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ON THE CONVERGENCE OF ZETA FUNCTIONS OF
PREHOMOGENEOUS VECTOR SPACES

TOBIAS FINIS® anp EREZ LAPID

Abstract. We prove a general convergence result for zeta functions of
prehomogeneous vector spaces extending results of H. Saito, F. Sato and Yukie.
Our analysis points to certain subspaces which yield boundary terms. We
study it further in the setup arising from nilpotent orbits. In certain cases
we determine the residue at the rightmost pole of the zeta function.
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§81. Introduction

The theory of prehomogeneous vector spaces (PVSs) and their zeta functions was
initiated by M. Sato and Shintani [41], [47]. (See [23] for history and references.) One
of the early motivations was to study asymptotics of arithmetic invariants [43], an endeavor
followed up by a number of authors (e.g., [9], [24], [51], [53]). For these applications, the
alternative approach of Bhargava using innovative geometry of numbers techniques was
very successful (see [1] and the references therein). Nonetheless, zeta functions of PVSs are
still useful for these applications [5]. Our motivation for the study of the zeta functions
comes from their appearance in Arthur’s trace formula [7], [10], [16], [17], [19], although
this will not play a direct role in the current paper.

The purpose of this paper is to provide a general basic convergence result for zeta
functions of regular PVSs over numbers fields. It generalizes earlier results in this direction
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by F. Sato, H. Saito, Yukie, and others. More importantly, we hope that the method will
enhance our understanding of the singularities of the zeta function and ultimately will be
incorporated to Arthur’s trace formula. As a first result in this direction, we determine
the structure of the first pole (at the edge of the domain of absolute convergence) for a
restricted, but natural class of PVSs.

In order to state our main result, let V' be a reductive PVS over a number field F, i.e, an
F-rational representation p of a reductive group G over F' on V with an open orbit X. Let
H = G, be the generic stabilizer and let x1,...,x, € X*(G) be the fundamental F-rational
characters of G. Let A be the ring of adeles of F. For any rapidly decreasing continuous
function ¢ on V(A) let 6, be the automorphic function

bs(9)= > lp(9)~"v), g€ GFN\G(A).

vEX(F)

Roughly speaking, the zeta function is the Mellin transform of 64. In the simplest case, our
result is the following.

THEOREM 1.1. Suppose that the connected component H® of H is semisimple. Then,
the zeta function

20, (s100050) = | 0,(g)|det p(g) 1H|x, =i dg,
G(F)\G(4A)

converges absolutely for Rs; >0, i=1,...,r

Theorem 1.1 cannot hold as stated for a general PVS. The first issue is that assuming
convergence, as a function of x € G(A) the integral

/ 0,(g2) dg. (L.1)
G(F)\G(A)L

is invariant not just under G(A)! but also under the adelic points of the group G* = HG9°*.
Therefore, in the case where X*(H) is infinite (or, equivalently r < dim X*(G)), we need
to modify the definition of the zeta function as follows:

Z(¢7(Sla"'asr)) = 0 (ga) dg |detp 1H|X’L % da.

(1.2)

/G(A)lG*(A)\G(A) /G(F)\G(A)l

We will show that this integral converges absolutely for $s; >0, ¢ =1,...,r provided that
H is connected reductive.

In the non-connected case, there is yet a more fundamental difficulty, namely that
already the integral (1.1) may diverge. This happens if vol(G,(F)\(G,(A)NG(A)!)) = oo,
or equivalently, if the group of connected components G, /G acts nontrivially on X*(G?)
for some v € X (F). We call such elements v isotropic. For instance, this is the case for the
PVS of binary quadratic forms (with respect to the action of GL2) in which the centralizer
(an orthogonal group in dimension 2) may split over F.

To remedy the situation, we modify 64, and consequently the zeta function, by simply
removing the sum over isotropic v € X (F'). Our main result is that the modified zeta function
converges for Rs; >0, i =1,...,r provided that H° is reductive (see Theorem 4.3 below).
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In fact, using different methods, the convergence of this modified zeta function in some
orthant Rs; > 0 was proved by H. Saito under the condition that X*(H) is finite [38].

We also remark that meromorphic continuation to C" and functional equations for the
zeta function (1.2) were established by F. Sato [39] under the assumptions that H® is
reductive, X*(H) is finite and that there are no isotropic elements in X (F), extending
the classical work by Sato and Shintani [48]. For the PVS of binary quadratic forms,
meromorphic continuation of (1.2) to C and the functional equation of a modified zeta
function, which includes a contribution from the isotropic elements, were obtained by
Yukie [52] (following the work of Shintani [45]). We will not deal with these questions
here.

The contents of the paper are as follows. We start with recalling general facts, mostly
well known, about PVSs (§2). We review examples of PVSs, especially those arising from
nilpotent orbits, in §3. The main result is stated in §4. In §5, we give a general bound for the
function 64 (Proposition 5.1). The analysis is based on the examination of the support sets
of elements in X (F) with respect to the weights of a maximal F-split torus of G, an idea
which goes back to Yukie [53], [54]. The linchpin of the argument is a certain nonnegativity
statement pertaining to these support sets (Corollary 5.7). Further analysis is carried out
in §6 where the key notion of special subspaces of a PVS is introduced. In §7, we prove the
main convergence result. An important aspect in the proof is that the existence of isotropic
elements is closely related to the existence of special subspaces with additional properties,
which we call exceptional (Proposition 7.4). The nonexceptional subspaces exhibit a crucial
positivity property (Proposition 7.9), which strengthens Corollary 5.7 supra and guarantees
convergence. In §8, we improve the convergence result for PVSs without nontrivial special
subspaces (under an additional technical condition which is satisfied in the F-irreducible
case) and establish meromorphic continuation to the left of the polar hyperplanes s; =0,
1=1,...,7 together with an explicit description of the residues. Finally, in §9, we give a
general construction of special subspaces for regular PVSs coming from nilpotent orbits.

82. Prehomogeneous vector spaces

We start with basic facts about PVSs. (See [23, Chapter 2] and [39, §1] for more details.)

2.1. General notation.

Throughout the paper F is a field of characteristic 0 with algebraic closure F. (From §4
onward, F' will be a number field.)

We denote by G,,, the multiplicative group.

Whenever a group G acts on a set A, we denote by A the set of fixed points of G in A.

We denote by X.(T') the lattice of F-rational cocharacters of an F-torus T.

For a linear algebraic group G over F, we use the following notation.

e (G°—the identity component of G.

o Z(G)—the center of G.

e G —the derived group of G.

e G*P = G/GI"—the abelianization of G.

o No—the unipotent radical of G.

e G'®Y = G/Ng—the Levi part of G, so that G*9 := (G!*V)° = (G°)'*" is reductive.
o G* = (G*°d)derthe semisimple part of G°.
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o G'°r = (G™4)aP__the largest toric quotient of G°.

o %" = Ker(G° — G'")—an extension of G* by Ng.

e g = LieG—the Lie algebra of G (and similarly for other groups).

e Ad = Adg—the adjoint representation of G on g.

e X*(G) = X*(G*) = X*(G")—the finitely generated abelian group of F-rational char-
acters of G.

o Ag =det Ad € X*(G)—the modular character of G.

e Tg—the maximal F-split torus of Z(G™Y).

e a; = X.(T¢) ®zR—the R-vector space generated by X.(T¢g).

We often view G'®¥ as an F-subgroup (the Levi subgroup) of G, uniquely defined up to
conjugation by N¢(F') ([27] or [15, Chapter VIII, Theorem 4.3]).

If G is connected, then X*(G) = X*(G*") is torsion-free, i.e., it is a lattice.

If G is reductive, then G = G = G494,

If T is an F-split torus, then X*(7") can be identified with the dual lattice of X.(T).
In general, if 7" is the maximal F-split subtorus of T, then we can identify X, (7') with
X.(T"), while the restriction map X*(T') — X*(T") is injective with finite cokernel. Thus,
we have isomorphisms

X*(T)@zR~ X*(T') @z R ~ o = .

The F-split rank of T i.e. the dimension of 7", is the rank of X*(7T') (and X, (T)).
More generally, if G is connected, then the restriction map X*(G) = X*(G*d) — X*(T¢)
is injective with finite cokernel and hence yields an isomorphism

X (G)@zR~ X" (Tg) @R = ag,.

For any finite subset A of a real vector space we denote by R>oA the polyhedral cone
generated by A, i.e., the set of linear combinations ) . 4 74a, where z, >0 for all a € A.
Similarly, we use the notation RsgA, Z>¢A, Z~oA where we require the z, to be strictly
positive (resp., nonnegative integers, strictly positive integers) for all a.

Let G be an algebraic F-group and let H be an F-subgroup of G. We record a few basic
results.

LEMMA 2.1. Suppose that G is connected. Then, the following two conditions are
equivalent.

1. The restriction map X*(G) — X*(H®) has finite cokernel.
2. The torus (Z(H™)NG*Y)° is F-anisotropic.

Proof. We may assume that H is connected. Fix a Levi subgroup L ~ H**9 of H. Then,
the restriction map X*(H) ~ X*(L) — X*(T1) is injective with finite cokernel. Therefore,
we may rephrase condition 1 by saying that the restriction map X*(G) = X*(G**) —
X*(Tr) has finite cokernel, or equivalently, that X,.(77) — X.(G/G*") is injective. In
turn, this is equivalent to the triviality of (77, N G®")°, which amounts to condition 2. []

LEMMA 2.2. Suppose that H=G° and letT'=G/H. Then, the kernel of the restriction
map X*(G) 5 X*(H) is finite and its image is a finite index sublattice of X*(H)C =
X*(H)Y. Thus, the cokernel of r is finite if and only if G acts trivially on X*(H).
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Proof. The first part follows from the fact that the homomorphism H/[G, H] — G?" has
finite kernel and cokernel. In fact we have (a Gal(F/F)-equivariant) exact sequence

Hy(T,Z) — H/[G,H] = G® - T - 1,

[18, Corollary VI.8.2]. The second part follows from the first part and the fact that if a
finite group I' acts nontrivially on a lattice L, then L' is of infinite index in L. 0

We denote the Picard group of a variety X by PicX = H'(X,0%). If X is smooth, then
we can identify Pic X with the (Weil) divisor class group C1.X of X. (See [14, §I1.6] for basic
facts about divisors and the Picard group.)

LEMMA 2.3 ([33], Proposition VIL.1.5; cf. also the proof of [31], Theorem 4). Suppose
that G is connected. Then, there is an exact sequence

X*(G) — X*(H) — Pic(G/H).

2.2
Recall that a prehomogeneous wvector space (PVS) over F is a finite-dimensional
F-representation

p:G— GL(V),

of a connected linear algebraic F-group G on a finite-dimensional F-vector space V, for
which there exists a (necessarily unique) open orbit X. Note that X is defined over F' and
X(F) is G(F)-invariant. If F' is algebraically closed, then X (F) is a G(F)-orbit and the
stabilizers G,, v € X(F) are conjugate by G(F'). In general, given u € X (F'), the G(F)-
orbits in X (F) are in bijection with the elements of the kernel of H'(F,G,) — H'(F,Q)
(a map of pointed sets) [42, I §5.4, Corollary 1 of Proposition 36]. Correspondingly, the
F-groups G, v € X(F') are pure inner forms of G,,.

Clearly, a quotient of a PVS by an invariant subspace is also a PVS.

We will write H = G, (the “generic stabilizer”) when v € X (F') is immaterial, e.g., when
we refer to the group X*(H) or to properties pertaining to H(F). Thus, we can identify X
with G/H. The F-subgroup G* = G9*H of G is well defined. Note that in general, H may
be disconnected and the groups G, v € X (F') are not necessarily in the same inner class.
In fact, the lattice X*(G5) may depend on the choice of v € X (F'). For this reason, we will
refrain from using the notation X*(H®).

For v € X(F'), the linear map

D,:g—V, zw—dp(zx)v, (2.1)

is surjective, since it is the differential of the dominant map G — V', g — p(g)v. The kernel g,
of D, is the Lie algebra of G, [2, Lemma I1.7.4]. We thus get a G,-equivariant isomorphism
9/9, — V. In particular,

Agdetp™|, =Ap. (2.2)

H

A relative invariant with respect to a character y € X*(G) is an F-rational function
f#0on V such that fop(g) =x(g)f for all g € G. We will write f = RI,,.
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The following basic properties hold.

1. RI,, if it exists, is unique up to a nonzero scalar and it is regular and nonvanishing
on X.

2. The sublattice X*(G/G*), which is the kernel of the restriction map X*(G) — X*(H),
consists of the characters with respect to which there exists a relative invariant.

3. Let x1,...,xr be a basis of X*(G/G*). Then RI,,,...,RI,, are algebraically indepen-
dent.

4. The F-irreducible polynomials that are nowhere vanishing on X (if any) are relative
invariants. They are called the fundamental relative invariants. The corresponding
characters are called fundamental characters. They form a basis for X*(G/G*). Denote
the set of all fundamental characters by X.

If G is reductive, then the following conditions are equivalent.

H° is reductive.

X is the complement of a hypersurface.

X is the complement of the hypersurface defined by RI,, ---RI,, where X ={x1,...,xr}.
X is an affine variety.

V is regular (see [23, Definition 2.14]).

Gt W=

In this case, (detp)? € X*(G/G*). (As far as we know, it is unknown whether Rlge 2 is a
polynomial in general.)
We give some more basic properties of PVSs.

LEMMA 2.4. There is a short exact sequence
0—X"(G/G") = X" (G)—> X" (H) — 0.
Thus, Tk X*(G) —r =rk X*(H).

Proof. Clearly, X*(G/G*) is the kernel of the restriction map X*(G) — X*(H). The
surjectivity of this map follows from Lemma 2.3 and the vanishing of Pic X. More generally,

this is true for any open subvariety X of Y = Spec A where A is a Noetherian UFD since
ClY =1 and C1Y — Cl.X is onto. O

Let ag, be the subspace X*(G/G*) @R of af,. Thus, X forms a basis for ag,.
For completeness, we also note the following fact, which can also be proved by a
topological argument for F' = C.

LEMMA 2.5. Suppose that V has no relative invariants. Then H is connected.

Proof. We may assume that F' is algebraically closed. The condition on V means that
V'\ X has codimension > 1 in V. It follows from purity of the branch locus that X is simply
connected [28, Exp. X, Corollaire 3.3], i.e., there is no nontrivial étale covering of X. On
the other hand,

G/H®° — X,
is an étale covering. Thus, H is connected. O
LEMMA 2.6. The following conditions on v € X (F') are equivalent.

1. The cokernel of the restriction map X*(G) — X*(GY) is infinite.
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2. The cokernel of the restriction map X*(G,) — X*(G?) is infinite.
3. There is a non-trivial F-split torus in Z(G*d)NGSY.
4. The action of G, (via the component group G,/GS) on X*(GY) is nontrivial.

