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THE LIFETIME OF A RANDOM SET
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Abstract

We consider the lifetimes of systems that can be modeled as particles that move within
a bounded region in R”. Particles move within the set according to a random walk, and
particles that leave the set are lost. We divide the set into equal cells and define the
lifetime of the set as the time required for the number of particles in one of the cells to
fall below a predetermined threshold. We show that the lifetime of the system, given a
sufficiently large number of particles, is Weibull distributed.
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1. Introduction

We consider a sequence {X™)} of particle systems. In X, for a given positive integer N,
particles move on the d-dimensional lattice {1, ..., /N }d, each according to a continuous-time
random walk. A particle stays at a lattice point for an exponential amount of time having mean
u;,l. Upon leaving the lattice point, the particle is equally likely to visit any of the 2d adjacent
lattice points in Zi. If the particle moves to a point outside the lattice {1, ..., [N}, it dies. We
divide the lattice into N¢ cells, each being a cube of /¢ vertices. Initially, each cell contains K
particles, and the initial configuration of particles within a cell is random. The lifetime 7 of
X is defined to be the amount of time required for the number of particles in at least one cell
to fall below K — «. We will show that 7y converges in distribution to a Weibull-distributed
random variable.

The lifetime of X) is the minimum of the lifetimes of the N¢ cells. Since the cells are
homogeneous, in the sense that each starts with a random initial configuration of particles and
that each particle moves according to the same law, one suspects that the limit distribution,
provided that it exists, is an extreme value distribution. Since the lifetime of a cell is a first
passage time in a Markov process having a discrete state space, it has a distribution that is an
‘infinite” mixture of gamma distributions, and is thus in the domain of attraction of a Weibull
distribution. That particles move between cells causes the lifetimes of the cells to be dependent
random variables, and the boundary causes the lifetimes not to be identically distributed. The
lifetime distributions of the cells are shown to be regularly varying at O with an index that
does not depend on the cell. Bingham ef al. [2] and Resnick [9] are excellent references to
regularly varying functions and their application to extreme value theory. To account for the
dependencies between the cells, we show that the lifetimes of the cells satisfy modified versions
of the mixing conditions D(uy) and D’(uy) given in [5].
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Our interest in the problem stems from considerations in reliability theory. As an extreme
value distribution, the Weibull distribution arises as a normalized limit of the minimum of
independent and identically distributed random variables. For this reason, it is often used in
reliability applications as a lifetime distribution. Gumbel [4] and Barlow and Proschan [1]
provided several examples of how the Weibull distribution appears in reliability applications
as a limit of the minimum of independent random variables. Lawless [6] and Meeker and
Escobar [7] are more recent references, which cite the role of extreme value distributions in
reliability and, hence, the appearance of the Weibull distribution in many reliability studies.

Our model can be used to determine the time until a defect occurs in a heterogeneous
material. Initially, the material has a uniform structure with no defects. As time evolves, the
material develops imperfections or defects. The presence of defects is undesirable in materials
such as silicon wafers, as they can affect various aspects of semiconductor manufacturing, from
production yields to product reliability; see [8] and [3]. We consider a defect to occur when the
amount of material in some cell falls below a predetermined threshold. Our result states that
the time until a defect occurs is approximately Weibull distributed.

In Section 2, we state the problem and our results. In particular, we model the movement
of particles in the set as a particle system that is a Markov process on a finite state space. The
lifetime of the system is then defined as the amount of time it takes for the Markov process
to reach a given subset of the state space. Due to the size of the state space, calculating the
lifetime distribution as a passage problem will be quite formidable and, hence, we seek to
approximate the lifetime distribution using extreme value theory. We then state Theorem 2.1
and Corollary 2.1, and complete Section 2 by motivating the proof of Theorem 2.1, which is
given in Section 3.

2. Problem description

We construct a sequence of particle systems, each of which is a Markov process on a finite
state space. The lifetime of a particle system is formulated as a passage time in the Markov
process. Calculating the passage time distribution explicitly appears to be a formidable problem,
so we seek a limit theorem. Theorem 2.1 and Corollary 2.1 give conditions under which the
lifetime distributions converge to a Weibull distribution.

