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A MATHEMATICAL MODEL FOR PERCHED BLOCK FORMATION

By E. A. PATTERSON

(Department of Mechanical Engincering, University of Sheffield, Mappin Street, Sheffield 51 3]D, England)

ApsTRACT. A mathematical model for the formation of perched blocks on
glaciers due to differential ablation is developed by considering energy
balances. The model is applied to naturally positioned rocks on
Bersarkerbre, Greenland. The model predicts correctly whether a rock will
perch or sink in eleven out of twelve cases. For artificially positioned small
rocks of mean dimension 0.2 m, the model has a 53°%, success rate. The
reduced performance is probably due to the thicknesses of the rocks being
of similar magnitude to the range of reliel of the glacier surface.

Risumie. Un modéle mathématique pour la_formation des tables glaciatres. Un
modele mathématique pour la formation des blocs perchés sur un glacier,
due a lablation différentielle est développé en considérant les bilans
d’énergie. Le modéle est appliqué aux blocs naturellement situés sur le
glacier Berserkerbrae au Groenland. Le modéle prédit correctement com-
ment un bloc se perche ou s’incline dans onze des douze cas. Pour de petits

NOMENCLATURE

width of surface perpendicular to flow (m)

azimuth of normal to plane (°)

displacement thickness (m)

non-dimensional function of cloud-base height

specific heat capacity of water (J kg71K~1)

diameter of cylindrical rock (m)

nett energy flux in a 24 h period (J/m)

height of cylindrical rock (m)

height of cloud base (km)

von Karman's constant

turbulent heat-transfer coefficient

thermal conductivity of air (W m™1K)

characteristic length on which Reynolds number
is based (m)

fraction of sky obscured

Prandt1l number

convective heat transfer flux (W/m?)

radiative heat transfer flux (W/m)

Reynolds number

temperature (K)

temperature at a height at which diurnal fluc-
tuations are negligible (K)

local hour angle ?rad}

wind speed (m s71)

height above glacier surface (m)

coefficient of surface roughness (m)

albedo

angle of inclination of plane (°)

angle of solar declination (°)

emissivity

air density (kg m3)

Stefan-Boltzmann constant (W m2K™)

latitude (°)

air viscosity (kg m™ls)
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Subscripts

horizontal surface

exposed local glacier surface

long wave

rock-shielded ice surface

rock surface

short wave

vertical surface

at height z above surface

at the surface, i.e. z =0

at 2 m above the surface, i.e. z=2m
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blocs de dimensions moyennes de 20 cm artificiellement disposes, le modéle
n'a que 539, de succés. Ce score réduit est probablement di a I'épaisseur
des bloes qui est voisine de I'ordre de grandeur du relief de la surface du
glacier.

ZUSAMMENFASSUNG, Ein mathematisches Modell fiir die Bildung von aufsitzenden
Blicken. Aus der Betrachtung der Energiebilanzen wird ein mathematisches
Modell fiir die Bildung von aufsitzenden Blocken auf Gletschern infolge
differentieller Ablation hergeleitet. Das Modell wird auf naturlich gelagerte
Felsblocke am Berserkerbre in Gronland angewandt; in 11 von 12 Fallen
sagt es richtig voraus, ob ein Block aufsitzt oder einsinkt. Fur kinstlich
abgesetzte, kleine Blocke mit einem mittleren Durchmesser von 0,2m
stimmt die Vorhersage in 53%, der Falle. Die verringerte Leistung geht
vermutlich zu Lasten der Tatsache, dass die Blockdicken von ahnlicher
Grissenordnung sind wie die Reliefundulationen der Gletscheroberfliche.

INTRODUCTION

Perched blocks are isolated rocks or boulders
which are supported above the glacier surface on
pedestals of ice. It is easily observed that rocks on
a glacier either sink into the ice or grow pedestals
underneath them. This is due to the difference in
ablation between the exposed glacier surface and the
ice beneath the rock. The pedestal may be further
shaped by the action of melt water around it. This
behaviour has been studied as a result of a problem
encountered during the 1978 Sheffield University
North-East Greenland Expedition. J.P. Allen (personal
communication in 1981) observed during a survey of
Roslin Gletscher that rocks used as markers by
previous expeditions were moving relative to the
glacier surface, This was caused by pedestals growing
underneath them and the rock then falling off the
pedestal.

