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Introduction

Let Z(G) denote the lattice of all subgroups of a group G. By an
P-isomorphism (lattice isomorphism) of G onto a group H, we mean an
isomorphism of £(G) onto Z(H). By an A #-isomorphism (normaliser
preserving £-isomorphism) of G onto H, we mean an #-isomorphism ¢ such
that A" (4%) = A" (4)¢ for all 4 € £(G). In this paper, we study certain
properties of groups which remain invariant under #".#-isomorphisms.

In § 1, we show that 4 #-isomorphisms can be characterised both
as commutator preserving F-isomorphisms and as mized commutator preserving
Z-isomorphisms, This result is closely related to recent work of Spring [11]
on .#-isomorphisms between finite p-groups of exponent . Spring proved,
amongst other things, that every #-isomorphism between such groups is
an A #-isomorphism and that #-isomorphic k-generator p-groups of
exponent ¢ and class 2 are necessarily isomorphic if 2 < 4. We give a simple
derivation of Spring’s first result and of an analogous one of Pekelis {7]
for locally nilpotent, torsion-free groups.

Rottlander [9] has given an example of an A" #-isomorphism between
non-isomorphic finite groups of the same order. In § 2, we give examples
of the same phenomenon between finite p-groups?! (p > 2). The groups
in the simplest examples are of order $4%, exponent $? and class 3 (p > 3),
and there are somewhat more complicated examples in which the groups
have exponent p (p > 5).

Theorem 2 (§ 4) deals with the effect of an A ¥-isomorphism
¢ : Z(G) - L (H) on the central sections of G. (A section of G means a
factor group A/B, where B 9 A < G. The section is called central if B4 G
and A/B < Z(G/B).) A typical case of the theorem states that if the
restriction of ¢ to the factor commutator group G/G' is induced by an

! It may be mentioned that the well known Z-isomorphisms between non-isomorphic
modular p-groups are not A £-isomorphisms. Indeed, it can be deduced from Iwasawa’s
work ([4], [5]) that .# #-isomorphic locally finite, modular p-groups (and in particular
Z-isomorphic abelian p-groups) are necessarily isomorphic.
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isomorphism, then the same is true for the restriction of ¢ to every factor
group G, /G4y of the descending central series. The proof uses the calculus
of commutators and a general lemma (lemma 2, § 3) about muitilinear
mappings. This lemma is a wide generalisation of the fact that bilinear
forms f{z, ), g(=, y) which vanish for the same pairs of vectors z, y are
scalar multiples of one another.

Theorem 2 is applied to prove that, in certain cases, A" #-isomorphic
groups must be isomorphic. Theorem 3 affirms 2 that this is so when the
groups belong to a nilpotent variety ¥ and one of them is an almost free
group of V. Here, an almost free group of ¥V means a factor group F/M,
where F is a free group of V and M is properly contained in the penultimate
member of the descending central series of F.

A consequence of theorem 3 is that (contrary to Spring’s ? assertion)
Z-isomorphic k-generator p-groups of exponent p and class 2 are necessarily
isomorphic, whatever the value of k. The examples cited above show that
this result does not generalise to groups of exponent $ and class > 2.

Because of the analogy between commutators in nilpotent groups and
products in nilpotent Lie algebras$, analogous theorems about lattice
isomorphisms between nilpotent Lie algebras are to be expected. Let F
be a commutative ring with 1 and L a Lie algebra over #. We denote by
Z(L) the lattice of subalgebras of L. By an #-isomorphism of L onto
a Lie algebra M over the same ring F, we mean an isomorphism of Z(L)
onto £ (M). We shall merely state the principal results for Lie algebras
during the course of the paper, indicating points at which the proofs differ
significantly from those for groups.

Notation. Let z, y, x,, @,, - - - be elements of a group G. {x,, %;, ")
denotes the subgroup generated by z,, x,, - - -. [%,, z,, * * -, %,,] is the simple
n-fold commutator defined inductively by: [z, y] =2 "y y, (2, - - -, %, =
[[xp Y xn—l]» xn] (n‘ 2 3)'

Let X, Y, X,, X,, - be subgroups of G. X <Y (X 9Y) means
that X is a subgroup (normal subgroup) of Y; X < Y (X < Y) excludes
equality. A ¢(X) (or #°(X) if no confusion can arise) is the normaliser of
X inG. (X;, X,,-++> or X; u X, U--- denotes the subgroup generated
by X, X,, . [X,,X,,---, X,] is the simple n-fold commutator
defined inductively by: [X, Y] = ([, y]lze X, yeY), [X;, - X,]=
[[Xlt Yy Xn—l]! Xﬂ] (” g 3)‘

G =Gy = Gy = - - - denotes the descending central series of G.
G' = Gy = [G, G] is the commutator group of G. ®(G) is the Frattini

* A similar result for free polynilpotent groups has been given by Smel'kin [10] (theorem
10).

