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Abstract. Let G be a connected semisimple real algebraic group. For a Zariski dense
Anosov subgroup I' < G with respect to a parabolic subgroup Py, we prove that any
I"-Patterson—Sullivan measure charges no mass on any proper subvariety of G/Py.
More generally, we prove that for a Zariski dense 6-transverse subgroup I' < G, any
(", ¥)-Patterson—Sullivan measure charges no mass on any proper subvariety of G/ Py,
provided the yr-Poincaré series of I' diverges at its abscissa of convergence. In particular,
our result also applies to relatively Anosov subgroups.
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1. Introduction

Let G be a connected semisimple real algebraic group and g = Lie G. Let A be a maximal
real split torus of G and set a = Lie A. Fix a positive Weyl chamber a™ < a and a maximal
compact subgroup K < G such that the Cartan decomposition G = K (exp a*)K holds.
We denote by 1(g) € a the Cartan projection of g € G, that is, the unique element of a*
such that g € K exp(u(g))K. Let IT be the set of all simple roots for (g, a*) and fix a
non-empty subset & C I1. Let Py be the standard parabolic subgroup of G corresponding
to 6 and set

Fo=G/Py.

LetI' < G be a Zariski dense discrete subgroup. Denote by Ag C Fp the limit set of I,
which is the unique I'-minimal subset of Fg [1]. Let ag = (),cp_g ker . For a linear
form yr € aé, a Borel probability measure v on Fy is called a (I", 1)-conformal measure if

dy.v

7
¥ &) =" P forally e T and & € Fp,
v

Check f
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Non-concentration property of Patterson—Sullivan measures 885

where y,v(B) = v(y ! B) for any Borel subset B C Fp and ﬁg denotes the ay-valued
Busemann map defined in equation (2.2). By a I'-Patterson—Sullivan measure on Fy, we
mean a (I", ¥r)-conformal measure supported on Ag for some ¢ € az.

Patterson—Sullivan measures play a fundamental role in the study of geometry and
dynamics for I"-actions. For G of rank one, they were constructed by Patterson and Sullivan
for any non-elementary discrete subgroup I' of G [17, 22], and hence the name. Their
construction was generalized by Quint for any Zariski dense subgroup of a semisimple
real algebraic group [19].

A finitely generated subgroup I' < G is called a 6-Anosov subgroup if there exist
C1,Cy > Osuchthatforally e ' and @ € 6,

a(u(y)) = Cily| — Ca,

where |y| denotes the word length of y with respect to a fixed finite generating set
of I'. A 6-Anosov subgroup is necessarily a word hyperbolic group [11, Theorem 1.5,
Corollary 1.6]. The notion of Anosov subgroups was first introduced by Labourie for
surface groups [15], and was extended to general word hyperbolic groups by Guichard
and Wienhard [8]. Several equivalent characterizations have been established, one of
which is the above definition (see [7, 9—11]). Anosov subgroups are regarded as natural
generalizations of convex cocompact subgroups of rank one groups, and include the images
of Hitchin representations and of maximal representations as well as higher rank Schottky
subgroups; see [12, 23].

A special case of our main theorem is the following non-concentration property of
Patterson—Sullivan measures for 6-Anosov subgroups.

THEOREM 1.1. Let T' <G be a Zariski dense 60-Anosov subgroup. For any
I'-Patterson—Sullivan measure v on Fy, we have

v(§) =0
for any proper subvariety S of Fg.

Remark 1.2. This was proved by Flaminio and Spatzier [6] for G = SO(n, 1), n > 2, and
by Edwards, Lee, and Oh [5] when 6 = IT and the opposition involution of G is trivial in
equation (2.1).

Indeed, we work with a more general class of discrete subgroups, called 6-transverse
subgroups. Denote by i the opposition involution of G (see equation (2.1)).

Definition 1.3. A discrete subgroup I' < G is called 8-transverse if:
e itis O-regular, thatis, lim infy, cr a(u(y)) = oo forall @ € 0; and
e itis O-antipodal, that is, any two distinct &, n € Aguicg) are in general position.

Since i(u(g)) = u(g™") for all g € G, it follows that I" is O-transverse if and only if I’
is i(0)-transverse. The class of O-transverse subgroups includes all discrete subgroups of
rank one Lie groups, -Anosov subgroups, and relatively 6-Anosov subgroups.

