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ON THE EXTREME POINTS OF QUOTIENTS
OF L BY DOUGLAS ALGEBRAS

BY
WALEED DEEB AND RAHMAN YOUNIS

ABSTRACT. Let B be a Douglas algebra which admits best
approximation. It will be shown that the following are equivalent:
(1) The unit ball of (L*/B) has no extreme points; (2) For any
Blaschke product b with b ¢ B, there exists h € B such that ||b— h|| =
1 and h |z #0, where E is the essential set of B.

It will also be proven that if B> H”+ C and its essential set E
contains a closed Gg set, then the unit ball of (L</B) has no
extreme points. Many known results concerning this subject will
follow from these results.

1. Introduction. Let L™ denote the algebra of bounded measurable func-
tions on the unit circle T, and let H” denote the subalgebra of L™ consisting of
all bounded analytic functions in the open unit disk D. We identify L™ with
C(X), where X is the maximal ideal space of L” and C(X) is the space of
continuous functions on X. It is well known that H”+ C is the smallest closed
subalgebra of L™ which contains H”. A closed subalgebra B of L” which
contains H” is called a Douglas algebra. The reader is referred to [5] and [12]
for the theory of Douglas algebras and [4] for uniform algebras.

The object of this paper is to study the existence of extreme points of the
unit ball of L*/B, where B is a Douglas algebra. The paper contains new
results and new direct proofs for almost all known results.

If B is a Douglas algebra, we say that B is of type-R if the unit ball of L*/B
has no extreme points. The problem of characterizing type-R algebras gained
much attention recently. It was shown in [10] that H” is not of type-R, while
H*+C is of type-R as was shown in [1]. If E is a weak peak set for H, we
define He={fe L":f|_e H”|_}. This algebra is a Douglas algebra which is of
type-R if E is a peak set for H” [11], and is not of type-R if E is the support
of some representing measure for H” [8]. For F< T, let Lg={feL”:f is
continuous at each x € F}, then H”+ L% is a Douglas algebra [3], which is of
type-R if F is closed or open [15], [11].

A Douglas algebra B is said to admit a best approximation if for any fe L%,
there exists h € B such that dist(f, B) = inf, g ||f + gl| = ||f — hll, where || || denotes
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the L™ norm. The essential set E for B, is the smallest closed subset of M(L%)
such that every function f in L™ which vanishes on E belongs to B.

All the above mentioned algebras admit best approximation, so it seemed
that for one to study the type-R algebras one must assume that the algebra
admits best approximation. Recently, K. Izuchi [9] was able to free most
type-R algebras from this restriction, and showed for example that H”+ L. is
of type-R for any measurable subset F of T. He showed in the same paper that
if E is the essential set of a Douglas algebra B, then any one of the following
conditions implies that B is of type-R.

(1) B#H” and m(E)>0, where m is the lifting Lebesgue measure on T.

(2) B# H” and E contains a closed Gj subset of X, where X is the maximal

ideal space of L”.

The above mentioned papers failed to give a necessary and sufficient
condition for a Douglas algebra to be of type-R. In this paper we prove the
following results:

THEOREM 1. Let B be a Douglas algebra which admits best approximation.
Then the following are equivalent:
(a) The algebra B is of type-R,
(b) For any Blaschke product b with b¢ B, there exists he B such that
lb—hl|=1 and h(E)%#0, where E is the essential set of B.

ReEMARK. The implication from (b) to (a) does not need the assumption that
B admits best approximation. It would be interesting to know if one can get rid
of the assumption that B admits best approximation in Theorem 1.

THEOREM 2. If B2 H”+ C and its essential set E contains a peak set for L*,
then B is of type-R.

Our proof of this theorem is entirely different from the one given by K.
Izuchi in [9]. It is a direct proof and depends on a recent result by P. Gorkin
[6].

The largest C*-subalgebra of H*+ C will be denoted by QC. Thus QC =
(H”+C)N(H”+ C), where bar denotes complex conjugation. For € M(L%)
we let E, ={¢ € M(L"): ¢(q) = ¥(q) for all qe QC}. We call E,, the QC level
set corresponding to . For te€ M(QC) [the maximal ideal space of QC] we
also write E, ={¢ e M(L”): ¢(q) =t(q) for all g€ QC}. In this case we call E,
the QC level set corresponding to t.

Theorems 1 and 2 give most of the known results about the type-R algebras,
and produce new algebras of this kind.

Notations. Throughout this paper, X will denote the maximal ideal space of
L”. If a« €T, then X is the fiber of X over «. If B is a Douglas algebra then
M(B) denotes the maximal ideal space of B.

