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Abstract

Intersection densities are introduced for a large class of nonstationary Poisson processes
of hypersurfaces and inequalities for them are proved. In doing so, similar results from
both Wieacker (1986) and Schneider (2003) are summarized in one theorem and the
concept of an associated zonoid of a Poisson process of hypersurfaces is generalized to
a nonstationary setting.
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1. Introduction

Starting with Matheron’s introduction of his Steiner convex set in [5], the idea of using an
associated convex body to analyse a process of geometric objects has proven itself to be a very
fruitful concept. To get an impression of the variety of problems to which this technique has
been applied see, for example, the introductions of [11] and [7] or [8, Section 4.5] and the
references given therein.

While the case of stationary processes has been treated by Wieacker in a very general way
in [9], [10], and [11], some of the results for hyperplane processes have been generalized by
Schneider to a nonstationary setting in [7]. In the present paper, we undertake the humble effort
to extend a few of these findings.

After introducing some basic notation in Section 2, we define, in Section 3, intersection
densities and associated zonoids for certain processes of hypersurfaces, i.e. cylinders with an
(H*, k)-rectifiable set as a basis. Then a connection between intrinsic volumes of associated
zonoids and intersection densities is derived. We conclude Section 3 by exploiting this relation-
ship to prove inequalities for intersection densities. The final section is devoted to intersections
of these processes with affine subspaces.

We also want to mention that questions regarding measurability and the proofs of some
auxiliary results have been moved to the appendix to make this paper more readable.

2. Preliminaries and basic notation
Throughout this paper we will work in d-dimensional Euclidean space R?, d € N, equipped
with the canonical structures, S~ ! being its unit sphere, 8 (R¢) the Borel o -algebra, and A, the
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d-dimensional Lebesgue measure. More generally, for a topological space S, we will always
denote the Borel o -algebra by B(S).

Letk € {0, ..., d}. The k-dimensional Hausdorff measure will be denoted by #* and the
k-dimensional Lebesgue measure on a k-dimensional affine subspace E of R? by Az. Note
that any Borel subset of R? is #*-measurable.

A subset M of R is called k-rectifiable if and only if either k = 0 and M is finite or if
k > 1 and there exists a Lipschitz map of some bounded subset of R¥ onto M. Here, M is
called (H*, k)-rectifiable if and only if H*(M) < oo and F*-almost all of M can be covered
by some countable family of k-rectifiable sets. Finally, M is called #*-rectifiable if M N C is
(F*, k)-rectifiable for all compact sets C C R4,

In the following, the tangential properties of (#X, k)-rectifiable sets play an important role.
Let M be a (H#*, k)-rectifiable subset of R? with 0 < k < d and let Nork (M, x) denote the
cone of all approximate normal vectors of M at x. By Theorem 3.2.19 of [2], the latter is a
(d — k)-dimensional linear subspace of R9 for F¢*-almost all x € M. For basic notions from
geometric measure theory, we refer the reader to [2].

Let OCZ be the Grassmannian of all k-dimensional linear subspaces of R?. For linear
subspaces L1, ..., Ly of R? with

dmL; +---+dimLy=m <d,

we choose an orthonormal basis in each space L; (the empty set if dim L; = 0) and define the
determinant [L, ..., L] to be the m-dimensional volume of the parallelepiped spanned by
these m vectors. For a linear subspace L, its orthogonal complement will be denoted by L=+
and the orthogonal projection onto L by pr .

The space ' of all nonempty closed subsets of R? will be endowed with the Fell topology and
the o-algebra B(F ). The subspace K’ C F’ of all nonempty, compact convex sets (convex
bodies) will be equipped with the Hausdorff metric and the o -algebra induced by B(F"). For
all basic notions from convex geometry, we refer the reader to [6]. Finally, let #® C F' be
the subspace of all nonempty, closed (#*, k)-rectifiable subsets of R?. All required concepts
from stochastic geometry (e.g. point processes, intensity measures, or Campbell’s theorem) can
be found in [8].

