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Abstract

Ramanujan conjectured that if n is of a specific form then p(n), the number of unrestricted partitions
of n, is divisible by a high power of 7. A modified version of Ramanujan’s conjecture was proved by
G. N. Watson.

In this paper we establish appropriate generating formulae, from which Watson’s results follow
casily.

Our proofs are more straightforward than those of Watson. They are elementary, depending only on
classical identities of Euler and Jacobi. Watson’s proofs rely on the modular equation of seventh order.
We also need the modular equation but we derive it using the elementary techniques of O. Kolberg.

1980 Mathematics subject classification ( Amer. Math. Soc.): 10 A 45; Secondary 10 D 23.

1. Introduction

In 1919 Ramanujan [6) conjectured that if a = 1, if §, is the reciprocal modulo 5¢
of 24 and if A, is the reciprocal modulo 7% of 24, then

(1.1) p(5% + 8,) =0 mod 5°
and
(1.2) p(7°n +A,) =0 mod7°.

This article comprises, in the main, the first chapter in the author’s Masters thesis (University of
N.S.W., 1982).
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(21} Watson’s partition congruences 3117

In each case he proved his conjecture for a« = 1 and 2. In 1938 Watson [7] proved
(1.1) for general a. Watson’s proof has been simplified by many writers of which
the most recent are Hirschhorn and Hunt [4].

Chowla {2] noticed that (1.2) fails for @ = 3. In fact from Gupta [3] we have

p(\;) = p(243) = 13397 82593 44888,

which is divisible by 7° but not by 7°. Watson [7] proved the appropriate
modification of (1.2), namely that if 8 = 1 then

(1.3) p(7%# '+ Ny ) =0mod 78

and
p(7%n + Ayp) =0mod 78+,

Watson also proved that if = 1, then
1.4 TPn 4+ Ny — 4771 = p(7n + Ay — 27787
p 28 28
Ep(7zﬂn + A — 7A~1) =0 mod 78+,

Watson proved (1.3) and (1.4) using the modular equation of seventh order. We
also need the modular equation but we derive it using the elementary techniques
of O. Kolberg [S]. The remainder of our proof of (1.3) is analogous to that of
Hirschhorn and Hunt. Our main resuit stated below contains an algorithm for
calculating the coefficients in the generating functions for p(7°n + A ). We carry
out these calculations fora = 1, 2.

It is worth noting that Atkin [1] has generalised (1.1) and (1.3) to the functions
p_;{m). Atkin has proved his congruences in detail for powers of 5 but has only
sketched briefly the basic formulae required for certain power primes. Here p_, is
defined by
(1.5) S pulmg=10-4¢7,

n=0 n=1
so that p_(n) = p(n).
Our main result is

THEOREM (1.6). If a = 1, then

4i—1
> x,.q " E_(q7_)_:“_, a odd,
Ep(7"n+)\ )q": i=1 E(q)
n>0 “ - E(q7)4i
2 X,.q' — T «o even,
i>1 E(q)
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4] Watson’s partition congruences 319
where E(q) =11 ,,...(1 — q"), x, = (7,49,0,0,...), and for a = 1,

XA, aodd,
(]7) Xa+1 =

X, B, aeven.

Here 4 = (a, ;); ;51 B = (b, ;); ;) are defined by
(1.8) a;; = Maii+vj» bi.j = Myisaitg
The first seven rows of M are given in (1.9), and for i =4 m,, =0, for i = 8
m;, =0andfori=38,j=3,
(L10)  m, ;=Tm,_5 ,_\ +35m,_, ;| + 49m
tm,_,;_,+ 7mi_6’j_2 + 21’".’—5,;—2 + 49m,'_,,,j_2

+14Tm, 5, _, + 343m;_, ,_, + 343m;_ ;_,.

i—=1,j—1

We need some preliminary results.

LeEMMA (2.1).

E(q) = E(¢*)[Qo — 90, — ¢* + 4°05),

where Q,, Q, and Q are power series in q’ which satisfy

Q007 — Q5 + 4’25 =0,

(2.2) Q,— Q7 —4q'0,0:=0,
Q305 —4'0; — @, =0,
(2.3) 000,05 = 1.

