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1. By a theorem of Perron, a non-negative irreducible (n x «) matrix A = (a,,v)
has a positive fundamental root a, the " maximal root of A ", such that the
moduli of all other eigenvalues of A do not exceed a. If we put

t a*» R = max *w; r = mi" RM. (1)
v = 1 it n

a lies between R and r. Since a is not changed if A is transformed by a positive
diagonal matrix D(pu ..., pn), a lies also between the expressions

n n

i?p = max £ a^pjp/, rp = min ^ a^pjp,, (2)

By a theorem of Frobenius, to a as an eigenvalue of A belongs a positive
eigenvector £, = (xu ..., xn), satisfying

n

axll= Y, a^xv(fi = 1, • • •>«) (3)
V = 1

For certain purposes a good estimate of the quotient

maxxv

y=-±.— (4)
minxv

v

is required. In what follows we shall improve the estimates which we gave
for y in 1952 for positive matrices (3) f and also an upper estimate of H.
Schneider (4) for non-negative matrices.! Our results are contained in (10),
(11), (13), (14), (22), (23) and (29)-(33).

2. After making a permissible cogredient permutation of indices and a
convenient norming of £,, we can assume that

0 (5)

Choosing another norming we obtain an eigenvector rj = (ylt ..., yn) for which

-^yn>0 (6)

f Refining a method used previously by Ledermann (2) in order to obtain an estimate
of a. This estimate was improved by A. Brauer (1), who did not, however, discuss y.

t This estimate, however, was the first solution to the problem of estimating y for non-
negative matrices.
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We have obviously

V = - = - (7)
Y V

We denote by KU K2, m, M respectively the smallest a^, the smallest
a
Mv0* ^ v), the smallest a^iji, v = 1, ..., n) and the greatest a^v(/i, v = 1, . . . ,«),
i.e.

iq = min a^, K2 = min a^v(/i ^ v), m = min â v = min(fq, K2), M = max a//v.
M / i , V IL, V

(8)

In the case of a non-negative matrix we denote by K the smallest positive
OpvilJ- ?* v) and by K("} the smallest positive a v̂(v # ft) in the /zth row. KW

exists as 4̂ is irreducible.

3. Assuming that A is positive we have from

oy»= £ <Wv 0 * = l , .... n) (9)
V = 1

and from (6), that M^ay^m, whence, since y = -^-s

y ^ - , (io)
m

a particularly simple estimate for positive matrices.
This result can be improved to a certain extent and generalised to the

case of non-negative matrices with apv>0 (n =£ v) if we use the values of KTJ
and K2. We prove in this case, if /q ^ K2, that

yg 2 (/q±i/c2), (11)
K2

which is a better estimate than (10) and also holds for /q = 0.
A still more precise result is obtained if we introduce

Then we prove that

= max am, M2 = max a^ (12)
II li * V

K2

(11) is obviously contained in (13) and it suffices to prove (13).
If we add to each a^ the quantity K2 — K1; then a new matrix B is obtained,

for which a is replaced by G-\-K2-K1, but for which all yv in (9) remain un-
changed; therefore y is unchanged too. On the other hand, for the matrix
B, Kt and Mt become K2 and M1+K2 — K1 respectively, while K2 and M2

remain unchanged. Further, m becomes K2, and M becomes max(M1 +K2—KU

M2). (13) then follows immediately from (10) applied to B.
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4. We sometimes obtain a more precise result if we use (12) directly in (9).
Then we have

and

and therefore

K2

Here, the second fraction is increasing or decreasing with a according as
(M2 — My) — (K2 — Ky) is positive or negative. In the first case a can be replaced
by any upper bound as, for instance, Rp. In the second case we have to replace
a by a lower bound such as rp.

5. We consider now an irreducible non-negative matrix A for which K2

could also be zero. We have from (3) that, for an a^ ̂  0, \i ^ v,

{a-a^x^a^^K^Xy (a^ ^ 0, fi # v) (15)

We now assert that there exists a sequence of indices, n = fi0, /i^, / i 2 , ...,
Hk-i, such that n 7̂  /zx ^ y.2 •£ ... ̂  nk_y ^ 1 and

Indeed, call an index z connected with n if either z=n or there exists a " chain "
an/n> aixLn2> •••>an,z of positive elements of A, and consider the set of all
different indices TX = n, T2, ..., TS connected with n. If 1 is not connected with
n, then denote the non-empty set of indices among 1,2, ..., n— 1 not connected
with n, by Xt = 1, X2, ..., An_s. Then we must have

and A is not irreducible.
We can therefore assume (16) and have from (15), for /i = /i0 = n, nu

...,tik-! # 1, that

If we put now

we have from (17) that

X n + Jxi't = <l>i't(t = 0> 1 ' •••> k ~ V (1 9)

6. Multiplying all inequalities in (19) and using (5), we obtain

.a
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Here we have k^n—l and all //, are distinct. We therefore obtain from
(7) the result:

If the expressions —r-!r in decreasing order are denoted by
.00

then
^ 2 ^ . . . ^ n , (21)

(22)^ "n max(l, ipv).El
v = 2

Introducing here KX and K we obtain the bound found by H. Schneider
(4), namely,

/ _ . . \n-l
.(23)

since, as is easy to see from (15) for /*= 1,
K

7. We show now by a fairly general example that in (22) and (23) the
equality sign can certainly occur. Consider, for a sequence of positive numbers

1

and a Kt>0, the non-negative irreducible matrix

K1 0 0 . . . .

0 0

then equations (3) become

.(1)

c(2)
 Kl 0 0

) K( 3 ) K, 0

.(24)

•(25)

(26)

Since all x, are positive, (24) gives (a-Kj)" = K( 1 )K( 2 ) . . .K( I I ) = 1,

. , 1

and therefore by (24) and (4)
n - l

v = 1

.(27)

.(28)
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If we here take K(2) = K( 3 ) = ... = KM = K, then y = K~("~1) and by (27)
the equality sign holds in (23).

8. We now choose n in (3) such that R = Rw. Then by (5)

where for /x = 1 we write 0 for aMl. In any case it follows that

As a/R^l, we do not decrease the right-hand bound by replacing a^ by K
and so

-, 7 ^
R — Ky a—Kt

Here a can be replaced by any upper bound, for instance an Rp.
On the other hand, taking n in (3) such that r = Rw, we have

x^o - a^) ^r-a^- apn(l - xn),

where for \i = n we write 0 for a^. In any case it follows that

- r-ann

(29)

o — &W.

As r\a^\, we do not decrease the right-hand bound replacing am by Kt and
hence

^ r—K, . a — K.
n ^ , y ^

a — Kj r — Kl

Here a can be replaced by any lower bound, for instance rp.
Multiplying (29) and (30) we obtain

(30)

(31)

The inequah'ties (29), (30), (31) hold, by continuity, in the case of non-negative
irreducible matrices.

In particular we obtain the estimate depending only on R and r, namely,

( 3 2 )

9. We now use (3) for /< = n. Then it follows by (5), if K 2 > 0 , that

The expression on the right is ^ ( r — am)xn-\-K2(l —xn), and hence

xn(? ~ am) ^ xa(r -ann-K2)+K2 ,
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from which we obtain

- ^ 2 y£ -; (33)

here a can be replaced by any upper bound, for instance, Rp.
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