3. Intersection densities and associated zonoids

Let! € {1,...,d}. Throughout this paper, X; will always be a point process on F’ with
locally finite nontrivial intensity measure ® of the form

@(A):/ / / Ty M +L+x)f(M+ L, x)Ap(dx)P(L,dM)P (L), (3.1)
L4, JFi=n JpL

where 1) denotes the indicator function and 4 € B(F"). Here,
f:F xR = [0, 00)

denotes a measurable mapping with the additional property that f(F, -) is locally integrable
forall F e F';for L e £le—l’ P(L, -) is a probability measure such that

PL{MecF Y | MmcL)Y=1
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and L — P(L, A) is measurable for A € B(F’); ® denotes a finite measure on cﬁgfl.
Here, X; can be considered as a process of cylinders, where ® describes the distribution of the
direction spaces and P(L, -) the distribution of the basis. Note that f, P, and ® are not uniquely
determined by ©®.

Letm e {1,...,d},no,....,nm €{1,...,d — 1}, and My, ..., M,, < R?. Furthermore,
define

n:=no+---+ngy.

We say the pairs (Mo, no), ..., (M, n,,) satisfy condition (/) if and only if M; is F"i-
measurable and (F", n;)-rectifiable fori € {1,...,m}and My x - - - x M,, is #"-measurable
and (H", n)-rectifiable. By Theorem 4.2 of [4], this is equivalent to the definition of condi-
tion (/) in [9]. Examples of pairs of sets satisfying condition (/) can be found in
[9, p. 238].

Fori € {0, ..., m}, let u; be a measure on F0i) We say the pairs (Lo, 10), - - - (Um, M)
satisfy condition (/) if and only if the pairs (Mo, ng), ..., (M,,, n;,) satisfy condition (I) for
1o ® -+ ® pm-almost all (Mo, ..., M) € FT0 x ... x Fm),

Before introducing intersection densities for X;, let us prove the following lemma.

Lemma3.l. Let j,l €{l,....d} Ly,....Lj € L3 ,, and My, ..., M; € F=V such that
My CLy,....M; S Ly and (My,1—1),...,(Mj,1—1)
satisfy condition (I). Furthermore, let
fi: Lf‘ — [0, 00)

be a measurable function fori € {1, ..., j} and B € BRY) a bounded Borel set. Then

/Ll-“ LLﬂ’d*j(Bﬂ(Ml-FLl+X1)ﬂ"'ﬂ(Mj+Lj+xj))f1(x1)'-'fj(xj)
i 1
X)LLf-(dxl)"')\Lj,(dxj)
=/ 1{3}(z)/ / Fi(@ = pry@) = x1) -+ f(@ = pr, @) — x))
R4 M, M;

x [Nor™ " (M + Ly, x1), ..., Nor® \(M; + L;, x))]
x H'(dxj) - HIT (dxn)ra(d2).

Proof. Since B is bounded, there exist cubes
Wi,...,Wje X’
such that W; C L; and
BN (M; 4+ L; +x;) =BN(M; +intW; + x;)

forall x; € Lf- andi € {1, ..., j}, where int W denotes the interior of W.
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By Fubini’s theorem, the following holds:

/,1”' JHTTB O+ Wi x) 00 (M + W+ )
R R

X fi(xi = pry(x1)) -+« fi(xj — pr;(xj)ra(dxy) - - - Aq(dx;)
= )VLl(Wl) toe )‘LJ(WJ)

X/lm Lo"f’”l_j(Bﬁ(Ml +Li+x)N---N(Mj+Lj+xj)
L L
X fl(xl)-~-fj(xj)/\L]L(dxl)-~-?»Lj+(dxj)-
On the other hand, since (M1 + Wi,d — 1), ..., (M; + W;,d — 1) satisfy the assumptions of
Theorem A.1 in the appendix, we obtain
/d--- dﬂ’d_j(Bﬂ(Ml—f—Wl+x1)ﬂ-~-ﬂ(Mj+Wj+x.,~))
R R
x fi(xir = pry(x0) -+ fi(xj — pr;(xj)Aa(dxy) - - - Ag(dx)
=/d~-- d}fd_j(B—)qﬂ(M]+W1)ﬂ(M2+W2+xz)ﬂ-~-ﬂ(Mj+Wj+x]-))
R R

