On an Integral due to Ramanujan, and some ideas
suggested by it.

By Professor T. M. MacROBERT.
(Read 1st March 1929. Received 20th September 1929),

By applying Fourier’s Integral Theorem to a well-known
formula, due to Cauchy, expressed in the form
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where R (¢ + v) > 1, Ramanujan! has shown that
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where ¢ is any real number.

Since Cauchy proved his formula by contour integration, it may
be of interest to show that Ramanujan’s Integral can be deduced
from it by the same method.
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where C (Fig Ia) is a closed contour in the #-plane enclosing the
point — ¢ if [{| < 7, and excluding the points -+ }= : then
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If now R (u+v)>1 the contour C can be deformed into the
contour C; (Fig. 1b) below the real axis from — }= to {7 and minus

L Quart. Journ. of Maths., 48 (1920), 294-310.
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the contour C, above the real axis from — = to }». Then
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It is possible, by the method indicated here, to prove many
results which are usually obtained by means of Fourier’s Integral
Theorem. The functions involved must of course be analytic in the
part of the complex plane enclosed by the contour. Two further
illustrations of the procedure will now be given.
By applying Fourier’s Integral Theorem to the Mehler-Dirichlet
formulat

1 (¢ ei¢ de
Peort L[ g
£-4 (c0s0) ~0v/(2cosd — 2cosb)’ 0<b<m (i)

by (i).

C. Fox? has shown that

2
.‘-_wPf—é(COSG) eitt d{ = 11/(2 cost — 2 cos §)’ =8 (iv)

0 , [t]>0,
where ¢ is any real number. To prove this by contour integration we
make the contour C (Fig. II. a) exclude the points 4 6, and then, if

OPLANE
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N ¢ (t+¢)V ‘)cos¢ 2 cos 6)’
2 , [t|< 86,
I =1 v (2cost—2cosb)
0 , |t]>6.

1 Whittaker and Watson‘, Modern Analysis, 2nd Ed., p. 309.
2 Proc. Lond., Math. Soc., Ser. 2, 26 (1925), 76.
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Also (Fig. 11b),

0
1=.lj d¢ j e (t+9) ¢ dl
mJde, vV (2cosd—2cosb)) 5

+ 1 ¢ j eras di,

:T_jcg\/@ cosd — 2 cosf)Jg
and, on changing the order of integration, and applying (iii), this
gives (iv).

Similarly, from the formulal

W
Jnty () = e dinr <£> j IvePn, (W) duw, ..o (v)

2
which holds when # is a positive integer, it can be deduced, by using
contours in the p-plane between the points + 1 that, when n is an
even positive integer,

JQWPn(t), |t] <1,

Linm /(9 e-itx Jy 1 (x)x-dde= .
e v ( 7r)j“gc wtd (@) x-Tda l 0 L |t]=1,

(vi)
where ¢ is any real number.

Formula for the product of two Bessel Functions of the First Kind.
Ramanujan employed the integral (ii) to obtain some interesting
integrals involving Bessel Functions. The form of these integrals
has suggested the following formula for the product of two Bessel
Functions of the first kind:

Jm (x) Jn (y)

xm yn

13 2 cos 6 m+n . g
— Wm-n){ ——— 77" ) 2 pif 2, —38
= ;"._%We (m )<x2 T yze-i(’) 7 Jrn[V/{2 cos O(x? et +y2e ~1¥)}]d0,

(vii)
where B (m + n) > — 1,

This can easily be verified by expanding the Bessel Function in
the integrand in a power series and integrating term by term, using
formula (i). If we replace x and y by ¢x and iy we deduce a similar
formula with I, (z), I,(y), and In4, in place of J, (x), J.(y),

and Jm—é—n-

1 This is a special case of an integral due to Gegenbauer. For references, see
Watson, Bessel Functions, p. 50.
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To illustrate the usefulness of formula (vii), it will now be
applied to prove Sonine’s formula!

J i (l_rz)m—n-l

LA SR S
I Jm (t) Ju (ri)dt TR IS Ay n), <, (viii)
o Tgm—n-1
0 , 2> 1,
where R (m) > R (n).> — 1.
Consider the integral
dt
I= J (2 >‘tt]u(at)ty 71’

where A >0, a > 0, R(u) > 0: it may be written

1= 1 r; e~ M {@, (at) — evr @, (at e'm)} dt
m Jo P’
Now break this integral into two, and, in the first, swing the
path of integration through a positive right angle, in the second
through a negative right angle. This gives, if B (ux — 2v) > 0,
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= __j sin {(3u — v) 7w — M} K, (a8) —— dt (ix)

ey CICERRRRRE
which holds for R (a) > 0, provided that R (A £ ia) > 0.

