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MONOMIAL REPRESENTATIONS

AND METABELIAN GROUPS^

B.G. BASMAJI

1. Introduction. In this paper we develop a method to find all the

irreducible and inequivalent representations over the complex field C of a

family of finite groups that includes the metabelian groups. The outline

of the paper is as follows: In §2 we let P be a one-dimensional representa-

tion of a subgroup H of a finite group G and find a maximal subgroup K,

Hc K c G , such that an extension P of P to K exists. We show that the

induced representation PG is irreducible if K is normal in G. In §3 we

give all the irreducible and inequivalent representations of the "generalized

metabelian group" G, and in particular of the metabelian group, and

decompose the group ring CG into its simple components. The convenience

of this method is shown in §4 where we determine the representations of

the metacyclic group and a metabelian group of order 2sp2, p an odd prime

and s\p — l. The algorithm in §5 is supplementary and can be used to

find representations of more general groups than the two in §4.

In this paper we make use of theorems 45. 2 and 45. 6 of Curtis-Reiner

[3, §45], in the special case (due to Shoda [6]) where L, L19 L2 afford one-

dimensional representations.

2. Induced representations. Let G be a finite group and H, D,

and K be subgroups of G such that G Ώ KΏ H Ώ D with the following con-

ditions :

(i) D is normal in H and HID is cyclic.

(ii) K' Π H £ D where K' is the commutator group of K.
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(iii) K is maximal in the sense that if Kx Ώ K and K[ Π H <Ξ D, then

Kx = K.

(iv) K is normal in G.

Let H and D be fixed. Then K depends on H and D. Sometimes,

where confusion is likely to occur, we let K— K{H,D). Note that we can

always find a K with conditions (ii) and (iii), but not necessarily with con-

ditions (ii), (iii), and (iv).

Now let A={H,K'} and B={D,K'}. Then if H=D + aD+- -+a-1D,

we may set A = B + aB+' '+as"1B. Since K/A is abelian we let zxA,

z2A, , znA be a basis for KjA. Then for each zt there exists a smallest

positive integer tι such that zh e A.

Let f be a primitive s-th root of unity and P be a one-dimensional

representation of A with kernel B such that P(#) = ζ. There exist φ{s) =

φ([H: 1]) distinct such representations of A with kernel B. Let θi9 i = 1,

• , n, be a solution of

0** = p(z*ii).

Each & e ϋΓ is uniquely expressed as k = z^ »̂Λ, έ £ i , 0 < e% < ί< — 1.

Set

Then P is a one-dimensional representation of K and is afforded by the

minimal left ideal (CK)e where e is given by

ke-K

For each P there exist [K: 4̂] distinct such extensions P.

For a? G G, the left ideal (CK)eχ9 where

P(x~1k-Ix)k,

affords the representation P^ where PJJc) = P{x~ιkx) for all k<^ K. We call

P and Px G-conjugate representations and e and ex G-conjugate idempo-

tents.

Let R(H, D, K) be the set of all representations P for every possible P

with kernel D and their G-conjugates and I(H, D, K) be the set of all idem-

potents e and their G-conjugates. Note that K' Π x"ιHx C x~ιDx for all
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x e G and is maximal in the sense that KΏ x~ιHx and K'Γ\ x^

Hence R(x~ιHx9 x~ιDx, K) = R{H,D,K) and I(x~ιHx9 x~ιDx, K) = I(H, D9 K).

LEMMA, (a) If P^ R(H, D, K)9 then PG is an irreducible representation of

G afforded by the minimal left ideal (CG)e of CG. Moreover (CG)e is a direct

summand of the simple component {CG)e of CG where e is the sum of the distinct

G-conjugates of e.

(b) If P and Pr are in R{H, D, K), then PG and P'G are equivalent if and

only if P and P' are G-conjugate.

(c) Assume that H is normal in G, D is not conjugate to D^QH), P e R{H, D, K)

and Px e R(H, Dv K^, where Kx is similarly defined. Then PG and Pf are inequiva-

lenL

Proof (a) Let x φ K and assume that P{k) = P{x~ιkx) for all k e K.

