
AN INVESTIGATION ON THE LOGICAL
STRUCTURE OF MATHEMATICS (III)0 )

FUNDAMENTAL DEDUCTIONS

SIGEKATU KURODA

In this Part (III) the proofs in UL are given for fundamental formulas

concerning the following dependent variables:

Elementary set

Ordered pairυ

Image2) by a of a

Image2; by a of elements of a

Domain of operator

Range of operator

Uniqueness

Bi-uniqueness

Inverse operator

One-to-one mapping

Composition of operators

Restriction of operator

Identical mapping

The following defining formulas are

{au . , an) ί

<#, by

σ'a'y

a'a I

D β ;

Wβ;

Un;

U n 2 ;

a'1;

Mapf*;

ooτ

aYa;

C.

used for these dependent variables:

Received February 19, 1958.
0 ) See foot note 0 ) in Part (IV) published in this same volume.
1 ) (a, by is also written as ζab}.
2) a'a as well a"a are also written in the same way as a°, when the distinction is

clear by the context.
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22 SIGEKATU KURODA

Besides these dependent variables, we use the universal constant V and af)b.

All the dependent variables used in the following deductions are the variables

listed above, or those which are results of successive substitutions of the above

listed dependent variables, such as <tf#σ>, (σoτYa, Dσhtf etc.

Since the variables defined above belong all to the consistent V-system,3)

all the formulas proved in this Part (III) are not only theorems of UL, but

also theorems of the consistent V-system of UL. Specifically, the variables

Un, Un2, Map?'6, and also Dm, Wm with independent or dependent variable m

are not used as sets but only as concepts in the following deductions.45

The formulas proved in this Part (III) are not an arbitrary collection of

formulas but are those which are needed as ordinary cuts in the deduction in

UL of some branches of mathematics. Hence, most of the fundamental proper-

ties, though not all, of these dependent variables are deduced in this part.

Our purpose of these deductions is to construct mathematics, as fas as

possible, consistently in UL. On the one hand, we know some part of abstract

mathematics is consistent. On the other hand, we know also some part of

concrete mathematics is consistent. The most essential part of the consistency

proof consists in those subsystems of UL in which concrete and abstract

mathematics, or our formal and intuitive knowledge, are combined. In virtue

of the strong theorem of Godel on the impossibility5) of the proof of consistency

3> Cf. P a r t ( V I ) .
4) What dependent variables are used as sets (see Part (X)) can be seen from each

proof, although we do not list up in each case. Such a list is needed, for instance, in
the observation of Burali-Forti's contradiction.

5 ) Impossible in the sense precisely formulated and proved by Godel. Moreover, if
there were a criterion for any premise a of UL to be consistent or inconsistent, then
either the proof for the criterion could be, after Godel mapping, formalized in UL and
the premise τ of the formalized proof for the criterion would turn out to be inconsistent
by the criterion itself, or UL would be still narrow enough to formalize our logical
thought. This would mean almost absolute impossibility of such criterion; or else, the
criterion or the proof for it would be expressed by means of such part of intuitive logic
or mathematics that would be susceptible of no formalization.
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LOGICAL STRUCTURE OF MATHEMATICS (III) 23

as well as in virtue of the difficulty of the problem shown by the development
in these decades, it seems almost hopeless to solve the consistency problem by
a' "once-and-for-all" method as was originally planned by Hubert. However, it
seems there remains yet a "step-by-step" method by which we gradually
incease the parts of mathematics which are proved to be consistent. Hence
we should construct actually even a small part of mathematics consistently.
The deductions in this Part (III) will serve as preparation for this purpose.
Another purpose of this Part (III) is to show some examples and the elegance
of the actual deductions in UL.6>

Equality ( = )

= *1 a^a
= *1

= *2

= *2

3

(D —

iv&a 5
(3) (2)

(5)

= *3

Vx.

tv&a
(1)

See Part (IV); Compendium for deductions, contained in this same volume.

https://doi.org/10.1017/S0027763000023473 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000023473


24 SIGEKATU KURODA

= *6

2
(D —

3 w
(2)

4 w&a 4
5 WΦb 5

(3) (3) —

wΦb w&a
(5) (4) (4) (5)

a-bkb-c+a-c

= *5

3 ujeα 3

4 Z^ΦC 4
(1)

5

(3) ( 2 ) - — (4) (2)-
w&c w&b

(5) (4) (5) (3)

2
(i)

ιw)

3

4 z-c e ^ 4
(2)

(3) (4) (4) (3)
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LOGICAL STRUCTURE OF MATHEMATICS (III) 25

- VΛΓ.
(W) -

(2) -

3 iv^a 3
4 tv&b *

. iv^b+w^a ~ 7'-

(3) (4) (3)

(From =*6and = *7.)