Let pg : a — ag be the projection which is invariant under all Weyl elements fixing ay
pointwise, and set ptp = py o j. A linear form ¢ € aj is said to be (I", 6)-proper if the
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composition ¢ o puy : I' = [—¢, 00) is a proper map for some ¢ > 0. The following is our
main theorem from which Theorem 1.1 is deduced by applying Selberg’s lemma [21].

THEOREM 1.4. Let I' < G be a Zariski dense virtually torsion-free 0-transverse sub-
group. Let € af be a (I', 0)-proper linear form such that Zyer e V) = 0o, For
any (', ¥)-Patterson—Sullivan measure v on Fg, we have

v(§) =0
for any proper subvariety S of Fg.

For a 8-Anosov T', the existence of a (I, ¥)-Patterson—Sullivan measure implies that i
is (I', 8)-proper and ZyeF e V) = o0 [16, 20]. Therefore, Theorem 1.1 is a special
case of Theorem 1.4.

The following is added to the proof. The growth indicator 1//1€ is a higher rank version
of the classical critical exponent of I" [13, 18]. For a Zariski dense 6-transverse subgroup
and a (I, #)-proper ¥ € aj, the existence of a (I", v)-conformal measure implies that
is bounded from below by 1//1(2 ([19, Theorem 8.1] for & = I, [13, Theorem 1.4] for a gen-
eral 0). When T is relatively 6-Anosov and ¥ is tangent to WIQ, the abscissa of convergence
of the series s — Zy e e SV o) g equal to 1, and a recent work [3, Theorem 1.1]
shows that Zy er e V() = oo, Therefore, Theorem 1.4 also applies in this setting.

2. Ergodic properties of Patterson—Sullivan measures

Let G be a connected semisimple real algebraic group. Let P < G be a minimal parabolic
subgroup with a fixed Langlands decomposition P = M AN, where A is a maximal real
split torus of G, M is a maximal compact subgroup commuting with A, and N is the
unipotent radical of P. We fix a positive Weyl chamber a™ C a = Lie A so that log N
consists of positive root subspaces. Recall that K < G denotes a maximal compact
subgroup such that the Cartan decomposition G = K (exp a™)K holds and denote by
u: G — a't the Cartan projection, that is, (g) € at is the unique element such that
g € K exp(u(g))K for g € G. Let wy € K be an element of the normalizer of A such that
Ady, at = —a™. The opposition involution i : a — a is defined by

i(u) = — Ady,(u) foru € a. @2.1)

Note that u(g~") = i(u(g)) forall g € G.

Let IT denote the set of all simple roots for (g, a*). Fix a non-empty subset & C IT. Let
P, and Pe+ be a pair of opposite standard parabolic subgroups of G corresponding to 6;
here, Py := P, is chosen to contain P. We set

Fy, =G/P; and F =G/P/.

We also write Fy = F, for simplicity. We set P = Py and JF = Fp1. Since P9+ is
conjugate to Pj), we have Fjg) = ]—'0"'. We say & € Fy and n € Fjp) are in general
position if (§, ) € G(P,, P0+ ) under the diagonal G-action on Fy x Fj). We write

FP =GPy, P,

which is the unique open G-orbit in Fy x Fj).
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Let ag = (,em_g ker @ and denote by aj the space of all linear forms on ag. We set
Do : a — ap as the unique projection invariant under the subgroup of the Weyl group fixing
ag pointwise. Set g := pp o W.

The a-valued Busemann map 8 : F x G x G — a is defined as follows: for £ € F and
g, hea,

Be(g, ) =0 (g7, &) —a(h™', &),

where o (g7!, £) € a is the unique element such that g~k € K exp(c(g~!, &))N for any
k € K with £ = kP. For &€ = kPy € Fy for k € K, we define the ag-valued Busemann
mapﬁe:]:ngxG—>a9as

B (g, h) = po(Bir (g, b)) € ag; 22)

this is well defined [19, §6].

In the rest of this section, let I' < G be a Zariski dense 0-transverse subgroup as in
Definition 1.3. For a (I, 8)-proper linear form € az, we denote by dy € (0, co] the
abscissa of convergence of the series Py (s) := Zyer =SV o)) this is well defined
[13, Lemma 4.2]. We set

D?« =={y € aj : (I, H)-proper, 8, = 1, and Py (1) = oo}.