2. Type-R Algebras. In this section we establish the following result.

https://doi.org/10.4153/CMB-1984-083-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1984-083-0

1984] EXTREME POINTS OF QUOTIENTS 519

THEOREM 1. Let B be a Douglas algebra which admits best approximation.
Then the following are equivalent:

(a) B is of type-R;

(b) for every Blaschke product b, with b¢ B, there exists h € B such that
lb—h||=1 and h |g#0, where E is the essential set of B.

The proof requires the following result.

LemMA 1 [8, Theorem 1]. Suppose B is a Douglas algebra which admits best
approximation. For fe L™, ||f+ B||=1, the following are equivalent:

(a) f+ B is an extreme point of the unit ball of (L*/B);

(b) fl|g has a unique best approximation h in B |g, and |f |g +h|=1, where E
is the essential set of B.

Proof of Theorem 1. (a) => (b): Suppose that there exists a Blaschke product
b, b¢ B such that if he B with ||[b—h||=1, then h(E)=0. We claim that b |
admits a unique best approximation in B |z. Assuming the claim for a moment,
we get by Lemma 1 that b+ B is an extreme point of the unit ball of L=/B.
This contradiction shows that (a) implies (b). To prove the claim, suppose that
there exists hoe B such that dist(b |, B|.)=|b|. —ho.|=1 and hy| #0. Note
that dist(b, B)=1 implies that dist(h IE’ i.)=1[8, Corollary 1]. Let feL",
Ifl=1 and f=b—h, on E. Let h= f, then h| =ho . Since E is the
essential set of B, we get heB. Now lb—h|=|fl=1. Thus dist(b, B)=
||b— h||= 1. By assumption h(E) =0, hence ho(E) = 0. This contradiction proves
our claim and consequently ends the proof of (a) = (b).

(b) = (a): Let ge L~ such that ||g+ B||=1. Then there exists a sequence {g,}
in B such that ||g, + g|| = 1. By [13], there exists a Blaschke product b such that
bG,e H*+C for all n, where G, = g+g,. It is clear that b¢ B. By (b), there
exists h € B such that |[b—h|=1 and h|_#0. By [16, Proposition 2], E is the
closure of Uf{support of m:me M(B)\M(L*)}. Thus there exists me
M(B)\M(L") such that h |Suppm§é0 where supp m denotes the support of m.
Now |b—3h||=|pb+3(b—h)|=3+i=1. Let xo,esuppm such that h(x,)#0.
Since b(xo) —2h(xg) =3b(x0)+3(b(x0)— h(x,)), we see that b(xg)—3h(x,) is the
average of two unequal points b(x,) and b(x,)—h(x,) in the unit disk and so
|b(x0) —3h(x0)|<1. Define f on X by f(x)=1—|b(x)—3h(x)|. then fe L”, f=0
and f(x,)>0. There exists a clopen subset W of X such that x,e W,
WNsupp m# ¢, (X\W)Nsuppm# ¢ and a=min{f(x):xe W}>0. Clearly
f=a - xw, where xy is the characteristic function of W. Note that xw ¢ B, for if

Xw € B then )
J dom=J Xw dm =<j dom)

which contradicts the fact 0 <{ xw dm <1. To finish the proof of Theorem 1, it
is sufficient to show that ||g+a - xw+B||=1. Let F,=3hbG,. Then clearly
F, € B. Let £ >0 be given, then there exists an integer N such that |Gy||<1+e.
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Now
lg+a - xw+Bl=IGy*a - xw+Bl=|Gx*a - xw—Ful

5sug {Gn(x)—Fy(x)|+a - xw}
Ssug {IGn(x) — Fy(x)|+ f(x)}
=sup {11-3b()h(x)| | Gall+ f(x)}

=sup {|b(x)—3h(x)| (1+&)+f(x)}

=sup {Ib(x)=3h(0)|+ f(x) + €}

=1+e

Since ¢ is an arbitrary positive number, we get ||g+a - xw+ B||<=1 and this
ends the proof of Theorem 1.

COROLLARY 1 [9, Theorem 4.1]. Suppose B has the following two properties:

(a) B admits best approximation, and

(b) There exists a Blaschke product b, such that by¢B and
U{supp u, :|x(bo)| # 1 and x € M(B)} is dense in the essential set E of B, where
Wy IS the representing measure for x. Then B is not of type-R.

Proof. There exists a Blaschke product b such that bbie H*+C for all n
[13]. Let f, =bby then |f.|=1 on X. Now for x e M(B), |by(x)|# 1 we have
lx(b)| = |x(f,) - x(bY)|=|x(by)|" — 0, thus x(b) =0 and hence b¢ B. Let he B be
such that ||[b—h||=1, (such an h exists by (a)). We claim that h . =0, to prove
the claim we write 1= x(1—bh)={(1—>bh) du, =1, thus 1—bh =1 on supp w,,
8O M |gupp . =0 and so by (b) we get h |, =0, and that proves the claim. By
Theorem 1 we conclude that B is not of Type-R.