ProoFr. Here we assume
o0
E(g)= Z (-1)"¢®"""/2  (Euler)
-0
and

E(g)’= 3 (-1)"Q@n + 1)g"**™/2  (Jacobi).

n=0

Write E(q) = E, + E, + E, + E, + E, + E; + E; where E, contain those terms
of E(q) in which the power of g is congruent to i mod 7.
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Since 1(3r2 — r) = 3,4 and 6 mod 7,
E,=E,=E,=0 and E(q)=E,+E, +E, + E.

Now
E,= S (1) g8t = (o1) gl /2
o i
e o] [oe) 2
— 2 (_l)7n‘lq[147n2749n+4]/2 — _qz E (_l)n(q49)(3n —n)/2
—o s
= -¢’E(q"¥).

E(‘I)3 =(Ey+ E, +E; + Es)3
= (E§ + 6E E,Es + 3E2E,) + (E2 + 3EQE, + 6E E, E;)
+ (3E E} + 3E3E, + 3EZE;) +(E} + 6E,E\E, + 3E,EZ)
+(3E,E} + 3EZE, + 3E,EZ)
+(3E2E; + 3E,E} + 3E\E?) +(E; + 6EyE\E;)

= 3 (-D)"@n+ g2,

n=0
and since 1(n? + n) = 2,4 and 5 mod 7 we have
3E,E} + 3E}E, + 3E}E, =0,

(2.4) 3E,E} + 3EXE, + 3E\E? =0,
3EZEs + 3E,E? + 3E\E} = 0.

If we define 9, @, and Q4 by
E, = E(‘I“)Qm E, = _‘IE(‘149)Q1 and E; = ‘ISE(‘I“O)Qs
then Q,, O, and Q5 are power series in q7..(2.2) follows from (2.4) and we have
E(q) = E(¢*)[Q0 — 90, — ¢* + 4°Q].

Multiplying the first equation in (2.2) by Q5 and substituting Q305 = Q, + ¢'Q?
we obtain

Q0Q12Q5 =@,

or
0,0,0s = 1, whichis (2.3).
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In fact, it can be shown that
1 — q49n—14 1 — q49n—-35
Qo = H ( 49n—17 )( 49n—42 ) ’
n=1 (1 - q )(1 - q )
(1 _ q49n—2|)(1 _ q49n-28)
0= et (1 _ q49n714)(1 _ q49n—35) ’
1_ 49n—7 1_ 49n—42
Qs = H ( q49n42l)( q49n—28) ’
=1 (1— ¢ )1 —gq )

using Watson’s quintuple product identity.

LEMMA (2.5). If o' = 1, w # 1 then

E(q)E(wq)E(w’q)E(w'q)E(w'q)E(w’q)E(w’q) = i:

(%)
PROOF.
kf:IOE(w6II) = EI](I — (1 = g1 — wtgn) - (1 — wSngn)
= T>Il (1—4¢") I>1l (1 - g™
n=0mod7 nzZ=0 mod 7

(R
=1 (1-4¢™) )

n=1 q

n=1

n=0mod7

IT (1- ‘17")8 E(q7)8

n=1 .

M(-q*) E(¢*)

nz1

The main result of this section is Lemma (3.1). Our proof relies on the modular
equation of seventh order (3.14), which appears in Watson’s paper but which we
obtain by elementary method.

We now introduce the operators H;, 0 < i < 6 which act on a series of powers
of ¢ and simply pick out those terms in which the power of g is congruent to i
modulo 7. Set H = H,,.
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LeMMA (3.1). Fori = 1,

(3.2) H(¢') = 2 m, ;T
where
(3:3) #o) 7*E(q*)’ 1) q’E(g*)"

and the m; ; are defined by (1.9) and (1.10).

We leave the proof of Lemma (3.1) till later. As an immediate consequence we
have the following lemma.

LEMMA (3.4). Fori = 1,
H(¢%)= X a, ;T
Jj=1
and
H(E@) = 3 b, 17
j=1

where the a; ., b, ; are defined by (1.8).

iLj2 Y

PROOF. It is easy to check that H(¢~%') as a polynomial in 7! has no terms of
degree i or less. So by Lemma (3.1)

H(§-4i) = 2 a:",jT—i—j = 2 m4i,jT—j'

j=1 Jj=1
Therefore a; ; = my; ;,, = a; ;, and
4y _ "
H(¢Y)= X a, ;T
iz

We can argue similarly to show that H(§"“* ") =3 b, T~/

In order to derive the modular equation we first need some preliminary results.
Following Kolberg (5] we define

(3.5) a=-¢2Q, B=gq'Q, and y=-¢°Q;.