Then k~lx~lkx is in the kernel D of P. Let Kx= {K,x}, then K[ ς 5 ,

But D Π H= D or Kλ^ KΏ H and K[ Π H c D, Ά contradiction since K is

maximal. Hence P(k) ¥= Pix^kx) for at least one & e K. From [3, (45. 2)],

PG is irreducible. Now PG is of degree [G: ϋΓ]. Let XG be the character

of PG then χσ(flf) = 0 for all g $ K and XG(k) = Σ ^(fc) where x runs over

a complete set of coset representatives of K by G. The central idempotent

e is given by

e = [G:

Hence it can be easily shown that e = J]ex where x runs over a complete

set of coset representatives of G by if. For x&K, we have 2 P{k~ι) P{x~ιkx)

= 0, and hence ^ ^ = 0. Hence (CG)£ is the direct sum of the [G: if] left

ideals (CG)ex or each (CG)ex is a minimal left ideal and (CG)e affords PG.

Parts (b) and (c) follow using (a) above and [3, (45. 6)] which com-

pletes the proof.

Let RC{H,D,K) and IC{H,D,K) be complete sets of representatives of

the conjugate classes of R(H,D,K) and I(H,D9K) respectively. From the

above lemma any two elements of RC{H, D, K) induce inequivalent represen-

tations of G and any element of R{H, D, K) induces a representation equiva-

lent to some representation induced by an element of RC{H,D,K). Let H

be normal in G and v(D) = [G: NG(D)]. Then the number of elements of

RC(H,D,K) is
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v(D)φ([H:D-])[K:A]l[G:Kl

In case K' Q D we have A = H.

3. The generalized metabelian groups. We first give a

DEFINITION. A finite group G is called a generalized metabelian group if

G has a normal (invariant) series E — Λo ^ Λx £ £ ^4Λ+1 = G, where

£ = {1}, satisfying the following conditions:

(i) AJAi-! is abelian for f = 1, 2, , w + 1.

(ii) For any subgroup A of G such that A^^D^Ai when 1< / < n—1

and Λ ^ c ^ c ^ , with Λ/A cyclic, there exists a subgroup K^KiA^D^ΏAi

of G such that ϋί< c £>. and Kt satisfies (iii) and (iv) of §2.

Using the derived series, E = G" <^G' c G, of a finite metabelian group

G, we can easily show that G is a generalized metabelian group. We give

an example of a group G which is not metabelian but is generalized

metabelian. In Blackburn [2], the existence of a p-group {p odd) G={x, y, z}

whose derived group G = {a, ft} is metacyclic is proved. The defining

relations of a special case is as follows:

with x-'y-'xy = [α, 2/] = «, [2/, 2] = 6, [α, 2] = a\ [b, z\ = δ2 p, [β, 2/] = ^p, [6, x]=

a~pbp2, [a, b~\ = bp2, and [ft, 2/] = [a, 2c] = [2:, a;] = 1. The derived series of G is

{1} c {ftp2} c {«, ft} c G. Condition (i) in the definition is trivially satisfied.

Let K= {a,bp,x,yp\zp}. Then iΓ is normal in G, K' = {1}, i Γ n G " = { l } ,

and A" is maximal in the sense that KΏ G" and K' Π G"<^D={1}. Hence

(ii) of the definition above is satisfied for {1} ς D ξ {bp2}. The proof for

the remaining cases follows since G/{ftp2} is metabelian. Hence G is a gene-

ralized metabelian group.

Let D19 , Dt form the set of all subgroups of a finite abelian group

A such that AjDt is cyclic. Then, from the self-duality of A, all the cyclic

subgroups of A are C19 , Ct with Ct = A/Di9 i = 1, , t. If T̂  is the
t

set of generators of Cί9 then the set theoritic union [J Ti = A and there-
t = l

fore
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Using the above result and the notations of the definition we prove,

T H E O R E M . Let G be a generalized metabelian group with the normal series

given as in the above definition. Then all the irreducible inequivalent representations

of G are given by the set of all PG with P e U {{Jw Rc{Ai9 Di9 ϋ Q } and the union
i = l

U ( ί ) is over all Di which are non-conjugate in G.