Proof. 1<= 2: Lemma 2.4.
1 <= 3: Lemma 2.1.
2 <—=4: Lemma 2.2. U

DEFINITION 2.7. An element v € X (F) is isotropic if it satisfies the conditions of
Lemma 2.6. Otherwise, v is nonisotropic.

We denote the subset of nonisotropic elements in X (F) by X (F)"°. It is invariant
under G(F).

A PVS V is isotropic if it contains isotropic elements. Otherwise, V is nonisotropic.

By Lemma 2.6, if H is connected, then V is nonisotropic.

The basic example of an isotropic PVS is the space V of binary quadratic forms with
respect to the action of GLy. Here, H is an orthogonal group in dimension 2; v € X (F)
is isotropic if and only it is isotropic in the usual sense of quadratic forms. We caution
however, that the PVS of quadratic forms in n > 2 variables (with respect to the GL,,-
action) is nonisotropic.

In general, it is possible that all elements of X (F') are isotropic (for instance, if V is
isotropic and F = F), although we expect that this is never the case if F is a number field.

Assume now that G is reductive, so that every representation of G is completely reducible.
We single out two important classes of PVSs in the opposite extremes.

DEFINITION 2.8. Let V be a reductive PVS. We say that

1. V is basic if for every v € X (F'), G, is not contained in any proper parabolic F-subgroup
of G.!
2. V is distinguished if H/Ker p is finite.?

Note that every basic PVS is regular, since any connected nonreductive F-subgroup of G
is contained in a proper parabolic F-subgroup of G [4]. Moreover, a basic PVS is necessarily
nonisotropic. It is also clear that every subrepresentation of a basic PVS is also basic.

A distinguished PVS is regular and nonisotropic.

83. PVSs of DK-type, examples

A main source of PVSs are gradations on reductive Lie algebras and nilpotent orbits.

3.1
Let G’ be a reductive group over F and let X : G,,, — G’ be a one-parameter subgroup.
Let h = (d\)(1) € g’. Decompose
o = Giczg), where g} = {z € ¢'| Ad(A(®)z = 'z Yt € G} = {z € ¢ | [h,2] = iz},

This is a Z-gradation of ¢’. (If G’ is semisimple and adjoint, then every gradation of g’ is
of this form.) Let F; = ©;>:g};, i € Z be the corresponding (decreasing) filtration of g’. The

L This condition depends on v. A strictly stronger condition would be that H® is not contained in any
proper parabolic subgroup of G (not necessarily defined over F).

2 The terminology comes from nilpotent orbits—see §3 below.
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stabilizer P of F in G under Ad is the parabolic F-subgroup of G whose Lie algebra is
Fo. The Lie algebra of the unipotent radical of P is F;. The centralizer G of X is a Levi
subgroup of P whose Lie algebra is g,. For every i # 0, the vector space g}, which consists of
nilpotent elements, comprises finitely many (geometric) orbits with respect to the adjoint
action of G [49]. In particular, it is a PVS. In the terminology of [13], these are PVSs of
V-type (for Vinberg). They are not necessarily regular. We also say that F is a filtration
of g’ of V-type. (Note that we may restrict here to the case i = 1, since the general case
follows from it by considering the graded Lie subalgebra @; g;i, which is reductive.)

As a special case, let P be a parabolic subgroup of G’ with Levi factor G and n = Lie Np.
Then, V =n/[n,n] is a PVS with respect to the adjoint action of G. In fact, nis a PVS with
respect to the adjoint action of P by a well-known result of Richardson. We say that V is
a PVS of R-type. We denote the nilpotent orbit containing the open orbit of P on n (the
Richardson orbit with respect to P) by Rich(P). The number of irreducible components of
V is the F-corank of P in G.

Other important special cases, this time of regular PVSs, arise from the Dynkin—-Kostant
classification of nilpotent orbits. In more detail, let (e, h, f) be an sly-triple in [g’, g’]. (By the
Jacobson—Morozov theorem, every nilpotent e € g’ is a part of an sly-triple.) It corresponds
to an F-homomorphism SLy — G’9°". Let g’ = @;g; be the grading induced by h. The
corresponding (decreasing) filtration F; = @;>,9, i € Z of g’ depends only on e and in fact
only on the P-orbit of e, where P = P(e) is the stabilizer of F = (F;);cz in G’ under the
adjoint action. Recall that P is the parabolic subgroup of G’ with Lie algebra Fy. The Lie
algebra of the unipotent radical of P is F;. (That F depends only on e follows from the
fact that two slo-triples (e, h, f) and (e,h/, f') with the same first element e are conjugate
by an element of Np(F)NGL(F) [3, Lemma VIII.11.1.4].)

Let G be the Levi quotient of P, so that g = Fo/F1 >~ g(,. Let V = Fy/F3 ~ g with the
G-action p induced by the adjoint representation. Let o be the geometric G’-orbit of e and
let o = 0N Fs.

THEOREM 3.1. With the notation above:

V is a reqular PVS with respect to p.

or =X+ F3.

or is a P-orbit.

For every g € G', Ad(g)orNox #0 if and only if g € P. In particular, G, C P for any
VEOF.

These are the PVSs of DK-type (Dynkin—Kostant) in the language of [13]. (We quickly
sketch how to derive these assertions from the literature. Note first that oNg) is the open G-
orbit X of V by [3, Proposition VIII.11.3.6]. V is regular by [22], see below. In addition, the
Np-orbit of e is e+ Fs [34, Lemma 1]. This shows the second and third assertions. The fourth
assertion easily reduces to the special case G, C P. Let g € G... Then (e,Ad(g)h,Ad(g)f) is
an sly-triple with the same first element as (e, h, f), and therefore conjugate to (e, h, f) by
an element n € NpNGL. Since ng centralizes h, we have ng € G, and therefore g € P.)

If we fix in addition to e the sly-triple (e, h, f), then we can identify G with the centralizer
of hin G’ and V with the subspace g} of g’. We have then X =V No. We may identify g’ ,
with the dual of V' = g} via the Killing form. Fixing a vector space isomorphism between
g’ 5 and gy, Rl(get )2 is given by the determinant of the linear map ad(e)oad(e) : g’ 5 — g5,
a polynomial in e € V' whose nonzero locus is X [22, Proposition 1.1, 1.2, 2.1].

D=
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Fix a minimal parabolic F-subgroup P} of G’ and a maximal split F-torus 7}, contained
in P}. Then, we may choose (e,h,f) in its G'(F)-orbit so that h € ¢, is dominant and
P = P(e) is standard. This is the canonical parabolic subgroup pertaining to 0. G is then
identified with the standard Levi subgroup of P.

An orbit o is called even if g, =0 for all odd ¢ (or equivalently, if g} = 0). For even
orbits clearly o = Rich(P). A particular case is given by distinguished orbits, where the
connected stabilizer (G2)°, e € o is modulo the center of G’ a unipotent group. In this case,
the PVS V is distinguished (and the converse holds for even orbits o). In general, not every
standard parabolic subgroup is the canonical parabolic subgroup of some nilpotent orbit,
let alone an even one. (By [22, Proposition 2.1] and [13, Theorem 2.4], the Richardson
orbit of a standard parabolic subgroup P has P as its canonical parabolic subgroup if and
only if the associated PVS V =n/[n,n] is regular and d,¢) /ni+1) € 8¢ for all i > 1, where
n=n® 5nM 5 . denotes the descending central series of n.)

Any PVS of DK-type arises from an even nilpotent orbit for the reductive Lie algebra
®g5;. Hence, any PVS of DK-type is also of R-type, although not necessarily with the
same G'.

3.2
Let us give some concrete examples of DK-type arising from even nilpotent orbits. For
each case we provide the following data:

e The numbering in the Sato-Kimura classification (appendix of [23]) in the irreducible
case,

e the group G,

e the (even) nilpotent orbit o in g’ (either the corresponding partition for classical groups
or the notation in the Bala-Carter classification),

e the canonical Levi G,

e the regular PVS V =n/[n,n],

e the representation p of G on V,

e the fundamental relative invariant polynomials (FRIPs),

e the generic stabilizer H.

e If V is basic, distinguished, or isotropic, we indicate that.

For simplicity we only consider split G’.

In the following m,n, k are positive integers (possibly with some restrictions). We denote
by Mat,, , the space of m x n matrices and by Mat,, (resp., Sym,,, Skew,,) the spaces of
square (resp., symmetric, skew-symmetric) n x n-matrices. We denote by Pf the Pfaffian of
a skew-symmetric matrix.

EXAMPLE 3.2 (#1 for k = 2).

@J‘

¢ G'=GLp gy, k> 1, g =npqq— for all i, n; <niqy for i <1= 55

e 0 corresponds to the partition

ni ng—mni ni+1—1
—N— ——
G hh—2, . k=2, k—20).

e G=GLy, x-xCL,,.
oV = Matnl’nz @"'@Matnk_l,nk'
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© (g1, 98) (@1, xk1) = (917195 - G115 )

det xT; if N =Ni4+1

o FRIPs: '
det(l‘,‘ .. .:L‘k,i) if n; < Njy1

o H=GL,, xGLy,—p, x---xGL embedded as

ni4+1—ny
(gla cee 7gl+1) = (gl7diag(91792)7 ce. 7dia'g(glv ce. 7gl+1)? cee 7diag(91792)791)'

e Identifying X*(G) with Z* (and consequently a¥, with R¥) by (A1,...,\x) — Hle det g,
the subspace @, is given by the equations A;y1 + -+ A\x—; = 0 whenever n; < n; 41 or
1=0.

e I/ is basic if and only if ny =--- =ny. V is distinguished if and only if ny =---=ny = 1.

EXAMPLE 3.3 (#13 for k=1, up to castling).

e G' = Sp2<n1+,,,+nk)+nk+l, ny <--- <mgyp even. Set m; =n; —n;—1 (with ng =0).
e 0 corresponds to the partition

mi mao mME41

—N—
Gk+1,....2k+1,2k—1,...2k—1,...,....1,....1).

e G= GLn1 XX GLnk Xspnk+1'
[ ] V = Matnl’nQ @ ot @Matnk,nk+1'
° p(gl,...,gk+1)($1,--~,$k) = (91$1g§1,~--a9k$k91§i1)'

detz; if ng =mni41,

e FRIPs: i1 =1,....,k+1 where J, €

. k+1
Pf(z;...2pp1 0y, hyy .- x))  otherwise,

Skewy, ., defines Sp,,, .
® H =Sp,,, X+ XSpy,  , embedded as

(hi, s hig1) = (hyyea(ha, ho)y otk (P higr))

where ¢; is an embedding Sp,,,, X -+ X Sp,, < Sp,, .
e I/ is basic if and only if ny =--- = ng.

EXAMPLE 3.4 (#2 for k=1).
e G'= SPo(ny 4+ tng)s M1 < s <. Set my =mn; —ni—q (with ng = 0).

e 0 corresponds to the partition

mi mo mi
(2k,....2k,2k—2,...2k—2,...,...,2,...,2).

e G=GL,, x---xGL,,.

o V =Mat,, n, ®---®&Mat,, | n, @Symnk.

® p(g1,-- s gkt1)(T1,..., k) = (g1x1g2_1,...,gk,lxk,lggl,gkxkg};).
det x; if n; =n;yq or i =k,

t

detx;---xpal ;- -zt otherwise,

o =0, x--x0O,,, embedded as
(hl,...,hk) —> (hl,Lg(hl,h2),...,Lk(hl,...,hk)),

where ¢; is an embedding Oy, X -++ X Op; < Oy

e FRIPs: ,i=1,...,k.
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e V is basic if and only if ny =--- =ny # 2. V is isotropic if and only if m; = 2 for some i.
V is distinguished if and only if m; =0 or 1 for all i.

EXAMPLE 3.5 (#15 for k=1, up to castling).

o G' =802(n, 4 gmp)fnpsss M1 < - <npyr. Set my =n; —n;—1 (with ng = 0).
e 0 corresponds to the partition

mi meo ME4+1

—
Qk+1,...2k+1,2k—1,...2k—1,........7,....1).

e G=GLj,, x---xGLp, XSOy, ,-
oV =Mat,, n,® - DMaty, n, -
© (g1, i) (@1, xk) = (12195 - IR TG 1)-

detx; if ng =ni11, |
e FRIPs: { BIETL 1 k+1 where J,,, €
det(z;... Tpq1Jny, @)y ---xh)  otherwise,
Sym,,, . defines SOy, .
® H =50, X% O, ,) embedded as
(1, hig1) = (hayea(ha, ha), o tegi (R, hegr)),
where ¢; is an embedding Oy, X -+ X O, <> Oy
e I/ is basic if and only if ny =--- =ny # 2 and my,1 # 2. V is isotropic if and only if

m; = 2 for some 4. V is distinguished if and only if m; =0 or 1 for all i.
EXAMPLE 3.6 (#3 for k=1).

e G' = SO2(ny 4--gmp)s N1 <o <y even. Set my; = n; —n;—1 (with ng = 0).
e 0 corresponds to the partition
mi1 mo mp
(2k,...,2k2k—2,....2k—2,...,...,2,....2).
e G=GL,, x---xGL,,.
o V =Mat,, n, ®:--®Maty,, , n, ®Skew,,.
e p(g1,-- s ge41) (@1, x) = (12195 - G 1Th—10), IR TEGE)-
detz; if n; =mniq1,

e FRIPs: ,i=1,... k.

Pf(z;---apxl_|---al) otherwise,

e H=Sp,,, X+ xSp,,, embedded as
(hl,...,hk) — (hl,Lg(hl,hQ),...,Lk(hl,...,hk)),

where ¢; is an embedding Sp,,, X -+ X Spmj — Spn],.
e V is basic if and only if n; =--- = ng.

EXAMPLE 3.7 (#4).
L] G/ = GQ.

e 0 is the subregular (10-dimensional) orbit.

e G = GLy, with A§ consisting of the short simple root.

e 1/ is the space of binary cubic forms

e p is the symmetric cube representation twisted by det™!.
e FRIP: the discriminant.
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Table 1. Irreducible basic PVSs of DK-type for exceptional groups

# G’ G o H° H® — G
16 Fy GSpin, spin(8) Ga )
6 E7 GL7 /\3 G2 ™
10 FE; SLs x GLs A2 ®Std SL, Sym* x Sym?
27 Er GEg 27-dim. Fy o
20 E; Spin; g x GLa half-spin(16) ® Std G x SLg 0
E; GLy x SL3 x SLy4 Std ® Std ® Std SL, id x Sym? x Sym?®
7 ES GLS /\3 PGLg adjoint rep.
21 Es Spin;y x GL3 half-spin(16) ® Std SOy Lo
24 Es GSpin,, half-spin(64) G2 x G t3

e H is (an F-form of) the symmetric group Ss (with its faithful two-dimensional
representation).
e 1 is distinguished.