X fir(x1 — pr,(x1)) fa(x2 + x1 — pL,(x2 + x1))
x oo fi(xj;+x1 = pr;(xj +x1)Ag(dxy) - - - Aa(dx)

=/ / / Lig_x)(t) fo(t1 — 12 + x1 — pr, (11 — 2 + x1))
R4 J M +W, M;+W;

X oo filtt = tj +x1 = pr;(fh —tj + x1))

x [Nor!™ (M + Wy, 11), ..., Nor! " (M; + W, 1))]

x #Ndey) - HOTNAN) i (g — pry () ha(dxy)
= )"Ll(Wl) te )"L](Wj)

X ./Rd /M, /M, 1p—x)(t1) fo(t1 — t2 + X1 — pr,(ti — 12 + x1))
X oo filtt = tj +x1 — pr(n —tj + x1))
x [Nor?~'(My + Ly, 1), ...,Nord_l(Mj +Lj,t))]
X ng—l(dtj)...ng—l(dt1)f1(x1 — pr,(x1)Aa(dxy),

where the last identity follows from Theorem 3.2.23 of [2]. Combined with another change of
variable, this yields the assertion.

Let j € {1, ..., d}. We introduce a Borel measure v; on R4 by

vj(B) :=E > HITBO(My+ L) N0 (M) + L)),
(My+Li,..., M,'+Lj)e(x,);'é

B € B(R%). Here, (X 1);é denotes the process of all j-tupels of j different particles of X;. The
following result holds.
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Theorem 3.1. Let j, I € {1, ..., d}andlet X; be a Poisson point process with intensity measure
as in (3.1) such that the pairs (P(Ly,-),l —1),..., (P(L;,-),l — 1) satisfy condition (I) for
PR P-almostall (Ly,...,Lj) € aCz_l X -+ X oﬁg_l. Then the measure v; is absolutely

continuous with respect to Aq with the density given by

yj(z):zf / / /
d i - s
La—i Ly JFED F=n

x/ / [Nord’l(Ml+L1,x1),...,N0rd*1(Mj+Lj,x.,~)]
M M;
x f(My+ Ly, (z— pr,(2)) — x1)
X f(Mj+Lj,(z— pr;@) —x;)
x H' 7V (dxj) - HTN(dx) P(Ly, dMy) - - - P(L;, AM))
X ®(dLy)---®dL;), zeR%

For j € 1,...,d, wecall y; the jth intersection density of X;. Sometimes, y; is called the
surface area density of X.

Proof of Theorem 3.1. By LemmaA.1, Lemma A.2, and Campbell’s and Fubini’s theorems,
and since X; is Poisson, we have

"f'(B):/ﬂ /ﬂ A(H).../}V(H)
d—l d—l

X/L" l,;zed—f(Bm(Ml+L1+x1)ﬁ~-~ﬁ(1"lj+Lj+xj'))
L~ L
j 1

X f(My+ Ly, x1)--- f(M/ + Lj, x.,'))»Lll(dxl) . ~-)»Lj¢(dxj)
x P(L1,dMy)---P(L;,dM;)®(dLy) --- P(dL)).

First, we assume that B € B8(R?) is bounded. Then, the application of Lemma 3.1 and Fubini’s
theorem yields

(B = 1
vj(B) fRd {B}(Z)L’Z_z LZ_[ fﬂ_l) /ﬂ_l)

x/ / [Nor!™'(My + L1, x1), ..., Nor" "(M; + L;, x))]
M M;

x f(My + Ly, (z — pr,(2)) — x1)
X o f(Mj+Lj, (z = pr;(2) — x)H' ~dx;) - H 7 (dxy)
x P(Ly,dMy)---P(L;,dM;)®(dLy) - - ®(dL;)Ay(dz).

