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ASYMPTOTIC BEHAVIOUR OF NONOSCILLATORY
EQUATIONS

ALLAN L. EDELSON AND EMILIA PERRI

1. Introduction. For nonlinear equations of the form
M @)X = = x f(1, x),

there has been considerable interest in determining the asymptotic forms
of nonoscillatory solutions. We assume r(z) is continuous and positive on
[0, c0), and f(¢, x) is continuous on [0, c0) X R, and f (¢, x) > 0 for x # 0.
For n = 2, equation (I) was studied by Kusano and Naito [3], who found
necessary and sufficient conditions for the existence of minimal and
maximal nonoscillatory solutions. The former are the bounded solutions,
while the later are those asymptotic to the function

(1.1) R@) = fl Q;Mdu.

T r(u)

Their method consisted of writing (I) in the form of an integral operator
and applying the Schauder fixed point theorem. For arbitrary n, but for
r(t) = 1, Kreith [2] found necessary and sufficient conditions for the
existence of maximal solutions. His method did not require the fixed point
theorem, but rather consisted of “tuning” the initial conditions to obtain
the desired asymptotic form. Finally, Edelson and Schuur [1] used a fixed
point theorem for multi-valued functions to determine necessary and
sufficient conditions for the existence of both maximal and minimal
solutions to (I), for r(¢) > 0, and n = 1. The method of [1] also gives rise
to uniqueness theorems, not obtained by other methods.

In this article we apply the technique of [1] to determine the asymptotic
form of non-oscillatory solutions of (I) which are non-extremal, that is
neither maximal nor minimal. We will make use of the function

u)n‘l(u . S)n—l

(n— D r(u)

(12) R, s) = f' (’—[
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and as usual we say that (I) is sublinear (resp. superlinear) if f(z, x) is
nonincreasing (resp. nondecreasing) in x. A solution x(¢) of I is said to be
oscillatory if it is not identically zero, and there exists a sequence 7, n = 0,
1, 2, ... such that lim, ., t, = oo, and x(z,,) = 0.

In Section 2 we describe very generally the kinds of nonoscillatory
asymptotic behaviour which can occur subject to the restriction

© dt

Then in Section 3 we give necessary and sufficient conditions for the
perturbed equation (1), to have solutions asymptotic to the solutions of the
nonoscillatory unperturbed equation

(r(Ox") = Q.

These solutions are given by

(D
RO = gy 1 =k=n

B l ([ . u)n*l(u)/(‘n‘l _
Ri(r) = _/0 T a— du n+1=k=2n

For k = 2n, our results are contained in [1].
In Section 4, subject to additional hypotheses on r(t), we give necessary
and sufficient conditions that all solutions of (I) be oscillatory.

2. The asymptotic form of eventually positive solutions. We define the
function E; by

(n) (k—n)
(2.1) E,(t,x) = {ﬁjiﬁgj‘) “©) 8 ; 11<

If there is no danger of confusion, we will write £, (1, x) = E,(1).

A TIA

k = 2n
n.

The functions E, satisfy
dE),

i (¢, x) = Ep41(t, x), fork # n,

d
a (r(t)En([’ X)) = En+l(ta x)’
and if x(¢) is a solution of (I), then

Ey,(t, x) + x(2)f(t, x) = 0.
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LemMA 1. If x(t) is an eventually positive solution of (1), and condition
(1.3) is satisfied, then there exists aj, 1 = j = n, such that for t sufficiently
large,

E(t,x) >0 for0 =k <2

(22) (—D'Ep(t,x) < 0 for2j = k = 2n.