EXAMPLE 3.8 (#38).

o G'=Fy, Ao ={a1,a2,a3,04}, a1,00 long, az, a4 short.

e 0 = Fy(a3) (40-dimensional)

e G = (GL2 X GL3)/{()\2[2,A_113)}, AS = {05170537044}.

e V =Hompg(F?,Symj).

® p(91,92)(A)(€) = 92A(Eg1) 95

e FRIP: the discriminant of the binary cubic form £ — det A(§).

e H is (an F-form of) of the symmetric group Sy, embedded in G by its faithful three-
dimensional representation on the GLs-factor and by its irreducible two-dimensional
representation (which factors through the surjection Sy — S3) on the GLa-factor.

e 1/ is distinguished.

EXAMPLE 3.9 (#12).

[ ] G/ = E6-

e 0 = Dy(ay) (58-dimensional)

oG = SL3 XSL3 XGLQ.

e V =Homp(F? Mats).

* p(91,92,93)(A)(€) = g1 A(Ega)gs ', £ € F2.

e FRIP: the discriminant of the binary cubic form £ — det A(§).

e H is the normalizer of a maximal torus in SLs, embedded diagonally into the SLs-
factors and mapped to the GLo-factor via the faithful two-dimensional representation
of its component group Ss.

e V is isotropic.

Other examples of basic PVSs of DK-type are summarized in Table 1 which refers to the
numbering in the list in the appendix of [23] whenever p is reduced. (See also [21].)

Here, 7 is the embedding Go — SO7 < GL7 and ¢ is its lifting to an embedding G5 —
Spin;. Also, o is the embedding of F as the fixed point subgroup of the outer involution
of Fg. Finally,
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Table 2. PVSs of DK-type pertaining to the Freudenthal-Tits magic square

# G’ G L K p o
14 Fy GSpg GLs PGL, 14-dim. Sym?”
5 EG GLG (GL3 X GL3) n SL6 SL3 /\'3 Std ® Std
23 Er GSpin,, GLg Spg half-spin(32) A?
29 FEg GE, GEg Fy 56-dim. 27-dim.

where v, ,, is the homomorphism Spin,,, x Spin,, — Spin,, ,,, and we identify Sping ~ SLo,

Sping ~ SLy4, Spin, ~ SLg x SLa, SO4 ~ (SLy x SLy)/{£1}.

3.3

Another interesting set of examples of irreducible PVSs of DK-type arises from the
Freudenthal-Tits magic square (see Table 2). In these cases, G is a maximal Levi subgroup
of G’ corresponding to a simple root o which is a leaf in the Dynkin diagram (it is the unique
simple root which is not orthogonal to the highest root & of G’). The highest weight 1 of p
is & — a and its restriction to G9° is the fundamental weight corresponding to the simple
root [ adjacent to o (and of the same length) in the Dynkin diagram. Let @ = LN’ be
the maximal parabolic subgroup of G4 corresponding to 3. Then, there exists a nontrivial
element wy in the normalizer of L in G9¢*. We have a = wot, which is the lowest weight
of V. Clearly, L stabilizes the root spaces V,, and V,,. Remarkably, any v € V,, +V,, outside
Vo UV, is regular. We have H° = L9 and [H : H°] =2 with H containing a representative
of wg. In particular, V is not basic. Since V' ~ g/h as a representation of H, we see that
the restriction of p to H is Ind&.(p’ ®1) where p/ is the representation of L on n’. It turns
out that N’ is abelian. Therefore, (L,n’,p") is a PVS and in fact it is basic: the generic
stabilizer (whose identity component is denoted by K in the table) is the centralizer of (a
suitable choice of) wy in L, i.e., the stabilizer of an outer involution of L corresponding to
wp. See drawings below.

The fundamental relative invariant polynomials in these cases (which are of degree 4) are
called Freudenthal quartics (see [12], [20], [37]). They arise by considering ad(z)*, z €V C ¢’
as a map between the one-dimensional spaces g’ ; and g5 (cf. [13, Table II]). The orbit
structure of V is described in [32].

What is more, the Richardson orbit with respect to the maximal parabolic subgroup
corresponding to [ is also even. These orbits give rise to the PVSs #8 (Example 3.8), #12
(Example 3.9), #9 and #28, respectively, in the list of the appendix of [23]. They all have
a fundamental relative invariant polynomial of degree 12, obtained as the determinant of
ad(z)%: g’ — g, € V, where gi = gi;_, ® g is two-dimensional. Alternatively, the PVS
(L,w,p') mentioned above has a cubic fundamental relative invariant polynomial, and the
PVS V associated to 8 is the direct sum of n” and of its isomorphic image under the simple
reflection w,, which enables one to construct the fundamental relative invariant of V as
the discriminant of the cubic form associated to pairs of elements of n'.
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Sato and Kimura classified the irreducible PVSs over F up to a suitable notion of
equivalence weaker than isomorphism [46].

There are 29 essential cases of regular PVSs, listed in the appendix of [23].> All these
examples are either of DK-type or restrictions thereof to suitable subgroups.* Most of these
examples are non-isotropic. The exceptions are

e The symmetric square representation of GLy (Example 3.4 for k=1, n; =2).

e Example 3.9.

e The representation GLg X SOj42 on Matsy ;42 (Example 3.5 for k=1, n; = 2).

e The restriction of the latter to GLy X Spin, (resp., GLa xG32) for k =6 (resp., k =5) via
the Spin representation Spin; < SOg (resp., the 7-dimensional representation G < SO7).

The non-regular irreducible PVSs over F' are (up to castling equivalence) mostly of R-
type or restrictions thereof. The notable exception is the representation p of SLa x SL,, on
Homp(F?,Skew,,) given by p(g1,92)A(§) = g2A(£g1)g5, which is a PVS for odd n but not
of R-type for m > 7. Another curious example is the restriction of the representation of
GL3 x Sp,,, (of R-type) on Mats 2,,, n > 1 given by p(g1,92)A = g1Ag; ! to the image of the
symmetric square representation of GLg times Sp,,,. This irreducible, non-regular PVS has
a relative invariant.

84. Statement of main result

From now on assume that F' is a number field. Let A = F, x Ag, be the ring of adeles
of F. For any connected F-group G we write

G(A)1 = Nyex+ () Ker|x|,

3 The general case is obtained from these by castling transforms, see [23, §7.1]. These preserve irreducibility
and the generic stabilizer but may yield PVSs which are far removed from nilpotent orbits.

4 The examples not of DK-type are # 17, # 18, # 19, # 22, # 25 and # 26. Example # 1 can be of
DK-type or not.
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where |x|: G(A) — Rsg is the composition G(A) 5 A* 1, R<o. The automorphic space

G(F)\G(A)! is of finite volume.
Let

0% e = a; ®:C = X*(G)®;C.

Every A € af; ¢ defines a (topological) quasi-character g — g* of G(A) by

9= =T]Ixi(9)

1

“ xi € X*(Q), ¢;€C.

All quasi-characters of G(A)/G(A)! are obtained this way. In particular, we get an
isomorphism of topological groups
iag; =% PD(G(A)/G(A)), A= (g g"),
where PD denotes the Pontryagin dual.
The following is a supplement to Lemma 2.1.

LEMMA 4.1. Suppose that G is connected and H is an F-subgroup of G. Write H(A)(M) =
H(A)NG(A)L. Then, the following two conditions are equivalent.”

1. The restriction map X*(G) 5> X*(H®) has finite cokernel.
2. The volume of the quotient H(F)\H(A)) is finite.

Proof. We may assume without loss of generality that H is connected, since [H(F) :
H°(F)] is finite and H(A)/H°(A) is compact. Now, vol(H (F)\H(A)!) < co. Therefore,
vol(H(F)\H(A)M) < oo if and only if Y = H(A)(M) /H(A)' is compact. Note that Y is the
kernel of the homomorphism

H(A)/H(A)' — G(A)/G(A)".

Passing to the Pontryagin dual, the lemma follows from the commutative diagram

iz, = i(X*(G)®R) L% PD(G(A)/G(A))

lr@id l
i, = i(X*(H)®R) =25 PD(H(A)/H(A)).
In fact, Y is compact if and only if Y =1 if and only if the restriction map ag, — aj; is

surjective. 0

Henceforth, (G,V,p) is a reductive PVS (i.e., G is reductive). We apply the criterion of
Lemma 4.1 to the stabilizer G,, of a vector v € X (F). Recall Definition 2.7.

LEMMA 4.2. Letve X(F). Then,
1. The group G,(A)V) = G,(A)NG(A)' is unimodular.
2. The volume k, = vol(G,(F)\G,(A)M) is finite if and only if v is non-isotropic.

Proof. The first assertion follows from the fact that modular character of G, is the
restriction of a character of G by (2.2). The second assertion follows from Lemma 4.1 and
Lemma 2.6. [

5 Note that both conditions imply that H(A)NG(A)* is unimodular.
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We say that a continuous function ¢ on V(A) is rapidly decreasing, if it is supported in
V(Fx)K for some compact subgroup K of V(Aga) and sup,ecyay |f ()| (1+ [[vs )Y < 00
for every nonnegative integer N, where ||-|| denotes a norm on the real vector space V(Fy).
Let Cra(V(A)) be the space of continuous rapidly decreasing functions on V(A). It is a
(strict) LF-space, i.e., the strict (locally convex) inductive limit of Fréchet spaces.

For any ¢ € Cya(V(A)) we form the theta function

0s(9) =05 (9)= > lplg)'v), geGA).
veEX (F)

The sum is locally uniformly absolutely convergent and defines a continuous function on
G(F)\G(A). We would like to study this function and the corresponding zeta function
which is roughly speaking the Mellin transform of 0.

Let g ¢ = a5 ®C = X*(G/G*) ®C. Ideally, we would like to study the double integral

/ / 05(g0) dg a=|det p(a)| ! da, (1)
G(A)IG*(AM\G(A) JG(F)\G(A)!

for A in a suitable region of convergence in @, . Note that the outer integral formally makes
sense, since the inner integral can be written as the sum over the G(F)-orbits in X (F'), and
the contribution of an orbit p(G(F))v is

/ p(p(ga)~ ') dg = Ky / d(p(ga)~'v) dg,
G (F)\G(A)! (Gu(A)NG(A))\G(A)!

where k, = vol(G,(F)\(G,(A)NG(A)')) as above. Note that the images of G,(A) and
G*(A) in G(A)'\G(A) = ag = X.(G**) ® R coincide—they are both equal to the image of
X.(G*/G¥") @R in ag. Therefore, we can write the above as

o / 6(p(ga)~1v)|det p(g)| ~ dg.
G, (A\G(A)LG*(A)

This also explains why the more straightforward integral fG( FO\G(A) 04(g) g~ dg would not
converge (for any \) if ag, # af; (ie., if rk X*(H) > 0 by Lemma 2.4).

A necessary condition for the convergence of this orbital integral for all ¢ is that x, is
finite, which by Lemma 4.2 is equivalent to v being non-isotropic. Define

05°(g) = > dplg)™'v), g€ GA).

'UEX(F)“iSO

Thus, 02150 omits the G(F)-orbits in X (F') whose contributions to (4.1) clearly diverge.
Our main result, which will be ultimately proved in §7, is the following.

THEOREM 4.3. Assume that (G,V,p) is a reqular PVS. Then, the double integral

2(6,1) = / / 61 (ga) dg a~> |det p(a)] ~" da,
GA)IG*(A\G(A) JG(F)\G(A)!

is absolutely convergent and holomorphic for any X € ag ¢ such that R\ € R5oX. Moreover,
the integral is continuous in ¢ € Crq(V(A)).

Roughly speaking, Theorem 4.3 means that the only problematic terms in (4.1) are those
arising from the orbits p(G(F'))v where k, = c0.
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The proof of Theorem 4.3 is based on a direct estimation of the theta function Hgiso using
standard lattice-point counting methods. In fact, this idea has already been used previously
by Yukie [53], [54] to obtain partial results in the direction of Theorem 4.3, mostly via a case-
by-case analysis, for absolutely irreducible representations p.° Our approach is completely
general and avoids any classification result. Also, the possibility to define a zeta function
in the case where ag, # af; does not seem to have been noticed in the literature.

An alternative classification-free method was developed by Sato [40] and H. Saito [38],
among others, using the decomposition of X (F') into G(F)-orbits (Galois cohomology) and
an analysis of the resulting Euler products. Saito proves Theorem 4.3 under the additional
assumption that H° is semisimple and the component group H/H® is abelian. Under the
weaker assumption dag = ag, i.e., X*(H) finite, he proves convergence for all R\ in some
cone of the form g+ R oX.”

We expect Theorem 4.3 to hold without the regularity assumption on V. In the case
where there are no relative invariants (in which V is called special), the set G(A)X(F)
is open in V(A), and the integral fG(F)\G(A)l 04(g) dg converges to a constant multiple of
fG(A)X(F) ¢(z) dx. (See [29], [30] and the discussion in [17, §2.4]. The set G(A)X(F') is
described in [36, Proposition 1.7].)

§85. Bounding the theta function

We start with a general bound on 64 (g) (Proposition 5.1 below) which is valid without the
regularity assumption, but is by itself insufficient to prove convergence of the zeta integral
of Qgiso(g). To state it, we need to set some more notation which will be used throughout
the paper.

5.1

Recall that G is a reductive group over a number field F. Fix a maximal F-split torus
Ty of G and a minimal parabolic F-subgroup Fy of G containing 7. We have a Levi
decomposition Py = My x Ny where M is the centralizer of Ty in G and Ny = Np,, which
is a maximal unipotent F-subgroup of G.

If P is a standard parabolic subgroup of G, then we denote by Mp its standard Levi
subgroup.

For simplicity we write a9 = ap, = ayg, ~ ar,. Let

HQ : MO(A) — Qap,
be the group homomorphism defined by
Xt — |y (m)|, m € Mo(A), x € X*(My).

Let Ag C X*(Tp) be the set of simple roots of Ty on Lie Ny.
Fix a maximal compact subgroup K of G(A) which is in good position with respect
to Po.