Proof Applying the Lemma PG is irreducible and any PG and P'G,

with PψP'9 are inequivalent. The number of elements of Rc(Ai9 Di9 ϋQ is

viDiMlAti DJ)^: AMG: KJ.

Each PG for P ε Rc(Ai9Di9K%) is of degree [G: KJ. Hence multiplying the

above number by [G: ϋQ]2 and summing over all possible D^s given in the

definition we have for i = 1, 2, , n — 1

= ([A,: Λ-i] - 1) [G: AJ = [G: Λ ^ ] - [G: AJ,

where the first summation ΣΓ is over all non-conjugate D/s such that

Ai.ι e J94 e 4̂̂ , AJA cyclic, and the second summation Σ is over all D/s

such that Ai-1 Q Dt^ At and AJDi cyclic. For i = n the sum is [G: AJ.

Hence adding all the above quantities for 1 < i < n we get [G: 1], the order

of G. This completes the proof.

COROLLARY. Let G be as in the above theorem. Then CG = Σj(CG)e is a

decomposition of CG as a direct sum of its minimal left ideals where e runs over all
n

elements of the set U {[JωI{Aί9 Di9 iζ)} where the union u ( ί ) is over all Dί9 for
i = l

fixed i9 which are non-conjugate in G.

Using the lemma, we may set e as the sum of distinct conjugates of

e9 and hence we have CG = Σl{CG)e9 a decomposition of CG into its simple

components.

COROLLARY. Let G be a finite metabelian group, A a normal abelian sub-

group, and G\A abelian. Then all the irreducible inequivalent representations of G

are given by the set of all PG where P e U RC(A9 D9 K) and the union is taken over

all non-conjugate subgroups D of A such that A/D is cyclic.

The above result for the case where G splits over A was proved by

Berman [1],
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COROLLARY. Every irreducible representation of a generalized metabelian group

G is equivalent to a monomial representation.

Another proof for the above corollary for the case where G is meta-

belian is given in [3, §52]. Still another proof can be given by applying

a result on faithful representations of metabelian groups proved by Shoda

[6], which was also differently proved by Itό [4], Below we generalize this

result of Shoda to the generalized metabelian group.

COROLLARY. Let G be a generalized metabelian group with the normal series

as in the definition and assume G has an irreducible faithful representation. Then

all the irreducible faithful representations S of G have the same degree d, and all

the maximal abelian subgroups K, containing A19 which are normal in G have the

same index t, and t — d. Moreover S is equivalent to an induced representation

PG where P is some one-dimensional representation of any K.

Proof From the theorem, the faithfulness of S implies that there exists

a subgroup D19ΛJDι is cyclic and ίl a ; " ^ = (1). Hence K=K(Al9Dύ

is abelian and the result follows.

4. Applications. The methods of the previous two sections are used

to find all the representations of the groups below. The symbols P, P, D,

K, e, and e have the same meanings as before and sometimes a subscript

is added whenever confusion is likely to occur. To avoid repetition the

calculations are omitted.

(i) Representations of the metacyclic group. This is also done by Munk-

holm [5].

Let G be a metacyclic group with the defining relations

an = bn = l, a* = b\ b'ιάb = ar

where t\m and kr — k^r* — 1=0 (modw). Consider the normal series {l}Q{<z}

^{a,b}=G and let D9 = {cf}, s\n. Then Ks = K{{a], Ds) = {a,bts} where

ts is the smallest positive integer such that rts=l (mods). Let Ms be the

multiplicative group of the reduced residues modulo s and consider Rs={r]

as a subgroup of Ms. Let ζs be a primitive 5-th root of unity, Ps(a) = ζy

s,

{y, s) = 1, and θψ, i = 1, , t/ti9 set of all solutions of θt/ts = f J*. "Also,

let Ps{a) = Ps(a) and P${bts) = 0?\ Then all the irreducible inequivalent

representations of G are PG

S where 5 runs over all divisors of n, y runs over
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a complete set of coset representatives of Ms by Rs and i = 1, , tjts.

