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On families of finite sets no two

of which intersect in a singleton

Peter Frankl

Let X "be a finite set of cardinality n , and let F be a

family of fc-subsets of X . In this paper we prove the

following conjecture of P. Erdos and V.T. Sos.

If n > nQ{k) , k 2 h , |F| > ?~2 then we can find two

members F and G in F such that \F n G\ = 1 .

1. Introduction and some lemmas

Let X be a finite set of cardinality n and let F be a family of

fc-subsets of X . Let us define

fx = {F-x | x £ F € F} .

We say that a family of sets is intersecting if any two members of it have

non-empty intersection. Let L be a set of non-negative integers. We say

that F is an (n, L, k)-system if, for any two different members F, G

of F , \G n F| € L .

The Erdos-Ko-Rado Theorem (Erdos, Ko, and Rado [4]) states that if F

is an [n, {t, t+1, ..., k-1], fe)-system and n > nAk); then |F| < ""*

u I J

with equality holding if and only if for some t-element subset I of if ,

F = {F c X | \F\ = k, 1 c F} , where t is a positive integer.

Erdos and S6s made the following conjecture (see Erdos [2]):

If F is an («, {0, 2, 3, ..., k-X], fc)-system, k > h , n± nQ(k) ,
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126 Pe te r F rank l

then
a fcl) •

The aim of this paper is to prove this conjecture. For the case

k = h it was proved by Katona [5] .

Obviously the condition is equivalent to that for every x (. X , F

is an intersecting family.

If G is an intersecting family of (k-l)-subsets of X then let us

define

G* = ]E CZ X | E t 0 , 3 ^ , G2, . . . , G | g |

such that G. n G. = E, 1 S i < j 2 fe'

8(G) = {B e G* | }ff € G* such that £ q B} .

From the definition i t i s evident that G c_ G* and consequently for

every G € G there exists 5 C B(G) such that B <=_ G • Therefore we cal l

8 the A-base of G .

A family C = {C. C } is called a A-system of cardinality s

i f for some set K C C, we have C. n C . = K for 1 5 t < i 5 s . K is
? 1 t J

called the kernel of the A-system. Erdos and Rado [3] proved that there

exists a function f{k, s) such that any family consisting of f(k, s)

different ft-sets contains a A-system of cardinality s .

LEMMA 1. Let F be an (n, {0, 2, 3, . . . , k-l], k)-system, k 2 h ,

x € X , 1 < 1 5 k-l . Then we cannot find sets B , ..., B . (. S ( F j ,

forming a h-system of oardinality k and satisfying further

\B .\ = i + 1 for 1 5 j £ kr .
3

Proof. Let us suppose that for B, , ..., B . the lemma fails; let

K be the kernel of the corresponding A-system.

By the definition of the A-base there exist sets S2! £ F for

3 x
, 1 2 j < fet'+1 , such that for 1 5 j < j * £
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Er. n K.j. = B . A s the sets E . - Sn are pairwise disjoint and
a ,7* r . i l *

U B
r=2 *

. , , i i i+1< k . k = k

i+1 1
we can find a j , 1 5 j £ k such that E . - B. is disjoint to the

union of the Br's . Let us define Z5, = £. . Let us suppose that D is
1 .7 r

defined already for r = 1, 3-1 . Let us set

s - 1
U

r = l
D

v
u

k

u
r=s+l

B

Then \C I < k% .1 s'

Hence among the pairwise disjoint sets E°-B , . .., E . .-B we
1 s V1' 8

can find one, say ET. - B , which is disjoint from C ; let us define
3 s s

D = ET. . Let us continue this procedure until s = k • From the

definition of the D 's it follows that they fcelong to F , and that they
s x

i \K\
form a A-system of cardinality k 2 k ' with kernel K , yielding

K d ¥* • But this is a contradiction as K 5 B € 8(F ) . //

In view of Lemma 1, 8(F ) contains at most f[i+l, k^) (i+l)-

element sets for i = 1, 2, , k-l . Now the next lemma is obvious.

LEMMA 2. Let F bean {n, {0, 2, 3, ..., k-l}, k)-system

consisting of subsets of X , x 6 X , k > h . Suppose that F* does not

contain any l-element set and let B , ..., B be the 2-element sets in

it. Then

We need one more lemma.

LEMMA 3. Let F be an {n, {0, 2, 3, ..., k-l], k)-system
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consisting of subsets of X . Let y, x be two not necessarily different

elements of X . If B € B(F ) , C d 8(F ) , then

\(B u a;) n (C u y) | t 1 .