By monotone convergence, this is true for arbitrary B € B(R?).

To introduce a class of zonoids associated with X;, we define a Borel measure 1, on gd-1 by

z(A) ::/ / /Jé’o(Sd_lﬂNord_l(M—i-L,x)ﬂA)
Ld, JFED Im

X f(M+L,(z—prL)—x)
x F' 1 (dx) P(L, dM)®(dL), A e B(Sh.
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Let A € B(S9 1) and B € B(RY). Then

E > / 113 (x) #° (S N Nor™ ' (M + L, x) N A)#9 = (dx)
(M+Lyex; ”M+L

/Bc;jl /wfn /LJ-

x / 113 () #HO (ST N Nor? (M 4 L + z, x) N A)#?~(dx)
M~+L+z

x f(M+L,z2)Ap1(dz)P(L,dM)P(dL)

o], |
R4 L4, JFe-n

x / HO(S N Nor?~" (M + L, x) N A)
M
X f(M+ L, (z— pr(z)) — x)# ~1(dx) P(L, dM)®(dL)rq(dz)

— / 18) (D)2 (A (d2).
R4

Hence, for A4-almost all z € R4, the measure W, is uniquely determined by ® (and, thus, does
not depend on the choice of f, P(L, -), and ®). Under the additional assumption that

B—E > / 1) (x) #9~1 (dx)
(M+Lyex; M+L

is a locally finite Borel measure on R?, a normalization of . could be interpreted as the
distribution of the normals of the particles of X; in z whenever 11, (S¢~') > 0. We call . the
local mean normal measure of X; at z.

By Theorem 2.1 of [3] (and a classical result from convex geometry), for each z € R, there
exists a unique zonoid IT(X;, z) whose support function is given by

h(TL(X], 2), u) = / N v)lpz(dv), e §i=1,
o

From now on, we refer to I1(X, z) as the local associated zonoid of X; at z.
Let lin(x) denote the linear hull of a vector x € RY. From Theorem 2.5 of [3] we obtain,
for j € {0,...,d},

4j/ / ,/ /
e Jraen S Sy

X/ / [Nor™ (M + Ly, x1), ..., Nor® \(M; + L;, x))]
M M;

x f(My+ Ly, (z— pr,(2)) — x1)
X f(Mj+Lj, (z = pr;(2) — x )~ (dxj) - 7 (doey)
x P(Ly,dM)®(dLy)---P(L;,dM;)P(dL)).

We can exploit this last identity to prove the following theorem for the intersection densities.
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Theorem 3.2. Let j, Il € {1, ...,d}andlet X; be a Poisson point process with intensity measure
as in (3.1) such that the pairs (P(Ly,-),l —1),..., (P(L;,-),l — 1) satisfy condition (I) for
Q- ® D-almostall (Ly,...,Lj) € GCZ_I X oo X GCZ_I. For g-almost all z € R?, we
then have

7!
vi(2) = %VJ-(H(XZ, 2)).

Moreover, if j > 2, we have

C/d o .
yj(@) < <j!l<é_1(j> /djké 1Kd—j))/l(Z)’,

for rg-almost all z € RY, where equality holds if and only if T1(X}, z) is a ball. Fork € N,
denotes the volume of the k-dimensional unit ball.

Remark. For stationary processes of hypersurfaces, more general results can be found in
[10, Section 4] (see e.g. [10, Corollary 2]).

Proof of Theorem 3.2. The first equation follows from Theorem 3.1 and the above formula
for V;(I1(X, z)). By Equation (7.28) of [8, p. 307], we have

_ J . d
(0 =/ ()

for K € X’ and j > 2, with equality if and only if K is a ball.

Example. Let/ € {1,...,d}and k € {0,...,[}. For L € GCZ_I, let ﬁ(L, -) be a probability
measure such that P(L, {K € X' | dimK = k,K € Lt}) = 1 and L — P(L, A) is
measurable for A € B(F’). The dimension of a convex body is defined as the dimension of
its affine hull.