A structure erected on a glacier or ice cap might
also be expected to behave in a similar manner to
isolated rocks, which may have more serious consequen-
ces than the movement of survey markers. To the
author's knowledge no previous work has been done on
this subject. This study has aimed to produce a
reliable method of predicting whether a rock will sink
or perch and to compare it with experimental data from
Bersaerkerbrae (lat. 72°10'N,, long. 24°40'W.) in
north-east Greenland.

A MATHEMATICAL MODEL FOR THE FORMATION OF PERCHED
BLOCKS

The effect of pressure melting due to the weight
of the rock can be neglected because the rocks are in
general too small to produce a significant pressure
on the ice. If the rock reduces the nett energy flux
to the ice beneath it as compared to the exposed gla-
cier then the rock will perch, because the ice under
the rock will melt more slowly than the exposed ice.
To quantify this process the energy exchanges at the
glacier surface have to be accounted for. Heat is
supplied by

1. Solar radiation and long-wave radiation,

2. Eddy conduction if the temperature gradient above
the ice surface is positive and the air is turbu-
lent.

3. Eddy convection i.e. the latent heat of condensa-
tion of water vapour and of freezing of rain.
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Heat will be lost due to out-going long-wave
radiation and due to eddy conduction if the tempera-
ture gradient is reversed. Lister and Taylor (1961)
have shown that for Britannia Gletscher (lat.77°14'N,
1ong.23°49'W,) in north-east Greenland the relative
importance to ablation of the energy fluxes was

Radiation 67%
Convection 32%
Water-vapour flux 1%

It therefore seems necessary at this similar site
to consider the effects of radiation and convection
on ablation. To compare the exposed and the rock-
shielded ice, diurnal fluctuations in the energy bal-
ances can be eliminated by integrating over a 24h
period.

Energy balance for the glacier surface

The radiative flux is divided into two parts, the
short-wave radiation incident on a plane is given by
Robinson (1966) as

Rg = 1395(1 = n)(1 -a){cosB (sin¢ sins +
+ cos ¢ cos & cos t) + (sin B (cos A [tan ¢[sin ¢ sin

+cos¢ cosé cos t] -sing sec¢] +sin A sing sin

(1)
where n is the fraction of the sky obscured by cloud,
o is the surface albedo (approximately 0.4 for ice) g
is the angle of tilt of the plane, ¢ is the latitude,
§ is the solar declination, t is the local hour angle
measured from noon and equal to = /12 radians per hour;
and A is the azimuth of the normal to the plane. For
a horizontal plane

RSH =1395(1 - n) (1 -a)(sin ¢ sinég +

(2)
+ CcoS ¢ COS & cos t).
The net long-wave radiation at a plane is
(Outcalt, 1972)
RL = eo (Tskyq - T (3)

where ¢ is the surface infrared emissivity and o is
the Stefan-Boltzmann constant (5.67 x 1078 W m™2K™),
T ky is the temperature at a height at which diurnal
f?uctuations are negligible, and T, is the surface
temperature. The effect of cloud cover on long-wave
radiation is dependent on the cloud height and per-
centage of the sky covered. This effect can be allow-
ed for by multiplying Equation (3) by an additional
term (Halstead and others, 1957) so that

RL = ea (Tsky' - Tg*) (1-cn) (4)

where ¢ is a non-dimensional function of the height
of the cloud base, see Figure 1,

The net radiation flux to the ice surface in 24 h
is produced by integrating the sum of the short- and
long-wave radiations

3600

2
2“_75] {1395(1 - n)(1 - aj) x

0

LRy
(5)

x (sin ¢ sin & + cos ¢ cos & cos t) +
+ejo(l-cn) (Tepyt - To')} dt.
Simplifying
LRj =12 x 107 (1-n) (1<) (sin ¢ sing) +
+ 4,9 x 10'3ei(l—cn)(Tsky‘* = Tot ) (6)
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Fig. 1. Dependence of long-wave filter coefficient c

on the height of cloud base, h,, after Philipps (1940).