Elementary set (El)

El*l {au . . . , am)<=L{bu . . , bn}+ V 3 Gi = bj

El*l

V 3
v - 1 j = 1

" g|g{gl, . . . , dm)

t

3 0i = £/ . . . 3 am~bj

î=Z?i Symmetric to
the left

4

(2) - ---

(3)

?n n

El*2 V 3 ai = bjMau . . . , ΛW}^{Λ, . .

El*2

i 7 V 3β/
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26 SIGEKATU KURODA

<M>)

3

4

5 • 7 3

(2)

(5)

βiΦδi. . .aι*bn Symmetric to
ί 3 . 6 ) ( 1 , 6 ) . . lp iΓ.

Cut=*5 Cut-*5 t h e l e t t

m n n m

El*3 {au . . . , am} = {bi, . . . , Z?W}Ξ V 3 a^bjK V 3e,-=5/
ί = 1 j - 1 j = 1 * = 1

From El*l. El*2 and =*8.
El*4 {a, b} = {c,

El*4

2 a-chb-d
3 a^dkb^c Cut =

{c, d}j£UzJ?} Cut El*l

(1) ? Z. b-csb-d Cut El*l

Z . c =

( 2 ) •

10 tf_=£ 10
(3) - — (3) -

El*5

11 a-d n b-c n a-d ^n b

adμc a^d c^a c^b d^a d^ b b^c
( 1 0 ) ( 1 1 ) ( 1 0 ) ( Π ) ( 1 1 ) ( 1 0 ) ( 1 1 ) ( 1 0 )

_=*4 = *4 = ^ 4 == *4

El*5

- VAT. xe<ab>=5xe{{a}9 {a, b}}
(w)
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LOGICAL STRUCTURE OF MATHEMATICS (III) 27

xc^{{a}t {a, b}}
i tv*{{a}, {a, b}}

zυ-{a)sιv~{ay b) - zv-{a}viv={a, b)

{a) 2i}{a}
-{a, b) 3 τv~{a, b)

'. w = {a}vLV^{a, b) - 7. w = {a}vtv=^{a, b)

=t{a} zv^{a, b)

<ab> ^<c

El*6

Cut El*5

Cut EM

Cut El*l

b Cut El * 4

. (a, b}^(c, d} >Za t ϊ

(10)

(10)

12

^ 9 13) ~

' - 7.

Spf .Spf.

{ C ' (12)

:
ic,

Spf.

{«}Φ

rf>£{β> Spf

*Spf.

(12) (11,11,15, -)

Remark*. Cut =*6 is used at every place indicated by (12) and (13) in

the proof of El*6.

*E1*7 <ab> = <.cd>+a~cAb-d (From *E1*6)
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28 SIGEKATU KURODA

El*8 a = cAb = d-><ab>^<cd>

El*8

<ab> <=<cd>

3 7 . ιv = {a}vw = {a> b)
= {cy d)

W = {c,

5 VΛΓ- χς=w = x&{c, d)
(3) _ — : —

ι) 6 ιv^{a, b)

s
(7)

9

1 0

(9)-

r-a μ
( I , Π ) (1,11)

(Cj)

6

(Γ δ)

s

9

10

π 7

r/fof - -

12

(11) -

(i ,

Cut
Cut

Cut =*4
Cut =*5

(**>

7V*. βΞXE

r*{c, d) i°

. r-cΊr-d

r^{a, b) π

12) (2, 13)

= *4 Cut =*4
= t5 Cut =*5

Cut =*5

Λa, b)

d)

b)

r&{c, d)

r—cΊr—d

γξz>yβ — T^\(Z bf

.-(] 0) — "

(1,11) (2,12)

Cut =*5 Cut =*5
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LOGICAL STRUCTURE OF MATHEMATICS iIϊi; 29

El*9 a = cAb = d+<ab>=:<cd> (From El*8, =+8)

El* 10 a&ckb<=c *{a, b) ^.c

El* 10

{a, b)

l l , 3, 1) ( 2 , 3 , I )

El* 11

( 2 , 3 , 1 ) Π ) • • - ^

y

ιv<=a p^a iv ̂
v 3 } ( 2 > ( 1 )

Image of Operator (Im)

Im*l (jEUnλ: ^ίj-»reUn

Im*l

:eϋn

https://doi.org/10.1017/S0027763000023473 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000023473


30 SIGEKATU KURODA

(4) U>-

- 7,

(3)

17} (S) (5)

Im*2

I m * 2

w & a
3

- 7.

