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Abstract

Let X3, Xj,, ..., X3, be independent Weibull random variables with X, ~ W(a, 1;),
where A; > Ofori = 1,...,n. Let X} denote the lifetime of the parallel system formed
from X;,,, X»,, ..., Xx,. We investigate the effect of the changes in the scale parameters
(A1, ..., Ay) on the magnitude of X ﬁ:n according to reverse hazard rate and likelihood
ratio orderings.
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1. Introduction

There is an extensive literature on stochastic orderings among order statistics and spacings
when the observations follow the exponential distribution with different scale parameters; see,
for example, Dykstra et al. (1997), Bon and Péltdnea (1999), Khaledi and Kochar (2000),
Wen et al. (2007), Zhao et al. (2009), Torrado and Lillo (2013) and the references therein.
Also, see the review paper by Kochar (2012) on this topic. A natural way to extend these
works is to consider random variables with Weibull distributions since it includes exponential

distributions.
Let X;,, X,, ..., X,, be independent Weibull random variables with X;, ~ W(a, A;),
i=1,...,n,where ; >0,i =1,...,n,ie. with density function

fi (1) = an; (L)@ Te= i t>0.

Let h; and r; be the hazard rate and the reverse hazard rate functions of Xj,, respectively.
We denote by X% the lifetime of the parallel system formed from X;,, X;,, ..., X;,. Then
its distribution function is given by

Fr,o=]]F®,

i=1
its density function is

O =T]F@®Y ri@),

i=1 i=1
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and its reverse hazard rate function is

n n

Ai (A a1
Fan () = D _rilt) = Zae(k(t)—t)_l (1.1)

i=1 i=l1

For 0 < « < 1, Khaledi and Kochar (2006) proved that order statistics from Weibull
distributions with a common shape parameter and with scale parameters as (Aq, ..., X,) and
(61, ..., 0y) are ordered in the usual stochastic order if one vector of scale parameters majorizes
the other one. For the proportional hazard rate model, they also investigated the hazard rate
and the dispersive orders among parallel systems of a set of n independent and nonidentically
distributed random variables with that corresponding to a set of n independent and identically
distributed random variables. Similar results for Weibull distributions were also obtained by
Khaledi and Kochar (2007) and Fang and Zhang (2012).

In this paper we focus on stochastic orders to compare the magnitudes of two parallel systems
from Weibull distributions when one set of scale parameters majorizes the other. The new results
obtained here extend some of those proved by Dykstra ef al. (1997) and Joo and Mi (2010)
from exponential to Weibull distributions. Also, we present some results for parallel systems
from multiple-outlier Weibull models.

The rest of the paper is organized as follows. In Section 2 we give the required definitions.
We present some useful lemmas in Section 3 which are used throughout the paper. In the last
section we establish some new results on likelihood ratio ordering among parallel systems from
Weibull distributions.

2. Basic definitions

In this section we review some definitions and well-known notions of stochastic orders and
majorization concepts. Throughout this article increasing means nondecreasing and decreasing
means nonincreasing.

Let X and Y be univariate random variables with cumulative distribution functions (c.d.f.s)
F and G, survival functions F(= 1— F) and G(= 1 —G), probability density functions (p.d.f.s)
f and g, hazard rate functions Ap (= f/ F)and hg(= g/ G), and reverse hazard rate functions
rr(= f/F) and rg(= g/G). The following definitions introduce stochastic orders, which are
considered in this paper to compare the magnitudes of two random variables. For more details
on stochastic comparisons, see Shaked and Shanthikumar (2007).

Definition 2.1. We say that X is smaller than Y in the:

(a) usual stochastic order, denoted by X <y Y or F <y G, if F (1) < G(t) for all ¢,

(b) hazard rate order, denoted by X <y, Y or F <y G, if G(t)/F(t) is increasing in ¢ for
all ¢ for which this ratio is well defined,

(c) reverse hazard rate order, denoted by X <, Y or F <y, G, if G(¢)/F(¢) is increasing
in ¢ for all ¢ for which the ratio is well defined,

(d) likelihood ratio order, denoted by X <j. Y or F <j; G, if g(¢)/f(¢) is increasing in ¢ for
all ¢ for which the ratio is well defined.
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In this paper we shall be using the following theorem of Shaked and Shanthikumar (2007,
Theorem 1.C.4.).

