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Abstract

In this paper, we propose a matrix-variate generalization of the Gauss hypergeometric distribution and
study several of its properties. We also derive probability density functions of the product of two
independent random matrices when one of them is Gauss hypergeometric. These densities are expressed
in terms of Appell’s first hypergeometric function F1 and Humbert’s confluent hypergeometric function
Φ1 of matrix arguments.
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1. Introduction

The random variable X is said to have a Gauss hypergeometric (GH) distribution with
parameters α, β, γ and ξ (where α > 0, β > 0, −∞ < γ <∞ and ξ > −1), denoted by
X ∼ GH(α, β, γ, ξ), if its probability density function (p.d.f.) is given by

GH(x; α, β, γ, ξ) = C(α, β, γ, ξ)
xα−1(1 − x) β−1

(1 + ξx)γ
,

where 0 < x < 1,

C(α, β, γ, ξ) = [B(α, β) 2F1(γ, α; α + β; −ξ)]−1,

B(α, β) =
Γ(α)Γ(β)
Γ(α + β)

,

and 2F1 is the Gauss hypergeometric function (Luke [14]). This distribution was
suggested by Armero and Bayarri [2] in connection with the prior distribution of the
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parameter ρ that represents the traffic intensity in an M/M/1 queueing system (here 0 <
ρ < 1). When either γ or ξ is equal to zero, the Gauss hypergeometric density reduces
to a beta type 1 density (Johnson et al. [12]). Further, if γ = α + β and ξ = 1, the Gauss
hypergeometric distribution simplifies to a beta type 3 distribution (Cardeño et al. [3]).
If γ = α + β and ξ = −(1 − λ), the Gauss hypergeometric distribution becomes a three-
parameter beta type 1 distribution (Libby and Novic [13], Nadarajah [15], and Nagar
and Rada-Mora [17]).

In this paper, we define a matrix-variate generalization of the Gauss hyper-
geometric distribution and study its properties and relationship with other matrix-
variate distributions.

In Section 2 we give some preliminary results on matrix algebra, integration,
zonal and invariant polynomials and special functions of matrix argument. Section 3
gives the definition of the matrix-variate Gauss hypergeometric distribution. In
Section 4 we study certain properties such as moments, moment generating functions,
marginal and conditional distributions. Finally, in Section 5, we derive distributions
of certain random quadratic forms involving the matrix-variate Gauss hypergeometric
distribution.

2. Some well-known results and definitions

We begin with a brief review of some definitions and notation. We adhere to
standard notation. Let A = (ai j) be a symmetric m × m matrix. Then AT denotes
the transpose of A and tr(A) and det(A) its trace and determinant; we write etr(A) =

exp(tr(A)). The norm of A, written ‖A‖, is the maximum of the absolute values of
the eigenvalues of A. Next, A > 0 means that A is symmetric positive definite and
A1/2 denotes the unique symmetric positive definite square root of A. The multivariate
gamma function, for Re(a) > (m − 1)/2, is defined by

Γm(a) =

∫
X>0

etr(−X) det(X)a−(m+1)/2 dX

= πm(m−1)/4
m∏

i=1

Γ

(
a −

i − 1
2

)
.

The multivariate generalization of the beta function is given by

Bm(a, b) =

∫ Im

0
det(X)a−(m+1)/2 det(Im − X)b−(m+1)/2 dX

=
Γm(a)Γm(b)
Γm(a + b)

= Bm(b, a),

where Re(a) > (m − 1)/2 and Re(b) > (m − 1)/2. The generalized hypergeometric
function of one matrix is defined by

pFq(a1, . . . , ap; b1, . . . , bq; X) =

∞∑
k=0

∑
κ`k

(a1)κ · · · (ap)κ
(b1)κ · · · (bq)κ

Cκ(X)
k!

, (2.1)
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where ai and b j are arbitrary complex numbers when i = 1, . . . , p and j = 1, . . . , q, X
is an m × m complex symmetric matrix, Cκ(X) is the zonal polynomial of the m × m
complex symmetric matrix X corresponding to the ordered partition κ = (k1, . . . , km),
with k1 ≥ · · · ≥ km ≥ 0 and k1 + · · · + km = k, and

∑
κ`k denotes summation over all such

partitions κ. The generalized hypergeometric coefficient (a)κ used above is defined by

(a)κ =

m∏
i=1

(
a −

i − 1
2

)
ki

where (a)0 = 1 and (a)r = a(a + 1) · · · (a + r − 1) for r = 1, 2, . . . . Conditions for
convergence of the series in (2.1) are available in the literature (see, for instance,
Constantine [5], James [11]). From (2.1) it follows that

0F0(X) =

∞∑
k=0

∑
κ`k

Cκ(X)
k!

=

∞∑
k=0

(tr X)k

k!
= etr(X),

1F0(a; X) =

∞∑
k=0

∑
κ`k

(a)κCκ(X)
k!

= det(Im − X)−a,

1F1(a; c; X) =

∞∑
k=0

∑
κ`k

(a)κ
(c)κ

Cκ(X)
k!

,

and

2F1(a, b; c; X) =

∞∑
k=0

∑
κ`k

(a)κ(b)κ
(c)κ

Cκ(X)
k!

. (2.2)

The restriction ‖X‖ < 1 is needed to ensure convergence of 1F0(a; X) and 2F1(a; X).
The integral representations of the confluent hypergeometric function 1F1 and the
Gauss hypergeometric function 2F1 are given by

1F1(a; c; X) =
Γm(c)

Γm(a)Γm(c − a)

∫ Im

0
etr(RX) det(R)a−(m+1)/2

× det(Im − R)c−a−(m+1)/2 dR

and for X < Im,

2F1(a, b; c; X) =
Γm(c)

Γm(a)Γm(c − a)

∫ Im

0
det(R)a−(m+1)/2

× det(Im − R)c−a−(m+1)/2 det(Im − XR)−b dR,

where Re(a) > (m − 1)/2 and Re(c − a) > (m − 1)/2. For properties and further results
on these functions the reader is referred to Herz [10], Constantine [5], James [11], and
Gupta and Nagar [8].

From the above it is easy to see that

2F1(a, b; c; Im) =
Γm(c)Γm(c − a − b)
Γm(c − a)Γm(c − b)
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and

2F1(a, b; c; X) = det(Im − X)−b
2F1(c − a, b; c; −X(Im − X)−1)

= det(Im − X)c−a−b
2F1(c − a, c − b; c; X).

(2.3)

The generalized hypergeometric function with m × m complex symmetric matrices
X and Y is defined by

pF(m)
q (a1, . . . , ap; b1, . . . , bq; X, Y) =

∞∑
k=0

∑
κ`k

(a1)κ · · · (ap)κ
(b1)κ · · · (bq)κ

Cκ(X)Cκ(Y)
Cκ(Im)k!