(2) (3)
4

5
(Ό —

7.

(2) (4) (3,5, =)

Im*3

7

Z. σe\

jeUn

Im*3
t ΦUn

<sLa°y&ό

'3.γ. (ax)

<ary*σ

Jnλ<αr>e

<αr>e(τ
(3)

Cut Im*2

ασΦr
( 2 , 3 , = , I )

2
( 4 ) - - .
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LOGICAL STRUCTURE OF MATHEMATICS (III) 31

δ <aan>s=σ Cut I m * 3
(3)

7, \ 5 n y

(1) (2) (δ)

Im*5 A^B*>A°^Ba

Im*5

2 3 Λ Γ

~7 m

4
(2)

5
(1)

- 7\fx.

7.

rs=A
( 3 )

Im*6

in- 73x.

2 3x.

( 1 ) ( 3 ) ( 3 , 4 , = , I )

Im*7
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32 SIGEKATU KURODA

Im*9 Wα=(Dα)°

Im*9

73x.

Spf
2

ίl)

(2)

Inverse Operator ( - 1)

-

1

( r , s ) _

2

a
a

73xy. a
—?

<

73xy. <s

- 1 *

<rs>κ

1

) -

s>

vy>k<yx>*σ

U,2, =, I)

— 1*2 o&\Jil*!>(a~l)~1<sXJn

- 1 * 2

Cut Im*l

= j ^
- Bx. <>
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LOGICAL STRUCTURE OF MATHEMATICS (Iϊϊ) 33

-1*3

- 1 * 4

(1)

-

1

2

3

7\

a"

a

c;eUnλ<

a

!EUn
(3)

3=Un

4 (ύ~ )""

- 7-. tfeUn

c eUn
(2)

EUΠ

( < τ "

Cut -

Γ'eUn
1 )- 1 ΦUI

(4)

1*2

1

- —

i 3*.'

2 <^77

<7Y2

•1*4

- 3xy.

ζrά> - <rd> A <αr> e^

-1*5 Wo-iςDσ

-1*5

Z3ΛΓ.

βχ)

2

3

1*6 Dσ=Wo-i (From -1*4, -1*5 and =*7)

•1*7 Wσ<ΞDα-i (Similar to -1*4)

•1*8 Dα-i^Wσ (Similar to -1*5)
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34 SΪGEKATU KURODA

- 1 * 9 W σ = ]

- 1 * 1 0 D σ = (

i 3x. <χx>ι

[s- 7 3 * . *e\V

7 . seWσ.

Spf. SΦΊ

7 . <sr> = <s

3 O"lSl/'
(1)

(2,3,

-1*11 tfeMa

-1*12 αeUn:

3σ-i (From -1*7, -1*8 and =*7)

wβ)°"x

-1*10

ϊnV1 - r

Ξtf i 3 Λ ; . y
rnKixry^σ~x

 {s)- ~73x. <

- 1 * 1 1

7 . ί reUn2λD σ = ίzA1P

i j " 1 e U n 2 A D ( T - i = Â'VV

2 <τΦUn2

4 W σ Φ ^

(2) " ( 4 , = )

Cut -1*3 Cut -1*9

-1*12
/ g; a

at^a
7 . jεUnAβeDo4βσr

(1) (3)

- 7'. a ^Un

7. «eD

(3)

a
U , -"5,

\rx>^o

ζrsy^σ

V r

σ λ<sr>e ( ;~ 1

•

<

Va=b

(3, = )

Cut -1*6

Cut o

5 " l o α Cut t*

i^a'1oa = cH

hDσ Cut h

σ Φ« c Cut ί

6, 7, = )

<sr>e

:^. <6T> = <ί

<sr> = <sr>

sr> = <5r>

*2

12

*8

. 2

<yyκζyχy&a

A<rs>e<7

(2)

https://doi.org/10.1017/S0027763000023473 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000023473


LOGICAL STRUCTURE OF MATHEMATICS (III) 35

-1*13

2

3

3x. ίb) .

- z .

