos(€2) + 07.000040 cos(2F — 2D + 2Q)

where 1 is the mean node longitude of the lunar orbit, [ps is the mean
anomaly of the Moon, F is the mean argument of the Moon’s latitude, Is is
the mean anomaly of the Sun, D is the difference of the mean longitudes of
the Moon and the Sun, Ly, Lg, Ly are the mean longitudes of the Venus,
Earth, Jupiter, respectively and p4 is the general precession in longitude.
The secular trend was discovered when comparing the values of the pro-
per rotation angle and the apparent sidereal time. There is no explanation
of its appearance. Left part of the Figure 1 depicts the results of compa-
ring the “corrected” semi-analytical theory with results of the numerical
integration. The results of the comparison of the semi-analytical theory of
the lunar rotation with the numerical integration are presented on the right
side of the Figure 1. The residuals do not reveal secular trends. The most
essential harmonics of the residuals in the inclination (¢) and the node (o)
are periodic harmonics with the period of the lunar node revolution and a
time dependent amplitude. Probably the presence of these harmonics in the
residuals can be explained by the absence of terms of such kind in the semi-
analytical theory of the lunar rotation. The behavior of the residuals in the
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Figure 1. Comparison of the numerical solution of the Earth’s (left figure) and Moon’s
(right figure) rotation problem with the semi-analytic one at the fixed ecliptic J2000.0.

longitude (7) is more complicated. It can be described by the superposi-
tion of the harmonics representing both the forced physical libration and
the fictive free physical libration. In the present case the initial conditions
are defined by the not precise enough semi-analytical theory. It seems that
for a better agreement between the numerical solutions and semi-analytical
theories it is necessary to improve the precessional quantities determining
the motion of the ecliptic of date.

Acknowledgements. The research was carried out in the Institute of Theo-
retical Astronomy, under a financial support of the Russian Foundation for
Basic Research, grant No 95-02-04304-a.

References

Belikov, M.V.: 1993, “Methods of numerical integration with uniform and mean square
approximation for solving problems of ephemeris astronomy and satellite geodesy”,
Manuscr. Geod. 15, 182-200.

Eroshkin, G.I., Taibatorov, K.A., and Trubitsina, A.A.: 1993, “Constructing the specia-
lized numerical ephemerides of the Moon and the Sun for solving the problems of the
Earth’s artificial satellite dynamics”, JTA R.A.S., Preprint No 31 (in Russian).

Fukushima, T.: 1991, “Geodesic nutation”, Astron. Astrophys. 244, 1, L11-L12.

Lieske, J.H., Lederle, T., Fricke, W., and Morando, B.: 1977, “Expression for the pre-
cession quantities based upon the IAU (1976) system of astronomical constants”,
Astron. Astrophys. 58, 1/2, 1-16.

Moons, M.: 1982, “Physical libration of the Moon”, Celest. Mech. 26, 131-142.

Moons, M.: 1984, “Planetary perturbations on the libration of the Moon”, Celest.
Mech. 34, 263-273.

Pesek, 1.: 1982, “An effect of the Earth’s flattening on the rotation of the Moon”,
Bull. Astron. Inst. Czechosl. 33, 176-179.

Simon, J.L., Bretagnon, P., Chapront, J., Chapront-Touze, M., Francou, G., and Laskar,
J.: 1993, “Numerical expressions for precession formulae and mean elements for the
Moon and the planets”, Bureau des Longitudes, Preprint No 9302.

Souchay, J. and Kinoshita, H.: 1996, “SKRE96: The theory of the nutation of the rigid
Earth”, private communication.

Williams, J.G.: 1994, “Contributions to the Earth’s obliquity rate, precession, and nuta-
tion”, Astron. J. 108, 711-724.

https://doi.org/10.1017/50252921100046674 Published online by Cambridge University Press


https://doi.org/10.1017/S0252921100046674