(@) If X <ur Y and if hy (z)/ hx(¢) increases in ¢, then X <y Y.
(b) If X <in Y and if ry(¢)/rx(¢) increases in z, then X <j; Y.

We shall also be using the concept of majorization in our discussion. Let {x(1), X2, ..., X(n)}
denote the increasing arrangement of the components of the vector x = (x1, x2, ..., X,).

Definition 2.2. The vector x is said to be majorized by the vector y, denoted by x <™ y, if

J J
Zx(i)ZZy(i) forj=1,...,n—1

i=1 i=1

and

n n
D xi =)o

i=1 i=1

Functions that preserve the ordering of majorization are said to be Schur-convex as defined
below.

Definition 2.3. A real valued function ¢ defined on a set A € R” is said to be Schur-convex
(Schur-concave ) on A if

x<"yonA = ¢(x) < (>)e().

A concept of weak majorization is the following.

Definition 2.4. The vector x is said to be weakly majorized by the vector y, denoted by
x <V y,if

J J
ZX(,‘) > Zy(i) fOI‘j =1,...,n.
i=1 i=1

It is known that x <™ y — x <V y. The converse is, however, not true. For extensive
and comprehensive details on the theory of majorization orders and their applications, see the
book of Marshall et al. (2011).

3. Preliminary results

In this section we first present several useful lemmas which we will use in the next section
to prove our main results.

Lemma 3.1. Fort > 0, the function

tot
el —1

u(t) = 3.1

is decreasing for any o > 0 and convex for 0 < a < 1.
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Proof. Note that, fort > 0, u(t) = ¥ (t%) with

Y1 (1) =

ef —1°

It is easy to check that v (¢) is a decreasing and convex function. Therefore,

d (1) = r"‘—ldw(r><o
= ar =

for any @ > 0, and
d? ,d ., d?
G0 =l = DIy () + @D 50 2 0,
since 0 < o < 1. Hence, u(¢) is decreasing for any o > 0 and convex for0 < o < 1in [0, 00).

Lemma 3.2. Fort > 0, the function

V(t) = 1_’7 (32)

is increasing for any o > 0.

Proof. Note that, forr > 0, v(t) = Y (t*) with

Yo (t) =

1—et’
As shown by Khaledi and Kochar (2000, Lemma 2.1), ¥ (¢) is increasing in ¢ > 0. Hence,

v(t) is also increasing because

Qo) = ) 2 0
— = J—
dr ar =
for any @ > 0.
Lemma 3.3. Fort > 0, the function

te!(1 41t —¢
redrr—e) (3.3)
=17
is increasing.

Proof. The derivative of (3.3) is, for ¢ > 0,

et

m(—l +e?(t—1)—t(B+1) +e' (2 -2t — ).

Thus, it is sufficient to prove that
Mi(t) = —14e* @t —1)—1tG3+1)+e'(2—2t(—1)) > 0.
Since M1(0) = 0, we have to prove that

Mi@t)=e*Qt—1)—3-2042e"2—t(1+1)) > 0.
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Again, M { (0) = 0, so we have to prove that
M{(t) =2(=1+¢€'(1—1(3—2e" +1)) > 0.

Denote, for ¢t > 0,
My(t) = —1+e'(1 —t(3 —2e" +1)).

Since the derivative of M» () is,
My(1) =e'(=2—1(5+1) +e' (2 +41))
and e’ > 1 +1, it follows that M/ (¢) > 0, because
2 —tG+)+eQR+4) > 2—-tS5+D)+A+)Q2+4) =t(1+3t)>0.

That is, M>(¢) is increasing in # > 0. Observing that M>(0) = 0, it follows that M, (¢) > 0 for
t > 0. The required result follows immediately.
Lemma 3.4. Fort > 0, the function
a2l (1 4 1% — ')
(et“ _ 1)3

w(t) =

is increasing for 0 < o < 1.

Proof. Note that, for r > 0,
w(t) = et M3 (),

with
te!(14+1—¢")
(e"—1)3

From Lemma 3.3 we know that ¥3(¢) is an increasing function, then

Y3 (1) =

iw(r) = a(a — D" 2y (1) + (ar“*)ziws(r) >0
dr dr -

since 0 < @ < 1 and ¥3(¢) < 0 because e’ > 1+ for t > 0. Hence, w(¢) is increasing in
[0, 00) for 0 < a < 1.