.

It is clear from the above definition that the order of X and Y is unimportant, that is,

pF(m)
q (a1, . . . , ap; b1, . . . , bq; X, Y) = pF(m)

q (a1, . . . , ap; b1, . . . , bq; Y, X).

Also, if one of the argument matrices is the identity this function reduces to the one-
argument function. Further, the two-matrix argument function pF(m)

q can be obtained
from the one-matrix function pFq by averaging over the orthogonal group O(m) using
a result given in James [11, Equation (23)], namely,∫

O(m)
Cκ(XHYHT ) (dH) =

Cκ(X)Cκ(Y)
Cκ(Im)

, (2.4)

where (dH) denotes the normalized invariant measure on O(m). That is,

pF(m)
q (a1, . . . , ap; b1, . . . , bq; X, Y)

=

∫
O(m)

pF(m)
q (a1, . . . , ap; b1, . . . , bq; XHYHT ) (dH)

(2.5)

(see James [11, equation (30)]). Further, if Re(α) > (m − 1)/2 and Re(β) > (m − 1)/2,
then∫ Im

0
det(R)α−(m+1)/2 det(Im − R) β−(m+1)/2

pF(m)
q (a1, . . . , ap; b1, . . . , bq; XR, Y) dR

= Bm(α, β) p+1F(m)
q+1(a1, . . . , ap, α; b1, . . . , bq, α + β; X, Y),

(2.6)
which can be obtained by expanding pF(m)

q in the integrand in series involving zonal
polynomials and integrating term by term using Constantine [5, equation (22)].

Davis [6, 7] introduced a class of polynomials Cκ,λ
φ (X, Y) of m × m symmetric

matrix arguments X and Y; these polynomials are invariant under the transformation
(X, Y)→ (HXHT , HYHT ), where H ∈ O(m). For properties and applications of
invariant polynomials we refer to Davis [6, 7], Chikuse [4] and Nagar and Gupta [16].
Let κ, λ, φ and ρ be ordered partitions of the nonnegative integers k, `, f = k + ` and r
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respectively into not more than m parts. Then

Cκ,λ
φ (X, X) = θ κ,λφ Cφ(X), θ κ,λφ =

Cκ,λ
φ (Im, Im)

Cφ(Im)
,

Cκ,λ
φ (X, Im) = θ κ,λφ

Cφ(Im)Cκ(X)

Cκ(Im)
,

Cκ,0
κ (X, Y) ≡Cκ(X), C0,λ

λ (X, Y) ≡Cλ(Y),

Cκ(X)Cλ(Y) =
∑
φ∈κ·λ

θ κ,λφ Cκ,λ
φ (X, Y), Cκ(X)Cλ(X) =

∑
φ∈κ·λ

(θ κ,λφ )2Cφ(X), (2.7)

where φ ∈ κ · λ signifies that the irreducible representation of Gl(m, R) indexed by
2φ occurs in the decomposition of the Kronecker product 2κ ⊗ 2λ of the irreducible
representations indexed by 2κ and 2λ. Further, provided that Re(α) > (m − 1)/2 and
Re(β) > (m − 1)/2,∫ Im

0
det(R)α−(m+1)/2 det(Im − R) β−(m+1)/2Cκ,λ

φ (R, Im − R) dR

=
Bm(α, β)(α)κ(β)λ

(α + β)φ
θ κ,λφ Cφ(Im).

(2.8)

Note that, if λ = 0, then Cκ,0
κ (R, Im − R) ≡Cκ(R) and the above expression reduces to∫ Im

0
det(R)α−(m+1)/2 det(Im − R) β−(m+1)/2Cκ(R) dR =

Bm(α, β)(α)κ
(α + β)κ

Cκ(Im). (2.9)

Appell’s first hypergeometric function F1 and Humbert’s confluent hypergeometric
function Φ1 of m × m symmetric matrices Z1 and Z2 are defined by Saxena et al. [18]
and Gupta and Nagar [9]:

F1(a, b1, b2; c; Z1, Z2)

=
Γm(c)

Γm(a)Γm(c − a)

∫ Im

0

det(V)a−(m+1)/2 det(Im − V)c−a−(m+1)/2 dV
det(Im − VZ1)b1 det(Im − VZ2)b2

(2.10)

and

Φ1[a, b1; c; Z1, Z2]

=
Γm(c)

Γm(a)Γm(c − a)

∫ Im

0

det(V)a−(m+1)/2 det(Im − V)c−a−(m+1)/2 dV
det(Im − VZ1)b1 etr(−VZ2)

(2.11)

respectively, where Re(a) > (m − 1)/2 and Re(c − a) > (m − 1)/2. Note that if b1 = 0,
then F1 and Φ1 reduce to 2F1 and 1F1 respectively. The series expansions for F1 and
Φ1 are

F1(a, b1, b2; c; Z1, Z2) =

∞∑
k=0

∞∑
`=0

∑
κ`k

∑
λ``

∑
φ∈κ·λ

(b1)κ(b2)λ
k! `!

(a)φ
(c)φ

Cκ,λ
φ (Z1, Z2),
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where ‖Z1‖ < 1, ‖Z2‖ < 1, and

Φ1[a, b1; c; Z1, Z2] =

∞∑
k=0

∞∑
`=0

∑
κ`k

∑
λ``

∑
φ∈κ·λ

(b1)κ
k! `!

(a)φ
(c)φ

Cκ,λ
φ (Z1, Z2),

where ‖Z1‖ < 1. Finally, we give the following result known as Hsu’s lemma (see
Anderson [1, p. 539], Srivastava and Khatri [19, p. 76]).

L 2.1. Suppose that Y is an m × n matrix of rank m (where m ≤ n) and let f (Y)
be a function of Y that depends on YYT only, that is, f (Y) = g(YYT ) for some g. Then,
when W > 0, ∫

YYT =W
f (Y) dY =

πnm/2

Γm(n/2)
det(W)(n−m−1)/2g(W).

3. The density function

First we define the matrix-variate Gauss hypergeometric distribution.

D 3.1. An m × m random symmetric positive definite matrix X is said to
have a matrix-variate Gauss hypergeometric distribution with parameters (α, β, γ, Ξ),
denoted by X ∼ GHm(α, β, γ, Ξ), if its p.d.f. is given by

C(α, β, γ, Ξ)
det(X)α−(m+1)/2 det(Im − X) β−(m+1)/2

det(Im + ΞX)γ
, (3.1)

where 0 < X < Im, α > (m − 1)/2, β > (m − 1)/2, −∞ < γ <∞, Im + Ξ > 0 and
C(α, β, γ, Ξ) is the normalizing constant.