Proof. We first observe that (1.3) implies that if £,(z, x) and £, (t, x)
are eventually positive (resp. negative), then E,(z, x) is eventually positive
(resp. negative) for every /, 0 = [ = k + 1. Indeed, if E,(¢t) > 0 and
E;+(t) > 0fort > T, then if k # n there exists a7 > T such that F,(z)
= E,(f) = ¢ > 0, for all r > 7. Then

4
fT Ei(s)ds = ¢(t — 7)1 + co.
This implies
E/‘A]([)T + oo ifk#n+ 1 and I’([)Ek_](l)T + oo

ifk=n+1
so E;_ (1) is eventually positive. In the case k& = n, there exists 7 = T such
that
r(E,(t) Z rE, @) = d > 0.
Then

14 4
fTE”(s)ds =d /Tds/r(s)T + oo,

so E, _(¢) 1s eventually positive.

We are considering eventually positive solutions, so from (I), E,,(7, x) is
eventually negative. Then it follows that £, (¢, x) is eventually positive
and E,,_»(z, x) is eventually of constant sign. If E,,_, is eventually
positive the lemma is proved for j = n. Proceeding in this way we find a j
satisfying the conditions of the lemma.

Remark. 1f E; (¢, x) is eventually negative, then

f E(t, x)dt > — oo.

This is immediate for k # n + 1, and follows from (1.3) for k =
n—+ 1.

Definition. A solution x(t) of (I) is of type 2j, 1 = j = n, if for
sufficiently large ¢,
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Ex(t,x) >0, 0=k <2, Eytx)<0.
According to Lemma 1, every eventually positive solution of (I) is of
| = n, provided (1.3) is satisfied. We assume

type 2j for some j, 1 = j

hereafter that this is the case.
The asymptotic form of solutions to (I) will be given in terms of the

solutions to the corresponding (linear) homogeneous equation.

Definition.
t ([ _ u)n-l(u S)/\'*n*l
s(n — Dk — n — Dr(u)

forn + 1=k =2n

(3.5) Ry(t,s) =

[IA
>
1A
=

(1t — s)k7!
for 1
k-1
Ri(t) = Ry(1, 0).
We are interested in finding necessary and sufficient conditions for (I),

either sublinear or superlinear, to have a solution asymptotic to R, (¢). It is
clear that for n = 2, R,,(t) is the function R(z) defined in [3], and that

these functions satisfy

>0 forO0=1<k
(2.3) Ef, RA){=0 for I = k

and
82"-/\’
(—1)k§m Ry(t,s) forn+ 1=k=2n
AY

n—k
R,(t,s) forl =k = n

(2.4) R.(t,s) = o
(=1 K

LEMMA 2. If x(t) is a solution of (1) of type 2j, then there exist positive
constants a, B such that for sufficiently large t ,

(2.5) aRy—1(t) = x(1) = BRy(1).
Proof. For 2j # n + 1, Ey; (1, x) is positive and decreasing, so

= 0.

lim E2j*l (t,x) =c
00

For2j =n + 1,
lim r(z)E, (¢, x) = ¢ = 0.

100
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Therefore there exists a positive constant ¢, or ¢,’, such that

()0 =Ey_((t,x)=¢ for2j#n+ l,and? > 1
or

()0 = E,(t, x) = ¢)//r(t) for2j =n+ l,andt > ).
Integrating the above inequalities 2 — 1 times gives (2.5). Indeed, for

2j = n + 1, integrating (i1) from ¢, to ¢ gives

Lo ds
E, (t/.x) = E,(t,x) S E,—(t)/,x) + ¢ / By

nor(s)
Integrating n — 1 times gives
( _t/)n 1
2 E, (1, x —(—_:l—), = x(1)
i=1 .
(t—t’” ! Sn-1ds

= ZE’I l(tl’ l) v , _dsnfl

i=1 (n — h r(s)

. dS|

- ( _ l! )n i (l
= ,;] En l(tl X) ( l)' f n! r(s)

This last inequality implies (2.5) provided ¢ is sufficiently large. The case

2j # n + 1 is analogous.

COROLLARY 1. x(?) is asymptotic to Ry(t) if and only if the constant ¢ (or
¢’ in the case 2j = n + 1) of Lemma 2 is strictly positive.