Note that ¥ oi can be regarded as a linear form on ajp). Using the property that
i(u(g)) = u(g™") for all g € G, we deduce that Py = Py.i and hence ¢ € DIQ if and
only if  oi € DI,

The 6-limit set Ag of I is the unique I'-minimal subset of Fy [1]. We also write

AP = {(E ) e FP € € Ao, n € M) (2.3)

The following ergodic property of Patterson—Sullivan measures was obtained by Canary,
Zhang, and Zimmer [4] (see also [13, 14]).

THEOREM 2.1. [4, Proposition 9.1, Corollary 11.1] Suppose that 6 =i(0). Let I’ < G
be a Zariski dense O-transverse subgroup. For any € DY, there exists a unique
(T, ¥)-Patterson—Sullivan measure vy, on Ag and vy is non-atomic. Moreover, the

diagonal T"-action on (Aéz), (vy X V¢oi)|A<2)) is ergodic.
6

3. A property of convergence group actions

In this section, we prove a certain property of convergence group actions which we
will need in the proof of our main theorem in the next section. We refer to [2] for
basic properties of convergence group actions. Let I" be a countable group acting on a
compact metrizable space X (with #X > 3) by homeomorphisms. This action is called
a convergence group action if for any sequence of distinct elements y,, € I', there exist
a subsequence y,, and a,b € X such that as k — oo, y,, (x) converges to a for all
x € X — {b}, uniformly on compact subsets. In this case, we say I" acts on X as a
convergence group, which we suppose in the following. Any element y € I' of infinite
order fixes precisely one or two points of X, and y is called parabolic or loxodromic
accordingly. In that case, there exist ay, by, € X, fixed by y, such that y"|x_ip,} — ay
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uniformly on compact subsets as n — 00. We have y loxodromic if and only if a,, # b, in
which case a,, and b,, are called the attracting and repelling fixed points of y, respectively.
We will use the following lemma in the next section.

LEMMA 3.1. Let I" be a torsion-free countable group acting on a compact metric space
X as a convergence group. For any compact subset W of X with at least two points, the
subgroup T'w = {y € I' : yW = W} acts on X — W properly discontinuously, that is, for
any n € X — W, there exists an open neighborhood U of n such that yU NU # @ for
y € 'y implies y = e.

Proof. Suppose not. Then there exist n € X — W, a decreasing sequence of open neigh-
borhoods U, of nin X with (), U, = {n}, and a sequence e # y, € I" suchthaty, W = W
and y,U, N U, # @ for each n € N. Hence, there exists a sequence 1, € U, N yn’l Uy; so
Ny — nand y,n, — nasn — Q.

We claim that the elements y, are all pairwise distinct, possibly after passing to a
subsequence. Otherwise, it would mean that, after passing to a subsequence, y;, terms
are a constant sequence, say y, = y # e. Since yn = lim,, y,n, = n, n must be a fixed
point of y. Since I is torsion-free, y is either parabolic or loxodromic, and in particular it
has at most two fixed points in X, including 5. Since n ¢ W and W has at least two points,
we can take w € W which is not fixed by y. Then, asn — +o0, y"w — nory™"w — n.
Since W is a compact subset such that y W = W and n ¢ W, this yields a contradiction.

Therefore, we may assume that {y;,} is an infinite sequence of distinct elements. Since
the action of I'" on X is a convergence group action, there exist a subsequence y,, and
a, b € X such that as k — oo, y;, (x) converges to a for all x € X — {b}, uniformly on
compact subsets. There are two cases to consider. Suppose thatb = n. Then W C X — {b},
and hence y,, W — a uniformly as k — oo. Since y,, W = W and W is a compact subset,
it follows that W = {a}, which contradicts the hypothesis that W consists of at least two
elements. Now suppose that b # 5. Since n,, converges to 1, we may assume that n,, # b
for all k. Noting that #W > 2, we can take wyg € W — {b}. If we now consider the following
compact subset:

Wo :={nn, : k e N} U {n, wo} C X — {b},

we then have y, Wy — a uniformly as k — oo. Since 7, € Wy for each k and
YnMIn, — 1 as k — oo, we must have

a=n.

However, since wg € Wo N W, y,, wo — 1 as k — oo. This implies n € W since W is
compact and y,,, wg € W, yielding a contradiction to the hypothesis ¢ W. This completes
the proof. [

We denote by Ay the set of all accumulation points of a I'-orbit in X. If #A x > 3, the
["-action is called non-elementary and A x is the unique I"-minimal subset [2].