For N = 1,2, ..., we consider the graph (Sy, En). The vertices Sy are those of the cube
{1,...,lN}d C Z%. There is an edge connecting 1 = (i1,...,i4) and J = (ji,..., jq) if
Zzzl lix — jx| = 1. Divide Sy into N equal cubes, which we call cells. Each cell is a cube
containing /¢ vertices. We regard each vertex as a location where particles reside and there
are (IN)? such locations. Initially, there are Py particles in the set. Each particle evolves
according to a random walk, and once the particle leaves Sy it dies. The process that describes
the superposition of these random walks is the continuous-time Markov chain that gives the
number of particles at each vertex of the set.

To account for particles that die, we append to each Sy a cemetery point A, not contained
in Sy, and set Sy Ao = Sy U{A}. Sy, a will denote the state space for the Markov process that
describes the movement of a single particle. To keep track of the movement of particles, we
introduce the mappings T* and T, k=1,...,d, from Sy to 74, which are defined by

(Tk(l_))jz Lj 1 J # )
i1 it =k,
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and

- ij if j #k,
T.(@);: =1/
O
Let A(7) be those TX(7) and T (7) that do not belong to Sy C 74 and let |A(7)] be the number
of points in A(7). We model the movement of a particle as the Markov process, on the state
space Sy, A, whose generator is given by

d

A o - - -

2 if 7 e (JIT*@). Te@) 0 Sy,
k=1

IA@IA

ap; = 2 if j=A,
—A if j =1,
0 otherwise,

where 7 € Sy and j € Sy a. Let P; denote the transition function of the Markov process. We
remind the reader that
_ 1 ifj=A,
P/(A,]) =
(A7) !O otherwise.
The particle system XM gives the number of particles at each location. The state space Sy
of XM is the set of all vectors

{SJ‘: jE SN,A, Sy >0, Z S]‘ZTN}.

JESN.A

We assume that the particles move independently and that any number of them can occupy a
given location. The above assumptions imply that X» is a Markov process.

The construction is such that the process describing the movement of a single particle can
be formulated as a uniformized Markov process by allowing a dead particle to jump from A to
A. Thus, the jump times of individual particles form a Poisson process with constant rate A.
Since the particles move independently, the jump times corresponding to a subset of the set of
particles will form a Poisson process with rate equal to A times the number of particles in the
subset. We will exploit this property often in the proof of the theorem.

Initially, the cell configurations are independent and identically distributed. Each starts with
X particles, whose initial locations are chosen according to an arbitrary distribution, and lives
until the number of particles it contains falls below K — «. Recall that the lifetime of XV is
the minimum of the lifetimes of the cells. Let By be the subset of Sy that consists of those
states for which at least one cell has fewer than K — « particles. The lifetime of X is then
the length of time it takes the process to enter By. For large N, the set By is complicated,
which makes explicit calculation of the lifetime distribution quite formidable. Our main result
is that, for large N, the distribution of the lifetime of X) is approximately Weibull.

To state the result, consider the possible initial configurations of the particles in a cell; there
are X' such configurations. For the Ath configuration, let xé’k) be the minimum number of
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transitions required for the kth particle to leave the cell. We number the particles in the cell
such that xf’l) <...< x(hjo, and we let

K
h
h = ZM)'
k=1

In addition, we let g;, be the probability that the Ath configuration is chosen and let c¢;, be the
probability that n;, jumps in the cell result in « particles leaving the cell. Finally, we set

no =min{n,: g, >0} and H = {h: n; = no},

and we let

1 [ noh\ /"0
q:thch and uN:i(W) .
heH

Theorem 2.1. Let Ty denote the lifetime of X™N), with . = 1. Then, with ng and uy as defined
above,
lim P{ty > xuy} =e 4"
N—o0

forall x > 0.
The following corollary is perhaps more useful in applications.

Corollary 2.1. Let the rate at which particles move in the Nth system be uy. Then, with the
notation of Theorem 2.1,

lim P{ty > x} = e 9%
N—o00

forall x > 0.

