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Abstract

In this paper, we propose a matrix-variate generalization of the Gauss hypergeometric distribution and
study several of its properties. We also derive probability density functions of the product of two
independent random matrices when one of them is Gauss hypergeometric. These densities are expressed
in terms of Appell’s first hypergeometric function F; and Humbert’s confluent hypergeometric function
@, of matrix arguments.
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1. Introduction

The random variable X is said to have a Gauss hypergeometric (GH) distribution with
parameters a, 8, y and & (where @ >0, >0, —co <y < o0 and £ > —1), denoted by
X ~ GH(a, B, v, &), if its probability density function (p.d.f.) is given by

xa—l(l _ x)ﬁ—l

GH()C, Cl,ﬁ, Y f) = C(Q’,ﬁ, Y f) W,

where 0 < x< 1,

C(a, B, 7,8 = [B(a, B) 21 F1(y, @ a + 5 =],
F'()I'(B)
B(,) = "X,
I'a+p)
and ,F; is the Gauss hypergeometric function (Luke [14]). This distribution was
suggested by Armero and Bayarri [2] in connection with the prior distribution of the
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parameter p that represents the traffic intensity in an M/M/1 queueing system (here 0 <
p < 1). When either vy or £ is equal to zero, the Gauss hypergeometric density reduces
to a beta type 1 density (Johnson et al. [12]). Further, if y = a + S and & = 1, the Gauss
hypergeometric distribution simplifies to a beta type 3 distribution (Cardefio et al. [3]).
If y=a+Band ¢ = —(1 — 1), the Gauss hypergeometric distribution becomes a three-
parameter beta type 1 distribution (Libby and Novic [13], Nadarajah [15], and Nagar
and Rada-Mora [17]).

In this paper, we define a matrix-variate generalization of the Gauss hyper-
geometric distribution and study its properties and relationship with other matrix-
variate distributions.

In Section 2 we give some preliminary results on matrix algebra, integration,
zonal and invariant polynomials and special functions of matrix argument. Section 3
gives the definition of the matrix-variate Gauss hypergeometric distribution. In
Section 4 we study certain properties such as moments, moment generating functions,
marginal and conditional distributions. Finally, in Section 5, we derive distributions
of certain random quadratic forms involving the matrix-variate Gauss hypergeometric
distribution.

2. Some well-known results and definitions

We begin with a brief review of some definitions and notation. We adhere to
standard notation. Let A =(q;;) be a symmetric m X m matrix. Then AT denotes
the transpose of A and tr(A) and det(A) its trace and determinant; we write etr(A) =
exp(tr(A)). The norm of A, written ||A||, is the maximum of the absolute values of
the eigenvalues of A. Next, A > 0 means that A is symmetric positive definite and
A2 denotes the unique symmetric positive definite square root of A. The multivariate
gamma function, for Re(a) > (m — 1)/2, is defined by

Ln(a) = f etr(—X) det(x)u—(mﬂ)/z dx
X>0

m N
— nm=D/4 F(a - 1)_
-1 2

1

The multivariate generalization of the beta function is given by

[m
B,.(a,b) = f det(X)*" D12 Gey(1,, — X)P~mDI2 gx
0
_ Lu(@ln(b)
" Tala+b)

where Re(a) > (m — 1)/2 and Re(b) > (m — 1)/2. The generalized hypergeometric
function of one matrix is defined by

Bu(b, a),

. . _ - (al)K e (ap)/( CK(X)
qu(al,...,ap,b],...,bq,X)_; 2 (bl)K-'~(bq)K o 2.1)
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where a; and b; are arbitrary complex numbers wheni=1,...,pand j=1,...,4, X
is an m X m complex symmetric matrix, C,(X) is the zonal polynomial of the m X m
complex symmetric matrix X corresponding to the ordered partition x = (ky, . . . , k),

withk; >--- >k, >0and k; + - - - + k,, =k, and ), denotes summation over all such
partitions x. The generalized hypergeometric coefficient (a), used above is defined by

= i-1
(a)K = ll:[(a - 3 )ki
where (a)o=1 and (a),=a(a+1)---(a+r—-1) for r=1,2,.... Conditions for

convergence of the series in (2.1) are available in the literature (see, for instance,
Constantine [5], James [11]). From (2.1) it follows that

0Fo(X) = ZZ &l O e,

k=0 «krk ! =0 k!
1Fo(a; X) = Z P (”)K K(X) = det(l, = X)™,
k=0 «+k
(@s CX)
1Fi(a;e; X) = ,
Do

and

2Fi(a, by c; X) = Z @x(b)x CK(X). (2.2)

k=0 «rk (©) k!

The restriction || X|| < 1 is needed to ensure convergence of | Fy(a; X) and ,F(a; X).
The integral representations of the confluent hypergeometric function ;F; and the
Gauss hypergeometric function , F'; are given by

0) I a—(m+1)/2
\Fi@e;X)= ————— | etr(RX) det(R)
l—‘m(a)l—‘m(c -a) 0
X det(Im _ R)c—a—(m+1)/2 dR
and for X < I,
r I
2Fi(a, b; c; X)= A det(R)a—(m+1)/2
Iy(@)T(c —a) 0

x det(l,, — R)™4""*D/2 qet(1,, — XR)™ dR,

where Re(a) > (m — 1)/2 and Re(c — a) > (m — 1)/2. For properties and further results
on these functions the reader is referred to Herz [10], Constantine [5], James [11], and
Gupta and Nagar [8].

From the above it is easy to see that

Ln(Olm(c —a—b)

Fi(a.b:c:1,) =
2F1(a, b; c; I,) T c—al.c—b)
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and
2Fi(a, b; ¢; X) = det(l,, — X)™? 2F 1 (c — a, b; ¢; =X(I,, — X)™")

c—a-b (23)
=det(Z,, — X) 2Fi(c—a,c—b;c; X).

