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Small [11] gave the first example of a right hereditary PI ring which is not left
hereditary. Robson and Small [9] proved that a prime PI right hereditary ring is a classical
order over a Dedekind domain, and hence is Noetherian (and therefore left hereditary).
The authors have shown [4] that a right hereditary semiprime PI ring which is finitely
generated over its center is left hereditary. In this paper we consider right hereditary PI
rings T which are affine (i.e. finitely generated as an algebra over a central subfield k).

[ k\x] k\x, y\~\
is an affine

hereditary PI ring which is not right or left Noetherian.
The right and left global dimensions of an affine PI ring need not be identical. In [5]

an example is given of an affine PI ring T with rgldim F = 2 and lgldim T = 3 (r is not
semiprime). This example is then used to produce an affine prime PI ring with differing
global dimensions.

The authors are grateful to Professor Lance W. Small for several useful conversations
about this material, and to the referee for some helpful suggestions.

If T is an affine PI right hereditary ring, then Y has no infinite sets of orthogonal
idempotents [8, Theorem 2.5, p. 108] and hence T is a piecewise domain having the
following triangular structure [3]:
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r =

with Pt prime rings and M/; /Vi/-bimodules. Furthermore, by [12], T is left semihereditary.
These results will be used throughout.

Palmer and Roos calculated the global dimension of a triangular matrix ring [7]. The
following characterization of Goodearl [2] follows from their results.

LEMMA 1. The ring T= \ is left hereditary if and only if

(a) the rings R and S are left hereditary,
(b) the module Ms is flat,
(c) for every left ideal I of S, the R-module Ml Ml is R-projective.
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Page [6] proved the following corresponding result characterizing when a triangular
matrix ring is semihereditary; it follows from results of Goodearl [2].

LEMMA 2. The ring F = \ is left semihereditary if and only if
L \) o J

(a) the rings R and S are left semihereditary,
(b) the module Ms is flat,
(c) for every finitely generated left ideal I of S, every finitely generated R-module of

Ml MI is R-projective.

The following lemma is used in several later arguments.

LEMMA 3. Let F = n fce an affine PI ring with gldim 5 = 0 and R right and left
L U J J

hereditary. Then T is left hereditary if and only if F is right hereditary.

Proof. By the weak Nullstellensatz, 5 is finite dimensional as a vector space over k,
S = Tlyjk. Hence M = E /fcc.S = S Rxjjk = £ /&y;-; so M is a finitely generated left
R -module.

If F is left hereditary then M is /?-flat because M is fl-projective. Since every
5-module is 5-projective, F is right hereditary by Lemma 1.

If F is right hereditary then, since F is left semihereditary, the fact that M is finitely
generated as an i?-module implies that M is 7?-projective by Lemma 2. Since M is
5-projective, to show that F is left hereditary it suffices to show that M/MK is left
i?-projective for all left ideals K of 5. Since K is generated by an idempotent K = Se,
MK = Me and Ml Me — M{\ -e) is a direct summand of M, and hence is left
i?-projective.

The main theorem will be proved first in the case r = with R, S prime rings.
L U j J

Then we will handle the general case involving larger triangular matrix rings.

PROPOSITION 4. Let F =\ \ be an affine PI ring with R and S affine, hereditary

Noetherian prime PI rings and M a finitely generated R-S-bimodule. Then T is right
hereditary if and only ifTis left hereditary.

Proof. Assume that F is right hereditary. By Lemma 1, to show that F is left
hereditary it suffices to show that Ml ML is a projective /?-module for any left ideal L of
5. By Lemma 3, we are done if 5 is simple Artinian. By Robson-Small [9], 5 is a classical
order over its center which is a Dedekind domain; so an argument using the Noether
Normalization Lemma shows that there is no loss of generality in assuming that 5 is a
finitely generated free extension of k[y], where y is a central transcendental element.

We show first that M is /?-projective by considering M as a left module over
R ®k k[y] = R[y], a prime Noetherian PI ring. Let T be the fl[_y]-torsion submodule of M
and let / be the annihilator of T in R[y]. If 7=^0 then / contains a nonzero central
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element f(y); we may suppose that f(0)=£0, and we have f(0)T cTy. Since M is a
finitely generated i?[y]-module, Ml My is a finitely generated R -module, and M/My is
R-projective by Lemma 2. We may embed T/Ty in M/My, which is i?-torsionfree. Since
/(0) is a nonzero central element of R, /(0) is regular in R and hence T = Ty, and so
7 = 0 since M is S-projective. Hence M embeds in a free /?[_y]-module; since R is
hereditary, A/ is R-projective.

It remains to show that Ml ML is R -projective for a nonzero left ideal L of 5.
Suppose first that L is an essential left ideal of 5. Then L contains a nonzero g(y) e k[y].
Since M is a finitely generated /?[_y]-module, M/Mg(y) is finitely generated as an
/^-module and hence M/ML is finitely generated as an i?-module. Since F is left
semihereditary, M/ML is fl-projective by Lemma 2. For any left ideal L of 5, L © K is
an essential left ideal in 5 for some left ideal K of 5. We know that M/M(L © K) is
fl-projective; so that M{L © K) is a direct summand of A/. Because A/ is 5-projective we
have ML n A/tf = A/(L D K) = 0, and therefore ML © MK - M(L © K). Hence AfL is a
direct summand of A/(L © K), and thus also of M. Therefore M/ML is isomorphic to a
direct summand of M and so is R-projective.