4. Main results

In this section we establish likelihood ratio ordering between parallel systems based on
two sets of heterogeneous Weibull random variables with a common shape parameter and
with scale parameters which are ordered according to a majorization order. First, we establish a
comparison among parallel systems according to reverse hazard rate ordering when the common
shape parameter « satisfies 0 < o < 1.

Theorem 4.1. Let X, Xy,, ..., X, be independent random variables with X, ~ W(a, A;),
where A; > 0,0 = 1,...,n. Let Xg,, Xg,, ..., Xg, be another set of independent random
variables with Xg, ~ W (c, 0;), where 6; >0, i =1,...,n. Then for0 <o <1,

(e hn) N 01, 0) = X, <im X,
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Proof. Fix t > 0. Then the reverse hazard rate of X,,., is

O (DY o w
A . A — .
rn:"(t) - t Z e()nit)m —1 - t Zu()\‘ll‘)’
i=1

i=1

where u(?) is defined asin (3.1). From Theorem A.8 of Marshall et al. (2011, page 59) it suffices

to show that, foreacht > 0, r,);:n (t) isdecreasingineach A;,i = 1, ..., n,andis a Schur-convex
function of (Aq, ..., A,). Itis well known that the hazard rate of the Weibull distribution is

decreasing in t > 0 when 0 < o < 1 (see Marshall and Olkin (2007, p. 324), and, therefore,
its reverse hazard rate function is also decreasing. Clearly, from (1.1), the reverse hazard
rate function of X,,., is decreasing in each X;. Now, from Proposition C.1 of Marshall et al.

(2011, page 64), in order to establish the Schur-convexity of r,i‘:n (1), it is enough to prove the
convexity of u(¢). Note that, from Lemma 3.1, we know that u(¢) is a convex function for

A

0 < o < 1. Hence, r;., (t) is a Schur-convex function of (A1, ..., A,).

Sincex <™ y =— x <% y, the following corollary follows immediately from Theorem 4.1.

Corollary 4.1. Let X3, X;,, ..., Xy, beindependent random variables with X, ~ W («, A;),
where ., > 0,i = 1,...,n. Let X¢,, Xo,, ..., Xo, be another set of independent random
variables with Xg, ~ W (a, 6;), where 6; > 0, i =1,...,n. Then, for0 <o <1,

Oty ey don) <M (01, ., 0y) = X2 < X0

Note that Corollary 4.1 was proved by Khaledi e al. (2011) for a generalized gamma distribu-
tion when p = g < 1 which corresponds to a Weibull distribution with shape parameter o« < 1.

A natural question is whether the results of Theorem 4.1 and Corollary 4.1 can be strengthened
from reverse hazard rate ordering to likelihood ratio ordering. First, we consider the case
when n = 2.

Theorem 4.2. Let X, , X;, be independent random variables with X, ~ W(a, A;) where
A > 0,0 =1,2. Let Xg,, X, be independent random variables with Xo, ~ W (e, 0;) where
6; >0,i=1,2. Then

[%
Vqy.n (T
(M, A2) <™ (6, 6,) = i’z( ) is increasing int, for0 < a < 1.

ryo

Proof. From (1.1) it follows that

=00 oy

t 6(011‘)0‘ —1 e(OZf)a -

then
rfa(0)  u(@it) + u®ar)
rha(t)  u(hat) +ulat)’

(1) =
where u(?) is the function defined in (3.1). Note that the derivative of u () with respect to 7 is

ar? e —1—%") «

W) = @ —1)2 7

u(t)s(1),
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where
—14e“(1 -1 et e
=1- =1—-—7=1—-v(@),
el —1 e —1 [ —et v (@)
with v(¢) defined as in (3.2). Therefore, from Lemma 3.2 , we know that s(¢) is a decreasing
function. We have to show that ¢'(¢) > 0 for all 1 > 0. The derivative of ¢ (¢) is, for t > 0,

s(t) =

¢ (0 "Z WO10)5O11) + u(O20)5021)) (W1 1) + u(hat))
— W®B10) + u(021)) UM 1)s (A1) 4+ u(hat)s (hat)).