The generalized hypergeometric function with m X m complex symmetric matrices
X and Y is defined by

o O (@) (@p)e C(X)C(Y)
(m) . . _ p
Sl S Y)_Zkzo ZM B be Callk!

It is clear from the above definition that the order of X and Y is unimportant, that is,
pFuar, .. apiby, .. b X Y) = pF 0 (ar, .. ap; by, ... by Y, X).

Also, if one of the argument matrices is the identity this function reduces to the one-

argument function. Further, the two-matrix argument function ,F’ ;m) can be obtained

from the one-matrix function ,F, by averaging over the orthogonal group O(m) using
a result given in James [11, Equation (23)], namely,

«(X)C (Y
f C«(XHYH")(dH) = M, (2.4)
O(m) CK(Im)
where (dH) denotes the normalized invariant measure on O(m). That is,
pFi(ar, ... apiby, .. by X, Y)
(2.5)

= f pFi(ar, ... ap;iby, ... by XHYH") (dH)
O(m)

(see James [11, equation (30)]). Further, if Re(a) > (m — 1)/2 and Re(8) > (m — 1)/2,
then

Im
f det(R)*"*V/* det(l,, — RY#~" V2 FU"(ay, ... ay; by, ..., by XR, Y) dR
0

=B,(a, B) ,,+1F;'Z)l(a1, ceap by, b a+ B XY,
(2.6)

which can be obtained by expanding ,F, ,(]m) in the integrand in series involving zonal

polynomials and integrating term by term using Constantine [5, equation (22)].

Davis [6, 7] introduced a class of polynomials C(';’A(X, Y) of m X m symmetric
matrix arguments X and Y; these polynomials are invariant under the transformation
(X,Y)— (HXHT,HYHT), where H € O(m). For properties and applications of
invariant polynomials we refer to Davis [6, 7], Chikuse [4] and Nagar and Gupta [16].
Let «, 4, ¢ and p be ordered partitions of the nonnegative integers k, £, f =k + € and r
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respectively into not more than m parts. Then

CNy L)
K,A _ kA KA _ ¢ m> Sm
Cy'(X, X)=6,"Cs(X), 6, =
C¢(Im)CK(X)
Clln)
X Y) = CuX),  CYU(X, Y) = CoY),
COCIY) = D 05 CHA X, Y)Y, CUXOCIX) = Y (05 CoX),  27)
pek-A dek-A

K,A _ kA
CSA X, 1) = 6]

where ¢ € k- A signifies that the irreducible representation of Gl(m, R) indexed by
2¢ occurs in the decomposition of the Kronecker product 2« ® 24 of the irreducible
representations indexed by 2« and 2A. Further, provided that Re(a) > (m — 1)/2 and
Re(B) > (m - 1)/2,

Im
f det(R)*" V72 det(1,, — R) ﬁ-<"’+1>/2cg’ﬂ(1e, I, —R) dR
0

(2.8)
_ Bm(a', ﬂ)(a’)K(B)/{ KA
= 9¢ Co(Ln).
(@ + B¢
Note that, if 1 =0, then Cﬁ’O(R, I, — R) = C(R) and the above expression reduces to

Bi(a, B)(@)«
(@ + B«
Appell’s first hypergeometric function F; and Humbert’s confluent hypergeometric

function @, of m X m symmetric matrices Z; and Z, are defined by Saxena et al. [18]
and Gupta and Nagar [9]:

]m
f det(R)*~"*V2 det(1,, — R)P~"*V2C (R) dR = Cl,). (2.9)
0

Fi(a, b1, by;c; 2y, 2)

_ Tu(o f’m det(V)*~ D712 det(l,, — V) omDiz gy (2.10)
" Tu(@Tu(c —a) det(l,, — VZ)» det(l, — VZ)P>

and
®la, by;c; 2y, 2]
) f det(V)*= D12 det(l,, — VyeremDi2 gy (2.11)
" T(@T(c — a) det(l,, — VZ) etr(-VZ,)

respectively, where Re(a) > (m — 1)/2 and Re(c — a) > (m — 1)/2. Note that if b; =0,
then F'| and @, reduce to ,F| and | F| respectively. The series expansions for F; and
P, are

Fi(a. by by: ¢ 2. Z0) = Z Z Z Z b1)b2)r (@)g CKA(ZI,Zz)

1 £
k=0 (=0 «rk Al ¢ek-A kf ()
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where ||Z|| < 1, ||Z5]| < 1, and

oo (o) b « .
Oilabicz.z)=3 Y Y S WD i, 7,

141
k=0 (=0 «rk Arl ¢ex-d kLEY (e)g

where ||Z,|| < 1. Finally, we give the following result known as Hsu’s lemma (see
Anderson [1, p. 539], Srivastava and Khatri [19, p. 76]).

LemmA 2.1. Suppose that Y is an m X n matrix of rank m (where m < n) and let f(Y)
be a function of Y that depends on YYT only, that is, f(Y) = g(YYT) for some g. Then,

when W > 0,
nm/2

= T (n—-m—1)/2
fY - f(Y)dy = PR det(W) g(W).

3. The density function
First we define the matrix-variate Gauss hypergeometric distribution.

DeriniTioN 3.1. An m X m random symmetric positive definite matrix X is said to
have a matrix-variate Gauss hypergeometric distribution with parameters (o, 3, y, 2),
denoted by X ~ GH,,,(«, 8, v, E), if its p.d.f. is given by

det(X)a—(mH)/Z det(1,, — X)B—(m+1)/2

Cla,B, 7, E , 3.1
@5.7.2) det(l,, + EX) G-

where 0<X<1l,, a>m-1)/2, >m—-1)/2, —co<y<oo, [,+EZ>0 and
C(a, B, v, E) is the normalizing constant.

The normalizing constant in (3.1) is given by

In det(x)oz—(m+1)/2 det(Im _ X)/B—(m+1)/2

Y
(Cle 7. B) fo det(l,, + EX)" * (3.2)
 Tu(@Tu(B) L '
- F,n(a+,B) 2F1(C¥, %CY+,3, '—‘)’

where , F is the Gauss hypergeometric function of matrix argument.