6 Yukie proved a general qualitative convergence result for distinguished, absolutely irreducible PVSs.

7 Strictly speaking, Saito assumes that there exists v € X(F) such that X*(G3) = 1. By Lemma 2.2
and Lemma 2.6 this implies that v € X (F)™*° and X*(H) is finite. Conversely, if X*(H) is finite, then
X(F)™s° ={ve X(F)| X*(G3) = 1}. Also, he considers a more general situation where G is a connected
linear algebraic group and X the complement of a hypersurface.
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For any g € G(A), we write mo(g) € Mo(A)/(Mo(A)NK) for the My(A)-part in the
Iwasawa decomposition G(A) = No(A)My(A)K of g.
We extend Hj to a left-No(A) and right- K-invariant function on G(A). Thus,

Ho(g) = Ho(mo(9))-
Fix a Siegel set & in G(A) of the form
S ={g€G(A)|{a,Ho(g)) > co Va € Ao},
for some fixed constant cy. Thus,

1. & is left Py(F)No(A)-invariant.
2. For any g € G(A), the set {y € Po(F)\G(F) | vg € &} is finite.
3. There exists a compact subset 2 C G(A) such that

S C Py(F)(To(A)NS)Q. (5.1)
4. G(F)6 = G(A) provided that ¢ is sufficiently negative.
Let 0p, be the modulus function of Py(A).

5.2
Recall that V is a PVS. (For now, we do not assume that V is regular.) The first order
of business is the following result, which will be proved in the rest of this section.

PROPOSITION 5.1.  There ezists a continuous seminorm v on Cyq(V(A)) such that
105 (9)| < 0p,(mo(g)) et p(g)|v(9),
for all g € Crq(V(A)) and g € G.

Note that |det p| is the modulus function for the action of G(A) on V(A), that is,

F(plg) ") dv = |det p(g)| /V Lo

V(A)

for any f € L'(V(A)) and g € G(A).

5.3

Let @ be the set of roots of Ty on G and let ¥y be the set of weights of Tg on V.
The set @ is a (not necessarily reduced) root system and the co-roots are in X, (7). We
decompose g and V according to the roots and weights:

9= Daecdsu{0}9a; (5.2a)

V = @gew, V3. (5.2b)

The vector spaces go, o € P, are not necessarily one-dimensional unless G is split.
Moreover, g, is not necessarily a commutative Lie subalgebra (namely, if 2« € ®¢). The
spaces g, and Vg are invariant under M,. We write

ng = dimVB, B ey,
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and

oy = detp|T0 = Z ngB € X*(1y).
BeYv

By convention, V, =0 if v ¢ ¥y,. Note that

dp(ga)(Vg) C VO&+57 [OAS (I)G7B € \IIV7 (53)

where dp : g — gl(V) is the Lie algebra representation obtained by differentiating p.
Let

do="Y_ (dimga)a € X*(Tp),

aeég
where @g C ®¢ is the subset of positive roots with respect to Py, so that
Sp, (m) = el Ho(m) = e My(A).

We enumerate the roots ®¢U{0} (including multiplicities) as «;, i € Zg for some index
set Z¢, and fix a basis Bg = (z;)iez,, for g such that z; € g,, for all 4. Similarly, we enumerate
the weights Uy including multiplicities as §;, j € Jv, and fix a basis By = (y;)jez, for V
such that y; € Vp, for all j.

Let I'(V') be the (finite) set of subspaces of V' that are sums of weight subspaces. Thus,
every U € I'(V) is of the form

U= @56\1;UV3,

where Wy is a subset of ¥y. We will also write

Jviv={j€Iv|Bj¢ Yy} (5.4)

LEMMA 5.2. Let € Z>oX, so that f =Ry is a polynomial. Let U € I'(V') be such that
f‘U #£0. Then,
1. w S ZEQ\I/U.

2. There exists U' € T'(V), U' C U such that f!U, Z0 and ¢ € Ry oYy

Proof. Let By« = (y;)jez, be the basis of V* dual to By and let Bry) be the basis of
F[V] consisting of monomials in By-. By definition, the weight of a monomial ¥ ---y; in
Bppy is the sum 3; +---+ 3;,. We view F[U] as a subalgebra of F[V] using the unique
projection V' — U with kernel in I'(V). The basis Bppy] contains Bpjy) (defined in the
obvious way).

Let h=f ‘U. Expand h in the basis Br(y). Since f = Rly, the weight of any basis element
with nonzero coefficient is 1. The first part follows.

Let U’ be the smallest subspace in I'(V') such that h € F[U’] (viewed as a subspace of F[U]
via the projection U — U’ with kernel in I'(V')). Then, ¥y is the union of {5;,,...,5;.}
as we range over all the monomials y7 ...y7 in Bp) with nonzero coeflicients in the
expansion of h. Once again, since f = Rly, for any basis element with nonzero coefficient
as above we have 3;, +---+4 3, = 1. Averaging over all these expressions of 1, we deduce
that ¢ € Ry gWyr. 0
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Consider the set I'ieg (V') of subspaces in I'(V') that contain a regular element:
Toeg(V) ={U €T (V) | UNX # 0}.
COROLLARY 5.3. Let U € I'yeg (V). Then,

1. XC ZEO\IIU-
2. Assume that V is reqular. Let ¢ € Z~oX. Then there exists U’ € I'yeg(V), U' CU such
that ¥ € Ry oWUyr.

Proof. Let ¢ € Z>oX and let f =RI,. Since U € I';x(V), the restriction of f to U is not
identically zero. By Lemma 5.2, 1 € Z>oVy, which implies the first part, and there exists
U cU, U el (V) such that f!U, Z0and ¢ € Ry gUyr.

If V is regular and ¢ € Z~oX, then X ={v e V| f(v) #0}. Hence, U' N X # (. The second
part follows. U

A connected algebraic F-subgroup R of G is called Ty-saturated if its Lie algebra is of the
form ®nec59q for some subset S of @ U{0}. In this case, we write & =5\ {0}. Examples
of Ty-saturated subgroups are parabolic F-subgroups containing 7y and their unipotent
radicals, and semistandard Levi subgroups. If R is Ty-saturated, then we write

Tr = {i € I¢ | ga, C Lie R}. (5.5)

For any subspace U C V' denote by Stab(U) = {g € G | p(9)U = U} the stabilizer of U.
The Lie algebra of Stab(U) is {z € g | dp(z)U C U} [2, Lemma I1.7.4].

Let U € I'(V') and let R be a Ty-saturated subgroup of G. We denote by RxU the smallest
R-stable space in I'(V') containing U.

The following is an immediate consequence of (5.3).

LEMMA 5.4. Suppose that S is a subset of Wy containing Wy such that for all 5 € S
and o € P with f+a € Yy, we have B+a € S. Then, Y,y CS. In particular, for every
B € Vp,u there exist v € Yy and aq,...,ap € P such that B=~v+ a1+ -+ ak.

REMARK 5.5. It will follow from Lemma 6.9 below that W g,y is the smallest subset S of
Uy, containing Wy with the property that for every 8 € S and o € & such that f+a € Uy,
we have f+a € S.

5.4
For any U € T'(V') define the gauge
)\(U):50+ Z ngﬂz(so-i-(gv— Z ngﬁEX*(Tg). (56)
BEYV\Vy BeYy

It will turn out to be a key parameter governing the growth of the subsum of 6, pertaining
to U.
The following combinatorial-geometric lemma is crucial.

LEMMA 5.6. Let U € I'yeg(V'). Then, there exists a one-to-one function
L Jv = Ia,
such that
Bj+ay € Vo,
forall j € Jy.
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Proof. Let vg € UNX. Recall the surjection D, (2.1). Since vg € U, Dy,80 C Vatw,
for all &« € & U{0} by (5.3). Writing the matrix of D,,, with respect to the bases Bg and
By, a nonzero entry at a position (4,4), j € Jv, i € Zg, can only occur if 8; —a; € ¥y, A
non-zero minor of order dimV therefore gives rise to a function ¢ as required. 0

Note that we used that G is reductive in the proof, namely that —®5 = ®¢.

COROLLARY 5.7. Let U € I'yeg(V'). Then, for any J C Jy we have
(50—{—26]' S Rzo(\I/UUAU).
jedJ
In particular, we have
A(U) ERE()(\I/UUA()). (57)

Proof. We write

So+ Y Bi=00—> g+ Y B+,

JjeJ jeJ jeJ

and observe that dg — ZjeJaL(j) € R>0Aq since ¢ is injective.
Taking J = Jy,y (cf. (5.4) and (5.6)) we obtain (5.7). 0

5.5

The proof of Proposition 5.1 is based on a standard bound for lattice sums.

For any £ € V' denote by £z € V3, 8 € Uy the components of £ with respect to the
decomposition (5.2b).

We write 24+ = max(0,+x) for the positive and negative parts of a real number z, so that
rT=x4—x_.

For simplicity, we write A(-,¢) <<§\‘,17 ¢ BN () if for every N > 0 there exists a continuous
seminorm vy on Cyq(V (A)) such that |A(-,¢)| < Bn(-)vn(¢) for every ¢ € Cra(V(A)).

LEMMA 5.8. Let Q be a compact subset of G(A). Let U € I'(V'). Then,

Z ‘(z)(p(g)—lé‘)} <<1]”\(?7¢ eZBE\PU("B(B7H0(9)>+7N</87H0(9))_)7 gec T()(A)Q
EEU:{g#0VBEYY
Equivalently,
e U),Ho(g)) det p(g)| -1 Z }qb(p(g)*lf)‘ <<§\<{17¢ Sp, (mo(g))efNZﬁe‘I’U<’8’H°(g)>‘.

£€U:£57£0Vﬂ€\IlU

In particular, for U=V

|det p(g)| > |¢(p(9)~"€)| <N, min(1, |det p(g) ™.
£EV:€5£0VBET

Proof. The first two statements are clearly equivalent by the definition (5.6) of A(U).
Since p acts continuously on Cyq(V(A)), we may assume without loss of generality that
g € To(A). (In fact, since both sides are left Tj(F')-invariant, we may assume that g € Tp(R)
where R is viewed as a subring of A =Ag® F via x — 2 ®1.)

Upon replacing ¢ by [[5cq,, (14 [[vg,00ll) "1k, (vs,6m), 7> 0 where Kp is a compact
open subgroup of V3(Agqy) for every § € Wy, we may also assume that d)}U A) factors as a
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product ¢(v) =[[scy,, ¢s(vs), v € U(A), where each factor ¢ € Cra(V3(A)) is nonnegative
real. Since Tp acts by scalars on each space Vg, we are reduced to the assertion (for t € A*)

t|™e |t] > 1,
oo, i =y
In turn, this immediately reduces to the following elementary statement for ¢ € Ciq(A):
—1 St [t =1
gezF:X PO < {Itl ¥op<t
To prove this, note that given a compact subset K of A, we have
#(F*NtK) < [t].

In particular, F* NtK = if [¢| is sufficiently small. Thus, given a compact subset Kz, of
Aﬁna

#{€ e F* | (t7')an € Kan and ||(t ') s0|| < R} < R |, R>0.
The statement above follows easily from this estimate and the fact that ¢ € Cyq(A). 0
Proof of Proposition 5.1. Define the support of an element £ € V' to be

suppé = {3 € Uy | &5 # 0},

so that for any U € I'(V), £ € U <= supp& C Yy
We decompose 64 according to the support of the summands, i.e., we write

0s(9)= > ©Oulg) where Oy(g) = > ¢(p(9) 6. (5.8)

Uel (V) EeX(F):suppé=Ty

Of course, Oy is no longer G(F')-invariant or even Py(F')-invariant, but it is 7o (F')-invariant.
At any rate, for the proof of Proposition 5.1 we may assume by (5.1) that g € (To(A)N
6)Q, which we will do throughout.
Fix U € I'(V). By Lemma 5.8, we have

Ou(g) <5 4 Op, (mo(g)) [det p(g)| e~ MU HOOI =N scu,, (5:Holo)) (5.9)

Moreover, we may assume that U € I'yeg(V'), for otherwise Oy (g) =0. By (5.7), we have

MUY= D" esB+ Y dacy,

56‘1’[} OCEAO

with suitable coefficients cg,d, > 0. Since g € (To(A)NS)Q, we deduce that
Ou(g) <N 5, (mo(g)) |det p(g)| e~ sevy (40 Holo)l +N(E:HHo(9)) )

In particular,

Ou(g) <4 6p,(mo(g)) |det p(g)| - (5.10)

The proposition follows. O
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86. Special subspaces

In this section, we provide some geometric prerequisites to analyze further the behavior
of 04 on the Siegel domain. A crucial role will be played by certain subspaces of V' that are
PVSs for parabolic subgroups of G (cf. Definition 6.5 below).

6.1
We start with the following elementary fact from convex geometry.

LEMMA 6.1. Let W be a finite-dimensional real vector space and let v;, © € I be finitely
many vectors in W. Given XA € Rxo{v;,i € I} we write A=Y, ; \ivy with A\; >0 for all i
and with maximal number of nonzero (i.e., positive) coefficients. Then,

1. I':'={i eI |\ >0} is uniquely determined by .
2. Suppose that X=73 ;. ; \jv; with \; € R, i € I, such that \; >0 for alli ¢ I'. Then, \j =0
foralli ¢ I'.
3. In particular, for any i € I, if v; is in the linear span of {vj}jep thenie I’
In the situation of Lemma 6.1, we will say that v;, i € I’ is the positive envelope of A
with respect to v;, i € I.

Fix U € I'teg(V). Recall that A(U) € X*(T) was defined in (5.6) and that A\(U) €
R>0(AgU Wy ) by (5.7). Let Cyy C ag be the cone dual to R>o(AgU W), that is,

CU:{I‘ECLOH,_ | <,8,.CU> ZOVBE\I/U} (61)
Let Fy be the face of Cy defined by A(U), i.e.,
Fu ={z €Cy | (A(U),z) =0}

Roughly speaking, Fy describes the directions in To(F)\(Zo(A) N&S) where the bounded
function 5;01 |det p| ~1Oy (see (5.8)) does not decay. To analyze Fy7, let A C AgU Wy be the
positive envelope of A(U) with respect to AgUWy. Let I = ANAg and J = ANy

(Note that we do not assume at the outset that Ay and ¥y are disjoint.)

DEFINITION 6.2. Let E(U) (the enveloping group of U) be the standard parabolic

subgroup of G such that [ = A(})E(U).

Then,
Fo={zeCy|{a,z)=(8,2)=0Vaec AP geJ}.

REMARK 6.3. Let U € I'ieg(V') and let ¢ be as in Lemma 5.6. Then, the image under ¢
of Jy v contains Z, ,,, and is contained in Zg(r).
Indeed, as in the proof of Corollary 5.7 we write

MUY= > (Bi+ag)+— Y ).

Jj€Iv/u Jj€Iv/u

It follows from the definition of E(U) that dp—>_ a,(j) can be written as a linear

J€EIv /U
combination of A(};:(U). This precisely means that iy ., C «(Jv/v) C Iew)-

6.2
To go further, we need a follow-up of Lemma 5.6. It will play a key role.
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PROPOSITION 6.4. Let U € I'yeg (V). Assume that Py stabilizes U, so that the stabilizer
S =Stab(U) of U in G is a standard F-parabolic subgroup of G. Then,

1. There exists a one-to-one function
L jV/U — INS,

such that Bj +a,;y € Yy for all j € Jy y. In particular, dimV/U <dimG/S.
2. SCE().
3. The following conditions are equivalent.