Thus, we have to prove that the function

u(61t)s(01t) + u(62t)s(621)

L(61,6r) = u(011) + u(61)

is Schur-convex in (61, 62). On differentiating L (61, 6>) with respect to 61, we obtain

L1, 0) sign 1011156 611)s' (6 6 o
@ [’ (O1)s(011) + u(O11)s" (O10)][u(011) + u(621)]

— [u(011)s(O11) + u(621)s (O21)1u’ (611)
= u@)u' O10)[s(611) — (2] + u(@r10)s' G1)[u(G11) +u @] (4.1)

Note that u(¢)s’(t) = w(¢) which is defined in (3.3) and from Lemma 3.3, we know that w(z)
is an increasing function for 0 < o < 1. Therefore, (4.1) can be rewritten as

dL(81.62) sign

a0 w(@rt)u' (011)[s(011) — s(O20)] 4+ w(O11) [ (617) + u(621)].
By interchanging 6 and 6>, we obtain

dL (6, 62) sign

0 u@10)u' (620)[s(021) — s(O10)] + w(O20)[u(611) + u(621)].
Thus,

dL(6;, 0 dL (01, 62) sien , ,
©1.62) _ dEOL ) sien 1) — s@n) ) u@0u’ 016 + w@u' 6:0)]
do; dé6,

+ [u(011) + u@:0)[wO11) — w(B21)]
S 07

if ) < 6>, since 5(¢) is decreasing, u’ () < 0 because u(z) is a decreasing function and w(z) is
an increasing function. Hence,

dL(®1.62) dL(91,92)) -0

0 — 6
(0 2)( a0, a0

In the next result we extend Theorem 4.1 from reverse hazard rate ordering to likelihood
ratio ordering for n = 2.
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FIGURE 1: Plot of £2 (£)/f1,(t) when @ = 2,6 = (1,2.5), and A = (1.5, 2) for random variables with
Weibull distributions.

Theorem 4.3. Let X, X,, be independent random variables with X;, ~ W(a, A;) where
Ai > 0,10 =1,2. Let Xy, Xp, be independent random variables with Xo, ~ W («, 6;) where
0; >0,i=1,2. Then, for0 <o <1,

(A1, A2) =™ (01, 62) => X}, <ir X5

Proof. The required result follows from Theorem 1.C.4 of Shaked and Shanthikumar (2007)
and Theorems 4.1 and 4.2.

Note that Theorem 4.3 generalizes and strengthens Theorem 3.1 of Dykstra et al. (1997)
from exponential to Weibull distributions.

One may wonder whether Theorem 4.3 can be extended for « > 1. The following example
gives a negative answer.

Example 4.1. Let(X;,, X,,) beavector of heterogeneous Weibull random variables, W (¢, 4;),
with & = 2 and scale parameter vector (1.5, 2). Let (Xp,, Xs,) be a vector of heterogeneous
Weibull random variables, W («, 6;), with @ = 2 and scale parameter vector (1, 2.5). Obviously
(A1, A2) <™ (01, 6>) , however X%:z £Lir Xg;z since fgz(t)/fz)‘:z(t) is not increasing in ¢; see
Figure 1.

For comparing the lifetimes of two parallel systems with independent Weibull components,
W (e, X;), we proved in Theorem 4.3 that they are ordered according to likelihood ratio ordering
under the condition of majorization order with respect to (A1, A2) when 0 < « < 1. Forn > 2,
the problem is still open. However, in the multiple-outlier Weibull model, a similar result still
holds. But first, we need to prove the following result.

Theorem 4.4. Let X1, ..., X, be independent random variables following the multiple-outlier
Weibull model such that X; ~ W(a, A1) fori = 1,...,pand X; ~ W(a, A2) for j =
p+1,....,n,withii, Ay > 0. Let Yy, ..., Y, be another set of independent random variables
following the multiple-outlier Weibull model such that Y; ~ W(«, 61) fori = 1,..., p and
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Yi~W(a,0) forj=p~+1,...,n witho,0, > 0. Then, for0 < a <1,

m e @) o
A1y ooy AL A2, oo M) X0 (01, ...,01,00,...,00) = - is increasing in t,
e’ e’ N e’ N e’ rn:n([)

p q p q
where p +q = n.
Proof. From (1.1) it follows that

P _« @1« (621)*
rn:n(t) =7 (pe(élt)“ —1 +qe(92t)a —1)

where p 4+ g = n, then
oy = a0 _ pu@it) + quean)
Fan @ puat) +quQiat)’

where u(t) is the function defined in (3.1). We have to show that ¢’(z) > 0 for all ¢+ > 0.
The derivative of ¢ (¢) is, forr > 0,