Proof. For ¢ > 0 (or ¢’ > 0if 2j = n + 1) the inequalities of Lemma 2
become

(i) ca = Eyj (1, x) = 3 for2j #n+ 1

(11)713 = E(t,x) = ~(3t—) for2j =n + 1.

It follows that there exist positive constants a, B such that
(2.6) aRy(t) = x(1) = ,Bsz(t),

for ¢ sufficiently large. Conversely, if ¢ = 0, (¢’ = 0if 2j = n + 1) for
every constant ¢; > 0, we have
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(l) E2j~[(l, X) < ¢ for 2] #n+1
() E, (¢, x) < c/r(t) for2j =n + 1

for ¢ sufficiently large. Integrating (i) and (i1) 2j — 1 times we see that x(z)
cannot be asymptotic to Ry;(1).

CoROLLARY 2. If x(t) is of type 2j, then x(t) is asymptotic to Ry;— (1) if
and only if E» (1, x) is bounded.

Proof. For 2j # n — 2, Ey;—5(t, x) is an eventually positive, increasing
function so we have

lim Ej—5(f, x) = ¢ = oo,

/00

(a) If ¢ < oo there exists ¢; > 0 such that
c = Ey ot x) =,
and x(¢) is asymptotic to Ry;— (7).
(b) If ¢ = oo, then for every ¢; > 0 we have
Ey ot x) > ¢y,
for ¢ sufficiently large, and integrating 2j — 2 times we see that x(7)

cannot be asymptotic to Ry;— (7).
For 2j = n — 2, we have

lim r(t)E, (1, x) = ¢/ = oo.

1—00

(a) If ¢ < oo, then

¢ ¢
L = B, x) = =2

r(t) r(t)

for positive constants ¢;’, ¢y’
(b) If ¢ = co then

E, (1, x) > ¢;/r(t) for every c.
Integrating »n times completes the proof.

For the special cases of solutions asymptotic to Rj,(¢) or Ri(t) we use
the following terminology (see [2] ):

Definition. A solution of (I) is maximal if it is asymptotic to Ry,(¢). It is
minimal if it 1s asymptotic to R;(¢), i.e., bounded.
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3. Existence theorems. Now let y(7) be any continuous function. Our
principle results will be stated in terms of the functions Pi(RT)Y> > R"
defined by

y(@) k=0

/t Pr—1(s;y) ds 1

1A

=~

1A

3
|

3.1) Pi(t;y) =

(A
>~
1A

l o0
Pk*n(ts R / Pn‘l(U; ,V)du) n 2n — 1.
o

It is clear that

PY (1 yy =(— Dy@r) for0 =k =n— 1,
and

(r(t) P (2. ) ) = (= DX y(r) for k = n,
if these integrals exist.

THEOREM 1. 4 necessary and sufficient condition that (1), either sublinear
or superlinear, have an eventually positive solution asymptotic to Ry;(t) for 2
= 2/ = 2nis that

oo
(3.2) / Py, 2j(t; Ry (-) (-, cRy(+)) ) dt < oo
for some positive constant c.

Proof. (Necessity). Let x(¢) be of type 2j and suppose x(¢) is asymptotic
to Ry(t). Then there exist positive constants a, 8, T such that

aRy(t) = x(t) = BRy(¢) forr =T
Then

x()f(t, x(1)) = aRy(1) f(1, aRy(1))
if (I) is superlinear and

x(O)f(t, x(1)) = aRy(1) f(1, BRy(1))

if (I) is sublinear. It follows from the corollaries to Lemma 2 and the fact
that

lim Ex(t, x) = 0 for2j = k = 2n,

00

that
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0 > - f Ex(t, x)dt = f P31, X()f €, x() ) )

= o [TPay (0 Ry6) . RO i
where ¢ = a if (1) is superlinear, and ¢ = B if (I) is sublinear.

(Sufficiency). Choose T so large that

« 1
./T P2n*2_j([; Rzlf(, CRZ,’) )dl = 5

We will apply the Schauder fixed point theorem in the space
-2
Cy = {x € C[T, oo):|lx|l = sup {Ry;"(1)Ix():T = 1} < o0}.