Let X; be a Poisson process withNintensity measure as in (3.1). Furthermore, we assume
that P(L, -) is the image measure of P(L, -) under the mapping K + relbd K, where rel bd K
denotes the relative boundary of K, i.e. the boundary of K in its affine hull. Then X; satisfies
the assumptions of Theorem 3.1 and Theorem 3.2.

For! = 1 and k = 0, X; is a Poisson hyperplane process. In this case, Theorem 3.1 and
Theorem 3.2 give part of the results of Theorem 2 of [7].

Next, assume that [ = k = d. By Theorem 2.2.4 of [6], for F4- 1 almost all boundary
points of a convex body K with nonempty interior, there exists a unique outer normal vector
ok (x) of K at x. Because lin(og (x)) = Nord_l(bd K, x), the local mean normal measure .
can be written as

pe) = [ [ Aaios )+ 1a@x G (K. = R @ Pod),

where bd K denotes the boundary of K and A € B(S?1), with Po(-) = ﬁ({O}, 2.

For any K € X', the measure Fed-1 (bd K N ) is equal to the (d — 1)th curvature measure
of K. Thus, by Theorem 4.2 of [1], B~ E} .y fbdK I{B}(x)Jé’d_l(dx) is a locally finite
Borel measure on RY and, hence, W, is a finite measure for Agz-almost all z € RY. If we
additionally assume that f = y > 0 is a constant function, Theorem 3.1 and Theorem 3.2
yield Equations (4.54) and (4.55) of [8, p. 164].
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Furthermore, for all/ € {1,...,d}and k € {1, ..., [}, the above considerations show that
the local mean normal measure is of the form

Ja(A) = / / / Loy @k 2. (5)) + L a) (@K 1(E))
£Z_, " Jrelbd K

x f(K+L,(z— pL(@) —x)
x #' 71 (dx)P(L,dK)D(dL), A e B(s.

Note that, since K + L has nonempty interior, o 47, (x) can be defined as for convex bodies;
ok +L (x) coincides with ok (x) considered in the affine hull of K.

4. Intersections with affine subspaces

Let! € {1,...,d} and let X; be a point process with intensity measure as in (3.1). In the
last section, we introduced associated zonoids for such processes and connected their intrinsic
volumes to intersection densities. In this section, we study intersections of X; with affine
subspaces. For example, X; induces a (nonstationary) point process onto any affine line and we
will show that the intensity function of such a process can be expressed in terms of the support
functions of the associated zonoids.

Letke{l,...,d—1}, z € Rd, and U € QCi. We want to find an expression for the mean
(k — 1)th Hausdorff measure of the intersections of the particles of X; with z+ U in an arbitrary
Borel set B € B(U + z). Therefore, we define the following measure:

vi(B):=E > HT'BNG@+UNM+L), BeBU-+2).
(M+L)eX;

Remark. For k = 1, vy, (B) coincides with the mean number of intersection points in B of
the line z + U with the particles of X;. If X; is stationary and Ay,(B) = 1, then vy, (B) is
the intensity of the stationary point process induced by X; onto U + z which, by stationarity,
is independent of z.

The main result of this section is the following theorem.
Theorem 4.1. Let k € {1,...,d — 1}, | € {1,...,d}, and let X; be a point process with

intensity measure as in (3.1). Furthermore, let U € oﬁf and z € RY. Then VU4 is absolutely
continuous with respect to Ly, with the density given by

Yu+:(y) = Z/d l[lin(u), Utlpy(du),  yeU+z.
-
Proof. By Campbell’s theorem,

VU+Z(B)=/ / / HBNWU+2)N(M+L+x)
L4, JFe=n JpL

X f(M+L,x)A;1(dx)P(L,dM)P(dL).
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Analogous to the proofs of Lemma 3.1, Lemma A.1, and Lemma A.2, we obtain

vy+z(B) =[ 1{3}()’)/ / / [Nor!™'(M + L, x), U4)
+U L4 Jga-n Sy

X f(M+L,(y—pL(y)) —x)H# " (dx)
x P(L, dM)® (dL)Ay1-(dy)

= [ w2 [ | fino. U, @0 @),
z+U §d-1
Example. Let k = 1 and U := {su | s € R} for some u € $¢~1. In this case, we have

YU+z(z + su) = 2/S (v, u)|pzqsu(dv) = 2R(I1(X;, 2 + su), u),

d—1

for s € R. This is a generalization of Equation (4.50) of [8, p. 159].