_ __ (3) ^
~ {(fdy^ΰ (a,b)
4 ^cκz/^ύ Cut Im*3 (a, 6)
Γ/^Tw^nΊ/^C 5 <ab>mσ Cut Im*2

(2) (4)

(1) (5, =, 1) (3, 1, =)

-1*14

- 1 * 1 4

1

2

3 tfσ~lσ = a Cut - 1 * 1 2

i V" ' > l t V l r l φ β Cut -1*13
( 1 ) ( 2 , = ) - _χ • _ - _ t _ -

Cut -1*3 Cut -1*9 - Z . creUnλβσ E D O 4 « ' (α } = α σ " σ

(1) ( 3 , 4 , = )

Cut -1*7

6 flέDα-i Cut Im*6
( 2 ) : > - - i e - - - - - • -

(1) (6) (5, =)

Cut -1*6
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36 SIGEKATU KURODA

Composition of Operators ( ° )

in" Z 3*«

7 .

4 OjS><?<ί 4 ζrs>Φσ

5 <sO Φr
3x.

3x.

3 , 5 , = , T ) = <xz>A <xy> &σA <yz>

= <rt>A<rs> e

j ( = ) (4) (2)

(2) (3,4, = , I)

>*2

o*2

VΛΓ.

7'.

(3) —

a, 6, O-

(s,6 ^ ^ ? 1 _ . . _. .. - 3xyz.
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LOGICAL STRUCTURE OF MATHEMATICS (III) 37

-

7

— ~7 e=

(1)

o*3

<Λ>€

Unk<ab>

(5 , = , D

Cut

(6,

>p^r

E C

Im*2

7, = , 1 )

op

1

-

(MO

2

ς f -

_

(4)

(Jop^T

ΰ^σop+u

ySxyz. w=

7. w=<r

6

op

e r

P

<ΛΓ£

7, jel

(1)

o p

>k<xy>ε

Jnλ^e

(2)

ej Cut Im

(6)

*3 <ααri

7\fχm

7\

>σ 6
(5) ( 2 ) -

- 3xyz. w-

p
(3) (4) (6)

°*4 σ = τ^σop = τop (From ° *3 and =*β, 7)

° *5 ί; = r-^po(; = por (Similar to ° *4)

0 * 6

( r ^

7.
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38 SIGEKATU KURODA

(i)
- 3xyz*

Bxyz.

<S u> =• <S#> λ <Sf> e r A <£ W>

(2) (4, =, I)

( 5 , = , I) (3)

°*7 (poτ)otfCpo(T o (,) (Similar to °*6)

°*8 (|θor)oί; = |θo(ro<;) (From ° *6, ° *7 and =*7)

°*9 (ΓO^'^/OΓ 1

-

-
2

-

-

Bxyz. a=

Z . a = <ti

z . <
z. <

(xz>k<

r>h<ts

βφ<
<ts>
<sr>

<£s> =

^ r " 1

>^r"1A<sr>eίj-
1

Φr""1

<Λry>A<^Λ;>er

-<jxy>k(yχy&σ

[sr>Aζrs>&σ

Z . a =

. v

(2)—.. - (2)

α=<ίr>A<rί>ero<j -3y.y. <ts> = <xy>Λ<yx>eτ Similar

Jo-the

<rt> = <rt>k<rs> eok<st>&τ

( 4 , = , I ) ( 3 , = , I

*10

https://doi.org/10.1017/S0027763000023473 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000023473


LOGICAL STRUCTURE OF MATHEMATICS (III) 39

tf)- 73xyz

- 7.
- 7.

< s 2 ί > r
( 1 , 2 )

- 7\fxyz

- 7Λ

a 9

( 4 , = , I ) ( 6 , = , I ) ( 8 )

( 5 , = , I ) ( 7 , 9 , = . 1 )

*11

jc/^Un s (roj) ^ U n Cut ° *10
( 2 , 4 )

Cut o*10 -z 7 - r - 1e

' tf^or'^Un Cut °*9

(roc/) φ<;"
( 6 , 7 , = , ]

*12
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40 SIGEKATU KURODA

73x.

<r5>Φ

- 7\
( r s /

- a*.

(3)

o*13 Dτ^Wσ->W ΐoα = Wτ (Similar to o* 12)

°*14 Wσ = D τ ^ D τ o ( J = DσλWτoσ = W-: (From 0*12, 0*13 a nd =*6)

7 .

Cut °*14

Cut o * l l D τ oσ = 0 W~,oo =
- (Ί, S, =) (7, 9, =)

(2) (3) (10)

Restriction of Operator (Is)
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,r s x- 73xy. ιv-

*Sρf.

1

(W) .._

2

3

4

( 2 ) - ..