A well-known example of a convergence group action is given by a word hyperbolic
group I'. Fix a finite symmetric generating subset St of I'. A geodesic ray in I' is an
infinite sequence (y;);2, of elements of I" such that yflyH_l € St for all i > 0. The
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Gromov boundary dI" is the set of equivalence classes of geodesic rays, where two rays are
equivalent to each other if and only if their Hausdorff distance is finite. The group I' acts
on A" by y - [(y)] = [(yy;)]- This action is known to be a convergence group action [2,
Lemma 1.11].

Another important example of a convergence group action is the action of a f-transverse
subgroup I" on Agy;g)-

PROPOSITION 3.2. [10, Theorem 4.21] For a 0-transverse subgroup T, the action of I" on
Aoui(e) is a convergence group action.

4. Non-concentration property
We fix a non-empty subset & C I1. We first prove the following proposition from which we
will deduce Theorem 1.4.

PROPOSITION 4.1. LetT" < G be a torsion-free Zariski dense discrete subgroup admitting
a convergence group action on a compact metrizable space X. We assume that this action
is O-antipodal in the sense that there exist I'-equivariant homeomorphisms fy : Ax — Ag
and fie) 1 Ax — Ai@) such that for any & # nin Ay,

(fo(8), fioy(m) € Aéz).

Let v be a I'-quasi-invariant measure on Ny such that:

(1) v is non-atomic,

(2) T acts ergodically on (Aéz), (v x 1| A(z)) for some T'-quasi-invariant measure vj
on Ai(g). ’

Then, for any proper algebraic subset S of Fg, we have

v(S) =0.

Proof. We first claim that the I'-action on (Ag x Aj@), v X vj) is ergodic. Set R :=

(Ag x Ai@g)) — A(02). Since the I'-action on (Aéz), (v x Vi)|A<2)) is ergodic, it suffices to
6

show that

(v x y)(R) =0.

For y € Aj), let R(y) := {x € Ag : (x,y) € R}. By the antipodal property of the pair
(fo, fie)), we have that for each y € Aj), we have R(y) =@ or R(y) = {(fo o fi(_gl))(y)}
and hence v(R(y)) = 0 by the non-atomicity of v.

Therefore,

(v X W)(R) = / V(R() dui(y) =0, (4.1)
Y€Ai@)
proving the claim.
Now suppose that v(S) > 0 for some proper algebraic subset S C Fyp. We may assume
that § is irreducible and of minimal dimension among all such algebraic subsets of Fy. Let
W= fefl(S N Ag) C Ax. Since v is non-atomic and v(S) > 0, we have #W = oo > 2.
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This implies #A xy > 3. By the property of a non-elementary convergence group action, A x
is the unique I"-minimal subset of X and there always exists a loxodromic element of I [2].

Since I' < G is Zariski dense, Ag is Zariski dense in Fy as well, and hence Ag ¢ S.
Therefore, X — W is a non-empty open subset intersecting A x. Since I" acts minimally
on Ay and the set of attracting fixed points of loxodromic elements of I' is a non-empty
I"-invariant subset, there exists a loxodromic element yy € I' whose attracting fixed point
ay, is contained in Ax — W. Hence, applying Lemma 3.1 to n = a,,, we have an open
neighborhood U of ay,, in Ax such that

yunu =g 4.2)

for all non-trivial y € I with y W = W.

Since yg'|Ax—{b,,} — @y, uniformly on compact subsets as m — +oo and #Ax > 3,
U contains apoint§ € Ax — {ay,, by,}. By replacing yy by a large power y;" if necessary,
we can find an open neighborhood V of & contained in U — {a,,} such that yV C U and
wvnv=_4g.

We now consider the subset

S x fioy(V)

of Fy x Fi@). Since v(S) > 0 and vi(fip)(V)) > 0, we have that I'(S x fi)(V)) has
full v x vj-measure by the ergodicity of the I'-action on (Ag x Ajpg), v x v;j). Since
v x v)(S X yo fig)(V)) > 0, there exists y € I'" such that

v xv)((S x v fiery(V) N (yS x yfip)(V))) > 0.

In particular, we have

v(S§NyS) >0 and vi(yofiey (V) Nyfig)(V)) > 0.

Since S was chosen to be of minimal dimension and irreducible among proper algebraic
sets with positive v-measure, we must have S = y S. It follows from the I'-invariance of
Agthat W =y W.