From Lemma (2.1) we have

E R N
(3.6) €(q)=%=q@o—q‘Q|—1+q3Q5=—(a+B+v+1)-
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From (2.2) and (2.3) we obtain
aB*+a*+y=0,
BY*+ B>+ a=0,

(3.7)
vl +y*+ B =0,
aBy = 1.
Let
(3.8) y=aB, W= B’y and p; = yla.

Then, by (3.7) we easily find

ywn=-n—L myn=»—L pmyn=--1 yyupn=1
oaBP=-y -1, B=-p-1, yR=-,-1,
af’=y, —y+1, BY =y, =y +1, Y"‘S:)’3_}’1+1’
=ty -pn-1l B=7+y oy,
V=97 +y —n-1

The following lemma is 5.20, 5.21 and 5.14 of Kolberg’s paper.

LEMMA (3.9).
ntyntyp=-T-8,
nntynyntyny=T+S5,
nnys =1
where T is defined in (3.3) and the y, are defined in (3.5) and (3.8).

PROOF. Let w’ = 1, @ # 1. Then, from Lemma (2.5),

6 6
Gi) 7= [ e(wl) = - IL[1 + P + o+ o8]

i=0 i=0

(1 0 0 vy 0 « B]

B 1 0 0 v 0 «a

a B 1 0 0 y 0

= det|/0 o« B 1 0 0 v

y 0 a B 1 0 O

0y 0 «a B 1 0

[0 0 v 0 a B 1]

2
=(}’1 +)’2+)’3+8) »
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324 F. G. Garvan (9}

using (3.8) in the evaluation of the determinant. So,
(3.11) ntyty +8==T.
We now calculate the first term in the expansion of each y,. y, = «’8 = —¢77030,

:_q—7+ "',)/23,327:—Q|3Q5:—1 +"',Y3:Y3a:q7Q§Q0=q7+---.
We therefore have to take the — sign in (3.11) so,

nwtwynt+ty=-T—38,
Yttty =y —y,—y»—3=T+5,

oy = (aBy)* =1
and the lemma is proved.

LEMMa (3.12).
H(¢§)=-1, H(¢Y) =-4T7-71,
H(£) =1, H(£)=10T + 49,
H(¢) = -7, H(§%) = 49.
ProOOF. From (3.5) and (3.7), H(a+ B+ v)=0, H(a+ 8+ y)?) =0,
H((a + B + v)*) = 6aBy = 6 and using (3.5), (3.7) and Lemma (3.9),
H((a+ B +7)") =4(aB+ By + va) = 4(y +y, + ;) = -4T - 32.

Similarly, H((« + 8 + v)’) = 10T + 50, H((« + B + v)°) = 108, so H(¢') =
H(—(a + B+ y)— 1) = -1 and the results for the other H(¢/) follow in the
same way.

LEMMA (3.13). Hy(£’) = 0, Hy(¢%) = 0, Hy(¢£%) = 0.

PrOOF. From (3.7) we have Hy(a + B8+ 7v) =7y, Hy((a + B+ v)*) = o,
Hy((a + B+ v)’) = 3aB? s0

Hy(&)=Hy(-(a+B+7) —3a+B+y) —3(a+B+7y)—1)
= -3aB? — 3a® — 3y = 0.

Similarly, Hi(£%) = -38vy2 — 38? — 3a =0, H,(£*) = -3ya? — 3y2 - 38=0.

LemMA (3.14) (the Modular Equation of Seventh Order).

' T? = (767 + 35¢2 + 496)T + £7 + 786 + 2185

+4984 + 147£3 + 343£% + 343¢
where T and ¢ are defined in (3.3).
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PROOF. For 0 < i < 6 define ¢,(q) = é(w'q) where ' = 1, @ # 1. Then
_ 1P & 1 &
H(¢) = 7 2 E(wlq) = 7 RS

i=0 =0

Let P, =&+ -+ +§,. From Lemma (3.12), P, = -7, P, =7, Py = -49, P, =
-28T — 49, P; =0T + 343, P, = 343. Let S; be the symmetric functions of
degree j in the §;. Then, from standard formulae it follows that S, = -7, S, = 21,
S, =-49, S,=7T+ 147, S, = -35T — 343, S, = 49T + 343. Finally, from
(3.10), S; = T*. Hence the ¢, are the roots of
X7+ 7X¢ +21X° + 49X% + (7T + 147) X°
+ (35T + 343) X2 + (49T + 343)X — T* = 0.