The normalizing constant in (3.1) is given by

{C(α, β, γ, Ξ)}−1 =

∫ Im

0

det(X)α−(m+1)/2 det(Im − X) β−(m+1)/2

det(Im + ΞX)γ
dX

=
Γm(α)Γm(β)
Γm(α + β) 2F1(α, γ; α + β; −Ξ),

(3.2)

where 2F1 is the Gauss hypergeometric function of matrix argument.
Note that the Gauss hypergeometric function in (3.2) can be expanded in series form

using (2.2) if ‖Ξ‖ < 1. However, if ‖Ξ‖ > Im, then ‖(Im + Ξ)−1Ξ‖ < 1 and we use (2.3) to
rewrite 2F1(α, γ; α + β; −Ξ) in terms of another Gauss hypergeometric function with
argument (Im + Ξ)−1Ξ.

When either γ or Ξ is equal to zero, the matrix-variate Gauss hypergeometric
density reduces to a matrix-variate beta type 1 density given by

B1(X; m, α, β) =
det(X)α−(m+1)/2 det(Im − X) β−(m+1)/2

Bm(α, β)
, (3.3)
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where 0 < X < Im. Further, for γ = α + β and Ξ = Im, the matrix-variate Gauss
hypergeometric distribution simplifies to a matrix-variate beta type 3 distribution given
by the density

B3(X; m, α, β) =
2mα det(X)α−(m+1)/2 det(Im − X) β−(m+1)/2

Bm(α, β) det(Im + X)α+β
,

where 0 < X < Im, α > (m − 1)/2 and β > (m − 1)/2. The matrix-variate beta type 1
and beta type 3 distributions have been extensively studied (see, for example, Gupta
and Nagar [8, 9]). For γ = α + β and Ξ = −(Im − Λ), where Λ > 0, the matrix-variate
Gauss hypergeometric distribution becomes a generalized matrix-variate beta type 1
distribution defined by the density

B1(X; m, α, β; Λ) =
det(Λ)α det(X)α−(m+1)/2 det(Im − X) β−(m+1)/2

Bm(α, β) det(Im − (Im − Λ)X)α+β
,

where 0 < X < Im, α > (m − 1)/2 and β > (m − 1)/2.
When m = 1, the matrix-variate Gauss hypergeometric distribution reduces to a

univariate Gauss hypergeometric distribution.
The cumulative distribution function of X is obtained as

P(X <Ω) = C(α, β, γ, Ξ)
∫ Ω

0

det(X)α−(m+1)/2 det(Im − X) β−(m+1)/2

det(Im + ΞX)γ
dX

= C(α, β, γ, Ξ) det(Ω)α

×

∫ Im

0

det(W)α−(m+1)/2 det(Im −W)α+(m+1)/2−α−(m+1)/2

det(Im −ΩW)(m+1)/2−β det(Im + Ω1/2ΞΩ1/2W)γ
dW,

where the last line has been obtained by substituting W = Ω−1/2XΩ−1/2 with the
Jacobian J(X→W) = det(Ω)(m+1)/2. Now, applying (2.10), we get

P(X <Ω) = C(α, β, γ, Ξ) det(Ω)α Bm

(
α,

m + 1
2

)
× F1

(
α,

m + 1
2
− β, γ; α +

m + 1
2

; Ω, −Ω1/2ΞΩ1/2
)
.

The moment generating function MX(Z) of X is derived as

MX(Z) = C(α, β, γ, Ξ)
∫ Im

0
etr(ZX)

det(X)α−(m+1)/2 det(Im − X) β−(m+1)/2

det(Im + ΞX)γ
dX,

where Z is the m × m matrix ((1 + δi j)zi j/2). Now, using the integral representation
(2.11),

MX(Z) = C(α, β, γ, Ξ) Bm(α, β)Φ1[α, γ; α + β; −Ξ, Z]

=
Φ1[α, γ; α + β; −Ξ, Z]

2F1(α, γ; α + β; −Ξ)
.
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4. Properties

In this section we study some properties of Gauss hypergeometric distributed
random matrices.

T 4.1. Suppose that X ∼ GHm(α, β, γ, Ξ). Then

Im − X ∼ GHm(β, α, γ, −(Im + Ξ)−1Ξ).

T 4.2. Suppose that X ∼ GHm(α, β, γ, Ξ) and let A be an m × m constant
nonsingular matrix. Then the density of Y = AXAT is given by

C(α, β, γ, Ξ)
det(Y)α−(m+1)/2 det(AAT − Y) β−(m+1)/2

det(AAT )α+β−(m+1)/2 det(Im + (AT )−1ΞA−1Y)γ
,

where 0 < Y < AAT .

P. In the p.d.f. (3.1) of X, by making the transformation Y = AXAT with the
Jacobian J(X→ Y) = det(A)−(m+1), the density of Y is obtained. �

We will write Y ∼ GHm(α, β, γ, Ξ, A). In the next theorem, it is shown that the
matrix-variate Gauss hypergeometric distribution is orthogonally invariant.

T 4.3. Suppose that X ∼ GHm(α, β, γ, Im) and H is an orthogonal m ×
m matrix whose elements are either constants or random variables distributed
independently of X. Then the distribution of X is invariant under the transformation
X→ HXHT .

P. First, let H be a constant orthogonal matrix. Then, from Theorem 4.2,
HXHT ∼ GHm(α, β, γ, Im) since HHT = Im. If, however, H is a random orthogonal
matrix, then the conditional distribution of HXHT |H ∼ GHm(α, β, γ, Im). Since this
distribution does not depend on H, we have HXHT ∼ GHm(α, β, γ, Im). �

The relationship between matrix-variate beta type 1, matrix-variate type 2 and
matrix-variate Gauss hypergeometric distributions is now analyzed. First, we give
the definition of the matrix-variate beta type 2 distribution.

D 4.4. An m × m random symmetric positive definite matrix V is said to
have a matrix-variate beta type 2 distribution with parameters (α, β), denoted by
V ∼ B2(m, α, β), if its p.d.f. is given by

det(V)α−(m+1)/2 det(Im + V)−(α+β)

Bm(α, β)
, (4.1)

where V > 0, α > (m − 1)/2, β > (m − 1)/2, and Bm(α, β) is the multivariate beta
function.

The density (4.1) can be obtained from (3.3) by transforming X = (Im + V)−1V ,
together with the Jacobian J(X→ V) = det(Im + V)−(m+1).

https://doi.org/10.1017/S1446788712000353 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788712000353


[9] Matrix-variate Gauss hypergeometric distribution 343

T 4.5. Suppose that U ∼ B1(m, α, β). Then

(Im + U)−1(Im − U) ∼ GHm(β, α, α + β, Im)

and
(2Im − U)−1U ∼ GHm(α, β, α + β, Im).