ιv-ζrs> tv ̂
(3! (41

(5) (6)

, * 3

Cut Im*l

- 7.

i 7\fxyz.
(r,s,t)~
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42 SIGEKATU KURODA

r,s)~ 7 3xy. <rs> = <#>'> Λ<yxy ea t

r,t)

7 m

*Spf.
(D-- ~

(2)

( 3 , = , D

*6 <J6

•^Un

- cr hαeUnλ((j hα) 1 eUn

4 crΓ^eUn Cut * h^4 4 (σ^a)~ e U n Cut * h * 5

"z77

(2) (4) (3) (4)

)- VAT.

2 3xy. w-
,r s^~

- "7. 2V =
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( 2 ) - - - # - - - — . ._ -

ιv — ζ.rsykιv^aVaκr&b - 73xy ιv —

ιv — \rsy - iv^ava r&b
(3) . - - (5!

- 3xy. w — ζ.xyykιv^aKx^a Spf.

Spf.
( 2 ) -

(3^ (4) v l j — — - — -

w)- V Λ Γ

«7)

4
(2)

1
U) "* (2) -

(3) (1)

h*9 b

ί = ^ί-A'»

7.

2 3x.

(r)

(2) (5) ( t)

3x. ζpxy^σ^aKw^x 2 3x.
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r&b -
(3) o e

Spf.
(2) V

(3)

7. '"

(3)

(2)

(3)

3

:

-

4

'X

5

r
r

3x. <

<rrσ)

<rr°ϊ

7. σέ[]

1

2

(r)

[rxy^^ a

I

(3)

Cut

ΛΓeDσN

= DαNαΞ

(S)

Im*3

a

a = x^a

3 /

- 73*.

- 7. <j

Spf.

(3)

(1) (δ) (4)

1

2

3

4

-

Wo

ύ Φ LJ Γl

Unλα^Dσ-

Cut

Cut

Im*9

h*10

= a

5 D α h α φ β C u t h * 9
(1) (2)

7 . a<±ι

_^cj|_ ( 3 7 4 , 5 , = , Ί
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Is * 12

13

(1) ( 1 , 2 ) ( 1 , 2 )

Cut *h*6 Cut h*10 Cut N

5

VΛΓ.

3xy. ιv = <xy>.\<xv>^τκx^a ^ . ' ,
~ (3) is used

Symmetric to

(3) is
here.

s

9

io
(7)

ζsϊ n ζry r
(8) 15) (10)

7 ' τ

s r σ φr~ Cut Im*2
(10) -

7. > σ

σ 13 rαΦ5 Cut
(1) (9)

- 7m τ<

<
(2) (4, JO) (11, 12, 13, =, I)

Cut =*9

h*14 σo(τ^a)=(σo~)ta

- h * 14

ίw)~ VΛ: . x&oΌ(
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i 3xyz. w = <xzyA<CxyyGz^aAζyzy&σ 1 3xy. i

{r f)- 73xy. ιv = <xyyA<xyy&σoτAX&a {r s t)- y3xyz.

{r s t)- 73xyz. <rf> = <Λr2>λ<Λry>erλ<y2>ej ^ ^ - 73xy

4 <rs>Φr 4

5

. (ό, = , I ) (2) (5, = , I )

(4 , .= , I ) (3) (4, = , I ) ( 3 , = , I )

h*15

(*)

3xyz* ιv=

(r, /) — v

7m w^

= <l
(2)

s,ί)

4

5

(D —

w = ζi

(4, -.I)' — -

r̂ > = <#£> Λ <ΛΓJV> e r Aζyzy e j

t> λ<rs> εr λ<sf> S(; hα

<s£>e£;h(Z
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( 5 ) ( 2 ) • — • - - - - - - - - - _ - - -

73 ( y τ- 73x.

7'. 5

(0)

7m \fxyz.
"7 m

>e=r φ
(4, =, I) {$) (6,7, = , I)

ί*

7.

2

3

73χym

5

~

( 1 , = , I ) (δ )

(3

ίί;e(<jnV2) h^ -
2 )

{r s ) - 73xy. w = <xy>λ<ry>e<;πV2
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(!)

(3) - - — - — (4)- g f >

,,. (1) —

( 2 ) _ .

~ 3XVm \Ts/ — \xy/ v α /

h*17

( 1 , 2 ) ( 1 , 3 ) ( 1 , 3 )

Cut *h^6 Cut N 1 0 Cut h * l l

I d e n t i c a l O p e r a t o r (c)

t*2 a-a

tun V Λ -

e*l

(r s ί
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73x.