Note that the Gauss hypergeometric function in (3.2) can be expanded in series form
using (2.2) if ||Z]] < 1. However, if ||Z|| > 1,,, then ||(/,, + Z)~'Z|| < 1 and we use (2.3) to
rewrite , Fi (@, y; @ + B; —E) in terms of another Gauss hypergeometric function with
argument (1,, + Z)7'Z.

When either y or E is equal to zero, the matrix-variate Gauss hypergeometric
density reduces to a matrix-variate beta type 1 density given by

d t X a—(m+1)/2 d t Im -X B—-(m+1)/2
BI(X: m, o, ) = 1K) et = X) , (3.3)
Bo@. )
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where 0 <X <1,. Further, for y=a +8 and Z=1,, the matrix-variate Gauss
hypergeometric distribution simplifies to a matrix-variate beta type 3 distribution given
by the density

oma det(X)ozf(mH)ﬂ det(Im _ X)ﬁ—(mH)/Q
B,u(a, B) det(1,, + X)**B ’

B3(X;m, a,fB) =

where 0 < X <1, «>(m—1)/2 and 8> (m — 1)/2. The matrix-variate beta type 1
and beta type 3 distributions have been extensively studied (see, for example, Gupta
and Nagar [8, 9]). For y =@ + § and = = —(I,,, — A), where A > 0, the matrix-variate
Gauss hypergeometric distribution becomes a generalized matrix-variate beta type 1
distribution defined by the density

det(A)® det(X)*~"*+D/2 deg(1,, — X)P-m+D/2
B,(a, B) det(l,, — (I,, — A)X)a+F ’

where 0 <X <[, a>(m—1)/2and 8> (m — 1)/2.

When m =1, the matrix-variate Gauss hypergeometric distribution reduces to a
univariate Gauss hypergeometric distribution.

The cumulative distribution function of X is obtained as

Bl(X;m,a,B;A) =

Q a—(m+1)/2 o\ f-(m+1)/2
det(X)*=m+D/2 det(l,, — X)
PX<Q)=C(a,B,7,E dx
( )=Cl@py.5) j; det(l,, + EX)

=C(a, B, v, E) det(Q)*
m det(W)*~ (m+1)/2 det(Z,, — )a+(m+1)/2 a—(m+1)/2
fo det(l,, — QW)m+D/2-B det(I,, + QI2ZQL2W)r

dw,

where the last line has been obtained by substituting W = Q~1/2XQ~!/2 with the
Jacobian J(X — W) = det(Q)"+D/2. Now, applying (2.10), we get

1
PX < Q)= C(a, 5,7, D) det(@)" B[, "2~
x Py ™ L Byia+ " Lo, ~0'20!7),

The moment generating function Mx(Z) of X is derived as

L —(m+1)/2 _ X)) B-(m+])/2

det(X)@~(m*+D/2 det(I,, — X)
Mx(Z)=C(a,B,y, B tr(ZX dX,
x(2) ( Y )j(; etr(ZX) det(I, + EX)”

where Z is the m X m matrix ((1 + 6;)z;j/2). Now, using the integral representation
(2.11),
Qe y;a+ B -E
2Fi(a,y;a+ B -E)
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4. Properties

In this section we study some properties of Gauss hypergeometric distributed
random matrices.

Tueorewm 4.1. Suppose that X ~ GH,,(«a, B, v, E). Then
I, — X ~GH,(8, @, y, —(I, + )" '2).

Tueorem 4.2. Suppose that X ~ GH, (@, B,v,E) and let A be an m X m constant
nonsingular matrix. Then the density of Y = AXAT is given by

det(Y)*m+D/2 det(AAT — y)B-(m+D/2
det(AAT)*+A-(m+D12 det(l,, + (AT)'ZA-1Y)”

C(a,B,7,E)

where 0 < Y < AAT.

Proor. In the p.d.f. (3.1) of X, by making the transformation ¥ = AXA” with the
Jacobian J(X — Y) = det(A)"""*D, the density of Y is obtained. m|

We will write Y ~ GH,,(, 8, v, Z,A). In the next theorem, it is shown that the
matrix-variate Gauss hypergeometric distribution is orthogonally invariant.

Tueorem 4.3. Suppose that X ~ GH,,(a,B,7v,1,) and H is an orthogonal m X
m matrix whose elements are either constants or random variables distributed
independently of X. Then the distribution of X is invariant under the transformation
X — HXH".

Proor. First, let H be a constant orthogonal matrix. Then, from Theorem 4.2,
HXH" ~ GH,(a, B, v, I,) since HHT =1,,. If, however, H is a random orthogonal
matrix, then the conditional distribution of HXH'|H ~ GH,,(«, B, v, Ly). Since this
distribution does not depend on H, we have HXH” ~ GH,,(a, 3, v, L,). m]

The relationship between matrix-variate beta type 1, matrix-variate type 2 and
matrix-variate Gauss hypergeometric distributions is now analyzed. First, we give
the definition of the matrix-variate beta type 2 distribution.

DermiTion 4.4. An m X m random symmetric positive definite matrix V is said to
have a matrix-variate beta type 2 distribution with parameters («, ), denoted by
V ~ B2(m, a, B), if its p.d.f. is given by

det(V)*=m*+D/2 det(1,, + V)~@*h)
Bu(a, B)

where V>0, a>(m-1)/2, B> (@m-1)/2, and B,(a,) is the multivariate beta
function.

, 4.1)

The density (4.1) can be obtained from (3.3) by transforming X = (I,, + V)7V,
together with the Jacobian J(X — V) = det(1,, + V) "D,
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TueoreM 4.5. Suppose that U ~ B1(m, «, §). Then
Iy + U) ' (I, = U) ~ GH,(B, @, @ + B, 1)

and

I, - U)"'U ~ GH,(a, B, @ + B, I,).
THEOREM 4.6. Suppose that V ~ B2(m, «, 8). Then

(L +2V)"' ~GH,(8, a, @ + B, I,)

and

L, + V)'V ~GH,,(a, B, a + 3, I,).