T 4.6. Suppose that V ∼ B2(m, α, β). Then

(Im + 2V)−1 ∼ GHm(β, α, α + β, Im)

and
(2Im + V)−1V ∼ GHm(α, β, α + β, Im).

T 4.7. Suppose that X ∼ GHm(α, β, γ, Ξ) and Y = (Im + X)−1(Im − X). Then the
density of Y, for 0 < Y < Im, is given by

C(α, β, γ, Ξ)
2mβ det(Y) β−(m+1)/2 det(Im − Y)α−(m+1)/2

det(Im + Ξ)γ det(Im + Y)α+β−γ det(Im + (Im + Ξ)−1(Im − Ξ)Y)γ
.

P. Since Y = (Im + X)−1(Im − X), the Jacobian J(X→ Y) of the transformation is
2m(m+1)/2 det(Im + Y)−(m+1). Now making these substitutions in the density of X, the
result follows. �

C 4.8. Suppose that X ∼ GHm(α, β, γ, Im). Then

(Im + X)−1(Im − X) ∼ GHm(β, α, α + β − γ, Im)).

C 4.9. Suppose that X ∼ GHm(α, β, α + β, Ξ). Then

(Im + X)−1(Im − X) ∼ GHm(β, α, α + β, (Im + Ξ)−1(Im − Ξ)).

T 4.10. Suppose that X ∼ GHm(α, β, γ, Ξ) and Y = 2(Im + X)−1X. Then the
density of Y, for 0 < Y < Im, is given by

C(α, β, γ, Ξ)
2mβ det(Y)α−(m+1)/2 det(Im − Y) β−(m+1)/2

det(2Im − Y)α+β−γ det(2Im − (Im − Ξ)Y)γ
.

P. Since Y = 2(Im + X)−1X, the Jacobian J(X→ Y) of the transformation is
2m(m+1)/2 det(2Im − Y)−(m+1). Now, making these substitutions in the density of X, the
result follows. �

C 4.11. Suppose that X ∼ GHm(α, β, α + β, Ξ). Then

2(Im + X)−1X ∼ GHm(α, β, α + β, −(Im − Ξ)/2).

C 4.12. Suppose that X ∼ GHm(α, β, γ, Im). Then

2(Im + X)−1X ∼ GHm(α, β, α + β − γ, −Im/2).
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Let V ∼ B2(m, a, b) and V =
(V11 V12
V21 V22

)
, where V11 is a q × q matrix and V22 is an

(m − q) × (m − q) matrix, and let

V11·2 = V11 − V12V−1
22 V21.

It is well known that V11·2 and V22 are distributed independently (Gupta and
Nagar [8]), and that V11·2 ∼ B2(q, a − (m − q)/2, b) and V22 ∼ B2(m − q, a, b − q/2).
By Theorem 4.6, if V ∼ B2(m, a, b), then X = (Im + 2V)−1 ∼ GHm(b, a, a + b, Im).
Furthermore,

X−1 =

(
X11 X12

X21 X22

)
=

(
Iq + 2V11 2V12

2V21 Im−q + 2V22

)
.

That is, X22 = X−1
22·1 = Im−q + 2V22 and X22·1 = (Im−q + 2V22)−1. Now, since V22 ∼

B2(m − q, a, b − q/2),

X22·1 = (Im−q + 2V22)−1 ∼ GHm−q(b − q/2, a, a + b − q/2, Im−q).

Thus, we have the following result.

T 4.13. If X ∼ GHm(α, β, α + β, Im), then

X22·1 ∼ GHm−q(α − q/2, β, α + β − q/2, Im−q).

Next, we derive the joint density of X11 and X22·1 for X ∼ GHm(α, β, γ, Im).

T 4.14. Suppose that X =
(X11 X12

X21 X22

)
, where X11 is a q × q matrix, and define

X22·1 = X22− X21X−1
11 X12. If X ∼ GHm(α, β, γ, Im), then the joint density of X11 and

X22·1 is given by

C(α, β, γ, Im)
πq(m−q)/2Γm−q(β − q/2)

Γm−q(β)

det(X11)α−(q+1)/2 det(Iq − X11) β−(q+1)/2

det(Iq + X11)γ

×
det(X22·1)α−(m+1)/2 det(Im−q − X22·1) β−(m−q+1)/2

det(Im−q + X22·1)γ 2F(δ)
1

(1
2
δ, γ; β; −A, B

)
,

(4.2)

where 0 < X11 < Im, 0 < X22·1 < Im, A=(Im−q−X22·1)1/2(Im−q +X22·1)−1(Im−q−X22·1)1/2,
B = (Iq − X11)1/2(Iq + X11)−1 (Iq − X11)1/2 and δ = max{q, m − q}.

P. From the partition of X,

det(X) = det(X11) det(X22·1), (4.3)

det(Im − X) = det(Iq − X11) det(Im−q − X22·1 − X21X−1
11 (Iq − X11)−1X12), (4.4)

det(Im + X) = det(Iq + X11) det(Im−q + X22·1 + X21X−1
11 (Iq + X11)−1X12). (4.5)

Substituting (4.3), (4.4) and (4.5) in the density of X and making the transformation

X11 = X11,

Y = (Im−q − X22·1)−1/2X21X−1/2
11 (Iq − X11)−1/2,

X22·1 = X22 − X21X−1
11 X12,
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whose Jacobian J(X11, X22, X21→ X11, X22·1, Y) is equal to

det(Im−q − X22·1)q/2 det(Iq − X11)(m−q)/2 det(X11)(m−q)/2,

and integrating Y , we get the joint density of X11 and X22·1 as

C(α, β, γ, Im)
det(X11)α−(q+1)/2 det(Iq − X11) β−(q+1)/2

det(Iq + X11)γ

×
det(X22·1)α−(m+1)/2 det(Im−q − X22·1) β−(m−q+1)/2

det(Im−q + X22·1)γ
g(A, B),

(4.6)

where when m − q ≤ q,

g(A, B) =

∫
Im−q−YYT>0

det(Im−q − YYT ) β−(m+1)/2 det(Im−q + AYBYT )−γ dY

=

∫ Im−q

0

∫
YYT =Z

det(Im−q − YYT ) β−(m+1)/2
1F(q)

0 (γ; −YT AYB) dY dZ,

(4.7)

and when m − q > q,

g(A, B) =

∫ Iq

0

∫
YT Y=Z

det(Iq − YT Y) β−(m+1)/2
1F(m−q)

0 (γ; −AYBYT ) dY dZ. (4.8)

We evaluate g(A, B) when m − q ≤ q given in (4.7). Since g(A, B) = g(A, HT BH),
when H ∈ O(q), integrating H in g(A, HT BH) using (2.5),

g(A, B) =

∫ Im−q

0

∫
YYT =Z

det(Im−q − YYT ) β−(m+1)/2
1F(q)