&' ) "2 (pu11)sO11) + quBa1)s620)) (puiit) + qu(iat))
— (pu(O11) + quO:200) (pu(r10)s (A1) + qu(iat)s(Gat)),

where s(f) = 1 — v(¢) and v(¢) is defined in (3.2). Thus, we have to prove that the function

pu(011)s(011) + qu(021)s(021)
pu(011) + qu(62t)
is Schur-convex in (61, 62). On differentiating L (61, 8») with respect to 61, we obtain

LG B2) sign 19,1156 011)s' (0 0 0
a0 [u (B12)s(011) + u(018)s"(O10)][ pu(:11) + qu(621)]

— [pu(@11)s(617) + qu(Ba2t)s (G21)1u’ (611)

= qu(b)u’ (O11)[s(617) — s(O20)] + u(1)s" (O1)[pu(@r1) + qu(6a1)]. (4.2)

L(6,6,) =

Note that u(¢)s’(t) = w(¢) which is defined in (3.3) and from Lemma 3.3, we know that w(z)
is an increasing function for 0 < o < 1. Then, (4.2) can be rewritten as

dL(o s [7) sign ,

By interchanging 6; and 6>, we obtain

dL(@], 92) sgn ,
———— = pu(Oit)u' (621)[s(621) — s(611)] + w(62)[pu(617) + qu(621)].

do,
Thus,
dL(6y, 6 dL(0y, 67) si
(d(;] 2 - (d(;z ) i [s(011) — s(G20)][qu(O2t)u’ (B11) + pu(O1t)u’ (621)]

+ [pu011) + qu(620)][w(017) — w(621)]

S 01
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if 01 < 65, since s(¢) is decreasing, u’(t) < 0 because u(¢) is a decreasing function and w(r) is
an increasing function. Hence,

o — 92)<dL(91,92) - dL(el,ez)) o

do; do,

Using Theorems 4.1 and 4.4 and Theorem 1.C.4 of Shaked and Shanthikumar (2007), we
obtain the following result.

Theorem 4.5. Let X1, ..., X, be independent random variables following the multiple-outlier
Weibull model such that X; ~ W(a, A1) fori = 1,...,p, and X; ~ W(a, X3) for j =
p+1,....n,withii, Ay > 0. Let Yy, ..., Y, be another set of independent random variables
following the multiple-outlier Weibull model such that Y; ~ W(a, 01) fori = 1,..., p, and
Yi~W(a,0) forj=p~+1,...,n with0y,0, > 0. Then, for0 < a <1,

()"1"-")"15)"27"'5)"2) ﬁm (017""91’02""’62):>Xl)lttn Slr Xz:n’
— — —_— —

p q p q
where p + q = n.

From the above theorem, the lifetime of a parallel system consisting of two types of
Weibull components with a common shape parameter between 0 and 1 is stochastically larger
according to likelihood ratio ordering when the scale parameters are more dispersed according
to majorization.

In the following results, we investigate whether likelihood ratio ordering holds among parallel
systems when the scale parameters of the Weibull distributions are ordered according to a weak
majorization order and the common shape parameter « is arbitrary.

Theorem 4.6. Let X, X, be independent random variables with X, ~ W (a, A1) and X; ~

W(a, ) where A1, A > 0. Let YA’I‘, Y, be independent random variables with Y’\T ~ W(a, A’l‘)

and Y, ~ W(a, ), where A}, A > 0. Suppose that A} = min(A, A1, A}), then for any o > 0,
*

129102
r1,2) V(A1) = LE) is increasing in t.
r2:2

Proof. From (1.1), the reverse hazard rate function of X5.; is

rz;z(t):%< (M 1)“ N (Ar)“ )

eOuD® 1 T eGn" _ |

then

o a0 G0/ @AD" — 1) 4 G/ - 1)
P = ra(t) D@/t — 1) + () /@0 — 1)
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We need to show that ¢(¢) > 0 for all ¢+ > 0. The derivative of ¢ (¢) is, for t > 0,