Turorem 4.7. Suppose that X ~ GH,,(a, B, y, Z) and Y = (I, + X)~'(I,, — X). Then the
density of Y, for 0 < Y < I, is given by

2mﬂ det(y)ﬂ—(m+l)/2 det(Im _ Y)a—(m+1)/2

C sMs /o E‘ .
(@ 5.7 5) S+ By derl,, + 1)oF detll, + I, + B0, —E)Y)

Proor. Since Y = (I,, + X)~'(I,, — X), the Jacobian J(X — Y) of the transformation is
2mm+D/2 det(1,, + Y)"*1. Now making these substitutions in the density of X, the
result follows. O

CoroLLARY 4.8. Suppose that X ~ GH,,(a, B, v, I,). Then
U + X)) (I, = X) ~ GH,,(B, @, @ + B — 7, Iy)).
CoroLLARY 4.9. Suppose that X ~ GH,,(a, 8, a@ + 8, E). Then
Iy + X)Ly = X) ~ GHu(B, @, @ + B, (Iy + E) ' (L — E)).

Tueorem 4.10. Suppose that X ~ GH, (0, 8,7, Z) and Y =2(I,, + X)"'X. Then the
density of Y, for 0 < Y < I, is given by

2B det(Y)@~ D2 dey(I,, — Y)A-(m+D/2
C sMs /o E .
(@57 %) Geat, = Yy det2l,, — (I, — E)Y)

Proor. Since Y =2(I, + X)"'X, the Jacobian J(X — Y) of the transformation is
2mm+D/2 det(21,, — Y)~"*1_ Now, making these substitutions in the density of X, the
result follows. O

CoroLLARY 4.11. Suppose that X ~ GH,,(a, B, @ + 8, E). Then
2(In + X)X ~ GH,(, B, @ + B, —(I, — E)/2).
CoroLLARY 4.12. Suppose that X ~ GH,,(«, B, v, I,). Then

2y + X)X ~GH,(a, B, @ + B — 7y, —1,/2).
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Let V~B2(m,a,b) and V = (“2; 52), where V) is a ¢ X ¢ matrix and Vp; is an
(m — q) X (m — ¢q) matrix, and let

Vita = Vi = ViaVi, Vay.

It is well known that Vj;, and V,, are distributed independently (Gupta and
Nagar [8]), and that V1, ~B2(g,a — (m —q)/2, b) and Vo, ~B2(m — q,a,b — q/2).
By Theorem 4.6, if V ~B2(m,a,b), then X =(I,, + 2V)™' ~ GH,,(b, a, a + b, I,).
Furthermore,
X1 = X' x12 _ (I + 2V 2Vis
X2 x% 2Vay Ly +2Va)”
That is, X* =X5), =Iy—q+2Vy and Xy = (Iy—g +2Vx)™'. Now, since Vi ~
B2(m - g, a,b - q/2),
Xp21 = (g +2V22) ™' ~ GHyg(b = q/2,a,a + b = q/2, L)
Thus, we have the following result.

Tueorem 4.13. If X ~ GH,, (e, B, @ + B, 1), then
X22~1 ~ GHm—q(a' - 6]/2, ﬂ’ a +,3 - Q/zs Im—q)-

Next, we derive the joint density of X;; and X»,.; for X ~ GH,,(a, B, ¥, Ln).

TueOREM 4.14. Suppose that X = (§;: ig;), where X11 is a g X q matrix, and define

X1 =Xpn— X1 X{ ! X12. If X ~GHy(a. B, v, L), then the joint density of X\, and
X1 is given by
dm=9/21 —aq/2) det(X;,)*@+D/2 det(I. — X,,)B-(a+D/2
C(, By, In) ng(B = 4/2) detX1) Iy = X)
Fm—q(ﬁ) det(lq + X1
det(Xp0.1)?~ V2 det(l,,—y — Xap.1) P~ =+ D)2
X
det(—g + X20.1)7

(4.2)

1
zFﬁ‘”(Ed ¥ B; A, B),
where 0 < X1 < Ly, 0< Xoo.1 < I, A=Ly—g—X02:)"*(Lyg + X021) ™ Ieg = X221,
B=(,— Xi)"*U, + X,)™" (I, — X11)"* and 5 = max{g, m — q}.
Proor. From the partition of X,

det(X) = det(X11) det(X2.1), 4.3)
det(l,, — X) = det(I, — X11) det(p—g — X221 — X1 Xi7 (I, = Xi1) "' X12),  (44)
det(l,, + X) = det(I, + X11) det(L,—y + Xon.1 + Xo1 X;] (I, + X11) ' X12).  (4.5)

Substituting (4.3), (4.4) and (4.5) in the density of X and making the transformation
X1 =X,

Y = (g — Xo21)™2X,, X, 2Ly = X01)7V2,
X201 = Xo2 — Xo1 X7 X12,
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whose Jacobian J(X;1, X272, Xo1 — Xi1, X22.1, Y) is equal to

det(l,—y — Xa0.1)"* det(l, — X11)™ 77 det(X,,) ™72,
and integrating Y, we get the joint density of X;; and X1 as

det(X; 1)a—(q+1)/2 det(Iq _ X“)B—(q+1)/2

C s M ) Im
(CHER Y det(l, + X1,) o
« det(Xpp.1)* " D12 det(l,,_, — Xag.1) P~ m=1+D/2 “n -
det([m_q + X22~1)y g s )
where when m — ¢ < ¢,
g(A, B) = f det(Im_q _ YyT)ﬁf(m+l)/2 det(lm_q + AYBYT)77 Ay
Ly-g=YYT>0 wn