(a) dimV/U =dimG/S.

(b) ¢ is a bijection.

(©) MUY =X e50, 0 (85 + i) + 5

(d) For some (or every) ve UNX, p(S)v is dense in U and G5 C S.

(e) For some (or every) ve UNX, the variety

Gou={9€G|plg) lveU},

is the union of finitely many left cosets of S in G.
4. If the conditions in part 4 are satisfied, then U is a PVS with respect to S with open
orbit U™ =UNX. Moreover, G,y = G,S for any v e U™®.
On the other hand, if the conditions in part 4 are not satisfied, then E(U) # S.

Proof. Write s = Lie S for the Lie algebra of S. Let N = Ng, and let N be the unipotent
radical of the parabolic subgroup of G opposite to S. Denote the corresponding Lie algebras
by n=LieN and i = Lie N.

Let vg € UNX. The composition of the surjection D,,, (2.1) with the projection V- — V/U
factors as a surjective map

Dvo n~g/s > V/U ~ @56\1,‘,\\1,[,1@.

We have D, (ga) C Viatwon\wy for all « € @y = —® . The existence of ¢+ follows as in the
proof of Lemma 5.6. Moreover,

MUY= > ngB+do= Y, (Bitam)+dho— Y. ag).
BeTV\Ty J€Iv,u JEIv/U
Clearly,
Z Qu(4) =dp — Z (dimga)a+M:55+Ma

JE€EIv/U aEdy

where = ZieIN\L(JV/U) «; is a (possibly empty) sum of roots in N. Therefore, S C E(U),
and the inclusion is proper if p # 0.

Note that the following statements are equivalent: p = 0; ¢ is a bijection; dimV/U =
dimG/S; BUO is an isomorphism of vector spaces.

Observe that the kernel of D, is D, }(U)/s and we have a short exact sequence

0 — Ker D, /(Ker D,, Ns) = Ker D, — U/D,,(s) — 0.

Thus, D,, is an isomorphism if and only if Ker D,,, C 5 and D,,(s) = U. Since Ker D,,, =
LieG,,, the first condition means that G5 C .S, while the second condition means that the
S-orbit of vy is dense in U. This proves that conditions (33a)—(33d) are equivalent and that
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the validity of (33d) does not depend on the choice of v € UN X. Therefore, under these

conditions, UNX is a single S-orbit, since UN X is irreducible. Since UNX = p(Gy, 1) 0o,

this also implies that G, v = G,S, which is a finite union of left S-cosets since G7, C S.
Finally, if G,,,v = J;—; 7:S is the union of finitely many left S-cosets, then

UNX = p(Gupv) vo = p(S)p(n:) " vo,
1=1

is the union of finitely many S-orbits, at least one of which must be dense, while G;(m)*lvo C
S forevery i =1,...,n, since G, -1y, = ni_leOm C m‘leo,U is contained in a finite union
of left S-cosets. Thus, condition (e) is also equivalent to the other ones. This concludes the

proof of the proposition. 0
As we shall see, the spaces considered in the proposition above deserve special attention.

DEFINITION 6.5. We denote by I'spe1(V) the set of spaces satisfying the conditions
of Proposition 6.4 part 4. Thus, I'spai(V) consists of the subspaces U € I'yeg (V) that are
stabilized by Py and satisfy dimV/U = dim G/ Stab(U).

A subspace in I'spe1 (V) will be called special.

REMARK 6.6. Trivially, V € Iy (V). It follows from Proposition 6.4 that if V' is basic
(see Definition 2.8), then I'spq (V) = {V}.

The converse is not true: V = Mat,, is a PVS with respect to G = GL,, acting by matrix
multiplication. Here H =1, but it is easy to see that Ispe (V) ={V}.

In fact, the four examples in Table 2 of §3.3 provide counterexamples for irreducible PVS
of DK-type. Indeed, by Proposition 6.4, if U € I'spc1(V), then it is stable under the maximal
standard subgroup parabolic @ of G whose Levi part L satisfies H° = L', In particular,
U is stable under L. However, V decomposes into four irreducible subrepresentations of
L, V=U&U;&Us® Uy where Uy,Us are one-dimensional, Wy, consists of the highest
weight of V, and dimUs = dimU, = dimG/Q. Since every non-trivial Py-stable subspace of
V' contains Uy, we cannot have dimV/U = dimG/Q. Hence U = V.

Consider the list of reduced, absolutely irreducible PVSs of Sato and Kimura in the
appendix to [23]. Of the 29 regular cases, 23 are of DK-type.® Among these, we have
Fepe1(V) # {V'} only in the following eight cases: # 2 (Example 3.4 for k=1 and n; = 2), #
4 (Example 3.7), # 8 (Example 3.8), # 9, # 11, # 12 (Example 3.9), # 15 (Example 3.5 for
k=1 and ny =2 or ny—2), # 28. (To verify the assertion I'spe1(V) # {V'} in the remaining
cases # 9, # 11 and # 28, one may use the construction of §9.)

REMARK 6.7. In general, we may have E(U) 2 Stab(U) even if U € I'ypai(V). See
Examples 6.15 and 7.8 below.

In principle, using Proposition 6.4 one can enumerate I'sp1(V), at least in small rank
cases or when H is contained in only a few parabolic subgroups.

ExaMpPLE 6.8. Consider Example 3.4 for k =1, n; =2 and Example 3.7. Write the
simple roots of G’ as {«, 3} where « is the short root. Then A§ = {a} and ¥y = {3,8+
a, B+ 2a[, 4 3a]} where root in square brackets occurs for G’ = Gs. It is easy to see that
Fpaa(V) ={V,U} where ¥y = Wy \ {5}. Stab(U) = E(U) is the Borel subgroup of G.

8 Case # 1 can be of DK-type or not, but it is always basic.
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6.3

For a € &g denote by N(,) the unipotent subgroup of G' with Lie algebra gq + g2q if
2a € P and g, otherwise.

The following general fact about representations is probably well-known.

LEMMA 6.9. Let U € I'(V) and o € ®¢. Suppose that U is stable under N(y. Then, for
every B € Wy such that a+ 5 € ¥y we have a+p € Uy

This follows from the representation theory of SLs. To explain this, we need a standard
consequence of the Jacobson-Morozov Theorem.

LEMMA 6.10. Let a € &g and let 0 # e € go. Then, there exists a unique F-morphism

@ :SLy — G such that dcp((g 6)) =e, the image of the diagonal torus under ¢ is contained

t \Y%

in Ty and the co-character t — o((*,-1)) is a”.

Proof. This is well-known. For convenience we include the proof.

For the uniqueness of ¢ — see [8, Lemma 3.4.4].

By passing to the subgroup generated by N(,) and N(_,), we may assume that G is
semisimple of F-rank one. We may also assume without loss of generality that a > 0, so
that N(a) C Ny.

By the Jacobson—-Morozov Theorem, there exists an F-morphism ¢’ : SLo — G such that
de'((§§)) =e. Let a be the restriction of ¢’ to the diagonal torus, i.e., a(s) = ¢'((* ;-1)),
so that Ad(a(s))e = s?e. Let T be the image of a, which is a maximal split torus in G.
By the Bruhat decomposition, for any g ¢ Py we have gNog ' NNy = 1. Thus, T C P,. It
follows that T =nTyn ! for some element n of No(F).

We claim that n centralizes e. Indeed, for every t € Ty, both Ad(t)e and Ad(ntn~!)e are
scalar multiples of e. Fix t € Ty such that its centralizer in Ny is trivial. Write ntn=! = n/t
where n’ = [n,t] € No. Then, Ad(n’)e is a scalar multiple of e, and hence Ad(n')e = e since
n’ is unipotent. Note that the centralizer Ny . of e in Ny is invariant under conjugation by
To (since Ad(Tp) acts by scalars on e). By [2, Proposition I11.9.3] the maps Ny — Ny and
No,e = Ny e given by n— n’ are bijective. Since n’ € Ny ., we infer that n € Ny . as claimed.

We can now take ¢ = ¢'(n=1-n). O

Proof of Lemma 6.9. For any integer k let Vi, € T'(V) be such that
Uy, ={B ey |(B,a") =k}

Fix 0 # e € g,. Using Lemma 6.10 and basic facts about representation theory of SLo, it

follows that for any integer k, the map
.| surjective if k>0,
dp(e): Vi1 — Viyq is
pe): Vi i {injective if £ <0,

Thus, for every € Uy,

surjective if (8,a¥)+1>0

- )

injective  if (B,a¥)+1<

dp(e): Vg — Viyq is {

In particular, dp(e)(Vg) # 0 if V1o # 0. The lemma follows. 0

LEMMA 6.11. Suppose that Uy,Us € T'spc1(V) and Uy NUs € T'yeg(V). Then, U1 NU, €
Lspe1(V) and Stab(U; NUz) = Stab(U;) N Stab(Us).
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Proof. Let U=U,NUs,, S=Stab(U), N = Ng, S, = Stab(Uy), Ny = Ng,, M = Ms,,
k=1,2. Clearly, Uy = Uy, Ny, Py stabilizes U and S D S;NS,. In particular, ®n C
®AHLJ®AQ~

By Proposition 6.4, there exists a one-to-one function

L:jVﬂ]—%IN,

such that §; +a,(;) € Yy for all j € Jy,y.

We claim that if §; € ¥y \ ¥y, then o,;) € ®y,. Indeed, suppose otherwise. Then,
a,(jy € P, (since a,(;) >0 as a,(j) € P ). Therefore, using Lemma 6.9, 3; = (8; +a,(;)) —
a,(j) € Yy, since Uy is S;-stable, in contradiction to the assumption that 3; ¢ Wy, .

Thus, the restriction of ¢ to Jy ¢, is a bijection with Zy, (since Uy € I'spe1(V')). Similarly,
the restriction of ¢ to Jy,y, is a bijection with Zy,.

It follows that ¢ is onto and @ = @y, UPp,. Thus, U € I'spa1(V) and N = Ny N, which
implies that S =51 N.S,. U

LEMMA 6.12. Let U € Tyog(V) and U = E(U)xU. Then, U € T'yya(V) and E(U) =

Stab(0) = E(U).

Proof. Clearly U € T'yeq(V), since U D U, and Stab(U) D E := E(U). In view of
Proposition 6.4, in order to prove the lemma we only need to show that E:= E(U) C E.

We have U5 D V. Write
MO)= D" caB+ Y dao,
BeVy aEAg:

with cg > 0 for all 8 € V5 and d, >0 for all a € Ag:. Then,
MUY= D> cgB+ D (ca+np)B+ Y dac.
BEYY BEV ;\ Ty NN
Using Lemma 5.4 for each 5 € Wy \ Wy, we can rewrite the above relation as
MUY= Y cpB+ D dya,
BeEYY aEAg

where ¢j; >0 for all § € Uy, d], >0 for « € A\ AF and d}, > d, > 0 for all a € AOE\AOE.
By Lemma 6.1 we deduce that d/, =0 for all & € Ag\ AF. This implies that E C E, as
required. U

COROLLARY 6.13.

1. IfU €Teg(V) is stable under E(U), then U € Ispa (V). )
2. If U €Tyee(V) and E(U) C G, then there ezists U € U'spa(V'), U #V, containing U.
3. In particular, if spa1(V) = {V'}, then E(U) =G for every U € I'yeg (V).

ExaMPLE 6.14. Consider Example 3.2 with k£ =3 and n; < no. Then, it is easy to see
that Tspa (V) = {V, V1, V2} where

Vi = {(z1,22) | the first ny —n; columns of 7 vanish},

Vo = {(x1,22) | the last ny —ng rows of xs vanish}.

The general case of Example 3.2 is far more complicated and will not be considered here.
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EXAMPLE 6.15. Consider Example 3.8 pertaining to Fy. Write for simplicity (i1i2i3i4)
instead of i1 +igan +izas +igay € X*(Tp).

We explicate Wy in a way that demonstrates its realization as pairs of 3 x 3-symmetric
matrices as follows:

(0100) (0110) (0111) (1100) (1110) (1111)
Uy = ((0110) (0120) (0121)> , ((1110) (1120) (1121)) _
(0111) (0121) (0122) (1111) (1121) (1122)
Consider the subspaces Uy,Us,Us in I'(V') given by
Yy, =¥y \{(0100), (1100)},
Uy, = Uy \ {(0100), (0110), (0120)},
Wy, = Uy \ {(0100), (0110), (0111)}.

In matrices,

0 % * 0 * * 00 = * ok ok 000 * ok ok
Ulz(***)7<***>’ U2:<00*>7(***)7 U3:(0**>7(***)_
* ok k * ok ok * ok % * ok ok 0 * % * ok ok

Let U4 = U1 ﬂUQ, U5 = UQﬂUg so that

U= (883).(353), us=(

Then, it is not difficult to check that

* OO
* OO
* ¥ *

0
0
0

00 *
0= ),|=
* 3k *

I_‘spcl(‘/v) = {Vva U17U27U3>U47U5}'

* % %

*
* .
*

Moreover,

Stab(Uy) = E(Uy) = (x00%), Stab(Us) = E(Uy) = (00x0), Stab(Us) = E(Us) = (000x),
Stab(Uy) = Stab(Us) = E(Us) = (0000), E(Uy) = (00%0).

§7. Proof of Theorem 4.3

In this section, we prove Theorem 4.3 by providing an estimate on Oy which is finer than
(5.10) for spaces U € I'1eg (V') containing non-isotropic elements (see Definition 2.7).

7.1

Let C be a closed cone in a finite-dimensional real vector space W.

Let f be a continuous real-valued function on W and let d > 0. We say that f is positively-
d-homogeneous if f(rv) =r¢f(v) for all r >0, v € W. (In the cases at hand, d = 1.) In this
case, f is positive on C\ {0} if (and of course, only if) it is positive on the intersection of C
with the unit sphere of W with respect to a prescribed norm.

The space of continuous positively-d-homogeneous functions on W is a Banach space
with respect to the supremum norm on the unit ball and the positivity on C\ {0} is an open
condition.

By integration using spherical coordinates, it is clear that if f is positively-d-homogeneous
and positive on C\ {0}, then the integral of e~/ over C converges.

Suppose that f is positively-1-homogeneous and let A;, j € J be a finite set of vectors in
W*. Then, the positively-1-homogeneous function f—|—NZj€J (Aj,v)_ is positive on C\ {0}
for N > 0 if and only if f is positive on the subcone {v € C: (\;,v) >0 Vj e J}\{0}.