Proof. If 5 € F , C € F , then the statement follows from the-
x y.*

definition of (n, {0, 2, 3, ..., fe-l}, fc)-systems. So we may assume that,

for example, B £ F . By the definition of 8(F ) there exist

F,, • • • > F, € F forming a A-system with kernel B u x . As the sets

F. - (B U a;) are pairwise disjoint and in the case (5 u x) n (C u y) = 1 ,

|(C u y)-(B u x ) | 5 & - 1 , we can find an index j , 1 5 j 5 fc , such

that |F. n (C u y ) | = 1 . If (C u j ) E F then this is a contradiction
3

to the definition of (n, {0, 2, 3, ..., k-l}, fe)-systems. If C f F

then by the definition of 8(F ) there exist C , G„, ..., G, € F which

form a A-system with kernel C u y . As the sets G. - (C u y) are

pairwise disjoint and \F .-(C u y) \ = k - 1 , we can find an index i ,
J

1 S £ £ fe , such that (f.-(C U y)) n G. = 0 ; that is, |F. n G.\ = 1 , a
0 1* Si'

contradiction which proves the lemma.

2 . The p roo f o f t he r e s u l t

Let us first prove a slightly weaker result which, however, implies

the conjecture of Erdos-Sos.

THEOREM 1. Let F be an (n, {0, 2, 3, . . . , k-l}, k)-system

consisting of subsets of X , n > n (k) . Then one of the following

cases occurs:

(ii) there exist x t y i X such that

F = {F c X | \F| = k, x € F, y e F} ;

(Hi) there exists x € X such that |F I < u~_ ;

there exist x ± y i X such that
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Proof. Let us argue indirectly. By Lemma 2 we may assume that for

for every x (. X , 8 (F ) contains a set of cardinality at most 2 . If

it contains a 1-element set, say {y} , then the intersection property

implies 8 fF ) = {{y}} and conversely 8(F 1 = {{x}} . Indeed, if for
x y

some F € F , \F n {x, y}\ = 1 holds then let us consider a A-system of

cardinality k and with kernel {x, y] , consisting of members of F -

such a system exists by the definition of 8{F 1 . Now as

v x'

\F-{x, y}\ = k - 1 , there is a member of the A-system, say G , which is

disjoint from it; that is, \F n G\ - 1 , a contradiction.

Now let us suppose that B(F ) consists of sets of cardinality at

least 2 , and let B., •••, B be the 2-element sets belonging to it.

By Lemma 3 the B.'s form an intersecting family of 2-sets, and by Lemma

1 this family does not contain a A-system of cardinality k • As k 5 h ,

it follows v < k . Now Lemma 2 and IF I > u~Z,\ imply, for n > nAk) ,

that there exists an { , 1 £ i 5 u , such that

\{G € Tx | BiCG}\ >1/*(J5) • (1)

By symmetry reasons we may assume that (l) holds for i = 1 . Let us

suppose first that for some G € F , G ̂  B, holds.

If G n S. = 0 then let us choose & sets <?., ..., <7, belonging to

F and forming a A-system with kernel B . Then |G-B,| = k - 1

implies that G is disjoint from at least one of the G.'s, say from G

As F is an intersecting family of sets, we see that G n B, = 0 is
iC -1-

impossible. Hence if G 4> S, then |ff n B,| = 1 . We prove now that this

is impossible, too.

Let us define ff=GuB, u . . . u B . and

0} .
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Prom (l).and n > n (k) it follows that, for example,

Hence there exists an element s of X - (S, u x] which satisfies

\{E 6 E± | z € E}\ >l/2fc(j:J) • (2)

In the case k = h we just choose z = E - [B. U X) for some

E (. E, . By a result of Erdos [7] if a family V of s-subsets of X ,

s 2 1 , does not contain f(s) pairwise disjoint members, then

We apply this theorem for V = [E-Z | # € E,, a € £} , s = k - k ,

f(s) = s + k , to prove that there exist k members of E, , say

C , ..., C, , such that C. n C. = {z} , 1 < i < j 5 (: . In the case

- L / C "Z. J
fe = U we can choose C, = ... = C, = {z} .

Let S be a member of B(F ) for which |{? 6 F | B c_ F] | is

maximal. Then, as we proved it already for x , it follows that

\{F l¥s\Bc-_F}\ > 1

From Lemma 3 we know that (Bus) n (B U X) = 1 is impossible. We

prove now that these two sets cannot be disjoint either. Otherwise from a

A-system F.. , .. ., F, consisting of members of F , and having kernel
_L K.

Bus , we could choose a set, say F. , satisfying F. n [B U X) = 0 .

But then there is an index j , 1 5 j S k , such that C. n F. = {z} •
0 i*

Now setting G. = (C. u B, u x u a) € F , \G. n F.\ = 1 is a
3 3 ^ - 3 1*

contradiction, proving (B u s) n [B. U X) / 0 .