Im—q
- f f det(l—q — YYT)P- D2 p9(y: _yTAYB) dY dZ,
0 Yyr=z
and whenm — g > ¢,
I’I
g(A,B) = f f - det(ly - Y y)P-me b2 FD(y —AYBYT)dY dZ.  (4.8)
0 Y'y=72

We evaluate g(A, B) when m — g < q given in (4.7). Since g(A, B) = g(A, H' BH),
when H € O(q), integrating H in g(A, H BH) using (2.5),

Im—q
g(A, B) = f f det(l,,_q — YYT)P- D2 gDy _AyYT B) dY dZ
0 YY’'=7

2dm=a)/2 g @
S det(z) 4=V det(l,,—, — )PV FP(y; —AZ, B) dZ

B Fm—q(‘]/z) 0
0P, (B g[2) 0]
= 1 zFﬁq)(—q, ¥; B; —A, B),
Lin—g(B) 2

where the last two lines have been obtained by using Lemma 2.1 and (2.6).
Substituting g(A, B) in (4.6), we get the joint density of X;; and Xp;.; as

Cla.f.y. 1) ﬂq(m—q)/2l"m_q(,8 —q/2) det(X;;)*"a+D/2 det(l, — X, p)F-arr
e Lin-q(B) det(1, + X11)”
det(Xa0.1)*~ " V/2 det(l,—y — Xap.p) P-4+ D/
8 det(ly—g + X22.1)”

1
zF({’)(Eq, i B: A, B).
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When g < m — g, using (4.8) and following similar steps, we get

1‘1
8(4, B) = f f det(l, — YT Y)P=0me D12 OOy A, BYTY) dY dZ
0 Jyry=z
4m=9)/2 1,
" Tylm=q)/21 Jy
X 1Fy"(y;~A, BZ) dZ
_ M ORLIB — (m - 9)/2]
L4®B)
and the joint density of X;; and X»;.; is given by
Ca, By, 1) mAm DR [B — (m — q)/2] det(X;,)" V)2 det(l, — X,,)P~@+D/2
sy /s tm Fq(ﬂ) det(lq =+ Xll)’}’
det(Xa2.1)*" D2 det(ly,—y — Xop.g)Pmmat /2
X
det(/,—q + X20.1)”

det(2)" 471"V det(I,,,—, — Z)PmDI2

m— 1
s ")(E(m - q),7: B A, B)

m-g) 1
oF q)(E(m ~q),7:B; —A, B).
Now, by noting that
Un—gB—q/2) TylB—(m—-q)/2]
Lin-q(B) Lq(B)

the desired result is obtained. ]

By substituting y = 0 in the above theorem, it is easy to see that if X ~ B1(m, a, ),
then X;; ~ Bl(q, a, B) and X1 ~Bl(m — q,a — (/]/Z,B), moreover, X;; and X,,.; are
independent. Further, substituting y = @ + 8 in the joint density of X;; and X»;.; and
integrating X;; using

aa fl‘i det(XH)a/_({H—l)/z det(Iq - X”)ﬁ—((/+1)/2

0 det(lq + Xll)d+'8

1
P05, + 14, B) axiy

1, 1
= f det(B)P~@*D/2 det(1, — By*~4*V/2 2F§q’(§q, @+ f3; B —A, B) dB
0

1
=B,(a, B) 3F;q)(,8, 39 + BB, a +B; —A)

=B, (a, B) det(lyq + A)™/? = 27" D92 B (a, B) det(l—q + X22.1)"",

we see that Xoo.1 ~ GHy—g(@ — q/2, B, @ + B = q/2, In—y) if X ~ GHy(@, B, @ + B, L),
as in Theorem 4.13.
Substituting m = 2 and g = 1 in (4.2), the joint density of X = x1; and X5, = X220
simplifies to
'@ +pBI(a+p-1/2) X = )P
C(@)(a = 1/2%(B) o F1(a, y; @ + B =h) (1 +x11)”

X = x0 )P S (1/2),0); (1= x1y V(1 = X000\
x > Fr )
j=0

(4.9)

(I + x20.1) B; j! T+ x11/ 1+ xp0
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where 0 < x;; < 1 and 0 < xp.; < 1. Further, integrating (4.9) with respect to x;; and
X»5.1 and simplifying the resulting expression, we get

D/(1/2),0),B); . .
)@+ B —1/2); ! Fila,y+ jia+B+ )i —-1)

2Fi(a, v, a+B; —Iz)=z(
=0 ¢
X F( ! +j,a+p 1+' 1)
- =, T - = ;—1).
20 27 J 5 J

Using (2.3), the above identity can also be written as

by CDA2,00,8); o 1
2Filp.yia+p 2)‘;22«“;@»(“5— a7 e iy i i)

1

. ) |
X2F1(B+J,Y+]§a+,3_§+];§),

which for y = @ + g gives an interesting summation formula,

. . 1
2F1(,8+J,a+,8+1;a/+ﬁ—§+];§).

o (CD/1/2),8);
B _ J\PJj
>= ,z_; 2i(a@+B-1/2); j!

The distribution of (AX~'AT)~!, where A is a g X m constant matrix of rank ¢ (where
q < m), is now derived.

THeEOREM 4.15. Suppose that A is a g X m constant matrix of rank q, where g < m. If
X ~GH,(a, B, a + 8, I,), then

(AATY2(AX7' ATy (AAT)2 ~ GHq(a/ - ?,ﬁ, a+B- ?, Iq).