&' (1) sién (ak’f(kft)“—l(e(/\ff)a _1_ (XTt)ae(ATt)a)
(e()»’ft)“ —1)2

N (M)~ (e — 1 — (M)aew))
(e®D* —1)2

(ArH)¥ (AD)Y (Ain)® ()
x + - - +
e(Mt)a —1 e(kt)d -1 e()‘lt)a 1 e()»t)" 1
ari ()1 eHD" — 1 — (ar)%e®1D%)
x (e®1nN® —1)2

al(A)E (e — 1 — (Ar)%e®D)
+ (e(At)“ _ 1)2 :

After some computation, we obtain

&' (1) sign ATD* (M) <_ D S )
EFD" — et — 1\ 1—e D7 T 1 —e 00"
(A)* (A71)* (Ain)” (An)*
(e?* — 1) — 1) (_1 —e N 1 - e‘(“)“)
()" (an)” < (At)* (M0)” )
@0* — 1y — )\ 1—e0n" T 1 G0
(AD)* (A1) (An)* (An)*
t e Z et — 1) (_1 —e— 0" T e—(W‘)

Using the functions defined in (3.1) and (3.2), the derivative of ¢ (¢) can be rewritten as

' (1) " u(0uG D (=050 + VD) + uG UG (—v(i) + V(i)
+ uAu(rt)(—v(At) + v(A1t)).
Note thatu(z), v(t) > Oforallz > 0. From Lemmas 3.1 and 3.2, we know that u(¢) is decreasing
and v(¢) is increasing in . If AT = min(A, A1, A7) and (A1, 1) <% (A7, ), then A} < A < X4

or AT <A1 < A. When A} < A < Ay, it follows that ¢’(r) > 0 since v(A]1) < v(At) < v(A11).
When AT < A; < A, we obtain

@' (1) > uADHu(rit)(—v(A1) + v(ht)) + u(r)ur)(—v (A1) + v(Ar))
+u@ADu(A ) (—v(At) + v(A1))
= ZM(M)M(MI)(—U()»TI) + v(ri1))
> 0.

Therefore r3.,(t)/r2.2(t) is increasing in ¢ for any o > 0.

Theorem 4.7. Let X, X, be independent random variables with X, ~ W (a, A1) and X; ~
Wi(a, L) where A1, A > 0. Let YAT’ Y, be independent random variables with Y;gl« ~ W(a, )ff)
and Y, ~ W(a, ), where 1}, A > 0. Suppose that A} = min(, A1, AY), then, for any a > 0,

(A1, 2) <V (AT, A) = X220 <y V2.
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FIGURE 2: Plot of f,(t)/f22(t) when @ = 0.3, 2* = (0.2, 2), and A = (0.2, 3.5) for random variables
with Weibull distributions.

Proof. From Theorem 4.6, we know that 13, (t)/r2.2(¢) is increasing in ¢ under the given
assumptions. Since (A1, 1) <V (A}, 1), it follows from Theorem 4.1 that X».» <y Y»». Thus,
the required result follows from Theorem 1.C.4 of Shaked and Shanthikumar (2007).

Note that when (A1, A) <V (A*, A) we obtain the following three possibilities:
A SA <A, A <AL <A 0or A <A] <Al

The first two terms are included in the assumption of Theorem 4.7 and so the natural question is
whether this theorem holds for A < A7 < 1. The following example gives a negative answer.

Example 4.2. Let (X,,, X;) be a vector of heterogeneous Weibull random variables with
o = 0.3 and scale parameters A = 0.2and A; = 3.5. Let (¥;+, Y;) be a vector of heterogeneous
Weibull random variables with @ = 0.3 and scale parameters A = 0.2 and A} = 2. Obviously,
(A1, 4) =Y (A, 0) and A < A < Ay, However, X2 £ir Y22 since f3,(1)/f2:2(t) is not
increasing in ¢ as can be seen from Figure 2. Analogously, from Figure 3, it can be seen that

X2 ﬁlr Y5, when o = 1.3.
From Theorems 4.7 and 4.3, the following result can be proved using arguments similar to

those used in Theorem 3.6 of Zhao (2011).