Endowed with the norm topology, (Cy;l-l|) is a Banach space. We define a
closed subspace S of Cy; by

S = {x € CyaRy(t) = x(1) = 2aRy(t) }

where a = ¢/2 if (I) 1s superlinear and a = c if (I) is sublinear. Let ® be
the operator defined by

1

(3.3) [®x](r) = 2aRy(1) — fT Roj(t, )Py —y(s5 xf (o, X) )ds.

To apply the fixed point theorem we first observe that solutions of the
operator equation ®x = x also satisfy (I). In fact,

E2j(t5 (I).X) = _PZII—Zj(t; xf'(‘v x))>

so by the remarks following (3.1) x is a solution of I. We must now
establish the following:

1) dS) csS
(i1) ® is continuous
(i1) ®(S) is relatively compact.

Proof of (1). For x € S,
t
fT sz(t, S)P2n*2j(5;f('a x) )ds

t
= Z(X/T sz(t)Pz,,fzj(S', szf(', (’sz) )dS = (XRzI([).
If follows that
[Px](1) = aRy(1),

and the inequality
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[Px](1) = 2aRy(1)

follows from the positivity of the integral.
Proof of (ii). Let {x,,} be a sequence in S, converging to x. Then

[®x,)(1) — [®x](1)]

= RZ]([) /T |P2n*2j(~g; me(’, X)) — PZII‘Z[(‘Y; Xf('w X) )ld?

We also have

‘PZH’ 2/(5'; Xm f(~ Xm)) — Pz'l”’z_l(S; xf(.’ X) )|
= 4CYP2,,72,'(S; RZ/f(* CRQ/) ):

and

lim |P211*2/(S; xm./}(.» X)) — P2n*2j(S; Xf(" X) )| = 0.

m—00
It follows from the Lebesgue dominated convergence theorem that

lim [[[®x,, )(1) — [Px]()]] = 0.

m—00

Proof of (ii). This follows by an application of Ascoli’s theorem. It
suffices to show that the family # = {Rz;lsz: x € S} is uniformly
bounded and equicontinuous. The uniform boundedness follows immedi-
ately from the definition of the space S. Equicontinuity will follow if we
show that for € > 0, the interval [T, co) can be subdivided into finitely
many subintervals, on each of which, all functions in %# have oscillation
less than e. The technique of the demonstration is identical to that used in
[3], and the details will be omitted.

Having shown that ® has a fixed point in S, we will show that this
solution has the desired asymptotic properties. In fact, for 1 = k = 2j
— 1, applying I’'Hospital’s rule to (3.3) we obtain

1
lim R{,l(t)fr Roj(1., $)Pyy—2;(s3 Xf (-, x))ds

00

N 4
= lim E, (1, Rz_,)/r Ei(t, Ry(, $) )Pa—2(s. X/ (. x) )ds.

00
Therefore, if x(¢) satisfies ®x = x, for k = 2j — 1 we have

lim Ry, (0)x(1) = 26 = Poy—gj e (T3 X (-, X))

[—00

which is non-zero for the given choice of T.
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THEOREM 2. A necessary and sufficient condition that (1), either sublinear
or superlinear, have an eventually positive solution asymptotic to Ry; - (1) for
2 = 2j = 2nis that

oo
(3.4) f Py 2j+1(ts Ryj—1 [, eRy 1) ) dt < 00
for some positive constant c.

Proof. (Necessity). Let x(1) be of type 2j and suppose x is asymptotic to
Ry;— . The necessity follows from the corollaries to Lemma 2 by a proof
analogous to that of Theorem 1.