Proor. Write A = M(l,, 0)G, where M is a nonsingular g X ¢ matrix and G is an
orthogonal m X m matrix. Now,

AX'ATY ' =M, 0Gx'GTa, 0)"mM")!
-1
o aTy-1 _1 {1y -1
= (M7 [(Iq o)Y (0 M
— (MT)_I(YU)_IM_I,
where
Yu Yi T
Y= Yo Y =GXG" ~GH, (o, B, @ + B, I,),

Yy is a ¢ X ¢ matrix and Y = (Yy; — Y12Y;, Y21)™' = Y;},. From Theorem 4.13,

Yiio~ GHq(a' - (m - Q)/z’ﬂ’ @ +:8 - (m - Q)/za Iq)a
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and from Theorem 4.2,

Z=M")"Y112M™' ~ GHy(a = (m = )/2, B, a + B = (m = q)/2, 1, (M")™)),
with the p.d.f. proportional to

det(2)2=m D2 det(MMT)™! — Z)B~(a+D/2
det(MMT)—(a+/3)+(m+l)/2 det(Iq + MMTZ)‘”ﬁ—(m—q)/Z 4

where 0<Z<(MMT)'.  Now, noting that MMT = AAT and making the
transformation S = (AAT)!/2Z(AAT)!/? with the Jacobian J(Z — §) = det(AAT)~(m+D/2
in the above density, we get the desired result. m|

CorOLLARY 4.16. Suppose that X ~ GH,,(a, B, @ + B, I,,) and a € R™ \ {0}. Then
a’a(a’x'a)' ~GH(a - (m - 1)/2, 8, + B — (m — 1)/2, 1).

In the above corollary, the distribution of a’a(a’ X 'a)~! does not depend on a.
Thus, if y is a random vector in R™, independent of X, and P(y # 0) = 1, then it follows
that y'y(y" X 'y) ' ~GH(e = (m - 1)/2, B, @ + B — (m = 1)/2, 1).

Tueorem 4.17. Suppose that X ~ GH,,(a, B, ¥, E). Then
det(X)" det(l,, — X)* | Tla + Bl + (B + 5)
det(I,, + ZX) | T(a+B+r+ (@) B)
Fila+ry+t,a+B+r+s;-8)
2Fi(e, y;a+ B —E)

’

where Re(r) > —a + (m — 1)/2 and Re(s) > -+ (m —1)/2.

Proor. From the density of X,

det(X)" det(1,,, — X)S]
det(l,, + EX)’
= C(@.8.7.5) fo

_ Cla, B, v, E)
Cla+rB+s,y+t,E)

Lo det(X)‘”"(’"“)/z det(I,, — X) Bs=(m+1)/2 gy
det(l,, + EX)+

where Re(r) > —a + (m—1)/2 and Re(s) > -8+ (m—1)/2. Simplifying this last
expression using (3.2), we get the desired result. m|

From the density of X,

det(X)*~ D2 det(1,, — X)P~mtDI2 gx
det(l,, + EX) ‘

Lo
E[C(X)] =C(a.B, 7, E)fo Cu(X)
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For ||Z|| < 1, writing det(/,, + EX)~ in series involving zonal polynomials,

det(I,, + EX)7 = Z %CA(_HX)
=0 Arl I
and
EIC(X)] = C@. 87 D) Y > Do, @, (4.10)
=0 Arl !
where

Im
D (E) = f Co(X)C1(—EX) det(X)*~"+D/2 det(1,, — X)P~m+D12 gx.
0

Since @, 2(E) = @, ,(HTEH), H € O(m), integrating out H in @, ,(H' ZH) using (2.4)
and applying (2.7),

(@ = A S gy f " Cp(X) det(X)™ 2 deg(1,, — X)B-0m D2 gx,
' CA(Im) dexd

Finally, integrating the above expression using (2.9) and substituting it in (4.10),

= N (Va Ca(=5) o2 (@
E[C,(X)]=C(a,B,v,E) By(a, 0, Co(In).
[CoX)] = C(@.B. . E) (am;M 0 ;ﬂw Y s, Colw

For ||E|| > 1, writing det({,, + EX)77Y as
det(l,, + EX)7 = det(,, + E)” det(l,, — (I,, + £) ' B, — X))
=det(l,, + 2)77 Z ()l/l C((I, + ) '2(U,, - X))
=0 Al

and following similar steps, we deduce that

EIC,001 = Cas 7, D) detlly + 57 ) Moy +27'3), @I
=0 Al :

where

e Ca((Iy +B)'E) 2 f"" 2
O (U, +E lgy - —m = = g 6% CX, I, - X
,/l(( ) ) C/l(Im) ® 0 ) ( )

x det(X)* D12 de(1,, — X)P~m D12 gx.
Finally, integrating the above expression using (2.8) and substituting it in (4.11),
E[C«(X)] = C(a, B, 7, E) B, (a, B) det(l,, + E)™”
W CalUn +E)'E) gy @B
X C (In).
Z o o Qdn Z (@+B)y Co

=0 Arl pek-A
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5. Quadratic forms

In this section we obtain distributional results for the product of two independent
random matrices involving the Gauss hypergeometric distribution.

TueorREM 5.1. Suppose that X, ~ GH,(ay, B1, Y1, In) and X, ~Bl(m, ay, B2) are
independent. Then the p.d.f. of Z = le/ X le/ s given by

det(z)m—(m+l)/2 det(I _ Z)ﬁ1+ﬁ2—(m+1)/2
K1Bu(B1.B2) m
det(l,, + Z

X F1(Ba, a1 + 1 — @2 =y, y1: B + Bos I — Zy (L = Z) Uy + Z2)71),

where 0 < Z < I, and
Ky = {Bu(ar, B1) Bu(@a, f)2Fi(ar, yi5 @ + Brs =1}
Proor. Using the independence, the joint p.d.f. of X; and X, is given by

det(X;)™ —(m+1)/2 det(1,, — Xl)ﬁl —(m+1)/2
det(l,, + X; )"
x det(X,)?2 " D/2 qeg([, — Xp)P2m(m+ D2

K

where 0 < X; <1,, i=1,2. Transforming Z = X;/ZXIX;/Z and X, = X, with the
Jacobian J(X;, X» = Z, X») = det(X,)""*D/2_ we obtain the joint p.d.f. of Z and X,:

det(Z)M~m*+D/2 det(X, — Z)Pr=m+DI2 det(1,, — Xp) P2~ (m+D/2
K

: 5.1
det(Xo)1*Bi-0n+an) det(Xs + Z)' .1

where 0 <Z < X, <1,. To find the marginal density of Z, we integrate (5.1) with
respect to X, to get