But ¢, = £ and the lemma is proved.

We are now in a position to prove Lemma (3.1). From Lemma (3.14) it follows
that
g =760 4 3547672 4 49¢-G=v] -1
+ 07D 4 7079 4 21079
+49¢707H + 1474707 4 343407 4 343¢~0- V|72,

Picking out those terms in which the power of ¢ is congruent to 0 mod7 we
obtain:

(3.15)
H(¢7) =[TH(£C) + 35H(E¢?) + 49H(£¢ V)T
+[H(ED) + TH(§7079) + 21H(0D) + 49H(£7079)
+14TH(£707P) + 343H(£07?) + 343H(¢ V)] T2

From (3.15) and Lemma (3.12) we have

H(£') = (7 = 35 + 49)T"' +[49 + 7(10T + 49) + 21(-4T — 7)
+49(-7) + 147 — 343 + 343]T2

or
(3.16) H(¢') =777+ 4972
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So (3.2) is true for i = 1. Similarly it is easily verified that (3.2) holds for
i=2,3,4,56,7 from (3.15) together with Lemma (3.12). Further it is clear from
(3.15) that we can write

H(¢") = 2 m; T

j=1

Already we have m; ; = m, ;for 1 <i <7. It follows from (3.15) that m}, = 0 for
i = 4 and mj, = 0 for i = 8. From (3.15), we have fori = 8

S m; T =3 (Tmj_s,+35mj_,  + 49m_, )T/~

1 )
j=3 j=1

+ 2 (Mg + Mg, + 2lm_5 4+ 49m/_,
i=1

+147m!_, , + 343m)_, ; + 343m;

i—3.J J i—1,j

)1
= 2 (7m;—3‘j_| + 35m;—2.j—l + 49m’,

i—1,5—1
j=3
iy oyt +383m, )T
Hence, fori = 8,j =3

mi;=Tmi_y; +35mi_, , +4mi_\ ;_\ +mi_5; ,
+Tmi_g ;o +2Imi_s ;o +4Imi_4 ;o + 14Tm;_5 ;
+343m;_, ;,_, +343m}_, ; 5.

Therefore m; ; = m, ; for every i, j = 1.
Before proving our main theorem we need one more lemma.

LemmMa (3.17). A, the reciprocal modulo 1* of 24, satisfies A, = 5 and for a = 1,

A _ 6 XT*+XA,, aodd,
ot T 14X 7"+ A, aeven.

PROOF.
A = (17X 7"+ 1), aodd,
¢ %(23 X 7%+ 1), aeven,

since this is an integer which satisfies 0 <A, <7% and 24X, =1 mod 7% It is
easily shown that this A, satisfies the recurrence.
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4

We are now in a position to prove Theorem (1.6). For convenience we write the
theorem in the following equivalent form

» xa,iTi§'4i]/qE(q7), «odd,

iz1

2 xa,iTi£—4i_l]/q3E(q49), a even,

n=0

i=1

(41) X p(Tn+A,)q" = [

where T and £ are defined in (3.3).

We have
R SR
Eop(n)q ~ E(q)  ¢%E(q%)’
Picking out those terms in which the power of ¢ is congruent to 5 mod 7, we have
by (3.16)
S p(n+ 97 - L) T
w0 9’E(¢®)  q°E(¢9”)
or
am _ 1T '+ 49T 2
"zop(7n +5)q"" = __—_q7E(q49)
Now
T(g"/") = E(q)"4 _ qs£4E(q“j)4 .
9E(q’)"  qE(q")
sO
(42) T'(q"7) = T¢™(q).
So we have

TTE + 497248
> p(In+ 5)g" = .
n=0 qE(q7)
Substituting 7 = q'E(q")*/E(q*)* and ¢7' = ¢2E(q*)/E(q) we obtain
Ramanujan’s result:

S p(Tn + 5)g" = 7]5("7)43 + 49 E(q7)87
n=0 E(‘I) E(q)

which is the case « = 1 of Theorem (1.6).