The convective heat transfer to the glacier can-
not be calculated using standard convective heat-
transfer formulae because the glacier has to be con-
sidered as an infinite surface with special boundary
conditions. A practical assumption is that wind speed
and temperature increase logarithmically with height
above a natural surface. The gradients very close to
a glacier surface are so steep that this is rarely
true, however as a generalization over 24 h it is
adopted here in a simplified model., The coefficient
for momentum transfer at height z is taken as

Z(Uz - )z

In(z; /2 ) '

and the coefficient for heat transfer can be written
similarly. By definition u = 0 at height z = z4. For
use with variables u, and (T2 - Tg)s Myrup (1969) has

shown that the adiabatic estimate of the turbulent
transfer coefficient is adequate for model building

k2 Up

=73 (7)
{In(z/z5)}2

The convective heat transfer at the ice surface is

thus

Qi = KpC(Tz - Top) (8)

where C is the specific heat capacity of air (1.004 x
103 J kg7lk) and T, is the temperature at height z.

A mean value of z; = 0.005 m is representative of that
of many workers on glacier surface winds. It is con-
venient to take z = 2 m and experimental data (Fig. 2)
indicate that the temperature T, can be approximated
by

(T «% 3

2 B =
T, =__max min cos t + T, (9)
%
where T2 T2 and Tz are the maximum, minimum,

max, min
and mean daily temperatures at a height of 2 m,
The total convective flux to the ice in 24 h is
found by integrating Equations (7) and (8) with re-
spect to time,

2917
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Fig. 2. Temperature distribution predicted by Equation
(9) compared to air temperatures at a height of &m
on 16 July 1982.
3600 2w ket for the cylindrical surface of the rock presented to
105 = 17/12‘1 _ the sun, the azimuth of the normal of the surface is
o {1n(2/0.005)}2 a function of time measured from local noon and equiv-
(10) alent ton/12 radians per hour. Hence the radiation
(T, " exchange at the rock-atmosphere surface in 24 h is
% max min cos t +‘I'2 = Tyldt given by
2 2
Rp = 12x107 (1 - n)(1 - — (si iné
simplifying i : L =gt 4 {SIm B SR ] ¥
= dh
1Qi = 5.42 x 1081, (T, - To). (11) * == (sing cos & +sing)} + 4.9x1073¢p(1-cn) x
) The total energy flux to the exposed ice surface
in 24 h is x @+ dh) (Toky* - Topt) (15)

Ei = LRj + 104

Energy balance for rock-shielded ice surface

Applying the principle of conservation of energy
in terms of heat and work transfer to the rock as a
system of constant mass implies that as there is no
work transfer, the sum of the heat transfers across
the rock surfaces must be zero assuming that the
internal energy of the rock at the start of the 24 h
period is the same as at the end of the period., There
are three types of heat transfer to consider, conduc-
tion, convection, and radiation. The conductive heat
transfer across the rock-ice surface will be equal
to the radiative and conductive heat transfers across
the rock-atmosphere boundary.

The most convenient shape of the rock to consider
is a cylinder standing on end of height h and dia-
meter d. The wind direction and Sun's bearing then
have little influence on the geometry of the problem.

The radiation incident on the top surface of the
rock, is, from Equations (2) and (3) for a horizontal
plane,

(12)

Rig ="4 {1395(1 - n)(1 - ag){sin ¢ sing¢ +

+ c0s ¢ cos 8 cos t) +epo(Tgpy® - Tgtdb. (13)
The short-wave radiative flux for a vertical surface
from Equation (1), the general equation for a plane,
is
RVS = 1395(1 - n)(1 -a) cos ALtan ¢ (sin ¢ siné +
coS ¢ cOS6 cost) -sind sec¢] +sin A sing sin t};

(14)
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assuming that (Tgky' —TOR") is constant and approxim-

ately equal to (Tsky' - To *) where Tg is the mean
temperature. R R

From classical heat-transfer theory the forced
convective heat transfer is given by (cited by Ede,
1967, p. 76-115)

Q = 0.037(Pr)i/3 {Re)‘“’-"al((T2 - TOR) (16)
where (Pr) is the Prandtl number (0.71) and (Re) is
the Reynolds number based on £, the length of the
surface parallel to the flow, which for a circle is
taken as the mean arc length (0.785 d), i.e.

k¢

n

(17)

where p and n are the air density and viscosity re-
spectively (n = 1.75x10°3 kg m~ls-1), The velocity pro-
file above the glacier surface is as before expressed
using the logarithmic law, i.e.