In det(Xy — Z)P1=0+D12 deg(I, — X,)B~m+D/2 gx,

K det Z (l]*(m+])/2 f
! 2) 7 det(X,)n1tAi-n+e2) det(X, + Z)"

(5.2)

In (5.2), the change of variables W = (I,, — Z2)~"/2(I,, — X2)(I,, — Z)~'/? yields

det(Z)M~m+D/2 dey([,, — Z)PrBa-(m+1)/2
K
det(l, + Z)"
I det(W) A=/ deg(L,, — W)Pr=(m+D/2 gy
f det(l, — (I, = Z)W)nrthr=v1=a2 det(l,, — (I = Z)'*(Ly + Z) " (I = 2)'2Wyn

Finally, noting that
U = 2"y + 2) " Uy = 2)'? = Uy = 2) U + 2) = Uy + 2) ' Uy — Z)

and applying (2.10), we obtain the desired result. m|
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CoroLLARY 5.2. Suppose that X| ~Bl(m, a1, 81) and X, ~ B1(m, a», 5,) are indepen-
dent. Then the p.d.f. of Z = X21/2X1X1/2, for0<Z<1,, is given by

B,.(B1, B2)
B,(a1, B1) Bu(az, B2)
X oF((Ba, ay + B — a2; B1 + Bo; Iy — Z).

det(Z)® = D/12 deg([, — Z)PrtBr(m+D)2

Further, if @y + Bi = aa, then Xy > X, X)> ~B1(m, a1, B1 + ).

Next, we give the density of Z = X1/2X Xl/2 where X; ~ GH,,(a1, 81, Y1, Z1) and
X, ~B3(m, as, 52). We represent this den51ty in terms of Appell’s first hypergeometric
function F'| of three m X m symmetric matrix arguments, which is defined by

Fi(a, by, by, b3 c; 2y, 2, Z3)
m(c) f‘m det(v)a—(m+l)/2 det(Im _ V)c—a—(m+1)/2 dv
L(@) (e — a) det(,, — VZ)) det(l,, — VZ,)b> det(l,, — VZ3)bs~

(5.3)
Note that Fi(a, b1, b2, 0; ¢; Z1, 2y, Z3) = Fi(a, by, by; ¢; 21, 2y).

Tueorem 5.3. Suppose that X, ~ GH, (a1, B1, 1, In) and X; ~B3(m, @z, 5y) are
independent. Then the p.d.f. of Z = X;/zXlX;/z is

det(Z)@1=m+D/2 dey(I,, — Z)PrHBr-(mtD/2
2m,32 det(Im + Z)yl

K1B,.(B1, B2)

XFl(ﬁz,a/l + 61— a2 =y, @2 + B2, ¥1; 1 + Bo;
I,-Z

In =2, 222 Uy = Z)(0y + Z)“),

where 0 < Z < I, and K is defined in Theorem 5.1.

Proor. Using the independence, the joint p.d.f. of X; and Xj is given by

det(X,)®1=m+D/2 deg(I,, — X, )Pr—(m+D/2
det(Z,, + X;
" det(xz)az—(m+1)/2 det(1,, — X2)ﬂ2—(m+1)/2
det(l,, + X,)2+B2

2K,

bl

where 0 < X; <1, when i=1,2. Transforming Z = X21/2X1X21/2 and X, = X,, with
Jacobian J(X;, X, — Z, X,) = det(X,)""*D/2 we obtain the joint p.d.f. of Z and X,
as

det(Z)M D12 det(X, — Z)F1=m+D/2 de(I,, — Xp)Pr=m+D/2
det(Xo ) B1-01+0) det(X, + Z)' det(l, + Xp)@ P2

2ma2

, (5.4)
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where 0 < Z < X, < I,,. To find the marginal p.d.f. of Z, we integrate (5.4) with respect
to X, to get

omez g det(z)al—(mﬂ)/z flm det(X; — Z)ﬁl—(m+l)/2 det(/,, — Xz)ﬁz—(mﬂ)/z dX,
 det(Xp)@Bi-01+a2) det(X, + Z)n det(l,, + Xp)2 B2
det(z)al_(mﬂ)/z det(Z,, — Z)/5'1+ﬁ2—(m+1)/2
det(Z,, + Z)n

I det(W)Pem(m+DI2 dey(1,, — W)Pr=(m+D/2
L det(ly = (b = 2)' (I + 2)" (I = 2)' 2 W)y

y det(l,, — (I, — Z)W)ri+e-a=bi gy

det(l,, — (I,, - Z)W/2)x*B  °

=27k,

where we have used the substitution W = (I,, — Z)"/2(I,, — X>)(I,, — Z)~'/?. Finally,
observing that

Un =2 U+ 2) Uy = 2)'* = Uy = D) + 2" = Uy + 2)" U = 2)
and applying (5.3), we obtain the desired result. m|

CoroLLARY 5.4. Suppose that X| ~Bl(m, a1, B1) and X, ~ B3(m, a», 5,) are indepen-
dent. Then the p.d.f. of Z = X21/2X1X;/2 is given by

2-"1[5'21"’”(0,1 +ﬂ1)rm(a'2 +B2)
Ln(a@)Um(@2)Un(B1 + B2)

X Fl(ﬂz, ay + 1 —ay, @z + B, Br + P2 I — Z,

det(Z)® =" D12 deg([, — Z)Pr+Br-(m+ D)2

I, - Z)
2 b
where 0 < Z < 1,. Further, if ay=a) + B, then the p.df. of Z= X;/ZXlel/z, for
0<Z<1,, is given by
27T,y + By + )
Ln(@)ln(B1 + B2)
I, — Z)

><2F1(,32, aj + B+ B2; B1 + Bo; — )