These facts yield the following elementary convergence result.
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LEMMA 7.1. Let x;, i €1 and \;, j € J be finite sets of vectors in aj. Let W C ag be
a subspace and f a continuous positively-1-homogeneous function on W. Assume that f is
positive on the cone

{z€apNW | (\;,z) >0VjeJ}\{0}.
Then, there exists ¢ > 0 such that for all N > 0 the integral

/ e~ FH) =N s (g H) _=SicroitxnH) qpp
llgd,ﬂW

converges for |o;| <c, i € I. Moreover, if x; € R>o{\;}jes for alli € I, then for all o; > —c,
i € I the integral converges for sufficiently large N (depending on the maximum value of
the o;’s).

7.2
We now turn to the support sets of non-isotropic elements.

DEFINITION 7.2. We denote by I'yiso(V) C I'reg (V') the set of subspaces in I'(V') that
contain a non-isotropic element.

DEFINITION 7.3. Let U € I'pa(V). We say that U is exceptional if there exists U’ €
I'veg(V), U" C U such that the linear span of X*(G) UA(S)’tab(U) UWy is a proper subspace
of af. In this case, we will also say that (U,U’) is an exceptional pair.

We denote by I'exep(V') the set of exceptional subspaces of V.

PROPOSITION 7.4. Let U € I'spoi(V) NThiso (V). Then U is not exceptional.

Conversely, suppose that V is reqular. Then, for any isotropic v € X (F') there exists an
exceptional pair (U,U") such that v € p(G(F))U’.

Thus, if V is regular, then the set of isotropic elements in X (F') is

UUEpexcp(V),O(G(F))UﬂX(F) = U(U7U/)p(G(F))U/ ﬂX(F),
where (U,U’) range over the exceptional pairs.

REMARK 7.5. The first implication cannot be reversed. There is an example of a regular
PVS V and a non-exceptional U € I'spe1(V') such that all elements of UNX (F) are isotropic
(see Example 7.8 below).

Proof. For the first part, let U € I'spe1(V') and S = Stab(U). Assume that there exists
U’ € Tyeg(V), U’ C U such that the linear span of X*(G)UA§ UWy is a proper subspace of
aj. Equivalently, there exists a (split) torus 1# T C TyNZ(Ms)NG9* fixing U’ pointwise
(namely, the identity component of N, ¢ x-(@)uasuw,,, Kerx). We will show that all elements
of UNX(F) are isotropic.

Fix a regular element u in U’. By Proposition 6.4, we have G C S. Since T lies in the
center of Mg, [T,G,NS] C[Z(Mg),S] C Ng. On the other hand, T'C G2, (since T stabilizes
all elements of U’). Therefore, T centralizes (G, NS)/(G N Ng). In particular, the image
of T in Gy, /(G; N Ng) is central. Note that G, N Ng is contained in the unipotent radical
of G°.

Now, let v € UNX(F). By Proposition 6.4, v is in the S-orbit (but not necessarily the
S(F)-orbit) of u. Let x € S(F) be such that u = p(x)v. Then, x~ 1Tz is a torus in G¥*NG?.
Moreover, for any o € Gal(F'/F) we have o(x)x~! € G,,NS. Let T' be the image of z~'Tx in
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G /(GSN Ng). Then, T is central. Moreover, T” is a split torus. In fact, since T centralizes
o(x)x~Y(GS N Ng) for all o € Gal(F/F), the map t +— z~tz(GS N Ng) is an F-isomorphism
of T with T'. In particular, the image of 7" in G™¢ is a non-trivial F-split central torus.
Thus, v is isotropic by Lemma 2.6. This proves the first part.

For the second part, suppose that V is regular and v € X (F') is isotropic. Let T # 1
be a split torus contained in Z(G%) NG, The centralizer L = Co(T) contains GS. Upon
replacing v by an element in its G(F)-orbit, we can assume that 7T is contained in TpNG9e"
and that L is a standard Levi subgroup of G. Thus, X, (T') C ar, and in the notation of [26,
1.1.10] we have X, (T)Na}™® # (). Fix an element h € X,(T)Na® C af. Upon conjugating
by an element of the Weyl group of Tp, we may assume that (a,h) is non-negative precisely
for the roots « of the (proper) standard parabolic subgroup @ of G with Levi subgroup
L [26, Lemma 1.1.10].

Consider the subspaces U, U’ € I'(V) given by

Uy ={BeVy [(B,h) >0}, ¥p»={BcVy|(B,h)=0}C ¥y.

Clearly U is stable under @Q and U’ C U. Since T stabilizes v, suppv C ¥y so that v € U’. In
particular, U’ € I'yeg(V'), and a fortiori U € I'yeg (V). Recall the surjection (2.1). It satisfies

Dy(ga) C Vagw,, for all a € &g U{0},

by (5.3). In particular, D,(q) C U and D,(n)NU =0 where q = Lie@ and n is the Lie
algebra of the unipotent radical of the parabolic subgroup of G opposite to (. We claim
that the preimage of U under D, is g. It suffices to show that D;1(U)Nn = 0. Suppose
that = € n and D,(z) € U. Then, by the above, D,(x) = 0. Hence, z is in the Lie algebra of
G, which is contained in [, and thus z = 0.

Hence, the induced map D, : g/q — V/U is an isomorphism. It follows from Proposi-
tion 6.4 that U € I'spa1(V') and Stab(U) = Q.

Since the nonzero vector h € a§ annihilates Wy UAS, we obtain that (U,U’) is
exceptional.

Finally, the last part follows from the first two parts. O

REMARK 7.6. We do not know whether the second (and hence also the last) part of
Proposition 7.4 hold without the regularity assumption on V.

EXAMPLE 7.7. Proposition 7.4 is best illustrated by the case where V is the PVS of
binary quadratic forms with respect to the action of G = GLo, i.e., the symmetric square
representation. (Example 3.4 with k=1, ny =2.) Thus, X is the set of binary quadratic
forms with nonzero discriminant. In this case, Uy = {3, 8+ «, 8+ 2a}, where « is the simple
root of G, and [ the lowest weight of V. Note that 84 « is the determinant character of
G. Apart from V itself, there is a single space U in I'spe1(V'), namely U = Vgio + V424,
and E(U) = Stab(U) is the standard Borel subgroup of G. The space U is exceptional.
More precisely, (U,U’) is an exceptional pair where U’ = V3, ,. Let v € X. Then, G, is an
orthogonal group so that Gy, is a one-dimensional torus. Thus, Proposition 7.4 amounts to
the fact that Gy, is split if and only if v can be represented as zy in suitable coordinates.
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EXAMPLE 7.8. Let us revisit Example 3.9 pertaining to the simply connected group
G' = Eg.

For brevity we will write (“bcfce) for the linear combinations of simple roots with
coefficients a,b,c,d, e, f.

We will also write standard parabolic subgroups as (*°*:0) where * indicates that the
simple root is in the Levi subgroup and 0 otherwise.

Let 6 be the outer involution of G’ acting on the simple roots as indicated.

Let P be the maximal standard parabolic subgroup (**°#*). The Levi subgroup G has
derived group SLg x SL3 x SL3.

The unipotent radical Np, which has dimension 29, has a three-step filtration, the first
filtration step V (the abelianization) has dimension 18. We may write Wy explicitly to

reflect the realization of V' as the space of pairs of 3 x 3-matrices as follows.

(11100) (11110) (11111) (11100) (11110) (11111)

0 /> o /> 0 1 /> 1 /> 1

\IIV — (01180) , (011(1)0) , (011(1)1) , (011[1)0) , (011%0) , (011%1)
(00180) , (00160) , (001(1)1) (OOl(lJO) , (001%0) , (001%1)

We observe that for all proper subspaces U € I'spc1(V), UNX(F) consists entirely of
isotropic elements. Namely, if U € I'spc1(V') contains a non-isotropic element z, then G2 has
to be contained in @ = Stab(U). But the projection of G to any of the two SLj3 factors of
G9° i an anisotropic maximal torus of this group, which implies that @ contains both SL3
factors. Therefore, either Q = G and U =V or the intersection of ) with the SLo factor
is the standard Borel subgroup. However, for this maximal parabolic subgroup @ of G the
only non-trivial @-invariant subspace of V' does not intersect X.

Define Uy,Usy,Us € F(V) by

Wo, = Wy \{(040),(O110), (%0190), (7190)},
\Ile — \IJV\{(00180)7(01180)’(11180)}’
\IjUg — \IIV\{(OOI((%O)7(01180)7(001(1)0)7(011(1)0)’(001(1]0)’(011(1)0)}'

In terms of matrices, these spaces are described as follows.

skookok skookok O 3k 3k skookook skookook
Ul — | Oxx O U2 = [ Ox=x ok ok U3 = | 00=% Ox% | .
Os% /7 \ Oxx /’ Osxx /0 \Uskkx /7 00 / 7 \ O

Let U/ =0(U;), i =1,2,3 and U]’ = U;NU/ so that

, Hokok Hokok , Kok ook , Hoskok Hskok
= | %k *okok = | ®xx * ko = [ 00% ok

Ui <oo*>’(oo*>’ Uz (ooo)’<***)’ Us (oo*)’(oo*)’
sskok sskok Ok Hokok Hskok sHskok

U = [ 0xx o | 0% ) Ué’ = 0xx ), | x|, Ué/ = 00x ) | Oxx ).
00x* 00x* 000 ok 00 00

We write U@j = UiﬂUj, Ui/J‘ = Ui,ﬂUj, UZ‘/,]'/ = U{QU;, Ui”,j = UiﬁﬂUj and Ui//J/ = U{IQU;.
Then, a straightforward but tedious computation gives the following Hasse diagram for

and
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Fspcl(V)Z
M&
Ué/ U3/72 U372/ Ul//72 Ul//72/
Moreover,
Stab(Uy) = (%% 9*), Stab(Usz) = (** §*), Stab(Us) = (°* §9)
Stab(U7) = (*0 1), Stab(U3) = (*° §*), Stab(U3) = (*° §°)

Stab(U7)

(9°29), Stab(Uy) = (*© §*), Stab(Ug) = (% §°).

*

The stabilizers of the rest of the elements of 'y, (V) are given by Lemma 6.11. All spaces
except Us, US and V are exceptional.

The spaces U € I'spa1 (V') with E(U) = Stab(U) are V,Uy,U1,Us,Us, Uy 2,Uvr 2, U{ Uy . For
U= U3,U372/,U172/ we have E(U)*U = Ul. For U = Ué,U3/72,U1/72 we have E(U)*U = U{
For U = U4 Uy 2,U1r o0 we have E(U)xU =Uy'.

7.3

We can now formulate and prove the main geometric statement about A(U) where U €
1—\niso(‘/)-

Consider the natural surjection

q:ag=X.(GP)@R — dg = X.(G/G*)QR.
The kernel of ¢ is the image of X,(G*/G9")®R in ag. The dual space ag; = X*(G/G*)®

R < af, of ag has basis X. Fix a section for ¢, i.e., a subspace b of ag such that the
restriction of ¢ to b is an isomorphism. In other words, b is a complement of Kergq in aq.
Let
W= (a§)®b— (af) ®ag = ao.
Recall the cone Cy defined in (6.1).

PROPOSITION 7.9. Suppose that V is reqular. Let U € T'yiso(V'). Then, for every u €
R0X, the restriction of the linear form AN(U)+p to W is positive on the cone Cy "W\ {0}.

Proof. Suppose that x € Cy is such that (A(U)+ p,x) <0. By Corollary 5.3 part 1, we

have (x,z) >0 for all x € X. By (5.7), we obtain (A(U),x) =0 and (x,z) =0 for all y € X.
Also, by the definition of E = E(U), we have («,z) =0 for all a € AF.
Let U’ € I'teg(V') be as in Corollary 5.3 part 2. Then, (5,z) =0 for all 5 € Uy,
Let U = E(U)*U. By Lemma 6.12, U € T'pe1(V) and E(U) = Stab(U) = E.

https://doi.org/10.1017/nmj.2024.34 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2024.34

ZETA FUNCTIONS OF PVSS 343

Since UD U, and U € Ihiso(V') we may apply Proposition 7.4 to conclude that U is not
exceptional. Thus, the set ¥y UAF Uaf, spans af. Let

p:ag— W,
be the restriction map, which is surjective. We have af, = Kerp@®ag,. Since X spans ag;, we
infer that p(¥r UAEF UX) spans W*. Restricting to € W, we deduce x = 0. 0
7.4

We can now finish the proof of Theorem 4.3. As we have already noted in the discussion
following (4.1), assuming convergence, the integral

as 6% (ha) dh,
G(F)\G(A)!

is G*(A)-invariant. It therefore remains to prove the convergence of

/ / 6" (ha) dh e~ V) da,
b JGFNG(A)!

where b is as in Proposition 7.9 and p € RyX.
Choose a Siegel set as in §5.1 such that G(F')S = G(A). For any non-negative function
f on G(F)\G(A)! we have

/ f(9) dgg/ / / f(pe®k)op, () TCO( ) dp dz dk
G(F)\G(A)? K Ja§ J Py(F)\Po(A)!

(7.1)
< [ supyen (e y)in, () 1y (2) da,
ag
where 7., is the characteristic function of {z € a§ | (a,z) > ¢ Vo € Ag}.
It is therefore enough to show the convergence of
| on(e) sup, a3 | e (1) o (72)

where W = a§ @b < ap and we extend 7, trivially on b.
As in the proof of Proposition 5.1 we bound #"°(g) by splitting the sum according to
support sets, i.e., we write

0 (e) = > OF(a).

Uer(V)

with

0> (9) = > #(p(g)~"¢).

LEX(F)riso:supp&=Ty

The integral (7.2) is then majorized by the sum over U € I'(V') of

/ 3y (¢) " supyeq [OF (¢"y)| e OV HTIT, (2) da. (7.3)
Moreover, by Lemma 5.8 for any N > 0 we have

O (9) <8 s 5p,(mol9)) et plg)| e~ MUHHOD =N acuy (WA g & 7y ()0,
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Therefore, (7.3) is majorized by
(@) | e R O (0) (7.4)
w

for suitable seminorms vy on Cpq(V(A)). We may assume of course that U € I'yiso(V),
for otherwise O = 0. By Proposition 7.9, the restriction of the linear form A(U)+ p to
W is then positive on the cone Cy NW \ {0}. Therefore, the integral (7.4) converges by
Lemma 7.1.

This finishes the proof of Theorem 4.3.

§8. PVSs without non-trivial special subspaces

In the section, we analyze the case where a regular PVS V has regular F-irreducible
components and no non-trivial special subspaces. Under these conditions, we obtain a
strengthening of our main result, namely meromorphic continuation of the zeta function to
the left of the point A =0 with at most simple poles along the hyperplanes defined by the
fundamental characters.