Appendix A. Auxiliary and measurability results

In this section, we collect auxiliary and measurability results needed in Section 3. Respective
results implicitly used in Section 4 follow analogously.

The main tool in the proof of Lemma 3.1 is the next result which is a slight generalization
of Theorem 3 of [9] and follows directly from the proof of the latter.

Theorem A.1. Lerm € {1, ...,d},ng,...,nm €{1l,...,d—1}, B € BRY), andlet M;  R?
be an H" -measurable set for i € {0,...,m}. Furthermore, define n := ng + -+ + ny
and let f: R? x ... x R? — [0, 00) be a measurable mapping. We assume that the pairs
(My, no), ..., (M, ny) satisfy condition (I) and that n > md. Then

/Rd... y HB N Mo (My+x1) N 0 (Myy + X)) £ (X1, 2y Xm)
X hg(dxy) - -+ Ag(dxy)
= /M f 1y (t0) f(to — 11, . .., to — tm)[Nor""* (Mo, 1), . . ., Not™" (M, ty)]
O ' x F"(dty,) - - - FHO(dto).
The measurability of the mappings
(t1, ..., tm) = [Nor'™(My, tg), ..., Nor"™ (M,,, tm)]

and
X1y ee ey xm) > HEB A MO (M) +x1) NN (Myy + X))

was proved in [9].
The following two auxiliary results were needed in the proof of Theorem 3.1.

LemmaA.l. Lerk € {1,...,d}, B € BR?), and

M= {(M],...,M}) e (FH* | M, ..., M} is (#7", d — 1)-rectifiable,
M{ 0 -0 M is a # -rectifiable set).
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Then both M and the mapping
My, ..., M) — de_k(Ml N---NMNB)Lpy(My, ..., M)

are measurable.

Proof. By Theorem 2.1.3 of [12] and as, by Theorem 1.1.6 of [8], the mapping (F1, F>)
Fi N F, Fi,F>, € F',is measurable, M is a measurable set. The result then follows from
Theorem 2.1.3, Theorem 2.2.1, and Corollary 2.1.4 of [12].

Lemma A.2. Let k and M be as in Lemma A.1 and X; as in the assumptions of Theorem 3.1.
Then
E Z Liyey(My + Ly, ..., M+ Ly) =0,
(Mi+L1 e M+ L) (XD

ie. (My 4+ Ly) N --- N (Mg + Li) is almost surely an J{d’k—rectiﬁable set for all
(My+Ly,...,My+ L) € (Xl)’;-

Proof. First, let My, ..., My, Ly, ..., Ly be fixed. From Theorem 3.2.23 of [2] and
Theorem 1.4.1 of [12] we obtain that (x; + My + L1) N --- N (xx + My + Ly) is H47*-
rectifiable for Agg-almost all (x1, ..., x¢) € R4,

Since X; is assumed to be Poisson, this, together with Lemma A.1, Campbell’s theorem, and
Corollary 3.1.6 of [8], yields

E Z Lyey(My + Ly, ..., Mg + L)
(Mi+L1,... My+L)e(Xph

:/d /d /ﬁ, "'/ﬁ,
La—i Ly JFED F=b

X/ / I{Mc}(xl+M1+L1,...,Xk+Mk+Lk)
L Lt

X f(My+ Ly, x1) - f (Mi + Li, xi)d 1 (dxn) - - Ap 1 (dxg)
x P(Ly,dMy)---P(Lg, dMp)@(dLy) - - - D(dLy)
=0.

Measurability of the mapping
M+ L 113 () #HO (S N Nor? =1 (M + L, x) N A)#9~ (dx)
M+L

follows analogously to [9, p. 235].
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