( 1 , = )

(Similar to r*3)

(From r*3 and **4)

(From *h*6 and <*5)

t*7

,-,- VΛΓ. ΛΓeDr

= <rr>

1

-

-

-3x.

r<$a
3x. (rxy&c h<3

<rr>mta

<rr>=;<xx>Aχea

Z .

( I t = , D

(Similar to :*9)

(From *<*6, r-9 and ί*10)
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<*12 <fJ

2

r ) ~

-

3

r 2 ) ~

(sΓ_.
4

5
(2)

w

,.13

7. ιv =

7
7

tyxz • iv
iv = <rr]

(3)

3ΛΓ. <rri> = (

[>Λ<r5>e^Λ<

(5)

(1)

-

'>e/AΛreDσ ( r

<χχy

y

ύA\yz/^(j

<srI>ε ί;-1

( 4 , 5 , = , I )

7 V ^ z . <«y>e.

7 . <sί>sί,-
1

N I

2

-

3

5
(2)

-

(3)

a'ιK<xzy^c
[A<sry^σ"1

sry^σ'1

(4)

IT

Z β W=<ΦA<

<rS
<sC

Bxy. ιv = <xyy

> - <rty*=

- 3x. <φ =

(*)

(Similar to

(From r*12

l=<rί>

rί>efA

t

-~<χχy

rry

c*12)

and c

=-σA<yzy

κ<sty^a

t=(AX^Ώ

-3x.

*13)

- 1

- 1

(4)

7.
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2

. w = <xyy
~ ~ 3

, _ -73

- Ξxyz w = ζxzyκζxyy^cκ<yzy^a ( r ) _ !_

(3) % | ( 2 , 3 , = , I )

( 2 , 3 , 4 , = , I )

(2)

We can prove the latter equality similarly as **15.

c*17

-

-

2

3

(1)

W--

c*l8

Bxyz. w=-<xzyκ<
'Ξxy w = <jxyyκ<j>

7 . W = θ5>Λ<

<r5>

= <r5> - <rr>e
(2)

[xyy^t

<r5>e

rs>

a

λre«

(4)

ΛΛΓe

1

1

2

i<yz>^ό
a

=a

ζrsy^ύ
(3)

f O(J±(

-

( r , s , ί ) ~ :

-

2

3

ίr, s ) ~

4

(Γ)"_

5

(1)

18 Cut

ίΠV2 Cut

κa

1

\

Ixy. M; = <

Ixyz. IΌ-

y\

ιv~(

(2)

<*lβ

h*lβ

\xy>κ<j
<xzyκ<

-tyh<rs

<rsy<$
<sty*

<rs>
s

<rs>Φ

W>λ<f

<fβ
(3,5,

I

vyy<=aKX&a
[xyy^t Vak^yzy^o

>^c^ah<sty^σ

:ny

y>λ<Λry>e/ΛA;e^

•ty^akr^a

- , D 14 .6 . - . I )

( 1 , 2 , = ,
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(Added in proof) (i) The principle of arranging the formulas in this

Part (III) is as follows. The main symbols used are classified into seven

groups: (i) =, SΞ (ii) {a, b}, <ab> (in) Un, Un2j Dσ, Wσ, a\ Aσ (iv) σ'1;

(v) σoτ; (vi) f; and (vii) c. To these groups correspond respectively the

seven Sections: = , El, Im, - 1 , °, h, and c. If, among the symbols listed

above and contained in a formula A to be proved, x is the symbol which

belongs to the rightmost group, say jy, then A is proved in the Section corre-

sponding to the group y. Owing to this principle it happens that in the proof

of -1*12 are used some cuts of which the cut formulas are proved after

-1*12.

(ii) Most proofs are analytic (see the last page of Part (IV)). For

instance, the proofs for -1*12, r*18, -1*14, h*10, etc. are not analytic: note

that in the proofs of Is* 10 is found the dependent variable <?τσ> and in that of

-1*14 the variables Λ "" 1 ( σ " l r l and Wσ-i, which do not belong to the closure of

the variables in the formulas to be proved. Some formulas with non-analytic

proofs may be proved analytically.

(iii) All the proofs are given in the reduced form (see §20, Part (ID), or

in the normal form except some practical change. The weakly irreducible

proofs are those for *E1*6, *E1*7 and for *h*l, *h*4, *h*5, * N 6 and *<*6.

Thus, the proofs are given without roundabout way and without superfluity as

far as we can.
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