We continue to assume that G is reductive. In general, a subrepresentation of a regular
PVS is not necessarily regular. We will say that a PVS V is completely factorizable (CF) if
all its F-irreducible subrepresentations are regular. It is clear that every subrepresentation
of a CF PVS is again CF.

For example, every basic PVS (see Definition 2.8) is CF, since any subrepresentation is
basic, hence regular. Examples 3.2-3.6 are CF precisely when ny = --- =ny. (However, ng.4;
may be bigger than ny in cases 3.3 and 3.5.)

Note that in general, an F-irreducible representation 7 of G' does not admit a central
character. However, the restriction of 7 to the torus T acts by a character, which we denote
by wx.

LEMMA 8.1 (cf. [35], Proposition 2.13). Let (G,V,p) be a CF PVS and let V =
®icr(Vi,pi) be a decomposition into irreducible subrepresentations over F. Let x; = w,,,
1€ 1. Then,

1. Vs regular.

2. X = HieIXi7 where X; is the regular part of V;.

3. The fundamental invariant polynomials of V are those of the V;’s.

4. The restrictions of the fundamental characters of V to Tg are n;x; for some positive
integers n;, i € I.

5. The characters x; are linearly independent over Z.

6. The union Uy =UWy, is disjoint.

7. The irreducible components V; are the isotypic components of V.

8. The set I'yeg (V) consists of the direct sums U = @;crU; with U; € T'1eg(V;), i € 1.

9. The group G* /G4 Ker p is F-anisotropic.

Proof. First note that every F-irreducible regular PVS admits a unique fundamental
invariant polynomial (over F).

Parts 1, 2, and 3 are contained in [35, Proposition 2.13]. (Note that part 3 over F
easily implies it over F.) Part 4 immediately follows. Part 5 follows since the fundamental
characters of a PVS are always linearly independent. Parts 6, 7 and 8 are easy consequences
of part 5.
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Finally, part 9 is equivalent to the statement that T NKerp is of finite index in T NG™.
Note that T NKerp is the intersection of Kery;, ¢ € I and by part 4, this is of finite index
in the common kernel of the restrictions of the characters in X*(G/G*) to T. The lemma
follows. [

The following easy consequence about the special subspaces of V and its subrepresenta-
tions will be used repeatedly.

LEMMA 8.2. Let Vbe a CF PVS and V' a subrepresentation of V (defined over F).

1. Let V" be the (unique) complement to V' in V. Then the map U — U ® V" defines an
injection of Tspa1(V') into Tspa (V).
2. If Typa(V) ={V}, then Tpa (V') ={V'}.

Proof. By Lemma 8.1 part 7, the map U — U @ V" defines an injection of I'yeg (V) into
I'veg (V). The first part follows now from the definition of a special subspace. The second
part is clear. U

Let S(V(A)) be the space of Schwartz—Bruhat functions on V(A). As a locally convex
topological vector space, S(V(A)) can be identified with S(V(F)) @ S(V(Agyn)) where
S(V(F4)) is the usual Schwartz space and S(V (Agy)) is the countable-dimensional space
of locally constant compactly supported functions on V(Ag,) with the finite topology. In
other words, S(V(Aqn)) = limU with the inductive limit topology, where U ranges over
the finite-dimensional subspaces of S(V(Agy)) with their canonical Hausdorff topology.
Equivalently, S(V(A)) =limS(V (Fu)) ©U with the locally convex inductive limit topology
where U is as before. The space S(V (A)) is Hausdorff, complete and nuclear. The embedding
S(V(A)) — Cra(V(A)) is continuous.

Assume that (G,V,p) is CF with irreducible components (p;,V;), i € I over F' and let
Xi =Wp;, 4 € 1. For any J C I let V/ =@®;c;V; and V; =V/V/ = ®@,gspj- Let p; be the
representation of G on V. These are again CF PVSs.

As usual, let Ag =T (R)® be the complement to G(A)! in G(A) obtained by embedding
R into Foo = R® F via 2 — 2®1, and let Aker, = AgNKerp. Since G* /G Kerp is F-
anisotropic, we have G(A)'G*(A)\G(A) ~ Aker,\Ac and we can write the zeta function of
peS(V(A)) as

Z(p,\) = / 05°°(g9)g~* |det p(g)| ' dg,
G(F)AKer p\G(A)

for A € (ag,c/aKerp,c)* = CX. We know from Theorem 4.3 that the integral converges
absolutely for RA € RyoX. In the following, we will use the isomorphism Ager,\Ag =~
RY a+ (log|xi(a)|)icr and the Lebesgue measure on the vector space R! to normalize the
measure on the quotient G(F')Aker,\G(A).

For any ¢ € S(V(A)), let ¢; € S(V;(A)) be given by

o7(v) :/ d(u+v) du.
V7 (A)
For A=}, Aixi we write Ay = ngJ ;i x;j- We will consider the zeta functions ZV7 (¢, A )
simultaneously. In the limiting case J = I, where V; = 0, the term Z"7 (¢, 1) is of course

interpreted as the constant vol(G(F)\G(A))$(0).
The main result of this section is the following.
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THEOREM 8.3. Let (G,V,p) be a CF PVS such that T'spe1(V) ={V'}. Then, there exists
¢ >0 such that for any ¢ € S(V(A)) the zeta function Z(p,\) admits a meromorphic
continuation to the region

D={A=> x| R\ > —c},
icl

and Z(¢,\) [L;c; Ai s holomorphic in D. Moreover, with the notation above,

Sy L er), s1)

JCI j€J I

is holomorphic in D.

Theorem 8.3 will be proved in the remainder of this section. Applying it to V; for every
J C I and using inclusion—exclusion we obtain

COROLLARY 8.4. Under the above conditions, for every subset J C I the function

fr) = Y (- 2 O Aro)

[Tjex A ’
KCI\J JEK I

is holomorphic in {\; =3_,q; Ajx; | RA; > —c} and we have

ZfJAJ

JcI HJEJ J
in D.

Theorem 8.3 and its corollary apply in particular to any basic PVS, as well as to the
“magic square” examples of §3.3 — see Remark 6.6. Recall that the basic PVSs obtained
from nilpotent orbits for the classical groups are the following;:

GLF acting on Mat®~! (Example 3.2).

GLE x SPy4m acting on Mat" ™ @ Mat,, ;1 for n, m even (Example 3.3).
GLF acting on Mat®~' @ Sym,, for n # 2 (Example 3.4).

GLffL X SOp1m acting on Matﬁ_l ®Maty, 5, +m for n, m # 2 (Example 3.5).
GLF acting on Mat*~! @ Skew,, (Example 3.6).

Gt W=

For F-irreducible V' such that I'spa(V) = {V}, we obtain that the zeta function
has a simple pole at A =0 with residue vol(G(F)\G(A)')$(0), as in Tate’s thesis (cf.
Proposition 8.5 below). Example 3.7 (treated in [50], building on [44]) and Example 3.8
(treated in [53]) show that without the assumption I'spe1(V) = {V'}, the structure of the
pole of the zeta function at A = 0 may be more complicated.

Note that the assumption I'spe1(V) = {V} implies (by Lemma 8.2 and Proposition 7.4)
that all V; are non-isotropic, i.e. that 65'*°(g) =64, (g). (In our proof below we will simply
work with 64, (g) throughout.)

We first consider the case where p is irreducible over F. For simplicity we write x<; =
min(z,1) and z>; = max(1,z) for any € R5(. Denote by 14 the characteristic function of
a set A.

For brevity, we will use the notation A(-,¢) <n,4 Bn(-) to mean that for every N >0
there exists a continuous seminorm vy on S(V(A)) such that |A(-,¢)| < By (-)vn(¢) for
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every ¢ € S(V(A)). Recall that we have already used the notation <<§\C,1’ ¢ in §5.5 with respect
to the space Cyq(V(A)). Clearly <<§\‘,17¢ implies <n,¢.

PROPOSITION 8.5. Suppose that (G,V,p) is an F-irreducible PVS such that I'spe(V) =
{V} and let x =w,. For any ¢ € S(V(A)) let
J4(9) = |det p(9)] "65(9) — Lk, (Ix(9)))9(0), g € GFN\G(A).
Let By be the lowest weight of V. Then,
16(9) Kn.p Op, (Mo (g))e™ WHo @)= (Bo.Holgh =N Ho(9)) - g e & (8.2)

for a suitable i € R<o(Ag). Therefore, there exists ¢ >0 such that the integral

5(0
/ 34(0) (@)~ dg = Z(6,5) —vol GENGAH AL, (8.3
G(F)AKerp\G(A) s
converges absolutely for Rs > —c.

Proof. We will estimate ], using the decomposition (5.8) of 64(g). We write

Js(g) =Idetp(g)] ™" Y Oulg)+ldetp(g)| "' Ov(g) —1r., (Ix(9))$(0),
UET g (V),U#AV
and separately bound the summands Oy, U € Iyee(V), U # V and |detp| 10Oy —

1g.., (]x])(0) on &.
Consider the contribution from U € I'yeg(V), U # V. By Lemma 5.8 we have

Idet p(g)] ~19y(g) <<§\(ri,¢ Sp, (mo(g))€*<>\(U)’H0(9)>*N2ﬁe\I/U(57H0(9))_, geB.

Recall that A(U) = do + > scq,\ 5, 88 € R>o(¥y UAg) by (5.6) and (5.7). By Corol-
lary 6.13 part 3 and our assumption on V we have E(U) = G. Thus, the positive envelope
of A(U) with respect to AgU ¥y (see §6.1) contains Ay and we have

MUY= ) csB+ Y dac,
BeYY aEAg

with suitable coefficients ¢z > 0 and d,, > 0. Moreover, by considering (A(U), H) for H € ag
we see that > scq, €8 =2 gy, \w, 78 = 1 since U # V. Using that on the Siegel domain
(Bo,Ho(g)) — (B,Ho(g)) is bounded from above for all § € ®y,, we obtain

Idet p(g)| —1@U(g) <<§\[/1,¢ Sp, (mo(g))e—(MHO(Q))—<50,Ho(9)>+_Nzﬁe\pu<5»Ho(9)L7 e,

By Corollary 5.3 part 1, x # 0 is a non-negative linear combination of Wy;. Therefore, we
can replace here 5.y, (8, Ho(g))_ by a suitable positive multiple of (x, Ho(g))_, proving
the required bound for the contribution of any U # V.

As for U =V, we claim that

[det p(9)] 'OV (9) — 1z, (X (9))D(0) Ky, g e~ Pl =NiCHW)- g e e (8.4)

We may assume that g € T)(A) NS, or even that g € Tp(R) NS. We split into cases according
to the size of (8y, Hp(g)). Fix a constant c;.

If (Bo,Ho(g)) < c1, then (8.4) holds because |detp(g)| ~10v(g) <<§\‘}7¢ e NOeHo(@) - 1y
Lemma 5.8.
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Assume that (89, Ho(g)) > ¢1. Then (5, Ho(g)) is bounded away from 0 for every g € ¥y,
since g € 6. By a standard argument, e.g., using the Poisson summation formula, we have

detp(g)| ™" D d(plg) o) — 9(0) < e ool (8.5)
veV(F)

(Here we cannot replace <4 by <<2)d.) On the other hand,

)

Ovig)— > g o)< D |élp(g) o)

veEV(F) veV(F)|P(v)=0

for some non-zero polynomial P on V. (For instance, we can take the relative invariant
times the product over 3 € ¥y of arbitrary nonzero linear forms on V3.) It follows from [11,
Lemma 6.4] that

ldetp(9)] "1 (Ov(9) = Y dlp(g)~'v)) g e Pl (8.6)
veEV(F)

(In fact, the argument gives the stronger assertion with <<fz,d.)

Since (x, Ho(g)) — (Bo, Ho(g)) is bounded from below for g € &, we may choose ¢; such
that |x(g)| > 1 whenever {8y, Ho(g)) > c¢1. Thus, (8.4) for (89, Hy(g)) > ¢1 follows from (8.5)
and (8.6). This finishes the proof of (8.2).

The convergence of

/ 3(9) x(9)| o
Py(F)Axker p\&

for 0 > —c for a suitable ¢ > 0 follows from (8.2) and Lemma 7.1, since for any complement
W of aker, in ag the positively-1-homogeneous function (u, )+ (8o, ), on W is positive
on the cone {x € ag+ NW | (x,x) >0} \ {0}.

This implies the absolute convergence of (8.3) for fs > —c. O

Proof of Theorem 8.3. By induction on the cardinality of I\ J, starting with the trivial
case J = I (and, if we like, Proposition 8.5 for #(I'\ J) =1), we may assume holomorphic
continuation of the functions ZV7(¢s,\s) [Lig A to {As=2250,2x | RA; > —c} for all
J # (). To prove the theorem, we need to show that (8.1) is holomorphic on D.

For every i € I let 3; be the lowest weight of V;. For any J C I let x; = HJ'%JXJ' and let
G’ be the subset of G(A) defined by the conditions |x;(g)| > 1 for all j € J.

Consider

To(9) = _(=1)*7 |det ps(9)| 71037 (9)1G(g).
JCI

We claim that there exists u € RsgAq such that
To(9) <no 5PO(mo(g»efm,Ho(g))fZieI<Bi7Ho(g)>+fNZiel<xz-,Ho(g)>_7 ges. (8.7)

We may identify S(V (A)) with the completed tensor product @;c;S(V;(A)) with respect
to, say, the projective tensor product topology (the spaces S(V;(A)) are nuclear). Therefore,
it is enough to prove (8.7) for ¢ of the form ¢ = ®1; where 9; € S(V;(A)). We then have

Ts(9) = [ T (Idet pi(9)l 716 (9) — Lz, (Ixi(9))9:(0)).

iel
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If we simply apply (8.2) to each factor, the bound that we get will not be good enough.
This is not surprising since we have not yet used that V itself is a PVS, only the individual
factors. Instead, we write for each i € T

Vi _ qVifs Vi,nfs
91/%‘ - @1111' + @1/% )
where

@Zj_’fs = Z P(pi(9)~ 1),

€EX(F):suppE=Ty,

is the summand corresponding to U = V; (full support) in the decomposition (5.8) for 91‘;
Then, we can decompose

To=> [ Idetp;| 0" T (Idetp;| "0 =15, (Ix;)5(0)). (8.8)

JCIjeJ j¢J

For any subset J C I let ¢’ = ®;¢ 1. Then,

H @:Z’nfs _ Z @ZJJ;U7 (89)

jeJ U€lyeg(V7), UpV;VieT

is the contribution to @XJJ with respect to the decomposition (5.8) of the subspaces U not
containing any Vj, j € J. As in the proof of Proposition 8.5, there exists u € R5oAg (which
we may take to be independent of J) such that

[T det;(0)| 10" (g) g7 b, (mofg))e™ o) =i (5 Holal) =N e s bt
JjeJ !