The proof of Theorem 2.1 is given in Section 3. It is long but it is motivated by some basic
ideas from extreme value theory, which we now recall. Suppose that we are given independent
and identically distributed random variables having common distribution F. To show that there
exist uy with limy_, o uy = 0, such that

lim (1 — Fuyx)V =", 2.1)
N—o0
it suffices to show that
lim NFuy) =1 (2.2)
N—oo
and that P
WNY) _ oo, 2.3)

im =
N—oo F(uy)
To see this, substitute (2.3) into (2.2) to obtain
lim NYF(uyx) = x",
N—o0
which implies (2.1).
If the random variables are stationary, under suitable mixing conditions (2.2) and (2.3) still

imply (2.1), as was shown in [5]. We provide a brief outline of the approach taken in [5].
Suppose that {X;, 7 € N¢} form a stationary sequence of random variables, and again let F
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denote their common distribution. The approach in [5] is to show, under appropriate conditions,
that (2.2) implies
lim P{min X; > MN} —e ! (2.4)

N—oo liieBy

where By ={1,..., N }d. Combining (2.4) with (2.3) further shows that

lim P[ min X; > uNx] —e ¥,
N—o0 neBy

In [5], it is shown that (2.2) implies (2.4) in two steps. First, if the mixing condition D (uy) (of
[5]) holds then, for any positive integer k,

lim (P min Xj; > uN} — Pkd{ min Xj; > uN}> =0. 2.5)

N—o0 neBy neBN/K
Second, the condition D’ (uy) (of [5]), together with (2.2), implies that

11—k < limian[ min  X; > uN]
N—oo n€BIN/K

< limsupP{_ min Xj; > uN}
N—oo \N€BN/K

< (1 -k 4ok, (2.6)

Taking the k?th power of each term, using (2.5), and then letting k — oo gives (2.4) and, hence,
the result.

In our setting, the lifetime distributions of distinct cells are usually different. Our arguments
show that the differences between the lifetime distributions are small enough that the approach
suggested in [5] still works. To apply this approach, we must identify the uy, give analogs
of (2.2) and (2.3), develop minor modifications to D(uy) and D’(uy), and show that these
conditions imply our versions of (2.5) and (2.6). This is done as follows: Lemmas 3.2 and 3.3
identify the ux and give the conditions analogous to (2.2) and (2.3), Lemmas 3.4 and 3.5
develop our analog of condition D(uy), Lemmas 3.6, 3.7, and 3.8 give our version of (2.5),
Lemma 3.9 gives the condition D’(uy), and Lemma 3.10 shows that (2.6) holds.

3. Proof of Theorem 2.1

Recall that Sy = {1, ..., IN}? consists of (/N)? locations (vertices) and N¢ cells. For j =
(1, -+, Ja)s ji=1,..., N,let Cy,; be the cell consisting of the locations ]—[le{l(ji —1+1,
..., 1j;} and let Ty ;7 denote its lifetime. For each N, Ty = minj 7y ;.

We will show that there exists a sequence uy — 0 such that

lim P{ty > xuy} = lim P{min NS > xuN}
N—oo N—oo J ’

—ax0
:eqx

forall x > 0. Since Ty jis a first passage time in a Markov process, its distribution is absolutely
continuous and has support [0, oo). Thus, there is a uy such that

q
Pltyj <un} = N
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This u depends not only on N, but also on the location of the cell Cy,; and, hence, on j.
Below, we will show how to determine a u y such that

q 1
Plovj sunt= 17+ O(W)

with uy independent of j. We determine u y by comparing 7y j to 7y 7, the lifetime of a system

consisting of the cell C; j, which consists of the locations {1, ...,/ }d and to the lifetime of a
cell in an infinite system, which we now construct.
Consider a system on the lattice 74, Cells consist of the points {{(k;1 — 1) + 1, ..., lk1} X

cx {lkg — 1)+ 1, ..., lkg}, where (ki, ..., kq) € Z%. The particles move independently of
each other and each according to a random walk, as in Sy. However, there is no boundary and
so there is no cemetery point A. Initially, all cells are independent and identically distributed
and have the same distribution as those of X¥). We refer to this system as the infinite system.

Let 77 be the lifetime of the cell C i consisting of the locations {1, ...,/ }d in the infinite
system. The following coupling argument shows that 7, j is stochastically smaller than 7y ;,
which is stochastically smaller than 7;. Note that T i is the lifetime of S, which consists of
the single cell C; 7.