In (z/zq)
Uy =, ———.
27 b lin, $2/z5)

Finally in Equation (16), a is the width of the sur-
face normal to the flow and K is the thermal conduc-
tivity of air (2.47x1072 W m™1K). The convective heat
transfer at the rock surface in 24 h is thus found by
applying Equation (16) to the top and vertical sides
of the rock and integrating with respect to time and
height above the glacier to give

(18)
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Uz
LQR = 5.44x1F —————(T, - T, ){(0.785d) x
Tn 2/0.005 R

h
x (md/2)*/5 [ [1n(z/0.005) /5 dz + (19)
0

+ (1n h/0,005)4/5 (0,785d)9/5}

assuming the rock surface temperature is a similar
function of time to the air temperature, see Equa-
tion (9).

As already stated, the conductive heat transfer
from the rock to the ice is equivalent to the radia-
tive and convective heat flux to the rock from the
atmosphere, i.e

: LRR + LQR
ke

If a rock is to perch, the energy flux to the ice
beneath it must be less than the energy flux to the
exposed glacier surface, hence the criterion for ped-
estal formation can be given as

3 (20)

Pc = Ef - Eg> 0 for the rock to perch
< 0 for the rock to sink.

APPLICATION OF MODEL TO ROCKS ON BERSAERKERBRAE,
GREENLAND

The above mathematical model has been applied to
twelve large rocks on Bersaerkerbrae which were
observed during July and August 1982. During this
period meteorological data were collected on this
glacier and the rocks were inspected weekly to deter-
mine whether they were perching or sinking, to aid
this inspection a photographic record of the rocks
was kept, To apply the model to a particular rock the
dimensions of the equivalent cylinder are required;
these were obtained by finding the diameters of the
maximum inscribed and minimum circumscribed circles
that would fit the rock's projected upper face, the
equivalent diameter was then taken as the mean of
these two diameters. This method avoids misleading

"0
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Patterson: Model for perched block formation

TABLE 1. PHYSICAL VALUES SUBSTITUTED INTO THE MODEL
WHEN APPLYING IT TO ROCKS ON BERSAERKERBRAE IN JULY

AND AUGUST 1982

Quantity Value substituted
c 0.552
% 1.004 kJ kg~lK
k 0.42
K 2.47 x 1072 W mlK
n 0.375
(Pr) 071
TOR 288 K "
T To - 22°K
T;k'y 278 K
Uy 2m st
Zp 0.005 m
o 0.45
ap 0.10
8 22
£ 0.985°
£R 0.44
P 1.27 kg m™3
a 5.67x1078 W m 2K
$ 712.2°
n 1.75x10™5 kg mls

a from Figure 1 (Philipps, 1940)
Outcalt (1972)

€ Seigel and Howell ([€1972])
for granite (Love, [1968])

values which large protuberances or incisions might
produce. The equivalent height was taken as the mean
thickness of the rock. The remaining physical values
that were used are given in Table I. With the excep-
tion of the mean rock surface temperature, the
meteorological data are based directly on abservations
on Bersaerkerbrae. The mean rock surface temperature
is based on experimental values of dry-sand tempera-
tures (Fig. 3) obtained by burying thermistors just
below the surface of a pile of sand.

[t is assumed that T, is 0°C at height Z4. This
is a gross assumption (Lister and Taylor, 1961) but
is used as a first approximation here.

The resulting value P., the perch criterion, the
rock dimensions, and an indication of whether a rock
perched or sank are given in Table II. The model has
a 92% success rate in predicting whether a particular
rock will perch or sink, for the one case where the
model failed the rock was shaded from the sun by a
moraine for part of the day which seriously affected
the energy balances in a way of which the model takes
no account.