(8.10)
on &. Indeed, this estimate holds for each individual contribution @Z;U to (8.9). Since

E(U) =G by Lemma 8.2 and Corollary 6.13 part 3, the positive envelbpe of A(U) with
respect to Uy UAg contains Ag. Writing

MUY= D" s+ > dao,

BG‘I/U CVGAO

with c¢g > 0 and d, > 0, and considering (A\(U), H) for H € ag, we obtain

DDl =), D, X

jEJBe‘I/Uﬁ\I!Vj jEJBE\I/Vj\‘IJU

and therefore Z/BG\I,UN,VJ_ cg = Zﬁe\yvj\\% ng > 1 for all j € J, since the x; are linearly
independent over Z and U 2 V; for all j € J.

Using Lemma 5.8 together with Corollary 5.3 part 1 and the fact that (8;,Ho(g)) —
(B,Ho(g)) is bounded from above for any 3 € ®y, and g € &, we conclude (8.10) as in the
irreducible case.

Combining (8.10) with the estimate (8.4) for every j ¢ J and using the decomposition
(8.8) we obtain the required estimate (8.7).

Note that the expression (8.1) is equal to the integral

/ To(g)e MHOW) g,
Akcer pG(FN\G(A)
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Therefore, Theorem 8.3 follows from (8.7) and Lemma 7.1 by noting that for any
complement W of aker, in ag, the positively-1-homogeneous function (u,z) + >, (8i, ),
on W is positive on the cone {z € ag+ NW | (x;,z) >0 Vi e I}\{0}.

REMARK 8.6. Let V be a regular PVS with I'spe1(V) = {V'}. The example of V = Mat,,
with G = GL,, acting by matrix multiplication shows that V is not necessarily CF. One may
ask whether disjointness of the sets of weights Wy, of the irreducible components V; of V is
sufficient to imply that V is CF. This would follow if one could show that an F-irreducible
PVS V such that [gpe(V) = {V'} is necessarily regular.”

In the case of PVSs V of DK-type, the construction of §9 below shows that the condition
Fspar(V) = {V'} implies that V is CF.

89. A construction of special subspaces for PVSs of DK-type

We finish the paper by providing a general construction of special subspaces for regular
PVSs coming from nilpotent orbits (see §3).

Let G’ be a reductive group over F. Recall that any nilpotent e € g’ gives rise to a
filtration F(e) = (F;(e))icz of g whose stabilizer Stab(F(e)) in G’ is a parabolic subgroup
of G' with Lie algebra Fy(e).

Clearly, F(Ad(g)e) = Ad(g)F(e) for all g € G’. In particular, e and Ad(g)e define the
same filtration if and only if g € Stab(F(e)).

If 0 is the nilpotent orbit of e, then we say that F(e) is an o-filtration. Thus, the variety
of o-filtrations is a G’-orbit whose stabilizer is the canonical parabolic subgroup pertaining
to o.

9.1

We recall the notion of induction of nilpotent orbits [25].

Let @ be a parabolic F-subgroup of G’ with Lie algebra q. Let L be the Levi quotient of
@, with Lie algebra [. Let prg : @ — L (resp., pry : q — [) be the canonical projections. Let
o’ be a nilpotent orbit in [ and let 6% be its inverse image under pry. It is an irreducible
subvariety of q C g’ consisting of nilpotent elements. By definition, the induced orbit Indg o’
is the nilpotent orbit in g’ intersecting 6% in an open subset. In fact, it depends only on L
(and o'), and not on @, but it will be important for us to keep track of Q.

DEFINITION 9.1. Suppose that o = Indgo” where @ is a parabolic F-subgroup of G’
with Levi quotient L and o’ is a nilpotent orbit of I. Let F* be an o’-filtration of [. We
then say that the triple 0 = (Q, 0%, F%) is an induced filtration data (IFD) for o.

For instance, (G’,0,F) is a (trivial) IFD for any o-filtration F of g’.
The variety ® =9, of IFDs for o comprises finitely many G’-orbits. (If D, is a single
orbit, i.e., if 0 is not induced non-trivially, then o is called rigid.)

LEMMA 9.2. Let 0 = (Q,0", F¥) € ®. Define inductively

ol FD, o i=012
[F1, Fioa] +[Fo, Fial, i>2,

9 This can be easily checked when F' is algebraically closed by classification.
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and
ﬁz = {.%' S g’ ’ [l’,ﬁ_i] C ﬁo}, 1 <0.
Then F = (F;); is a filtration of g' of V-type.

Note that pr, (Fi) = FE for all i but that the preimage prq_l(}"f ) strictly contains F; for
P> 2.

Proof. Without loss of generality, we may assume that @ is a standard parabolic
subgroup of G’ and F the standard ol-filtration defined by a dominant element h” € al,
ie. Ff _®ae¢Lu{0} (a hL>>19/a

Let h = ht +hy € a§ be the unique vector with hz, € aL/ and (a,h) =2 for all a €
AG/ \AQ We claim that the 1nduct1vely defined spaces F; coincide with the filtration
obtained from the gradation of g’ defined by h: F; = ®QG@G’U{O}:<O‘J‘>Z'LQO"

To see this, note that we have (o, h) = {(a,h*) € {0,1,2} for a € Agz (and therefore
(a,h) € {0,1,2} for all @ € A§"). This implies the claim for i =0, 1, 2. The claim for i >3
follows, since any positive root a € ®¢» with (o, h) > 3 can be written as o =+~ with
positive roots 8 and v and (8, h) € {1,2}.

The relation between F; and F_; holds for any filtration obtained from a gradation. [J

DEFINITION 9.3. We call the filtration (F;); of Lemma 9.2 the I-filtration associated
to 0.

We say that a filtration F of g’ is an I-filtration compatible with o if it arises from some
0 € ® by this construction.

The stabilizer Stab(d) of d = (Q,0ol, FL) € D is the parabolic subgroup of @ whose
image in L is Staby (FL). It is also the stabilizer of the associated I-filtration F. Its Lie
algebra is Fo.

o-filtrations are I-filtrations compatible with o, but in general there will be others. For
example, if 0 = Rich(Q), there is an I-filtration compatible with o with F, = ng, which is
an o-filtration only if 0 is even and () is conjugate to the canonical parabolic subgroup of
0. On the other hand, different IFDs may give rise to the same I-filtration.

LEMMA 9.4. Let 0 = (Q,0%, FF) be an IFD for o. Let P' = Stab(d) and (F;); be the
associated I-filtration. Then,

L. og= oﬂ]}g 1S open in ]}2.
2. pry(oz) =oNFy.
3. 0z is a P'-orbit.
4. Letv € oz. Then,
{g9eG |Ad(g) veoz} =GP,
and (G})° C P'.

Proof. For simplicity, we sometimes write ~ for the image under pr(, or prg-

The first part follows since pry ' (u)No is open in pry*(u) for every u € ol and ol N F¥
is open in F¥.

For the second part, suppose that u € q with 4 € 4\ o”. Then, 4 lies in a nilpotent orbit

o’ # ol of [ in the closure of o and wu lies in the closure of Indg o’. The latter has smaller
dimension than o. Thus, u ¢ o.
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For the last part, suppose that u = Ad(g)~'v € 07. Then, by the second part u € ol
By [25, Theorem 1.3(d)], g € G/ Q. Write g = hq where h € G!, g € Q. Then, 4 = Ad(q) ~'v.
Hence, Ad(q)~'v € oL’ N FL. By Theorem 3.1 part 4 (applied to o), we infer that g €
prg(P'), so that ¢ € P'. Hence g € G, P'.

Also, (G)° C @ again by [25, Theorem 1.3(d)], since © € ol by the second part. Thus,
(G3)° = Q5. Since prg(Qy) C Ly C prg(FP’), by Theorem 3.1 we deduce that (G7,)° C P'.

Finally, the third part follows from the last part. O

9.2

We fix P}, T} as in §3. The following standard fact is an easy consequence of the Bruhat
decomposition.

REMARK 9.5. Let P be a standard parabolic F-subgroup of G’ with standard Levi
subgroup M. Then, for any parabolic F-subgroup @ of G’ there exists a unique parabolic
subgroup Q' of the form Q' = QP, p € P(F) such that Q' N M is a standard parabolic
subgroup of M.

Namely, if @ is conjugate to the standard parabolic F-subgroup Q" of G, then we can
write @ = (Q")"? with n € Ng/(p)(Tp) and p € P(F) by the Bruhat decomposition, and
moreover the Weyl group element 7 € W = N/ (g (1) /To(F) defined by n can be taken of
minimal length in its (Wg», Wp)-double coset. Then Q' = (Q")™ works by [6, Proposition
2.8.9], and uniqueness follows from [6, Proposition 2.3.3, 2.8.1].

Now let 0 be a nilpotent orbit in g’ and let (G,V,p) be the regular PVS of DK-type
attached to o (cf. §3). Thus, G is the standard Levi subgroup of the (standard) canonical
parabolic subgroup P of 0. We write ox = 0N JF3, where F is the standard o-filtration (i.e.,
with Stab(F) = P).

Denote by [§] the (finite) set of G’-orbits of I-filtrations compatible with o. The elements
of [§] give rise to special subspaces of V. More precisely,

PROPOSITION 9.6.  For any G'-orbit € € [§] there ezists a unique I-filtration F e such
that S~tab(}') NG is a standard parabolic subgroup of G and oNFoNFy # (0. Moreover,
U:=F,NV eTlypa(V) and Stab(U) = Stab(F)NG.

Proof. We first show that the set
¢ ={Fec|onFnNF, #0},

is a P-orbit. Clearly, ¢ is stable under P, and it is non-empty since o N F # 0 for all F € €.
Assume that F € ¢’ and Ad(g)F € @ for some g € G'. We need to show that g € PP’ for
P’ = Stab(F). By assumption, 0 7 intersects both o and Ad(g) o r. Since o0z is a P’-orbit
by Lemma 9.4 part 3, there exists p’ € P’ such that

Ad(p')(0F) NAd(g) ™ (07) # 0.

By Theorem 3.1 we conclude that gp’ € P, as required.

The first assertion follows now from Remark 9.5. Let F = (F;); € ¢ be the unique I-
filtration provided by this construction. As before, let P’ = Stab(F). Since P’ contains T},
we have

FaNFy = (FoNV)+ (Fan Fa).
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Since o = X 4+ F3 by Theorem 3.1, we conclude that
ozNor=0NFoNFo=(0£NX)+(FoNTF3).

In particular, 0 s N X # 0, so that U € Ty (V).
Clearly, Stab(U) contains the standard parabolic subgroup P'NG of G. Let vg € oNU.
It follows from Lemma 9.4 part 4 that there exist 71,...,mx € G’ such that

{g eG ’ Ad(g)_lvo € U} = {gE G | Ad(g)_lvo S 0]‘_—} = U T}Z’P/OG.

1<i<k

Each non-empty intersection n; P’ NG is a left coset of P’NG in G. The second assertion of
the proposition now follows from Proposition 6.4 part 4. 0

For instance, if 0 = Rich(Q), where @ is a parabolic F-subgroup of G’, then Proposi-
tion 9.6 says that there is a unique G(F)-conjugate @’ of @ such that ng Nor # 0 and
Q' NG is a standard parabolic subgroup of G. In general, Q' N P is not a parabolic subgroup
of G'. In other words, if @ is standard, it is not necessary that Q' = Q.

Consider the following examples.

1. Rank two cases (see Example 6.8).

We may write the subregular orbit o as Rich(Q) where AS = {8}. This IFD gives rise
to U = V Nng, the unique non-trivial special subspace.

2. Example 6.14 (= Example 3.2 with k£ =3 and ny < ns).

We have o = Rich(Q1) = Rich(Q2) where @1 and @ are the standard parabolic
subgroups of type (n2,n1,n1) and (n1,n1,n2). These IFDs give rise to the spaces
V;=VNng, in Tgpa (V).

On the other hand, if £ =5 and n1 <mng <ngz and @) is the standard parabolic subgroup
of type (ns,ng,n2,n1,n1), then 0 = Rich(Q) but VNng ¢ [ieg(V).

3. Example 6.15 (= Example 3.8). In the following two examples, for standard parabolic
subgroups ()1 D Q2 we will use the notation Rich®! (Q2) for the Richardson orbit of the
standard parabolic subgroup L; N Qs inside the standard Levi subgroup L; of Q.

We have o = Rich((*x0%)) = Rich((0%x0)). This will give rise to the subspaces U;
and Us, respectively. Using induction by stages, we may also write o = Indg o’ where
Q = (0xxx) and o’ = Rich®((0%x0)).

The weighted Dynkin diagram of o’ is e = o — o The standard o'-filtration

satisfies @z, = {(0120),(0121),(0122)}, and the associated I-filtration ®z = oL, \
{(0100), (0010), (0001),(0110), (0011),(0111)}. Therefore, this IFD gives rise to the
space Us.

Note that writing 0 = Ind(,,.0)0” where o” = Rich™**9((0x0)) will give rise to U,

again, since the weighted Dynkin diagram of o’ is ¢ — ¢ — o and therefore Fo =

n(o**o) again.
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4. Example 7.8 (= Example 3.9)
We have o = Rich(Q}) = Rich(Q%), where Q) = (9**0*), Q4 = (***0*) (which are
associate). These give rise to U; and Us, respectively.
They also give three presentations o =Indg, 0}, i = 1,2,3 where

Q1 = (**0*), o} =Rich?"(Q}) = Rich®" (Q}),
Q2= (*"%*), oy =Rich®(Q}),
Qs = (%), oy =Rich?*(Q)).

Note that L?er = SL5 x SLo and 0 is the minimal orbit of the SLs-factor. The weighted
Dynkin diagram is (109,%). We have ® 5, = {(1109)}. We get the space Uy NUs.
The weighted Dynkin diagram of o} is (°1919) and

(I)}-é — {(01160) 7(111(1)0) , (011(1]1)’(111(1]1)}.

We get the space Uy .

The weighted Dynkin diagram of of is ( 902°), and we get U; again.

Of course, we can apply the involution 6 to all of the above, obtaining in addition Uj,
U4 and U{ NUJ.

Finally, we also have 0 = Indg o’ where @ = (9**2°) and o’ is the minimal orbit of
the Levi subgroup of @ (whose derived group is Sping). The weighted Dynkin diagram
of o' is ( 91§ ) and @z = {(1%{%)}. Here, FaNor =0 for the standard I-filtration F.
However, it is easy to see that if w is the simple reflection with respect to (°0189) (the
simple root defining G), then Stab(wf )N G is the standard Borel subgroup of G and
wFsNor # (). The intersection wF, NV is Uy.

Note that Us is not obtained from this construction (either directly or by intersection).
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