(Sufficiency). Let T be as in Theorem 1, and define

Cy1 = {x € C[T.00): Ilxll = sup(Ry, > (()x()|:T = 1}
< oo}

and
S = {X (S Czj_]l lXszgl(l) = x(t) = 2aR2/'¥](f)} .
If we define the operator ®:S — S by

4
[(D.X](t) = aRZ_j-*l(t) + .[T R2j—l([v S) P2n—2_j+ I(S; Xf‘(‘, X) )dS.
the proof of sufficiency is analogous to that of Theorem 1.

Theorems 1 and 2 can be combined, with considerable economy of
notation, to give the following result:

THEOREM 3. A necessary and sufficient condition that (1), either sublinear
or superlinear, have an eventually positive solution asymptotic to Ry(t), k =
1,2,...,2n,is

[ee}
(3.5) f Ryp—j+1(1) Ry (0) f (1, Ry (1) )dt < o0
for some constant ¢ > 0.

Proof. For every k, we define

Ri(s, )f(s, cR (s, 1)) h =20

1A

n—1

Qh.k(la S§f) = .[t Qn—l,k(t, S;f)dt 1=h
Qh-n,k(t» 85 I‘—] f Qn‘l.k(w» S;f)dw)

n=hz=2n—1l

Integrating by parts we obtain

https://doi.org/10.4153/CJM-1983-024-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1983-024-2

446 A.L. EDELSON AND E. PERRI

/I R2r1—k+l(v» [)Rk(v» t)f(V, CRk(v» t) )dv

~ f Qo ka0, 83 f)dv.

Letting t = 0 and s — oo, we see from the definition of P,,_, that
[ee]
fo Rop—+1(v) Re(m) f (v, Ry (v) )dv
[ee)
[ Por st RefC R

and the theorem is an immediate consequence.
We observe also, that for every k,
Ryu(1) = Ry (1) Ryp—g+1(1),

so that if (I) is sublinear, then
f{) Ryp—i+10v) Re)f (v, cRi(v) )dv
(oo}
2'/0 Rzn(V)f(V, CRZH(V) )dv

Similarly, if (I) is superlinear, then
(o0}
/o Roy—k+1(v) Re)f (v, cRi(v) )dv
[ee]
= f() RZN(V)f(v? C)dv~

The following corollaries follow from these observations.

CoroLLARY 3. If (1) is sublinear, then the nonexistence of a maximal

solution implies the nonexistence of solutions asymptotic to Ry (t) for every
k = 2n.

Recall that a solution of I is asymptotic to Ry(¢) if and only if it is
bounded.

CoroLLARY 4. If (1) is superlinear, then the existence of a solution
asymptotic to Ry (t) for some k, implies the existence of bounded solutions.

With additional hypotheses on r(z), it is possible to derive conditions
sufficient to guarantee that for every k = 1,2,...,2n, there exists a
solution of (I) asymptotic to R ().

LEMMA 3. If there exist constants H and H' such that H' = r(t) = H for
t = T, then for every h = 1,2, ..., n — 1, there exists a positive constant Ay,
such that
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(3.6) Ry, (1) = Ay Ry(DR2y—+1(2).
Proof. For T = 5 < t we have

ot — u)'! 1 (=5 (1—s)
R = 2 —duz= L = LR, ).
iD= e ™ S0 pg RS
and
!
fv R, (t, u)du = H'R, (1, s).
Therefore,

4 1 1
R, 1o(t, 5) = fs, Ry +1(1, u)du = F’I fs(t — wR, (1, u)du

nH

=

1
(t - S)Rn+l(t» S) - ; Rn+2(ta S),

and this implies
(t—s)H'

R, o, 5) = r ) H Ry41(1, 5).

Integrating » — 1 times we have

R _ (1t = 9HH R _
wlt, 8) = Y] 1ty 8) = ...
(l _ S)h“l(H/)h—l
Rn—D2n —2)...2n —h+ ) H"

v

= Rop—n+1(t, )

- (h = Dy !
T @2n—=1...Qn—h+ HH!

- Ru(2, )Ry —p+1(2, )

and this implies (3.6), by setting s = 0.