Let Cy,;beacellinsystem Sy. Using the factthat Cy ;7 C Sy C Soo = 74, we color white
the particles that startin Cy 7, color orange those that startin Sy /Cy, 7, and color the remainder
purple. Let the particles move as in the infinite system. When a white particle leaves Cy 7,
it changes color to orange if it enters Sy, and to purple otherwise. When an orange particle
leaves Sy, it changes color to purple. We will say that Cy, ; dies in XM (the process giving the
locations of the white particles) when the number of white particles in Cy j falls below X — «,
that Cy j dies in X™ when the combined number of white and orange particles in Cy .7 falls
below X — k, and that Cy_; dies in the infinite system when the number of particles (of any
color) in Cy; falls below X — «. Since xm only tracks white particles, the lifetime of Cy;
in XD has the same distribution as URE Moreover, the lifetime of Cy,; in XM has the same
distribution as 7y ;. In the infinite system, all cells have the same lifetime distribution and,
hence, the lifetime of Cy ; in the infinite system is 7j. It is clear that the lifetime of Cy ; is
smallest in X and largest in the infinite system. The result now follows.

For eachcell Cy ; € Sn, the movement of the X particles originally belonging to C, ; can
be described as follows. Let {T ,n=1,2,...} be the jump times of a Poisson process of
rate K. At the nth jump time, randomly choose one of the K particles that originally belonged
to Cy,;. If the chosen particle is in A it stays there; otherwise, 1t 1s equally hkely to move
in any of the 2d dlrectlons to a new location, possibly A. Let {X ) ,n=20, 1 .} be the
Markov chain in which X glves the locations of the X particles at time T( Then

N.J N.J
Ployg <1} = Z Plovg <t M) <1 < TN
n=ny
N.j N,
=Plovg <t. Ty ) <t < TPy
00 -
+ Y Py =t LV <o <TG 3.1)
n=np+1
The term on the last line of (3.1) is bounded above by

e¢]

Z (K" e—ﬂ(t - (le‘)n(H_l

n! ~ (no+ D! (3:2)

n=ngp+1
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FIGURE 1: The sets By, By, B3, and B4, whend = 2.

Since only configurations belonging to H can result in cell Cy; failing after exactly ng steps,
the term on the second line of (3.1) equals

K)o XKr)o
DT 1 — by i) S e

> gnenbn 5(0) : (3.3)

no!
heH 0

no!
where by 7(t) is the probability of no particle in C§; i reaching Cyj prior to f.

When N = 1 and, hence, j = 1, there is only one cell, and it follows that bl,i(t) =1.In
the case of the infinite system, P{7] < ¢} is determined as in (3.1), (3.2), and (3.3), the only
computational difference being that by ;(¢) is replaced with b(), where

1> by j(t) > b(1).

We will show that b(r) — 1 ast — 0 in Lemma 3.1. To prove Lemma 3.1, we need the
following inequality (see [10, p. 30]). Let ¥ be a Poisson-distributed random variable of mean

A. Then, fork =0,1, ...,
k
A
PIY > k) < <—e> .
k
Lemma 3.1. Ast — 0, b(t) —> 1.

Proof. We construct blocks of cells By, as follows. Let By = Cy. There are 39 — 1 cells,
whose union we denote by B;, bordering Bj. Each cell in B, contains X particles and each
particle must make at least one jump in order to reach B;. Suppose that we have constructed By,
for some k. There are (2k + 1)¢ — (2k — l)d cells, whose union we denote by By 1, bordering
By. Each cell in By has X particles and each particle must make at least (k — 2)/ + 1 moves in
order to reach Bj. In Figure 1, B is the cell in the center, B, are the eight cells surrounding By,
B3 are the 16 cells surrounding Bj, and By are the 24 cells surrounding B3. This construction
provides a method of bounding the length of time it takes particles in By, k = 2,3,..., to
reach Bj.
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It follows that b(t) is the probability that no particle in Bf reaches By priorto¢. Let Y be a
random variable having a Poisson distribution of mean #. We note that

L—b(t) <Y KQk+DIPY = 1(k —2) + 1}
k=2

00 ., of 1(k—2)+1
< K2k + D) ————— ,
< ywe ()
k=2
which converges for any ¢. The result now follows from the dominated convergence theorem.

We determine u by solving
(fKuN)nO _ 1

no! Nd®
1 (o™
unN = % W .

1
P{‘EN"/‘ <upn}= % + 0<W>

Proof. Note that uy — 0 as N — oo. Hence, exp(—Kuy) = 1 4+ o(1) and b(uy) =
1+ o(1). In addition,

Lemma 3.2. Set

Then

e no+1 1 1+1/ng
no !

as N — oo, where C is a constant. It follows from (3.1), (3.2), and (3.3), applied to 71 and

fi,that
q 1 q 1
Plr,j <un) = g +o() +o| 7 ) =5 +o| 17
and
-~ q 1 q 1
P{TISMN}=(1+0(1))W(1+0(1))+0 ~a :W+0 <7 )-
Since

P{7; <un} <Pltyj <un} <P{r;j <un}
the result follows.