The I'-equivariance of f;) implies that

vi( figy(roV Ny V)) > 0. 4.3)

Since yoV NV =@, we have y # e. Hence, it follows from V C U, ygV C U, and the
choice in equation (4.2) of U that

wVnyvVcUunyU =4,

which gives a contradiction to equation (4.3). This finishes the proof. O

4.1. Proof of Theorem 1.4. Let ' < G be a Zariski dense 8-transverse subgroup and
v a (T, ¥)-Patterson—Sullivan measure for a (I", 6)-proper linear form v € a} such that
Zyer e V() = oo, We may assume without loss of generality that I" is torsion-free.
Indeed, let I'o < I" be a torsion-free subgroup of finite index. Then I'( is also a
Zariski dense 6-transverse subgroup of G. Moreover, v is a (I'g, ¥)-Patterson—Sullivan
measure since the limit sets for I and I'g are the same. Write I' = U?:l y;i[g for some
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Y1 .- ¥n € I'. By [1, Lemma 4.6], there exists C > 0 such that ||u(y;y) —u(y)| <C
forally e 'pandi =1, ..., n. Hence, we have that ¢ is (I'g, #)-proper as well and
n
00 = Z e Vo) Z Z e Ve iv) < pelvIC Z e Vo)),
yel i=1 yely yelyp

where ||¥| denotes the operator norm of . In particular, Zyero e Vo) = oo,
Therefore, replacing I' by I'g, we assume that " is torsion-free. By Proposition 3.2, the
action of I" on Aguj(g) is a convergence group action.

Since there exists a (I', ¥)-conformal measure, we have éy < 1 by [13, Lemma 7.3].
Therefore, the hypothesis Zyer e V) = oo implies that ¢ € D{i. Moreover, the

6-antipodality of I" implies that the canonical projections
Jo i Nouie)y — Ao and  fig) : Aguig) — Aie)

are ['-equivariant 6-antipodal homeomorphisms [13, Lemma 9.5]. This implies that
Theorem 2.1 indeed holds for a general & without the hypothesis & = i(6). Hence, v = vy,
vy is non-atomic, and the diagonal I'-action on (Aéz), (vy X Vyoi)l Am) is ergodic.
Since vy is I'-conformal, it is I"-quasi-invariant. Therefore, Theorem 1.94 follows from
Proposition 4.1.

We emphasize again that Lemma 3.1 and Proposition 4.1 were introduced to deal with
the case when i is non-trivial. Indeed, when i is trivial, Theorem 1.4 follows from the
following 6-version of [5, Theorem 9.3].

THEOREM 4.2. Let ' < G be a Zariski dense discrete subgroup. Let v be a
I'-quasi-invariant measure on Ag. Suppose that the diagonal T'-action on (Ag X Ag,
v X ) is ergodic. Then, for any proper algebraic subset S of Fy, we have

v(S) =0.

Proof. The proof is identical to the proof of [5, Theorem 9.3] except that we work
with a general 6. We reproduce it here for the convenience of the readers. Let S
be a proper irreducible subvariety of F» with v(S) > 0 and of minimal dimension.
Since (v x v)(S x §) > 0, the I'-ergodicity of v x v implies that (v x v)(I'(S x S)) = 1.
It follows that for any yp € I', there exists y € I' such that (S x YS) N (yS x yS)
has positive v x v-measure; hence, v(SNyS) > 0 and v(ppSNyS) > 0. Since S is
irreducible and of minimal dimension, it follows that S = y.S = 9 S. Since yp € I was
arbitrary, we have I'S = §, which contradicts the Zariski density hypothesis on I O

We finally mention that the proof of Proposition 4.1 implies the following when the
second measure cannot be taken to be the same as the first measure.

THEOREM 4.3. Let " < G be a Zariski dense torsion-free discrete subgroup acting on Ag
as a convergence group. Let v be a non-atomic I'-quasi-invariant measure on Agy. Suppose
that the diagonal T-action on (Ag X Ag, v x V') is ergodic for some T -quasi-invariant
measure v' on Ag. Then, for any proper algebraic subset S of Fy, we have

(S) = 0.
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Proof. Since T acts ergodically on the entire product space (Ag x Ag, v x V'), the first
part of the proof of Proposition 4.1 is not relevant. Suppose that S is an irreducible
proper subvariety of Fy and of minimal dimension among all subvarieties with
positive v-measure. Then, setting W = SN Ag, as in the proof of Proposition 4.1, we
can find non-empty open subsets V C U C Ag — W such that yUNU = for all
non-trivial y € I' with yW = W, and oV C U and ypV NV =@ for some yp € I
Using (v x V')(S x V) > 0, we then get a contradiction by the same argument as in
Proposition 4.1. U
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