THEOREM 4. Let r(t) be bounded and (1) sublinear. If there exists a
bounded solution of (1), then for every k = 1,2,...,2n, there exists a
solution asymptotic to Ry (¢).

The boundedness of r(z) is essential. This i1s demonstrated by the
equation (zx’) = x/1, having general solution ¢;1~ ! + cat.

THEOREM 5. Let r(t) be bounded and (1) superlinear. If there exists a
maximal solution of (1), then for every k = 1,2,...,2n, there exists a
solution asymptotic to R (1).
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The proofs of Theorems 4 and 5 are immediate consequences of
Theorem 3 and Lemma 3.

Remark. These theorems show that the equation x'0 + k¢ 'x,
introduced by G.D. Jones as an example of an equation of type (I) having
both oscillatory and nonoscillatory solutions, has the property that no
nonoscillatory solution can be asymptotic to i,

We should point out that the preceding results remain true for
eventually negative solutions of (I). In this case, the constants a, 8 of
Lemma 2, and the constants ¢ of Theorems 1, 2, and 3 must be
negative.

As application of the preceding theorems we consider the equations

BT (r()x"A(e))" = — p(r) (Ix|"sgn x)

where r(¢), p(¢) are positive and continuous on [0, o), y > 0, and (1.3) is
satisfied.

CoRrROLLARY 5. Equation (3.7) has a maximal solution if and only if

forop(t) RZn(t)yd[ < oo.

COROLLARY 6. Equation (3.7) has a bounded, nonoscillatory solution if
and only if

fc;o p(t)R2n(t) dr < oo.

It should be pointed out that these corollaries contain as special cases
the corresponding results of Kusano and Naito [3], for n = 2.

4. Oscillation theorems. Throughout this section we suppose that r(z) is
a nondecreasing function satisfying (1.3), and let R(z) = R,,(?).

LEMMA 4. If x(t) is an eventually positive solution of (1), then for all
sufficiently large T there exists a constant \ such that

@A.1) x(t) = MROr()x"M@) =1 + /;R(s)x(s)f(s, x(s) )ds}.

Proof. Consider first the case x of type 2j = n. Integrating by parts
2n — 2j + 1 times we have

https://doi.org/10.4153/CJM-1983-024-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1983-024-2

ASYMPTOTIC BEHAVIOUR 449

n

f; R(5)x(5)/ (s, x(s) )ds = 2 (= 1R D()[r(0)x"(e) 1"~

i=1

n—2+1

+ 2 (_1)n+i (- T).nil x(n*i)(t)
i—1 (n —i)!
1 ‘ — Y2 o
T(S(zj ——)27)((2/ D(s)ds.

From this we conclude
O [ RO 3601 + RO 10

i - T 22
= /T%_:)T)'— x(zfﬁl)(s)ds.

x ¥~ D(1) is positive and decreasing, so we have
. t .
xX¥ () = /T x¥D(s)ds = xFD()—T).

Furthermore, for k = 2j — 2,

7 7 _ T)2]—kfl -
ki = f htDyoyge = D7 7 7 g
x\"(e) = X (s)ds = &~k 1) (2).
From this we conclude
1 t — Ty 2 ‘
(i) x(1) = /T XMisyds = | %—_lz)'— x@ 7 D(s)ds.

Then (4.1) is an immediate consequence of (1) and (ii).
Now consider the case 2/ 2 n + 1. Integrating by parts we have

/;R(S)X(S)f(s, x(s) )ds
n—2j+1

2 (— l)iR(i— ”(t)[r(t)x(")(t) ](n‘i)
i=1

I

n—2j+1

— X (R DAT(T)

i=1

+

[ . .
fT R(2n—2j+ l)(s)[rx(n)(s) ](2/-"~])ds.
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It follows from the definition of “type 2, that all terms appearing in the
summations on the right are = 0, and therefore

@) [ RO /6 x6)1ds + RO [

1 ) )
= /T R(2n—2j+])(s)[r(s)x(n)(s) ](2/—;1“"l)ds.
The function (rx")# ="~V is positive and decreasing, so
([ _ T)Z/'*n'l*k

(n) (k)
[r(O)x"(0) | = 2 = e

[r(0x"() 177D

From this we conclude

(i) x(1) = f; xN(s)ds = f’T RS (5)r(s) x"(s) 1% "~ Ddts.