Also, we have

e9 = eT = tl(ntSllt/tiϊ\?'a WYβ<fbuίi

9 and ^ = Σ W ^ > .
α=0 β=0 j=0

(ii) Representations of a group of order 2sp2. Let p be an odd prime,

(r,p) = l, r ^ l ( m o d p ) , and s the smallest positive integer such that

r * Ξ i (modp). Let G = {a,b9x,y} be the group with the following defining

relations:

ap = bp = xs = y2 = a'ιb'ιάb = x~ιy-ιxy = 1

O Γ 1 ^ = ar, x~ιbx = br, y~xay = b, and t/"^2/ = a-

Then G' = {«, b] and G" = {1}. Let ζ be a primitive p-th root of unity.

We list below a complete set of non-conjugate subgroups D, G'\D cyclic,

and for each D we find the corresponding P9 e, and e.

(1) D= {b}9 D= {ba*}, i = 1,2, , ( p - l ) / 2 - l where g is a primitive

root mod p. Here K= K{G',D) = Gr and P(a) = ζ\ (t,φ) = 1, and P(d) = l

for d e JD. The {p~l)js irreducible inequivalent representations P G of deg-

ree 2s are given by letting t run over a complete set of coset representa-

tives of Mp = {g} by Rp = {r}. The idempotents corresponding to Dί = {b]

and D2 = {bagi} are

eί = eϊ>(a,b) = p-*PΣ ^Σ ξ*- ί α ^^ and e2 = ei

2

n{a,b) = p-*:jt ^ Σ ? w < χ - ^ Λ ^ ,

s-1

respectively and eά = Σ [̂ /^^ («, ft) + eftrk\b,a)\ j = 1,2.
fc=0

(2) Z>={α^} where 5 is odd. Here K=G', P(a) = ζ* and P(ab) = 1

where {t,p) = l. The (p—l)/2s irreducible inequivalent representations PG

of degree 2s are given by letting t run over a complete set of coset repre-

sentatives of Mp by R1 = {—r}. Here

e = and £ = S

(3) D={ab] where s is even. Here K= [Gf, yx3'2}, P(a) = ζt and

P{ab) = 1 where (t,p) = 1. We have P^h) = P(A) for h e Gr and Piiyx8/2) =

(—1)% f = 1,2. The {p — l)ls irreducible inequivalent representations P σ ,
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i = 1,2, of degree s are given by letting t run over a complete set of coset

representatives of Mp = {g} by Rp — {r}. Also

e. = *«> = /2] and e, =

(4) Z> = {tfZr1}. Exactly as (3) with y exchanged for yxs/\ P(ab'ί) = l

for P(ab) = l9 and £-'(•+*) for ?'(*—>.

(5) D=G'. K=G and we get 25 one-dimensional representations of

G.

5. Cyclic factor groups. I n this section we give an algorithm to

find all the subgroups D of a finite abelian group A, with Ά/D cyclic.

Clearly we only need to give this for the case where A is an abelian p-

group.

ALGORITHM. Let A = {a19 , an} be an abelian p-group of type

(«!, , an), 1 < ax < < an9 af* = 1. Let B = {a19 , an^} and as-

sume D is a subgroup of B such that £/Z) is cyclic of order p α , 0 < a < αΛ_! < an,

and set

^ = D+aD+ +^ot-1D.

If a — an then all the distinct subgroups D of A such that A/5 is cyclic

and B Π D = £> are given by 5 = {tfTOβ*, Z)}, λ; = 0,1, , p α — 1, and we

may set A = D + aD + + a^~ιD.

If α < tfre then, in addition to the subgroups D above, we have

D = {alσka, D], σ = 1, • • • , « „ - « , 1 < ft < p*, (fe p) = 1, and we may set

A = 5 + «n5 + . + a^a~lD.

Proof. Since D = D Γ) B, the smallest positive power of « in 5 is αp0C.

If d e D then ί/ = a%ayd', d' G Z). If p/ίc, for some a, then it can be

shown that D — {ana
k,D}. If p\x for every x, then p/t/ for some y and

α < an. The results follow after some calculations. Note that when D

runs over all subgroups of B, BjD cyclic, D runs over all subgroups of A9

AID cyclic.
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