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By applying Fourier's Integral Theorem to a well-known
formula, due to Cauchy, expressed in the form

where R (fj. + v) > 1, Ramanujan1 has shown that

(
U , I I > 7T,

where t is any real number.
Since Cauchy proved his formula by contour integration, it may

be of interest to show that Ramanujan's Integral can be deduced
from it by the same method.

Let J = L f (2 cos0)/* + "-2 e^O"-") d6

where C (Fig la) is a closed contour in the 0-plane enclosing the
point — \t if 111 < TT, and excluding the points ± \n : then

0 , | * | > 7 7 .

9 -PLANE

If now R ((j. + v) > 1 the contour C can be deformed into the
contour Ct (Fig. Ib) below the real axis from — J77 to \n and minus

rf. JbiM-ii. of Maths., 48 ("1920), 294-310.
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ON AN INTEGRAL DUE TO RAMANXIJAN 2

the contour C\ above the real axis from — \n to \-n. Then

I (2 cos0)/* + "-2 &e{p-*)d6 j° e%(t + M)d

v-2ei8(n-v)d6 {' eiSit + W di;
Jo

(2

j I

I + J e ' ^ ^ l (2 cos0)" + " -2 &H^-" + n) dd

...
y (1 •

It is possible, by the method indicated here, to prove many
results which are usually obtained by means of Fourier's Integral
Theorem. The functions involved must of course be analytic in the
part of the complex plane enclosed by the contour. Two further
illustrations of the procedure will now be given.

By applying Fourier's Integral Theorem to the Mehler-Dirichlet
formula1

Af e*M* e<* (iii)f 7?T n , 0 < e < *
_ g y (2 cos cp — 2 cos 6)

C. Fox2 has shown that
rx> j ^ t < 6

Pi-i (cos 6) eit$dl = \y(2 c o s < - 2 cos 6)' ' ( i )

I o , \t\>e,
where t is any real number. To prove this by contour integration we
make the contour C (Fig. II . a) exclude the points ± 8, and then, if

<±>-PLAN£

/ = I
iir )r (t+ <f>)\/(2 cos <j>—2 cos 6)'

/ = J y (2 cos«-2~cos^) '
0 , \t\>0.

Whittaker and Watson, Modern Analysis, 2nd Ed., p. 309.
Lond. Math. Soc, Ser. 2, 26 (1925), 76.
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28 T. M. MACROBERT

Also (Fig. l i b ) ,

J
\ f

77 J Cl V (2 cos <f> - 2 cos 6) J _ *

+ l f ^ fe
f •" (7. V (2 cos </> — 2 cos 0) J o

f
" (7. V (2 cos </> — 2 cos 0)

and, on changing the order of integration, and applying (iii), this
gives (iv).

Similarly, from the formula1

)i f (v)
which holds when n is a positive integer, it can be deduced, by using
contours in the /x-plane between the points ± 1 that, when n is an
even positive integer,

< 1,
> v . . . ( v i )

r°° f 277 P (t) t

J -~o \ 0 , 11

where t is any real number.

Formula for the product of two Bessel Functions of the First Kind.
Ramanujan employed the integral (ii) to obtain some interesting
integrals involving Bessel Functions. The form of these integrals
has suggested the following formula for the product of two Bessel
Functions of the first kind:

Jm(x) Jn(y)
xm yn

— — ei0(m-n)l _ J—g Jm+n[^/{2 cos 6(x2 eie+y2e ~ie)}]d9,
IT J — STT & & ~\ y &

(vii)
where R (m + n) > — 1.

This can easily be verified by expanding the Bessel Function in
the integrand in a power series and integrating term by term, using
formula (i). If we replace x and y by ix and iy we deduce a similar
formula with Im(x), In(y), and Im + n in place of Jm (x), Jn(y),
and Jm + n.

1 This is a special case of an integral due to Gegenbauer. For references, see
Watson, Bessel Functions, p. 50.
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OK AN INTEGRAL DUE TO RAMANUJAN 29

To illustrate the usefulness of formula (vii), it will now be
applied to prove Sonine's formula1

r2\m - n - \
^ , • * < ' •

0 , r*> l ,

where R (m) > JR («-)•> — 1.

Consider the integral

where A > 0, a > 0, B (^) > 0 : it may be written

I = ±\ e-K{Gv{al)— e™ Ov {at e»)l - .