0 (γ; −AYYT , B) dY dZ

=
πq(m−q)/2

Γm−q(q/2)

∫ Im−q

0
det(Z)(q−m+q−1)/2 det(Im−q − Z) β−(m+1)/2

1F(q)
0 (γ; −AZ, B) dZ

=
πq(m−q)/2Γm−q(β − q/2)

Γm−q(β) 2F(q)
1

(1
2

q, γ; β; −A, B
)
,

where the last two lines have been obtained by using Lemma 2.1 and (2.6).
Substituting g(A, B) in (4.6), we get the joint density of X11 and X22·1 as

C(α, β, γ, Im)
πq(m−q)/2Γm−q(β − q/2)

Γm−q(β)

det(X11)α−(q+1)/2 det(Iq − X11) β−(q+1)/2

det(Iq + X11)γ

×
det(X22·1)α−(m+1)/2 det(Im−q − X22·1) β−(m−q+1)/2

det(Im−q + X22·1)γ 2F(q)
1

(1
2

q, γ; β; −A, B
)
.
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When q < m − q, using (4.8) and following similar steps, we get

g(A, B) =

∫ Iq

0

∫
YT Y=Z

det(Iq − YT Y) β−(m+1)/2
1F(m−q)

0 (γ; −A, BYT Y) dY dZ

=
πq(m−q)/2

Γq[(m − q)/2]

∫ Iq

0
det(Z)(m−q−q−1)/2 det(Im−q − Z) β−(m+1)/2

× 1F(m−q)
0 (γ; −A, BZ) dZ

=
πq(m−q)/2Γq[β − (m − q)/2]

Γq(β) 2F(m−q)
1

(1
2

(m − q), γ; β; −A, B
)

and the joint density of X11 and X22·1 is given by

C(α, β, γ, Im)
πq(m−q)/2Γq[β − (m − q)/2]

Γq(β)

det(X11)α−(q+1)/2 det(Iq − X11) β−(q+1)/2

det(Iq + X11)γ

×
det(X22·1)α−(m+1)/2 det(Im−q − X22·1) β−(m−q+1)/2

det(Im−q + X22·1)γ 2F(m−q)
1

(1
2

(m − q), γ; β; −A, B
)
.

Now, by noting that
Γm−q(β − q/2)

Γm−q(β)
=

Γq[β − (m − q)/2]

Γq(β)
the desired result is obtained. �

By substituting γ = 0 in the above theorem, it is easy to see that if X ∼ B1(m, α, β),
then X11 ∼ B1(q, α, β) and X22·1 ∼ B1(m − q, α − q/2, β); moreover, X11 and X22·1 are
independent. Further, substituting γ = α + β in the joint density of X11 and X22·1 and
integrating X11 using

2qα
∫ Iq

0

det(X11)α−(q+1)/2 det(Iq − X11) β−(q+1)/2

det(Iq + X11)α+β 2F(q)
1

(1
2

q, α + β; β; −A, B
)

dX11

=

∫ Iq

0
det(B) β−(q+1)/2 det(Iq − B)α−(q+1)/2

2F(q)
1

(1
2

q, α + β; β; −A, B
)

dB

= Bq(α, β) 3F(q)
2

(
β,

1
2

q, α + β; β, α + β; −A
)

= Bq(α, β) det(Im−q + A)−q/2 = 2−(m−q)q/2 Bq(α, β) det(Im−q + X22·1)q/2,

we see that X22·1 ∼ GHm−q(α − q/2, β, α + β − q/2, Im−q) if X ∼ GHm(α, β, α + β, Im),
as in Theorem 4.13.

Substituting m = 2 and q = 1 in (4.2), the joint density of X11 ≡ x11 and X22·1 ≡ x22·1

simplifies to

Γ(α + β)Γ(α + β − 1/2)
Γ(α)Γ(α − 1/2)Γ2(β) 2F1(α, γ; α + β; −I2)

xα−1
11 (1 − x11) β−1

(1 + x11)γ

×
xα−3/2

22·1 (1 − x22·1) β−1

(1 + x22·1)γ

∞∑
j=0

(1/2) j(γ) j

(β) j j!

(
−

1 − x11

1 + x11

) j(1 − x22·1

1 + x22·1

) j

,

(4.9)
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where 0 < x11 < 1 and 0 < x22·1 < 1. Further, integrating (4.9) with respect to x11 and
x22·1 and simplifying the resulting expression, we get

2F1(α, γ; α + β; −I2) =

∞∑
j=0

(−1) j(1/2) j(γ) j(β) j

(α + β) j(α + β − 1/2) j j! 2F1(α, γ + j; α + β + j; −1)

× 2F1

(
α −

1
2
, γ + j; α + β −

1
2

+ j; −1
)
.

Using (2.3), the above identity can also be written as

2F1

(
β, γ; α + β;

I2

2

)
=

∞∑
j=0

(−1) j(1/2) j(γ) j(β) j

22 j(α + β) j(α + β − 1/2) j j! 2F1

(
β + j, γ + j; α + β + j;

1
2

)
× 2F1

(
β + j, γ + j; α + β −

1
2

+ j;
1
2

)
,

which for γ = α + β gives an interesting summation formula,

2β =

∞∑
j=0

(−1) j(1/2) j(β) j

2 j(α + β − 1/2) j j! 2F1

(
β + j, α + β + j; α + β −

1
2

+ j;
1
2

)
.

The distribution of (AX−1AT )−1, where A is a q × m constant matrix of rank q (where
q ≤ m), is now derived.

T 4.15. Suppose that A is a q × m constant matrix of rank q, where q ≤ m. If
X ∼ GHm(α, β, α + β, Im), then

(AAT )1/2(AX−1AT )−1(AAT )1/2 ∼ GHq

(
α −

m − q
2

, β, α + β −
m − q

2
, Iq

)
.

P. Write A = M(Iq, 0)G, where M is a nonsingular q × q matrix and G is an
orthogonal m × m matrix. Now,

(AX−1AT )−1 = (M(Iq 0)GX−1GT (Iq 0)T MT )−1

= (MT )−1

[(
Iq 0

)
Y−1

(
Iq

0

)]−1

M−1

= (MT )−1(Y11)−1M−1,

where

Y =

(
Y11 Y12

Y21 Y22

)
= GXGT ∼ GHm(α, β, α + β, Im),

Y11 is a q × q matrix and Y11 = (Y11 − Y12Y−1
22 Y21)−1 = Y−1

11·2. From Theorem 4.13,

Y11·2 ∼ GHq(α − (m − q)/2, β, α + β − (m − q)/2, Iq),

https://doi.org/10.1017/S1446788712000353 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788712000353


348 A. K. Gupta and D. K. Nagar [14]

and from Theorem 4.2,

Z = (MT )−1Y11·2M−1 ∼ GHq(α − (m − q)/2, β, α + β − (m − q)/2, Iq, (MT )−1),

with the p.d.f. proportional to

det(Z)α−(m+1)/2 det((MMT )−1 − Z) β−(q+1)/2

det(MMT )−(α+β)+(m+1)/2 det(Iq + MMT Z)α+β−(m−q)/2
,

where 0 < Z < (MMT )−1. Now, noting that MMT = AAT and making the
transformation S = (AAT )1/2Z(AAT )1/2 with the Jacobian J(Z→ S ) = det(AAT )−(m+1)/2

in the above density, we get the desired result. �

C 4.16. Suppose that X ∼ GHm(α, β, α + β, Im) and a ∈ Rm \ {0}. Then

aT a(aT X−1a)−1 ∼ GH(α − (m − 1)/2, β, α + β − (m − 1)/2, 1).