Theorem 4.8. Let X, X,, be independent random variables with X;, ~ W(a, A;) where
Ai > 0,0 =1,2. Let Xg,, Xo, be another set of independent random variables with Xq, ~
W(a, 6;) where 6; > 0, i = 1, 2. Supposethat0; < A < Ay < 6. Then, (A1, Ap) <V (61, 62)
implies that X%Q <Ir Xg:z,forO <a <l

Note that Theorem 2.4 of Joo and Mi (2010) for two heterogeneous exponential random
variables can be seen as a particular case of Theorem 4.8, since likelihood ratio order implies
that hazard rate order and exponential distributions are a particular case of Weibull distributions.

Next, we extend the study of likelihood ratio ordering among parallel systems from the
two-variable case to multiple-outlier Weibull models.

Theorem 4.9. Let X1, ..., X, be independent random variables following the multiple-outlier
Weibull model such that X; ~ W(a, A1) fori = 1,...,p, and X; ~ W(a, L) for j =
p+1,....n,withii,A>0. Let Y1, ...,Y, be another set of independent random variables
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FIGURE 3: Plot of f3,(t)/f22(t) when & = 1.3, 4* = (0.2, 2), and A = (0.2, 3.5) for random variables
with Weibull distributions.

following the multiple-outlier Weibull model with Y; ~ W(a,A}) fori =1,...,p,and Y; ~
Wia, L) for j = p+1,...,n, with X, A > 0. Suppose that A] = min(X, A, A]), then, for

any o > 0,
r¥ (1)
iy ees A Ay, M) XV A, o AT A, L A) = s increasing in t,
—_——  — ———— —— 'n:n
p q p q

where p +q = n.

Proof. From (1.1) we have the reverse hazard rate function of X,

o (A )“ (AD)”
rn:n(t) = 7<pe(}"1t)a _ l +qe(}‘t)a _ 1 9

Fan® _ POTO /@A —1) 4+ q(n)* /" — 1)
Fan ()  pOaD)® /@MD" — 1) 4+ () /(D" — 1)

As in the proof of Theorem 4.6, for r > 0, the derivative of ¢ (¢) can be rewritten as

where p + g = n. Let

@) =

') "2 pPuCNuO (—v(50) + v0uD) + pqu DUt (—v (i) + v(An)
+ pqu(An)u(r1t)(—v(rt) + v(A17)).
Notethatu(t), v(r) > Oforallr > 0. From Lemmas 3.1 and 3.2, we know that u (¢) is decreasing
and v(?) is increasing in #. If A7 = min(A, A1, A]) and (A1, &) <V (A}, 1), then A] < A < X4
or Af <Ay < A. When A} < A < Ay, it follows that ¢'(r) > 0 since v(A]1) < v(At) < v(A11).
When A} < A1 < X, we obtain
¢’ (1) = puu(t) (=) + v(ht) + pquriu(ht)(—v(Ait) + v(ir))
+ pqu(At)u(r1t)(—v(At) + v(r1t))
= npu(At)u(r1t)(—v(A]1) + v(111))
> 0.

Therefore, 7., (t)/ 7y, (¢) is increasing in ¢ for any o > 0.
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Theorem 4.10. Let X1, ..., X,, be independent random variables such that X; ~ W (a, A1)
fori=1,....p,and X; ~ W(a,A) for j = p+1,...,n, withi,L > 0. Let Y1,....,Y,
be independent nonnegative random variables with Y; ~ W(a, A}) fori = 1,..., p, and

Yi~W(a,A) for j=p+1,...,n with A}, A > 0. Suppose that A} = min(A, A1, A}), then

()\‘17"'»)\‘17)\'»"'1)\')5‘”()"*a"'v Ty)\s--wk):xn:nfern:ns
e i —_—
p q p q

for p+q =nandany o > 0.

Proof. From Theorem 4.9, we know that under the given conditions, ;. (¢)/ru., () is

increasing in 7. Since (A1, ..., A1, A, ..., A) =V (AT, ..., AT, A, ..., A), then X,y <in Yy
from Theorem 4.1. Thus, the required result follows from Theorem 1.C.4 of Shaked and
Shanthikumar (2007).

This result is similar to Theorem 4.7 without any restriction on the common shape parameter
but with an additional constraint on the scale parameters.
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