As |B| 5 2 , it follows now that |B| = 2 and B c [B U X ) .

If B = B. then from a A-system F., ..., F. consisting of members

of F and having kernel B u s we can choose a set, say F. , which is
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disjoint from G - B . But then we have \F. n ( 5 u i ) | = 1 , a

contradiction.

Hence x € B . This in turn implies ((S u s)-x) € B(F ) , a

contradiction since 3 ^ [B, U .•• u B ) . This final contradiction proves

that G^_B is impossible; that is, for every G € F , <?3_B, holds,

and in particular y = 1 . Hence 8 (F ) = {fl,} .

Let B 1 = { ^ y2} • We assert that 8 (Fy ) = {{y2}} •

Otherwise it follows from the definition of 8 (F ) that {x, z/2} is
^1

a member of it. Then repeating the argument applied to a; for y we

obtain that 8 (F ) = {{x, y2}} ; that is, every member of F which

contains y contains x and y^ as well. Consequently we have

K ^ F l ^ n [x, yx} + 9}\ s \{Fc X | \F\ = fc, [x, y±, y2} c F} |

(d) •
contradicting the indirect assumptions.

So far we have proved that for every x (. X either there exists a

y Z X such that B(F ) = {{y}} , B(F ) = {{x}} , or there exist y, z € X
•3

such that 8(Fj = \{y, z}} , B{¥y) = {{z}} , BfFj = {{#}} .

Now let {x., y }, ..., {x , y } be the collection of all the

different unordered pairs satisfying x., y. € X , 8(F 1 ={{x-}} »

^(F )={{j/-}}> l 5 i s u . By Lemma 3 all the elements x., y. are

different; that is, they form w pairwise disjoint 2-subsets of X .

As we proved it is possible to divide the remaining elements of X

into w classes Z, , . .., Z such that for 1 < •£ £ w , z. € Z. , we
1 w it,

have 8(F 1 = {{r., j/.}} . So we proved that F is contained in the

following family of subsets of X :
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F* = {Fez X | \F\ = k, F n (z. u {x., y .}) * 0 implies

\*v yj
 c F, 1 S i 5 w)

If W = 1 then either (i) or (ii) holds. So we may assume w > 2 .

All we have to prove now is that in this case | F* | < \~

We prove this by induction on w and for every n > k .

By symmetry reasons we may assume that \Z \ 5 |Zp| . We count the

number of members of F* according to the cardinality of their

, y-J . Let us define n, = |Z u {x,, y }\ .intersection with u

z.[ 5 |Z | implies n. S n - n

or the estimate for the case w = 1 , we obtain

|F*| 5
nx-2

k-2

k-2

I
i k-2-i

Hi-2] n-n -2

As

and

fe-2-i

fc-3

, i = 2, ..., k-2 ,

i t follows from (h),

|F* | ,
k-3

fe-2
I
i=2

+

fe-2

E
i=2

1
"'I n-n,-2 n-2

fe-2
II

THEOREM 2. £ e t T be an (n, {0, 2 , 3 , . . . , k-1}, k)-system,

k > h . Suppose that n > n (k) + 2 , where n (k) is the bound

from Theorem 1. Then either there exist two different elements x, y suah

that F = {F c X | \F\ = k, ix, y) <= F] or |F | < V!~f\ .
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Proof. Let us argue indirectly and let F be a counter-example. Let

= + ^ » w n e r e <i is a non-negative integer. We may apply

Theorem 1 to F . Hence either there exists x € X such that

or there exist two different elements x, y in X such that

\{F I F | F n { x , y } * 0 } \

|F | < I

F is an

In the first case let us define X. = X - x and in the second

X= X - {x, y} • In both cases we define F = {F C y | p € F} . Then

' |, {0, 2, 3, ..., k-l}, fe)-system of cardinality at least

?x|-2

k-2

Now we apply Theorem 1 to the family F , and we construct a set J? and

+ d + l .

a family of subsets, F? , of such that F? is an

(|X2|, {0, 2, 3, ..., k-l}, fc)-system of cardinality at least

+ d + 2 , and so on, and so on until we get a set X and a
k-2

family of -fe-subsets of X , F such that

Now the method of construction implies that

IX 1-2

= nQ(k) .

fc-2
+ d +

a contradiction since the number of fe-subsets of X i s

I*. no(*)

REMARK. One might conjecture that for an arbitrary integer s and

k > k (s) , n > nAk) , any family of more than L~S~, fe-subsets of an
0 0 I. *̂* J

rc-set contains two members intersecting in a set of cardinality s . The

author can prove it only for o, , , where a, is a large constant
K{K—S—11 K
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depending only on k .
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