As an application for Corollary 1, let B be a Douglas algebra which admits
best approximation and let m be a representing measure for some x € M(B)
then E=suppm is the essential set of Bg, [Bg={feL”:f, e€B}]. There
exists a Blaschke product b such that x(b) =0, so we can apply Corollary 1 to
conclude that Bg is not of type-R. As a special case, Hg is not of type-R,
where E =supp u, and x € M(H™) [8]. Note that the algebra By admits best
approximation. This follows from the work in [14].

COROLLARY 2. Let B be of type-R algebra which admits best approximation. If
{f.} is a sequence in L™, then the algebra A = B[f, fs,...,fn-...] is of type-R.
In particular H[f1, f>, . . ., fa, - . .1 is of type-R if and only if f;¢ H” for some i.

Proof. By [16, Theorem 2], the essential set E of A is the essential set of B. If
b is a Blaschke product such that b¢ A then b¢ B. Since B is of type-R, then
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there exists h € B such that [[b—h||=1, h|_#0. By Theorem 1 we get A is of
type-R.

CoRroLLARY 3. Let A be a Douglas algebra which admits best approximation.
Suppose A =(\iL; A; where A, is a Douglas algebra for all i. If A is of type-R
then A, is of type-R for some n, l=n=<N.

Proof. Let E be the essential set of A and E; be the essential set of A,
1=i=N. We claim that E =|J{_, E,. Clearly U, E; < E. Now suppose fe L~
such that f(UL, E)=0. Then f(E;)=0, for all 1<i=<n hence fe A, for all
1=i=n and so fe A. We conclude that E<UE; from the definition of the
essential set. Suppose that A; is not of type-R, for all 1=<i=N. Then there
exist Blaschke products b; such that b,¢ A, with the property that if h; € A,
b — hil|=1 then h;|g, =0. Let b =II}_, b, then b¢ A. Since A is of type-R then
by Theorem 1, there exists he A such that |b—h||=1 and h |z#0. Since
EcUL, E, then h |g #0 for some n, 1 =n=<N. Thus

N N

“&—H bhl|=1 and (II b,h)' 0.
i=1 i=1 E,
i¥*n iFn

This contradiction ends the proof of Corollary 3.

ReMARK. The above Corollary is not true if A is an arbitrary intersection of
Douglas algebras. For example, let {S,} be the family of support sets for
representing measures for H”+ C, then H*+C=(), Hs H”+ C is of type-R,
while Hg is not of type-R for every a.

3. A Class Of Type-R Algebras. In this section we give a direct and short
proof of Theorem 2 [9, Theorem 3], which together with Theorem 1 covers
most of the known type-R algebras.

TaEOREM 2. If B2 H™+C is a Douglas algebra and its essential set E
contains a peak set K for L™, then B is of type-R.
Our proof of Theorem 2 requires the following result.

LemMma 2 [6, Theorem 2.13]. Let F be a non-empty clopen subset of X,,. Then
F contains a non-trivial QC level set.

Proof of Theorem 2. Let b be a Blaschke product such that b¢ B. Let
KNX,#¢ for some aecT, and pick x,e KNX, The set G=
{x e X:b(x)=b(x,)} is a peak set for H” with peaking function b(x,)/(2b(x,)—
b). Thus the set L=GNKNX, is a non-empty peak set for L”. Let f be a
peaking function for L. By [7, p.171], f assumes 1 on a non empty clopen
subset F of X,,. Since fis 1 on L only, we get F< L. By Lemma 2 there exists a
non-trivial QC level set E, such that E, < F. Thus b lEm: b(x,). By [2], there
exists an open subset V of M(QC) with b | E,, constant for each t€ V. Let g, be
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a QC function with q,(t,)=1 and q,(t)=0 for all t€ M(QC)\V and 0=q,;=1.
Let h = bq;. Then clearly he QC and h [, #0. Now, 1=[lb—h|=<[b(1-q))|=
It —qi|=1. Thus ||b — h||=1. By Theorem 1, we get that B is of type-R. This
ends the proof of Theorem 2.

From Theorem 2, we get the following known results:

CorOLLARY 4. If B=H”"+ L%, F is a measurable subset of T then B is of
type-R.

CoroOLLARY 5. If B is a Douglas algebra such that m(I')>0, where T is the
essential set of B, then B is of type-R.

Proof. Since m(T')>0 then by [4, page 18] there exists a non-empty clopen
set W in M(L*) such that W<cT. Since W is a closed Gs-set, by Theorem 2 we
get B is of type-R.

Finally, we end the paper with the following question: Does there exist a
maximal antisymmetric set E for H”+ C such that Hg is of type-R?
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