In the above corollary, the distribution of aT a(aT X−1a)−1 does not depend on a.
Thus, if y is a random vector in Rm, independent of X, and P(y , 0) = 1, then it follows
that yT y(yT X−1y)−1 ∼ GH(α − (m − 1)/2, β, α + β − (m − 1)/2, 1).

T 4.17. Suppose that X ∼ GHm(α, β, γ, Ξ). Then

E
[det(X)r det(Im − X)s

det(Im + ΞX)t

]
=

Γm(α + β)Γm(α + r)Γm(β + s)
Γm(α + β + r + s)Γm(α)Γm(β)

×
2F1(α + r, γ + t; α + β + r + s; −Ξ)

2F1(α, γ; α + β; −Ξ)
,

where Re(r) > −α + (m − 1)/2 and Re(s) > −β + (m − 1)/2.

P. From the density of X,

E
[det(X)r det(Im − X)s

det(Im + ΞX)t

]
= C(α, β, γ, Ξ)

∫ Im

0

det(X)α+r−(m+1)/2 det(Im − X) β+s−(m+1)/2 dX
det(Im + ΞX)γ+t

=
C(α, β, γ, Ξ)

C(α + r, β + s, γ + t, Ξ)
,

where Re(r) > −α + (m − 1)/2 and Re(s) > −β + (m − 1)/2. Simplifying this last
expression using (3.2), we get the desired result. �

From the density of X,

E[Cκ(X)] = C(α, β, γ, Ξ)
∫ Im

0
Cκ(X)

det(X)α−(m+1)/2 det(Im − X) β−(m+1)/2 dX
det(Im + ΞX)γ

.
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For ‖Ξ‖ < 1, writing det(Im + ΞX)−γ in series involving zonal polynomials,

det(Im + ΞX)−γ =

∞∑
l=0

∑
λ`l

(γ)λ
l!

Cλ(−ΞX)

and

E[Cκ(X)] = C(α, β, γ, Ξ)
∞∑

l=0

∑
λ`l

(γ)λ
l!

Φκ,λ(Ξ), (4.10)

where

Φκ,λ(Ξ) =

∫ Im

0
Cκ(X)Cλ(−ΞX) det(X)α−(m+1)/2 det(Im − X) β−(m+1)/2 dX.

Since Φκ,λ(Ξ) = Φκ,λ(HT ΞH), H ∈ O(m), integrating out H in Φκ,λ(HT ΞH) using (2.4)
and applying (2.7),

Φκ,λ(Ξ) =
Cλ(−Ξ)
Cλ(Im)

∑
φ∈κ·λ

(θ κ,λφ )2
∫ Im

0
Cφ(X) det(X)α−(m+1)/2 det(Im − X) β−(m+1)/2 dX.

Finally, integrating the above expression using (2.9) and substituting it in (4.10),

E[Cκ(X)] = C(α, β, γ, Ξ) Bm(α, β)
∞∑

l=0

∑
λ`l

(γ)λ
l!

Cλ(−Ξ)
Cλ(Im)

∑
φ∈κ·λ

(θ κ,λφ )2 (α)φ
(α + β)φ

Cφ(Im).

For ‖Ξ‖ > 1, writing det(Im + ΞX)−γ as

det(Im + ΞX)−γ = det(Im + Ξ)−γ det(Im − (Im + Ξ)−1Ξ(Im − X))−γ

= det(Im + Ξ)−γ
∞∑

l=0

∑
λ`l

(γ)λ
l!

Cλ((Im + Ξ)−1Ξ(Im − X))

and following similar steps, we deduce that

E[Cκ(X)] = C(α, β, γ, Ξ) det(Im + Ξ)−γ
∞∑

l=0

∑
λ`l

(γ)λ
l!

Φκ,λ((Im + Ξ)−1Ξ), (4.11)

where

Φκ,λ((Im + Ξ)−1Ξ) =
Cλ((Im + Ξ)−1Ξ)

Cλ(Im)

∑
φ∈κ·λ

θ κ,λφ

∫ Im

0
Cκ,λ
φ (X, Im − X)

× det(X)α−(m+1)/2 det(Im − X) β−(m+1)/2 dX.

Finally, integrating the above expression using (2.8) and substituting it in (4.11),

E[Cκ(X)] = C(α, β, γ, Ξ) Bm(α, β) det(Im + Ξ)−γ

×

∞∑
l=0

∑
λ`l

(γ)λ
l!

Cλ((Im + Ξ)−1Ξ)
Cλ(Im)

∑
φ∈κ·λ

(θ κ,λφ )2 (α)κ(β)λ
(α + β)φ

Cφ(Im).
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5. Quadratic forms

In this section we obtain distributional results for the product of two independent
random matrices involving the Gauss hypergeometric distribution.

T 5.1. Suppose that X1 ∼ GHm(α1, β1, γ1, Im) and X2 ∼ B1(m, α2, β2) are
independent. Then the p.d.f. of Z = X1/2

2 X1X1/2
2 is given by

K1Bm(β1, β2)
det(Z)α1−(m+1)/2 det(Im − Z) β1+β2−(m+1)/2

det(Im + Z)γ1

× F1(β2, α1 + β1 − α2 − γ1, γ1; β1 + β2; Im − Z, (Im − Z)(Im + Z)−1),

where 0 < Z < Im and

K1 = {Bm(α1, β1) Bm(α2, β2)2F1(α1, γ1; α1 + β1; −Im)}−1.