Again, from (vii), if R(m)>0, R(n)>—1, R(m —n) >0, and
Q =4/ {2 cos 0 (e + r2e-i)},
r’ o BT lrt) 4,

0 tm~n-1

m+n

»n ¢ b 2 cosf \mH
=T et e ) e

gr fhT 2 cos b m_if_
o (R0 [ e M1

provided that R (A + Q) > 0.

fm—n— - n— 17

1 Math. Ann., 16 (1880), 39.
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Hence, from (ix), if R (m) <1,
[[en/ndni g,
0 fm-n-1

2 cos @ >vzl_+71

_m b z'(?(m—n)( E(8)do
- ¢ et | r2e—it 2 (6) 49,

T - -%7,-
where

B =2 r Sin{(1 —m) 7 — M} Kpon (t1Q) %

) -~ n—1 :

which holds if A > 0, since |amp Q] <} 7.
Now let A = 0; then if R (m) <1,

dt

2 . ”
E(8) = ;sm (mw) j.o Koy Q) fm—n-1

— F(n+ 1) QOm-n-2.
om—n-1 F(m) ’
so that if I is the integral on the left hand side of (viii),
— s F(n + 1) J.%” 0 (m—n mn- 1 —-10y-n-—
L Ty )y, G0 (2 008 Gt (e premit) 1 ds,
where R (m)>0, R(n) > —1, R(m —n)>0. The restriction R(m) <1
may now be removed, as the functions on both sides of the equation
are holomorphic in m.
We next replace § by 1¢, and get

_m 'n+ 1)) j" ehi (m = 1) (¢kiv 1 ¢ - ¥ipym—1 (ehip 4 r2e-4ig)-n -1 ddh

w 2n-nT (m

=’2 M S” e‘l¢(el¢ + 1)m—1 (el¢) + 72)“71*1 d¢
T 2m~nl" (m)

LU Y RS

" im2m-nT (m)Je (z + rE)ntl

where C is the unit circle described positively with the point — 1 as

-

>

initial point.
If 72 > 1 this contour can be contracted to a point, so that I has

the value zero. If r2< 1, put z = (-1, and get

rn I‘(n—l—l) j -1 1 N1

— m — — } n dc’

- g ), LT ==

where D is the circle |{ — 1|= 1, with the origin as initial point.

1 Gray, Mathews, and MacRobert, Bessel Functions, p, 66 (11).
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Now let { = (1 — %) 2: then

o Pr+ 1)

T m 2m-n T (m)
where the contour I' starts at the origin and passes in the positive

direction round the point 1.
But the value of the integral is 2:¢sin(n + 1)= B (m, — n).
Hence

(1 — 9~2) m—n—lj am—1 (2 — 1)~n-—1 dz,
I‘V

rr(l — 7-2)m—n— 1
- Im~n~—1 F(m —_ ’ﬂ) '
from which (viii) follows.
Nork.—This method can be employed to establish Cauchy’s
Formula (i). For

EY 4 )
j‘ __(eos G)urv-2eifu-v) d g

— &

1
= inmjo(z tAprotemrdz
1 o -
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__sinwy . v al(u+v=1)
~2Mu+u—2B(M+V 1,1 V)—2-———————#+V_QF(MF(V).

ADDENDUM (added 25th November 1929)
Formula for the product of two Hypergeometric Functions.
Formula (vii) is a simple case of the following formula for the
product of two hypergeometric functions of the same kind expressed
as a multiple integral of anotber hypergeometric function of the
same kind. 1If, following Barnes, we employ the notation

Folass yss b= F (ay, ag, -5 aps Va5 Yas + o> Va3 ),
where p — ¢ <1, then
I]i I (o) F(@ ILII Iy, + 08— 1)
re1 D ar =+ B) oo Tys) T (8s)
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T g Y-
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where
q P ) p .

2= I (2cosd) x | I (\)eZe 2 + 11 (1 —)\r)e‘13¢sy},
s=1 l7':] r=1

and R(a,)>0, R(B})>0, r=1,2,....,p,
Rys +8)>1, s=1,2,....,9,

one integral of the first type corresponding to each «, and one
of the second type to each y. When p =0 and ¢=1 the hyper-
geometric function can be expressed in terms of a Bessel Function,
and the formula reduces to (vii). When p =1 and ¢ = 0 the hyper-
geometric function becomes a binomial expression, and the formula
reduces to the known formula

B(m, n) (1 + 2)~ (1 4 y)=n
= j: A1 —Q)e=H{1 - Ax + (1—=A) y}-m-nd), . ... (xi)

where |z|<1, |y| <1, R(m)>0, R(n)>0.

https://doi.org/10.1017/50013091500007525 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500007525