Lemma 3.3. Foranya > 0,

Pleyj <aun}

NLOO P{TN,j <up} -
Proof. From (3.1), (3.2), (3.3), and Lemma 3.1,

Plzy,; <t}
110

— C

ast — 0, for some constant C. Since uy — 0 as N — oo, the result follows.

https://doi.org/10.1239/jap/1118777188 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1118777188

574 P. C. KIESSLER AND K. NIMITKIATKLAI

(1)
Bio 1.1

Q2
319)(1 1)

Bio

FIGURE 2: The sets Bi9 (i, ir)> Bl(é?(il,iz)’ and B19 (i1.ip)- Those with iy = iy = I are explicitly labeled.

We next need to develop a mixing condition analogous to the condition D(uy) given in [5].
To this end, choose a positive integer k and define N’ = | N/ k|, the greatest integer less than

orequalto N/k. Fori = (i1,...,iq),ij =1,...,k,and m such thatk < m < N, let

d

By; = H{N’(ij — DI+ 1,...,Nijl},
j=1
d

By, = [(N'Gj = D) +m)l +1,.... N'iji}, (3.4)
j=1

By = By.i/By .

These sets are described in Figure 2, where d = 2, N = 19, k = 3, and m = 4, meaning
that N’ = 6. There, Bjo (1.1) is the block in the lower left-hand corner. It is d1V1ded into two
parts: the first part, Bg)(l 1y is in the upper right-hand corner of Bjg (1,1), and B19 a1 is the
remainder of Bjg (1,1). Notice that the union of the blocks is not necessarily the whole set. The
uncovered part of the set is represented by the shaded region in the figure. To account for this
region, we introduce the following blocks.

Let7 = (i1, ...,iq), withi; = 1,...,k + 1, such that at least one component satisfies
ij=k+1. Let A={j:i; =k+1}andlet

Byi=][{N =N +1.... NI} [TIN'Gj = DI+ 1,.... N'ijl},

JjeEA JEA®
By = [{@V = N+ 1, kN TGy — D +m)l + 1, Nijl),
jeA jeA®
2
By = Bni/ByY.

In Figure 3, the blocks B9 1,4y, B19,(4,1), and Bjg (4,4 are the same size as By (1,1), the blocks

(1 6] )] (1 2 )
319’(1’4), 319’(4’1), and Bl9,(4,4) are larger than Bl9,(1,1), and the blocks B19,(1,4)’ 3191(4’1), and
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T
|
|
|
r-
|
1

FIGURE 3: The sets Bi9 (i, i»)> By and B;

19.(i1.i2)" when at least one component satisfies i ; = 4.

19 (i1,i2)?

Bl%?(4,4) are smaller than Bl%?(l,l)' Not shown are the blocks B9, 4,2y, B19,4,3), B19,(2,4), and
Bi9,(3,4), but similar remarks hold for these blocks.
Associate with an 7 such that i; = k + 1 for some j, an 17’ such that

y 1 ifi; =k+1,
ij otherwise.

Consider a block By i defined as in (3.4). By the symmetry of Sy, we have

P{ < < } < P[ < < }

TBI(VZ,)z‘ = UN TBI(VI.)T ’ 1(\?)2/ i tBI(\;,)i’

As shown in Figure 4, by flipping the boxes B9, 4,1y, B19,(1,4), and B9, 4,4y we can compare the
lifetimes of their cells to the lifetimes of the corresponding cells in Bjg (1,1). Similar comments
apply to the other boxes, when one of the components satisfies i; = 4.