P. Using the independence, the joint p.d.f. of X1 and X2 is given by

K1
det(X1)α1−(m+1)/2 det(Im − X1) β1−(m+1)/2

det(Im + X1)γ1

× det(X2)α2−(m+1)/2 det(Im − X2) β2−(m+1)/2,

where 0 < Xi < Im, i = 1, 2. Transforming Z = X1/2
2 X1X1/2

2 and X2 = X2 with the
Jacobian J(X1, X2→ Z, X2) = det(X2)−(m+1)/2, we obtain the joint p.d.f. of Z and X2:

K1
det(Z)α1−(m+1)/2 det(X2 − Z) β1−(m+1)/2 det(Im − X2) β2−(m+1)/2

det(X2)α1+β1−(γ1+α2) det(X2 + Z)γ1
, (5.1)

where 0 < Z < X2 < Im. To find the marginal density of Z, we integrate (5.1) with
respect to X2 to get

K1 det(Z)α1−(m+1)/2
∫ Im

Z

det(X2 − Z) β1−(m+1)/2 det(Im − X2) β2−(m+1)/2 dX2

det(X2)α1+β1−(γ1+α2) det(X2 + Z)γ1
. (5.2)

In (5.2), the change of variables W = (Im − Z)−1/2(Im − X2)(Im − Z)−1/2 yields

K1
det(Z)α1−(m+1)/2 det(Im − Z) β1+β2−(m+1)/2

det(Im + Z)γ1

×

∫ Im

0

det(W) β2−(m+1)/2 det(Im −W) β1−(m+1)/2 dW
det(Im − (Im − Z)W)α1+β1−γ1−α2 det(Im − (Im − Z)1/2(Im + Z)−1(Im − Z)1/2W)γ1

.

Finally, noting that

(Im − Z)1/2(Im + Z)−1(Im − Z)1/2 = (Im − Z)(Im + Z)−1 = (Im + Z)−1(Im − Z)

and applying (2.10), we obtain the desired result. �
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C 5.2. Suppose that X1 ∼ B1(m, α1, β1) and X2 ∼ B1(m, α2, β2) are indepen-
dent. Then the p.d.f. of Z = X1/2

2 X1X1/2
2 , for 0 < Z < Im, is given by

Bm(β1, β2)
Bm(α1, β1) Bm(α2, β2)

det(Z)α1−(m+1)/2 det(Im − Z) β1+β2−(m+1)/2

× 2F1(β2, α1 + β1 − α2; β1 + β2; Im − Z).

Further, if α1 + β1 = α2, then X1/2
2 X1X1/2

2 ∼ B1(m, α1, β1 + β2).

Next, we give the density of Z = X1/2
2 X1X1/2

2 , where X1 ∼ GHm(α1, β1, γ1, Ξ1) and
X2 ∼ B3(m, α2, β2). We represent this density in terms of Appell’s first hypergeometric
function F1 of three m × m symmetric matrix arguments, which is defined by

F1(a, b1, b2, b3; c; Z1, Z2, Z3)

=
Γm(c)

Γm(a)Γm(c − a)

∫ Im

0

det(V)a−(m+1)/2 det(Im − V)c−a−(m+1)/2 dV
det(Im − VZ1)b1 det(Im − VZ2)b2 det(Im − VZ3)b3

.

(5.3)
Note that F1(a, b1, b2, 0; c; Z1, Z2, Z3) = F1(a, b1, b2; c; Z1, Z2).

T 5.3. Suppose that X1 ∼ GHm(α1, β1, γ1, Im) and X2 ∼ B3(m, α2, β2) are
independent. Then the p.d.f. of Z = X1/2

2 X1X1/2
2 is

K1Bm(β1, β2)
det(Z)α1−(m+1)/2 det(Im − Z) β1+β2−(m+1)/2

2mβ2 det(Im + Z)γ1

× F1

(
β2, α1 + β1 − α2 − γ1, α2 + β2, γ1; β1 + β2;

Im − Z,
Im − Z

2
, (Im − Z)(Im + Z)−1

)
,

where 0 < Z < Im and K1 is defined in Theorem 5.1.

P. Using the independence, the joint p.d.f. of X1 and X2 is given by

2mα2 K1
det(X1)α1−(m+1)/2 det(Im − X1) β1−(m+1)/2

det(Im + X1)γ1

×
det(X2)α2−(m+1)/2 det(Im − X2) β2−(m+1)/2

det(Im + X2)α2+β2
,

where 0 < Xi < Im when i = 1, 2. Transforming Z = X1/2
2 X1X1/2

2 and X2 = X2, with
Jacobian J(X1, X2→ Z, X2) = det(X2)−(m+1)/2, we obtain the joint p.d.f. of Z and X2

as

2mα2 K1
det(Z)α1−(m+1)/2 det(X2 − Z) β1−(m+1)/2 det(Im − X2) β2−(m+1)/2

det(X2)α1+β1−(γ1+α2) det(X2 + Z)γ1 det(Im + X2)α2+β2
, (5.4)
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where 0 < Z < X2 < Im. To find the marginal p.d.f. of Z, we integrate (5.4) with respect
to X2 to get

2mα2 K1 det(Z)α1−(m+1)/2
∫ Im

Z

det(X2 − Z) β1−(m+1)/2 det(Im − X2) β2−(m+1)/2 dX2

det(X2)α1+β1−(γ1+α2) det(X2 + Z)γ1 det(Im + X2)α2+β2

= 2−mβ2 K1
det(Z)α1−(m+1)/2 det(Im − Z) β1+β2−(m+1)/2

det(Im + Z)γ1

×

∫ Im

0

det(W) β2−(m+1)/2 det(Im −W) β1−(m+1)/2

det(Im − (Im − Z)1/2(Im + Z)−1(Im − Z)1/2W)γ1

×
det(Im − (Im − Z)W)γ1+α2−α1−β1 dW

det(Im − (Im − Z)W/2)α2+β2
,

where we have used the substitution W = (Im − Z)−1/2(Im − X2)(Im − Z)−1/2. Finally,
observing that

(Im − Z)1/2(Im + Z)−1(Im − Z)1/2 = (Im − Z)(Im + Z)−1 = (Im + Z)−1(Im − Z)

and applying (5.3), we obtain the desired result. �

C 5.4. Suppose that X1 ∼ B1(m, α1, β1) and X2 ∼ B3(m, α2, β2) are indepen-
dent. Then the p.d.f. of Z = X1/2

2 X1X1/2
2 is given by

2−mβ2Γm(α1 + β1)Γm(α2 + β2)
Γm(α1)Γm(α2)Γm(β1 + β2)

det(Z)α1−(m+1)/2 det(Im − Z) β1+β2−(m+1)/2

× F1

(
β2, α1 + β1 − α2, α2 + β2, β1 + β2; Im − Z,

Im − Z
2

)
,

where 0 < Z < Im. Further, if α2 = α1 + β1, then the p.d.f. of Z = X1/2
2 X1X1/2

2 , for
0 < Z < Im, is given by

2−mβ2Γm(α1 + β1 + β2)
Γm(α1)Γm(β1 + β2)

det(Z)α1−(m+1)/2 det(Im − Z) β1+β2−(m+1)/2

× 2F1

(
β2, α1 + β1 + β2; β1 + β2;

Im − Z
2

)
.