TueOREM 5.5. Suppose that X, ~ GH,,(a1, B1,v1,E81) and X, ~B2(m, as, By) are
independent. Then the p.d.f. of Z = XII/ZXZX}/2 is given by

det(Z)?~m*D/12 dey([,, — Z)PrBa-(m+D)/2

Bm(B], ) +ﬁ2) det(Z)(Iz—(Wl+1)/2
det(l,, + E1) det(l,, + Z)x2*h
X F1(B1.y1, @2+ Bas a1+ B+ Boi (I + E0)7'Er, (I + 2)7),

where Z > 0 and K,(Z,) is defined by

Ki(E1)

Ki(Z1) = {Bu(ay, B1) Bu(az, B2)2Fi(ar, yi; a1 + Bi; —En) L
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Proor. Since X; and X; are independent, their joint p.d.f. is given by

det(X;)@=m+D/2 deg(I,, — X;)P1=m+D/2 deg(X, )@= (m+D/2
det(l,, + ;X)) det(l,, + X,)eth2

)

Ki(E1)

where 0 < X; < I,, and X, > 0. Now consider the transformation Z = Xll / 2XZXI/ 2 and
W =1, — X;, whose Jacobian is J(X;, X, — W, Z) = det(l,, — W)= "*D/2_ Thus, we
obtain the joint p.d.f. of W and Z as

det(Z)ar("H 1)/2
det(l,, + E1)7 det(l,, + Z)**5-

det(W)ﬁl—(m+1)/2 det(Z,, — W)a|+/32—(m+1)/2
det(l, — (L + E)'E W det(, — (I, + Z) " W)eth’

Ki(E1)

where 0 < W < I,,. Finally, integrating W using (2.10), we obtain the desired result. O
COROLLARY 5.6. Suppose that X ~Bl(m, ay,B1; A1) and X; ~B2(m, az, 5;) are
independent. Then the p.d.f. of Z = X}/ZXZXIUZ, for Z >0, is given by
Bm(ﬂl, @ +BZ) det(z)azf(mﬂ)/Q
det(A1)#' Byy(ai, B1) Bu(aa, B2) det(l, + Z)*>*F:
X F1(B1, a1 +B1, @2 + Bo; a1 + i1 + Ba; Iy — AT, (I, + Z2)7H).

CoroLLARY 5.7. Suppose that X| ~ B1(m, a1, 81) and X, ~ B2(m, a3, 8,) are indepen-
dent. Then the p.d.f. of Z = X11/2X2X11/2, for Z >0, is given by

B(B1, a1 +B2)  det(z) D2
Bu(a1, B1) Bu(ez, B2) det(l, + Z)»*#2

2F1(B1, @ + Bas @y + B + s (I + Z2)7H).

Further, if ap, = ay + B4, then Xll/zXin/2 ~ B2(m, ay, B).

CoroOLLARY 5.8. Suppose that X| ~ B3(m, a1, 81) and X, ~ B2(m, a3, 8,) are indepen-
dent. Then the p.d.f. of Z = XII/ZXZX]I/Z, for Z >0, is given by

2-mp B,.(B1, a1 + B2) det(Z)O‘z_(erl)/2
B,(a1, B1) Bu(az, Bo) det(l, + Z)*>*F:
X F1(B1, a1 + B, @2 + Bo; a1 + B1 + 23 27 L, (L + Z)71).

In the next theorem we derive the density function of Z; = X~!/2YX~1/2 where the
random matrices X and Y are independent, X ~ GH,,(a, 8, v, E) and the distribution of
Y is matrix-variate gamma. An m X m random symmetric positive definite matrix Y is
said to have a matrix-variate gamma distribution with parameters ¥ and «, denoted by
Y ~ Ga(m, k, 'P), if its p.d.f. is given by

etr(=P~'Y) det(Y)< /2
I,.(k) det(P)« ’
where Y >0,¥ >0, and k> (m - 1)/2.
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THEOREM 5.9. Suppose that the random matrices X and Y are independent, and that
X ~GH,(a,B,y,Z) and Y ~ Ga(m, , 1,,). Then the p.d.f. of Z; = X~'2YX~/2 is given
by

B, (@ + k, B) det(Z, Y=+ D/2 etr(=Z)
det(l, + B

K> @B, v;a+B+k (L, +E)'E 7)),

where Z, > 0 and
K> = {Tn(®) Bu(@, foF (e, y; @ + B ~B))
Proor. The joint p.d.f. of X and Y is given by

det(X)*=m+D/2 det([,, — X)B=m+D/2 dey(y)r-m+D/2
K
? det(l,, + EX)7 etr(Y)

where 0 < X <1, and Y > 0. Now, transforming Z; = X 12yx-12 and W=1, - X,
with the Jacobian J(X, Y — W, Z;) = det(I,, — W)"*1/2| we obtain the joint p.d.f. of
Zy and W as

etr(=Z;) det(Z,)* "V det(W)#~" D/ det(l,, — W)*+< (D2
det(l,, + )7 det(,, — (I + Y IEW) etr(-WZ;)

2

where 0 < W <1, and Z; > 0. Now, integrating W using (2.11), we get the marginal
density of Z;. |

CoroLLARY 5.10. Suppose that the random matrices X and Y are independent, and that
X ~B3(m, a, B) and Y ~ Ga(m, , 1,,). Then the p.d.f. of Zy = X"V2YX™1/2 is given by

[o(a + ) (a + B) det(Zy )=+ etr(-Z;)
27T ()@ (@ + B + K)

1,
q’l(ﬂ,a*‘ﬁ;a"*ﬁ"‘/ﬁ ?,Zl),

where Z; > 0.

CoroLLARY 5.11. Suppose that the random matrices X and Y are independent, and that
X ~Bl(m, a, B) and Y ~ Ga(m, k, I,). Then the p.d.f of Zi = X~'>YX~V/? is given by

L@ + KO, (a + B) det(Z))<=D/2 etr(-Z))
L@l (@ + B + k)

1Fi(Bsa+ B+« Zy),

where Z, > 0.
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