Lemma 3.4. Let A be a collection of cells in Sy, and let p be the probability that at least one
particle more than L%mj cells removed from A reaches A prior to uy. Then there is a constant
K1, independent of N, such that

p < fKNde3Kl e—l lm/2] )

Proof. In order for a particle more than Lzmj cells removed from A to reach A in uy units
of time, it must make at least / Lsz jumps in uy time units. To bound the probability of the
particle making at least lemJ jumps prlor to uy, let X be a random variable with a Poisson
distribution of mean uy, andset Y = X —/ Lsz Then, the probability that a particle makes
at least ll_%mj jumps prior to u y is

P(X > |ym]} = P(Y = 0}
<E[e"]

e /2 exp(up (e? — 1)),
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(a) (b) (c)

19,(1,1) 19,(1,1) BlQ,(l,l)

FiGure 4: Comparing the sets B9, (i, i) Bg)(il i)’ and B19 (i1.2) to B1g,(1,1) when at least one component
satisfies i; = 4. In (a) we compare Bjg (1,1) to B1g, (4,4, in (b) we compare Big (1,1) to Big 4,1y, and in
(c) we compare Big (1,1) to Bjg (1,4)-

where 6 > 0. Since uy — 0as N — oo, there is a K such that

supuy < Kj.
N

Setting 6 = 1 gives
P{X > [[im]} < e7!lm/2le3Kn,

Since the set consists of KN¢ particles, we have
p < g(:Nde3K1 e—ll_m/Zj

and the proof is complete.

Lemma 3.5. Fori = 1,2, let A; be a collection of cells in Sn. Assume that Im is the minimum
number of jumps required for a particle in Ay to reach Ay. Let T4, be the minimum of the
lifetimes of the cells in A;. Then

|P{ta, < un,Ta, < un} —Plra, <un)Plra, <un}l < 8KNeF1e! /2,
In particular, if B](vl’)l-1 and BI(\}?I-Z are defined as in (3.4), with 1| # 1o, then

<MN}P{ B(l) <LtN” 589<Nd63Kle_le/2J.

< < —
‘Pl Tph S UN, Ty MN} PH T o

N,y N.ip N,iy

Proof. Forh =1, 2, let A, be the union of A; and all locations that are within [ Lzmj jumps
of A;. Let A; be the event that no particle starting in AC reaches A; prior to uy. Color white
the particles initially in A, color orange those initially in A, and color the remaining particles
purple. Let T4, and T4, be the lengths of time for the number of white particles in one of
the cells of A1, and, respectively, the number of orange particles in one of the cells of A3, to
fall below K — k. Then T4, and T4, are independent. Conditioned on A; N A>, the events
{Ta, <un,Ta, <un}and {ts, <upn, 14, < un} have the same probability. Letting

c = 2K NAe3Kig=Im/2]
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we have

= |P{ta, Sun, 18, Sun | A1 NA}P(A NA2)
+P{ta, <un, T4, <upn, (A1 NA
—P{ra, < un}P{ra, < un}(P(A; NA2) 4+ P((A1 NA)))I

< |P{ta, un,ta, un | At N A2} = P{ta, <un}P{ra, <un}| P(A1 NA2)

+P{ta, <un, ta, <un, (A1 NA}

|P{ta, <un,ta, Sun} —Plra, Sun}P{ra, < un}l

+P{ta, <un}P{ta, <un}P((A1NA)°)

< |P{Ta, S un}P{Ta, Sun}—Plra, Sun}P{rta, <un}l+2c. (3.5)

Furthermore,
|P{Ta, < un} —P{ta, <un} <|P{T4, <un} —Plra, <un | Ai}|P(A;) +2PA7) <c.
3.6)

Since
|P{Ta, <un}P{Ta, <un}—Plra, <un}Pl{ra, <un}l
< |P{Ta, <un}—Plra, <un}l+|P{7a, <un}—Plra, <un}l, (37
the result follows from first inserting (3.6) into (3.7) and then inserting (3.7) into (3.5).

Letenym = 8K N4e3Kie—Ilm/2] which was used in the proof of Lemma 3.5. The constants
cn.m play the same role as the constants «,, ,, given in [5].

Lemma3.6. LetCy ={1: 0<ij <k}and Dy ={i: 0 <i; <k + 1}. Then

’P{rN >un}— 1_[ P{tg,; > un}
1eCn

: (Z 2 ) Plrgg > un > 7y |+ & = Dewn. (38)

1eCn 1eDy

Proof. The inequalities (3.9), (3.10), and (3.11), i.e.