T 5.5. Suppose that X1 ∼ GHm(α1, β1, γ1, Ξ1) and X2 ∼ B2(m, α2, β2) are
independent. Then the p.d.f. of Z = X1/2

1 X2X1/2
1 is given by

K1(Ξ1)
Bm(β1, α1 + β2)
det(Im + Ξ1)γ1

det(Z)α2−(m+1)/2

det(Im + Z)α2+β2

× F1(β1, γ1, α2 + β2; α1 + β1 + β2; (Im + Ξ1)−1Ξ1, (Im + Z)−1),

where Z > 0 and K1(Ξ1) is defined by

K1(Ξ1) = {Bm(α1, β1) Bm(α2, β2)2F1(α1, γ1; α1 + β1; −Ξ1)}−1.
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P. Since X1 and X2 are independent, their joint p.d.f. is given by

K1(Ξ1)
det(X1)α1−(m+1)/2 det(Im − X1) β1−(m+1)/2 det(X2)α2−(m+1)/2

det(Im + Ξ1X1)γ1 det(Im + X2)α2+β2
,

where 0 < X1 < Im and X2 > 0. Now consider the transformation Z = X1/2
1 X2X1/2

1 and
W = Im − X1, whose Jacobian is J(X1, X2→W, Z) = det(Im −W)−(m+1)/2. Thus, we
obtain the joint p.d.f. of W and Z as

K1(Ξ1)
det(Z)α2−(m+1)/2

det(Im + Ξ1)γ1 det(Im + Z)α2+β2

×
det(W) β1−(m+1)/2 det(Im −W)α1+β2−(m+1)/2

det(Im − (Im + Ξ1)−1Ξ1W)γ1 det(Im − (Im + Z)−1W)α2+β2
,

where 0 < W < Im. Finally, integrating W using (2.10), we obtain the desired result. �

C 5.6. Suppose that X1 ∼ B1(m, α1, β1; Λ1) and X2 ∼ B2(m, α2, β2) are
independent. Then the p.d.f. of Z = X1/2

1 X2X1/2
1 , for Z > 0, is given by

Bm(β1, α1 + β2)
det(Λ1) β1 Bm(α1, β1) Bm(α2, β2)

det(Z)α2−(m+1)/2

det(Im + Z)α2+β2

× F1(β1, α1 + β1, α2 + β2; α1 + β1 + β2; Im − Λ−1
1 , (Im + Z)−1).

C 5.7. Suppose that X1 ∼ B1(m, α1, β1) and X2 ∼ B2(m, α2, β2) are indepen-
dent. Then the p.d.f. of Z = X1/2

1 X2X1/2
1 , for Z > 0, is given by

Bm(β1, α1 + β2)
Bm(α1, β1) Bm(α2, β2)

det(Z)α2−(m+1)/2

det(Im + Z)α2+β2
2F1(β1, α2 + β2; α1 + β1 + β2; (Im + Z)−1).

Further, if α2 = α1 + β1, then X1/2
1 X2X1/2

1 ∼ B2(m, α1, β2).

C 5.8. Suppose that X1 ∼ B3(m, α1, β1) and X2 ∼ B2(m, α2, β2) are indepen-
dent. Then the p.d.f. of Z = X1/2

1 X2X1/2
1 , for Z > 0, is given by

2−mβ1 Bm(β1, α1 + β2)
Bm(α1, β1) Bm(α2, β2)

det(Z)α2−(m+1)/2

det(Im + Z)α2+β2

× F1(β1, α1 + β1, α2 + β2; α1 + β1 + β2; 2−1Im, (Im + Z)−1).

In the next theorem we derive the density function of Z1 = X−1/2YX−1/2, where the
random matrices X and Y are independent, X ∼ GHm(α, β, γ, Ξ) and the distribution of
Y is matrix-variate gamma. An m × m random symmetric positive definite matrix Y is
said to have a matrix-variate gamma distribution with parameters Ψ and κ, denoted by
Y ∼ Ga(m, κ, Ψ), if its p.d.f. is given by

etr(−Ψ−1Y) det(Y)κ−(m+1)/2

Γm(κ) det(Ψ)κ
,

where Y > 0, Ψ > 0, and κ > (m − 1)/2.
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T 5.9. Suppose that the random matrices X and Y are independent, and that
X ∼ GHm(α, β, γ, Ξ) and Y ∼ Ga(m, κ, Im). Then the p.d.f. of Z1 = X−1/2YX−1/2 is given
by

K2
Bm(α + κ, β) det(Z1)κ−(m+1)/2 etr(−Z1)

det(Im + Ξ)γ
Φ1(β, γ; α + β + κ; (Im + Ξ)−1Ξ, Z1),

where Z1 > 0 and

K2 = {Γm(κ) Bm(α, β)2F1(α, γ; α + β; −Ξ)}−1.

P. The joint p.d.f. of X and Y is given by

K2
det(X)α−(m+1)/2 det(Im − X) β−(m+1)/2 det(Y)κ−(m+1)/2

det(Im + ΞX)γ etr(Y)
,

where 0 < X < Im and Y > 0. Now, transforming Z1 = X−1/2YX−1/2 and W = Im − X,
with the Jacobian J(X, Y →W, Z1) = det(Im −W)(m+1)/2, we obtain the joint p.d.f. of
Z1 and W as

K2
etr(−Z1) det(Z1)κ−(m+1)/2

det(Im + Ξ)γ
det(W) β−(m+1)/2 det(Im −W)α+κ−(m+1)/2

det(Im − (Im + Ξ)−1ΞW)γ etr(−WZ1)
,

where 0 < W < Im and Z1 > 0. Now, integrating W using (2.11), we get the marginal
density of Z1. �

C 5.10. Suppose that the random matrices X and Y are independent, and that
X ∼ B3(m, α, β) and Y ∼ Ga(m, κ, Im). Then the p.d.f. of Z1 = X−1/2YX−1/2 is given by

Γm(α + κ)Γm(α + β) det(Z1)κ−(m+1)/2 etr(−Z1)
2mβΓm(κ)Γm(α)Γm(α + β + κ)

Φ1

(
β, α + β; α + β + κ;

Im

2
, Z1

)
,

where Z1 > 0.

C 5.11. Suppose that the random matrices X and Y are independent, and that
X ∼ B1(m, α, β) and Y ∼ Ga(m, κ, Im). Then the p.d.f. of Z1 = X−1/2YX−1/2 is given by

Γm(α + κ)Γm(α + β) det(Z1)κ−(m+1)/2 etr(−Z1)
Γm(κ)Γm(α)Γm(α + β + κ) 1F1(β; α + β + κ; Z1),

where Z1 > 0.
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