Since r(t) is non decreasing

(n 1) _ ! (v - T)2j_"‘l
Ry () = fT @ —n— i

— - —-
_ -1 =T
2 —mr@t) (2 —n)
Integrating n — k times, the last inequality gives

(- )
2 =

RY ).

Ry V) = RYW), fork = 1.2,

so we have

R0 2 ) R =

)
> (2(2](2;:1 ;)!1))! « - T)z"gzj R(Z%n*zj"r])(l).
From this we conclude
iy ROy = G0 Dt (o sy gt
(n— 1
& —n—-D 2 — 2)! (1)( )

(n — 1! 22 —n—D1]

= SR
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Then (4.1) follows from (i), (ii’), and (iii’), which completes the proof.

We are now able to give necessary and sufficient conditions for (I) to be
oscillatory, i.e, have all solutions oscillatory.

Definition. (1) is strongly superlinear (sublinear) if for some o > 0,
x " %f(1, x) is nondecreasing (x°f (¢, x) is nonincreasing) in x.

THEOREM 6. Let (1) be strongly sublinear and assume that r(t) is
nondecreasing. A necessary and sufficient condition that (1) be oscillatory is
that for all ¢ # 0,

(o)
4.2) f R()f(t, cR(1) )dt = oo.

Proof. The necessity is an immediate consequence of Theorem 3. For the
sufficiency, let x(¢) be a nonoscillatory solution of (I). Without loss of
generality we may assume x(¢) eventually positive. By Lemmas 2 and 3,
there exist positive constants A, 8, such that

() ARM[r@)x"()1" 1D = x(1) = BR(t), fort = T.

The strong sublinearity implies that there exists a ¢ > 0 such that

(i) x(0)f@ x(1)) = RS, BR(1))

for every € € (0, o].
From (i) and (ii) we see
x(O)f (@, x(1)) = x' (O ) (1, x(1))
= M RO r(0)x W) [T VY TBR S (@, B R(1)).

We then have

(=L ()x"@) " yy

= [ (r(OX"())" VT @ @, x(1))

= o (r(O)x"()" VI X OB RGN (1, BR(1) )

= e BN TRQ) f(1, BR(1))
for arbitrarily small e. This implies

/OO R(t)f (1, BR(t) )dt < oo,

contradicting the hypothesis.
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THEOREM 7. Let (1) be strongly superlinear and assume that r(t) is
nondecreasing. A necessary and sufficient condition that (1) be oscillatory is
that for all ¢ # 0,

(4.3) /OO R(0)f(t, ¢)dt = oo.

Proof. The necessity is an immediate consequence of Theorem 3.
Assume (4.3) and let x(z) a positive solution of (I) for t = T. By Lemmas 2
and 3, there exist a, A, 7 such that

1 x(@) = A ftr R(s)x(s)f (s, x(s) )ds
x(t) = a
fort = 7 = T . The strong superlinearity implies
(i) x(s)f(s, x(s))
= x()' T X(S) TS (5, x(s)) = o x(s)' TS (s, @)

From (i) and (i1) we conclude

t
(iii) x@) 'Te = (A]Ta—fx(s)”(f(s, a)R(s)ds) '«
Multiplying (iii) by x(t)H‘R(t)f(t, a) and integrating over [r, ?] we
obtain

(iv) f; R(s)f(s, a)ds

u=t

lIA

- (%)_H (fjx(s)'“f(s, a)R(s)ds)i(

Letting t — oo, (iv) implies

/OO R(s)f(s, a)ds < oo,

which contradicts the hypothesis. Since a similar argument holds if x(z) is
eventually negative, this completes the proof.
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