>

https://doi.org/10.1017/51446788700025386 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700025386

328 F. G. Garvan [13]

We now proceed by induction on a. Suppose « is odd and

2 p(1n+1,)q" =[ 2 xa,,-T‘E““]/qE(i)-

n=0 =]

Picking out those terms in which the power of ¢ is congruent to 6 mod 7 we have

by Lemma (3.4),
2 p(7(In+6) + A, )" = 'S xa,.-T’H(i_“)J/qE(f)
n=0 | i=1
= 2 xa,iT’ 2 ai,jT_I‘j]/qE(‘f)
| i=1 j=1

/9E(q’)-

= - 2 ( 2 xa,iai,j)T_j

| j=1 iz

It follows from (1.7) and Lemma (3.17) that

§Op(7““n +Aair)q" = [ 2 xa+1,,-T‘i]/q7E(q7)-
From (3.3) and (4.2) we have
2 p(1 I+ A )g” =[ > xa+1,iT’£“"']/qE(q)

n=0 (=

:[ 2 xa+1,iTi£_4i_l]/q3E(q49)'

i=1

Now suppose a is even and

2 p(7°n+A)q" =[ 2 xa,,-T’E“"'“‘]/qSE(q‘”)-

n=0 i=1
Picking out those terms in which the power of ¢ is congruent to 4 mod 7, we have
by Lemma (3.4),
2 o0+ 9 20 = S s ()
= | i=1
=| S g0, )
| i=1 Jj=1
= 2 ( > xa,ibi,j)T—j /q3E(q49).
| j=1 iz

It follows from (1.7) and Lemma (3.17) that

2 P(7a+ln + Am+l)q7n :[ 2 xaﬂ,iT"]/q7E(q49).

n=0 izl
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From (4.2) we have

2 p(7a+ln + >\a+1)q" :[ 2 xa+l,iTi£_4l]/qE(q7)

n=0 i=1

This completes the proof of Theorem (1.6).

We now turn to Watson’s results. Let »(n) denote the exact power of 7 dividing
n. Then

LemMa (5.1). »(m, ) = [4(7j — 2i — 1)].

PrOOF. Consider the matrix V' = (v(m, ;)); ;> The first seven rows of V are:

888888 oo —
88— =N

Define the matrix N = (», ), ;= by »,, = [(7j — 2i — 1)/4]. The first seven

ij

rows of N are:

/

Observe that for i < 7 and for i > 7, j < 2, v(m, ;) = », ;. From (1.10) it follows
that fori > 7,7 > 2,

v(m, ;)= min{v(m,-_“*,) + Lv(m_y )+ Lv(m_, ;) +2,
V(mi—7,j—2)’ V(mi—(),jﬁZ) +1, V(mi—S,j—Z) +1,
v(m_y,5)+2,v(m_;5 ;) +2,

V(min,j—Z) + 3, V(mi—],jfl) + 3}
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while, as is easily checked

v, = min{v,_; ;_, + 1, Vi g1t Lviog o+ 2,

Viegj-20Vimsj—2 T Livics ja + 1,
Viajat 2y, 0t 2,y o+ 3,0, + 3}

Lemma (5.1) follows by induction.
LEMMA (5.2).
7j—i—1 7j—i—3
”(ai,j) >[L4—], ”(bi,j) >[_']_4__]

PROOF. From (5.1) we have

)2[7(i+j)—8i—1]:[7j-—i—1],

”(ai,j) = "(m4i,i+j

4 4
(i+j)—24i+1)—1 7Ti—i—3
”(bi.j):"(m41+l,i+j)>[ (i +)) 4( l ) ]:[ / 41 ]
LEMMA (5.3). »(x, ;) = 1, »(x,,) = 2 and for B = 1,
77—6

7j— 4
V(x2ﬂ+|,j)>(ﬂ+1)+[ I ]
PrROOF. x; =(7,49,0,0,...), so »(x,)) =1, »(x,,)=2. We have Xy, =
2iz1%,4; ;= Ta, ; + 49a, ;so

v(xz,j) = min{l + V(au), 2+ V(az’j)}

>min{1 +[7j;2],2+[7j;3]}

7 — 6
4

Now suppose B =1 and »(x,5,) = (B + 1) + [(7i — 6)/4]. We have x,5,, ;=
2;51%5g,b; ;50

=2 +[ ], as required.
iJ
V(x2ﬁ+l,j) = gf‘ {V(XZBJ) + v(b,-'j)}
Ti—6 7j—i—3
>min[(ﬁ+1)+[ '4 ]+[ J 4' ]}
i=1

=(B+1) +[7j4—4], as required.
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Finally, given »(x,5,,;) =(B8+ 1) + [(7j — 4)/4], we can argue similarly to

show that
7j—6
Wespna,) = (8+2) +| L8]
Lemma (5.3) follows by induction. It follows that x,_,; =0 mod 78 and
X,5; =0 mod 78+1 which together with Theorem (1.6) yield the following
theorem.