Note that when F is a ring as in Proposition 4, M must be torsionfree as an
i?[y]-module. However, the following example shows that M is i?[y]-torsionfree is not
sufficient to imply that F is hereditary.

EXAMPLE 5. Let R = k[x], S = k[y], and M=(x, y). If F were left hereditary,
M/My would be R-torsionfree, which it is not; similarly F is not right hereditary. It is not
difficult to show that if M is any non-principal ideal of k[x, y], F is not left hereditary. We

know of no ring F = which is left hereditary where M is not k[x, y]-free.

The following proposition is used in inducting on the size of the triangular matrix
rings of the general case.

PROPOSITION 6. Let F =

Pi M12

o r, be an affine PI ring with Px and P3 prime

o o P3 _
Noetherian rings and with A = I 1 12 and A' = 2 23 right and left hereditary

rings. Then F is right hereditary if and only if it is left hereditary.

as
23J

Proof. We will need to think of F as F = with M = 13 and

L 0 P$ J LA/23J

F = I 1 with M' = [A/12 A/13]. We will assume that F is right hereditary and show

that F is left hereditary.
To show that M is left A-projective we will show first that Ml3/Ml2M23 is a projective

left /Vmodule. Consider the ring A* = ' 13 n 23 which is affine. We will show
L U r-i J
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that A* is right hereditary, and hence by Proposition 4 left hereditary, to prove that
M* = A/13/M12A/23 is left P1 -projective. For any right ideal / of Pt (including / = 0), we
must show that M*/IM* is right P3-projective. Since / is a right ideal of Pu J =

1 Mn] is a right ideal of A. Since T is right hereditary, M/JM = \M^IM" + * « "
O 0 J L M23

is right P3-projective; furthermore Mi3/(IMl3 + Af12M23) is a direct summand of M/MJ
as a right P3-module and hence is P3-projective. But

M*/IM* = (M13/M12M23)/(/(M13/M12M23)) = M13/(/M13 + M12M23)

and hence is right P3-projective. To show that M* is flat as a Prmodule we will show that it is

torsionfree as a P,-module. If p is a regular element of Px withpm e M12M23 for some m e Ml3
2 which is a finitely generated left

ideal of the left semihereditary ring A'; hence finitely generatedsubmodulesofM'/Af'^are
projective as left P,-modules. Now

M'/M'K = [Ml2, M13/(E M126,)],

and so

[0, (P.m + E M12fe,)/(E Ml2b,)]

is left Pi-projective and hence Pj-torsionfree; thus pm e S M12bt implies that m e E Ml2bj <=
Ml2M23, and hence M* is a flat left P]-module.

Having shown Ml3/Ml2M23 is a projective left Pj-module, we proceed to show that

M = 13 is left A-projective. We have that Mn = Af12M23 © C for a left P,-module C.
LM23J

Hence M = 12 23 © , and it remains to show that 12 23 is a projective left
L M 2 3 J L O J L M 2 3 J

A-module. Since A' is left hereditary, F2 is a left hereditary ring and M23 is projective as a
left F2-module. Hence M23 is isomorphic to a direct sum, M23~ @la, with each Ia a
finitely generated ideal of F2 [1]. Then for each a, a is a left ideal of A and

hence is left A-projective, since A is left hereditary. Consider the A-map

"0 M12/a"U rM12M23-|

4 J L M23 J
induced by the isomorphism Af23 = ©/o.. Since a is clearly surjective, to show that

is A-projective, it suffices to show
L M23 J
show a restricted to a finite sum is injective:

is A-projective, it suffices to show that o is one-to-one; in fact, it is enough to
M23 J

https://doi.org/10.1017/S0017089500007096 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089500007096


HEREDITARY AFFINE PI RINGS 119

We have that

"ffHl >•
and o(A) is a finitely generated A-submodule of M; since F is left semihereditary, o(A) is
a projective left A-module. Hence A — ker(a \A)(BD, where D — a(A). Thus

A = 12 \A + D which implies that A = D, since 12 is a nilpotent ideal of A,

and hence ker(u | A) = 0. This completes the proof that M is A-projective.
The proof that Ml ML is left A-projective for any left ideal L of P3 is the same as the

proof in the previous proposition. We thus have shown that F is left hereditary.

We can now prove our main result.

THEOREM 7. Let F be an affine PI ring. Then F is right hereditary if and only ifY is left
hereditary.

Proof. Assume that F is right hereditary. As noted earlier F is a PWD and hence

r ^

Each Pj is right hereditary [10], and hence also left hereditary [9]. The proof is by
induction on the number of prime rings on the diagonal. The proof then follows by
Proposition 6 since we can think of F as

M

0

0

.0

M x 2 • • •

Pi • •

0 • • •

0 •••

Mm
M2n

ML
p

Pi

0

0

L0

M
l2

M,,

0

0 />„ .

0

0
r2

o
2 3

the corresponding rings A, A' of Proposition 6 are right hereditary by [10], are clearly
affine, and hence are left hereditary by the induction hypothesis.
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