On two of these rocks rotation meters were attached
to measure the rate of rotation as the rock perched.
The rotation sensors consisted of a potentiometer with
a spindle capable of rotation through 300°. The body
of the potentiometer was attached to the rock and a
small weighted rod was suspended from the spindle.
The rotation sensors were connected to a solar-powered
data-logger, the system had a sensitivity of 0.12°/
digit and gives no output when there is no movement
provided it is shaded from direct sunlight, otherwise
uneven heating of the resistance track causes diurnal
fluctuations in the readings (Allen, 1983). The re-
sults show rotations for rocks number 11 and 12 of
0.98 and 0.79° respectively. If the magnitudes of
these results are used as an indication of the rate
of perching, the model's results of 26.9 kW m=2d-!
and 20.3 kW m2d? for the same rocks give the same
ranking, and the percentage differences between the
rocks for the experimental data and the model are 21%
and 27% respectively. However this is not a good cri-
terion for assessing perching, as rotation may also
depend on other factors including melt-water erosion

Fig. 3. Surface temperature of dry sand on 16 July 1982. ©of the perch.
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TABLE II. DATA FOR NATURALLY POSITIONED ROCKS ON BERSAERKERBRAE

Mar. inscribed Min. circumscribed Mean Perch Experimental
Rock No. ecircle radius eircle radius height ecriterion observation
m m m kW m=2 (-1
1 1.5 2.5 1.20 17.9 perched
2 0.47 0.78 0.20 29.7 perched
3 0.56 0.91 0.45 12.9 perched
4 0.34 0.69 0.30 13.8 perched
5 0.56 1.28 0.75 1.7 perched
6 0.31 0.63 0.45 - 9.2 sinking
7 0:13 0.29 0.20 -10.8 sinking
8 0.28 0.44 0.30 - 2.3 sinking
9 0.11 0.15 0.25 -24.6 sinking
10 0.26 0.54 0.70 -58.8 perched
11 1.25 £:15 0.70 26.9 perched
12 0.91 166 0.66 20.3 perched
TABLE III. DATA FOR ARTIFICIALLY POSITIONED ROCKS ON BERSAERKERBRAE
Rock No. Max. inseribed Min, circumscribed Mean Perch Experimental
eircle radius eircle radius height  eriterion observation*
n m m kW m2 d7!
13 0.19 0.29 0.18 2.10 +1
14 0.22 0.32 0.30 -20.3 il
15 052, 0,31 0.19 3.43 +2
16 0.14 0.33 0.18 1.07 +2
17 0.18 0.27 0,08 2.64 1
18 0.09 0.13 0.04 25,1 -1
19 0.13 0.18 0.09 12.1 =1
20 0.15 0.18 0.03 36.4 0
21 0.10 0.12 0.16 -43.9 -1
22 0.09 0.16 0.21 -58.1 0
23 0.005 0.005 0.02 -60.3 -2
24 0.15 0.21 0.26 -42.3 0
25 0.17 0.24 0.06 30.1 -1
26 0.09 Os 12 0.03 29.8 -1
27 0.13 0.07 0.06 10.4 -1
28 0.48 0.09 0.06 35,3 -2
29 0.06 0.11 0.09 -18.9 -1
30 0.05 0.07 0.02 26.2 -1
31 0.07 0.09 0.08 -15.3 -1
32 0.08 0.06 0.08 -24,7 -2
* key to experimental observations
+2 recognizable perch forming
+1 attempting to perch
0 no observable movement
-1 sinking
-2 partly submerged
During late July and August 1982 a selection of a CONCLUSIONS
further twenty rocks were manhandled on to a flat
piece of glacier which had been cleared of debris. The mathematical model is presented relating the
The rocks were positioned far enough apart to avoid effect of differential ablation to the formation of
mutual interference and then left for five weeks to perched blocks on glaciers. This model gives accept-
see which sank and which would grow pedestals or able results for rocks on Bersaerkerbrae, however
perches. However because the test period was too short further experimental data from other glaciers are
and too late in the melt season the rocks showed needed to confirm the validity of the model. An accur-
little attempt to either perch or sink. The model has ate method of assessing the rate of perching of a rock
also been applied to these rocks (Table III) and for is required so that the accuracy of the model in pre-
those that exhibited movement has a 53% success rate, dicting this quantity can be tested.
but this should be balanced against the inaccuracy of
the experimental data. The lower success rate is ACKNOWLEDGEMENTS
probably due to the thicknesses of the rocks being of
similar magnitude to the range of relief of the glac- The experimental work presented in this paper was
ier surface, which will severely 1imit the vertical performed during the course of the 1982 Sheffield
surface of the rock available for heat transfer to University North-East Greenland Expedition which was
or from the atmosphere. supported by the Gilchrist Education Trust, the Mount
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