0< P< m {‘CB](\}‘); > I/LN}> —P{ty > un}

1€Cn
< _Z P{TB,(V]} > UN = TBl(sz)'_], (3.9)
1eDy
P - d_ .
‘ <_ﬂ {tBI(\},)i > MN}) _1_[ P{‘L’B}(\},); > MN} < (k 1)CN,WL7 (3 10)
lECN 1eCn

and

l_[ P{rB;\}?; > uN} — l—[ P{tpy; > un}

l_ECN l_ECN

=) P{rBI(\}?i > uy > TB;\lz?T}, 3.11)

l_ECN
are derived in a manner similar to the inequalities (i), (ii), and (iii) given in Lemma 3.3.1 of [5].
Adding (3.9), (3.10), and (3.11) gives (3.8), and completes the proof.
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Lemma 3.7. Letm = N1V/2. Then

sup P[‘L’Bu) >UN Z T ] — 0
l_EDN N,i N,i

as N — oo.

Proof. Since 1y j is stochastically larger than 7, 1,

q 1
supP{ty 7 < <P, ; < < 2 4ol —).
ip tew.g = unb = {1’1_MN}_N" O(Nd)

Then, since there are at most m? cells in each 31(\12)2’

sup P{'L’B(l) >UN = Tgo) } < N4/2 supP{zy ; <un}—0
iEDN N,7 N.T ]‘
as N — oo, and the proof is complete.

Lemma 3.8. Withm = N1/2,

‘P{rN >uy}— 1_[ Pl{zpy; > un} — 0

1eCy

as N — oo.

Proof. Note that Cy C Dy and that Dy has (k + 1)¢ members. Moreover, ey yiz—>0
as N — o0o. The result now follows from Lemmas 3.6 and 3.7.

We now give a condition analogous to the condition D’(uy) of [5]. Recall that the sets Cy
and By ; depend on k.

Lemma 3.9. As k — oo,

lim sup N4 sup sup Z Plty; <un,tyj <un}— 0.
N IEONTEBNT prepy i)

Proof. Let Cy 5, and Cyj, be distinct cells in Sy. Color orange the particles initially in
Cn, j; > color white those initially in Cy 7,, and color the remainder of the particles purple: once
a particle leaves either Cy j, or Cy j,, it turns purple. Let ™M denote the time required for
K orange particles to leave Cy 7, and let 7@ denote the time required for x white particles to
leave Cy j,. Itis clear that M and @ are independent random variables, that they have the
same distribution as 1 and that, if both 7y 7, and 7y, j, are less than or equal to uy, so are
both (M and t®. Thus, by Lemma 3.2,

Pltn.j, <un, v <unt <Pt <uy, @ <uy)

~ (i +o(37))

q° 1
= N2 T\ ya |-
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Since By 7 has at most (N/k)d cells,

2
q 1
sup sup > Plowg Sun. vy Sun) = g +0<m)'

PECN JEBNT ey /()

By multiplying the above equation by N¢, taking the limit supremum over N, and letting
k — 00, we obtain the result.

The next result is an application to our problem of Theorem 3.4.1 of [5]. We include the
proof so that the reader does not have to translate notation between the two settings.

Lemma 3.10. As N — oo, we have P{ty > uny} — e 9.

Proof. Fix an integer k. For each block By 7,

{TBN_; < MN} = U {IN,] < MN}.
CNJGBNJ

Thus,

1 - Z Pley; <un} + Z Pley . <un,tv.j < un}

Cn,7€BN CN,ji #CN, j, €BN i

> Plrgy; Sunp>1- Z Pty ; <un}.

Cn,jEBN7

The first sum has | N/k|? terms and, so, converges to ¢/k? as N — oo, by Lemma 3.2. The
second sum is bounded above by

. N\¢ 1

lim sup| — sup sup Z Plzy; <un,tyjy Sun}=ol| |,

N \k /) ieCyjeBy: - _ ' ’ kd
N JEENT jreBy i /(7}

by Lemma 3.9. Hence,

1
1-— Z—d ~|—o<k—d> > limsgpP{rBN,,— <upn}> liming{rBNj <uy}>1- kq_d

Taking the product over the k¢ blocks B n.7 in Cy gives, by Lemma 3.8,

d d
(1 - kq—d +0(kid))k 2 lim sup Pley < ) 2 lim inf Ploy < uy) 2 <1 - Z—d)k :
The result now follows by letting k — oo.
Proof of Theorem 2.1. Tt follows from Lemmas 3.2 and 3.3 that
Z Py j <xun} — gx"
jeNd
as N — oo. Replacing uy by xuy and g by gx"° in Lemmas 3.4 to 3.10 gives
—gx"0

P{ty > xuny} —> ¢

and the proof is complete.
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