Now break this integral into two, and, in the first, swing the
path of integration through a positive right angle, in the second,
through a negative right angle. This gives, if R (/x — 2 v) > 0,

1 , • , v fx • - dt
TTl JO 'p-n+l

L e&rr (v - ft) + ipir C ei\t G " IS dt

TTl Jo

f00

- 4M)
JO
f00

e - »"w Kv
TTl JO

1 . , fx d<
wi Jo " t"

2 f°° d
= — sin {(l/x - c) 7T - Xt) Kv (at) —-

which holds for B (a) > 0, provided that B(X±ia)> 0.
Again, from (vii), if R (m) > 0, R (n) > — 1, R (m — ») > 0. and

Q s V {2 cos 0 (e»» + r2 e -'«)},

i - n - X

Tr + r2 e-«

provided that i? (A ± i Q) > 0.

Math. Ann., 16 (1880), 39.
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30 T. M. MACROBEKT

Hence, from (ix), if R(m) < 1,

JO pn-n-X

2 COS #

where

E (6) = - [ ' s in {(1 - m) n - Xt} Km+n (t Q ) - * — .
7T J() tm~ "—"! '

which holds if A ^> 0, since j amp Qj <;

Now let \ = 0; then,1 if .R (m) < 1,

2
si= - s in (mTr) ^ m + n (< Q ) - ^ —

77 J 0 f •»» - H - 1

Q m _ n _ 2 .

so that if I is the integral on the left hand side of (viii),

77 2« "» - l r (» l ) J-l,r

where i? (m) > 0, i2 (n) > — 1, R (m — n) > 0. The restriction i2 (wi) < 1
may now be removed, as the functions on both sides of the equation
are holomorphic in m.

We next replace 6 by \<$>, and get

j = r^ — (n +—^ ^ j ^ {m _ nj . ^ ^ , _ j , j , - ^ , 2 e - ii<p\ - n -1 (j,i

77 2»-»r(m)J-»-

r fir
eiHei<tJ V

w 2 » - » r ( m ) J _ T

?« T(n+ 1) f ( z + I ) 1 " - 1

J
where C is the unit circle described positively with the point — 1 as
initial point.

If r2 > 1 this contour can be contracted to a point, so that / has
the value zero. If r2 < 1, put z = £ — 1, and get

j . r" F ( n + 1) f £w_i r / _ / 1 _ r i » - , , - i d ^
~~ iir2m-n F (m) Jx)

where i) is the circle £ — 1 [ = 1, with the origin as initial point.

1 Gray, Mathews, and MacRobert, Bessel Functions, p, 66 (11).
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Now let £ = (1 — r2)z: then

in 2"'-nF (m) Jr *
where the contour F starts at the origin and passes in the positive
direction round the point 1.

But the value of the integral is 2i sin (n -\- \) TT B (m, — n).
Hence

= 2^ r "^"F (m ~^n)'
from which (viii) follows.

NOTE.—This method can be employed to establish Cauehy's.
Formula (i). For

(cos 0 ) M + " - 2 eid(/j.-v) d g

= — r — — I (2 + iy + y-2 z-" dz

sin771' „ TrFf^ + v — 1 )
- . f f (/* + v— 1, 1 — »>) = 2^+^-2

ADDENDUM (added 25th November 1929)
Formula for the product of two Hypergeometric Functions.

Formula (vii) is a simple case of the following formula for the
product of two hypergeometric functions of the same kind expressed
as a multiple integral of another hypergeometric function of the
same kind. If, following Barnes, we employ the notation

pFq{ar; ys ; x} = F (a1; a2, . . , ap ; yx, y2, . . , yq ; x),

where p — q <̂  1, then
/r

 r M r &) « F(y6. + § 5 - 1)
,x:t r (a, - /?,.) /=\ r(y , )r(8,)

o

X —1 ' 7 r (2cOS^i)7i + 8 , - 2 e ' 0 i ( 7 i - 3 i ) ^ 1 — j ^ (2 COS .̂2)T2 + «2- 2 c'

X 2;-Fg(a,. + |Sr ; ys +8S - 1; g), (x)
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32 T. M. MACROBERT

where

2 = n (2cos<£s) x { n (Ar)eiz<PsX + I I (1 -\r)e-i2*.y) ,
s=l y r=l r=l J

and B(ar)>0, R(j3r)>0, r = 1, 2, . . . . , p,
B(ys + hs)>\, s = 1, 2, , q,

one integral of the first type corresponding to each a, and one
of the second type to each y. When p = 0 and 5 = 1 the hyper-
geometric function can be expressed in terms of a Bessel Function,
and the formula reduces to (vii). When p = 1 and q = 0 the hyper-
geometric function becomes a binomial expression, and the formula
reduces to the known formula

B(m, n) (1 + x)~m(l + «/)""

= £ A"'-1(1--A)«-1{1 + A z + ( l -A)y} -» -»dA, . . . . ( x i )

where | x | < 1, | y \ < 1, R (m) > 0, R (n) > 0.
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