THEOREM (5.4). For B = 1,
p(72‘8_1n + }\ZB_I) = 0 mod 7%,
p(7%n + A,5) = 0 mod 78+,

THEOREM (5.5). For B = 1,

p(77Pn 4+ Nyp — 47871 ) = p(71287 0 + Ay — 2.72677)
=p(7%n+ Ay — 7%7') = 0 mod 78*".

PrOOF. From (4.1) we have

E p(723—|n + Azp—l)q" :[ 2 x2ﬁ—|,iTi£—4i]/qE(q7)'
w0 i=1

If we pick out those terms in which the power of g is congruent to kK mod 7 we
have

S p(723_'(7n +k)+ }\zﬁﬁl)q“*k

n=0

:[ 3 xzﬁ_,,,T'HH1(&""’)]/qE(q7)-

i=1

From Lemma (3.17) it follows that

> p(723n + Ayt (k— 6)723_])q7n+k :[ > XZB—l,iTin+l(g-‘“)]/qE(q?)'

n=0 i=]

From Lemma (5.3) #»(x, ;) = 1, »(x,,) = 2 and for 8 = 2,

¥(X35-1,) >B+[7i;4]-
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So modulo 77! we have

3 p(7%n + Ny + (k — 6)728 1) gTnrk

n=0

E[x23~1,1THk+|(§_4)]/‘1E(‘17)-
From the modular equation (3.14) we have
=T 24 J(¢'T " + 5E72TV + 73TV + 8272 4 3472
+IT 72 + 21§7'T2 + 49£72T 2 + 49£7°T 2).

Picking out those terms in which the power of g is congruent to (k + 1) mod 7 we
have

H (¢ =T7H, () mod7.
But form (3.13) we have H,, ,(£°) = 0 fork = 2,4 and 5, so
H ,(¢*)=0mod7 fork=2,4andS5.
Since x,5_;, = 0 mod 7% we obtain

S p(7%Pn + Ay + (k — 6)7#71)g™*k =0 mod 7°*' fork = 2,4 and 5,

n=0

which is the required result.

6

We have calculated x, for a = 1,2. They are

x, = (7,72,0,0,0,...),
x, = (2546 X 7%,48934 X 74,1418989 X 7°,2488800 X 77,2394438 X 7°,
1437047 X 7'',4043313 X 7'2,161744 X 7'%,32136 X 77,
31734 X 7'8,3120 X 7%°,204 X 7%2,8 X 7%4,7%5,0,0,0,...).
Therefore from Theorem (1.6) we have

77

E(q") E
S p(Tn+5)g" =7 (g )4 + 49g—4
n=0 E(q) E q

—
N

8

~~
~—
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which is Ramanujan’s result and

7\¢ 7
S p(49n + 47)q" = 2546 X YU NN 7 E(¢)

n>0 E(q)’ E(g)’
( 7)'2 ( 7)[6
+1418989 X 7%q2 1 — + 2488800 X 77g3 12—
E(q)"” E(q)
20 7724
2308438 x 799 EU) 4 Lazm0a7 5 71gs B )25
E(‘I) E(q)
7 28 7 32
+4043313 X 7'% 6—(—)— + 161744 X 7'% 1E(g') )33
E(q)” E(q)
E 7136 5
+32136 X 7'7q8—-—(—Q T 31738 x o B )41
E(q)” E(q)
7)%4 7148
+3120 X 720q,0_E(q—) + 204 X 724! E(q )49
E(g)® E(q)
52 55
+8 X 7212 E.(q7) + 725413 E(q)
—.
E(‘I)j3 E(q)5

This confirms a result of H. Zuckerman [8]. We have omitted the calculation of
x, for & = 3, since there are computational difficulties. For an idea of the size of
these numbers see Hirschhorn and Hunt [4], who have calculated the first four
coefficient vectors corresponding to the generating functions for p(5“n + 8,).

1 wish to express my thanks to my supervisor, Dr. Michael Hirschhorn, for his
help and encouragement in writing this paper.
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