3 Spring [11] cites a 5-generator counterexample without carrying through the proof.

¢ See G. Higman (3], M. Lazard [6].
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subgroup, Z(G) the centre, of G. G™ denotes the subgroup generated by
the m-th powers of the elements of G.

Homomorphisms ¢, p -+ - of groups or lattices will be written ex-
ponentially: z%¥ = (z%)¥. If ¢ : G — H is a (group) epimorphism and B/4
a section of G, the equations (z4)¢" = (vA4)¢ (z € B) define an epimorphism
¢’ : B][A — B?|A%; similarly, if y is an 4 #-isomorphism of F onto H,
the equations (X/A)¥ = X¥/AY (X|A e £(B|A)) define an A P-iso-
morphism vy’ of B/A onto B¥/AY. 1t is convenient to call ¢', ¢’ the restrictions
of ¢, p to BJA. We say that an F-isomorphism ¢ of G onto H is induced
by an isomorphism if there exists a group isomorphism ¢ : G - H such
that X¢ = X¥ whenever X € Z(G).

1. ##-isomorphisms

An Z-isomorphism ¢ : £ (G) - L(H) is called

(a) normaliser preserving if A (4)? = A" (4¢) for all 4 =G,

(b) commutator preserving if (4')* = (4¢)’ for all 4 <G,

(¢} mixed commutator preserving if [A4, B]® = (A%, B?] for all
A,B<G.

THEOREM 1. The properties (a), (b), (¢) of an L-isomorphism are all
equivalent.

Proor. (a)= (b). If A’ < B<A4 <G, then #(B) =4 and so
A (B)? = ¥ (B)* = A®%. Thus every subgroup of A%/(A’)¢ is normal
Hence A%/(A’)? is abelian, or A%/(A’)¢ has a subgroup isomorphic to the
quaternion group, which is impossible since the latter is not #-isomorphic
to an abelian group. Therefore (4°)¢ = (4¢)’. Similarly

((49))7 = (4%7) = 4",
and so, by applying ¢ to this we have (4¢)’ = (4’)%. Hence (4')* = (49)".
(b} = (c). Since
[A,B] = U{[X,Y]| X £4,Y £ B, X, Y cyclic},

it is sufficient to consider the case 4, B cyclic. But if 4, B are cyclic, the
formula

g2}, yrla* = [+, yt](a®, y]

shows that [4, B] 9 4 U B and thus that [4, B] = (4 u B)".
(c) = (a). B <#(4) if and only if [4, B] < 4.

COROLLARY 1. A" L-isomorphisms preserve central and derived series (and
thus solubility, derived length, wilpotency, class of milpotency, elc.).
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The next corollary is a known result, due to Pekelis [7] in the torsion-
free case and to Spring [11] in the prime exponent case. Our theorem gives
a simple unified proof.

COROLLARY 2. Let G be a locally nilpotent group, and ¢ an L-isomorphism
of G onto a group H. If

(L1) either (a) G is torsion-free
) or (b} G has prime exponent p and is non-abelian
then ¢ is an N ZL-isomorphism.

Proor. By the proof of the theorem, it is sufficient to show that
(M')® = (M*?)' for each 2-generator subgroup M of G. Notice that M is
nilpotent. Set N = M?.

Suppose first that G has exponent p. Then M is a finite p-group.
Hence, if M is non-abelian, N must be a p-group (Suzuki [12], thm. 12,
p. 12). The same conclusion holds when M is abelian for M is contained
in a non-abelian finitely generated subgroup of G. It is clear that N is
finite and has exponent p. Hence (M')¢ = (@(M))? = @(N) = N".

Suppose secondly that G is torsion-free. Then H is torsion-free.
A torsion-free group is abelian if and only if its subgroup lattice is
modular (Suzuki [12], prop. 1.12, p. 19). Thus Z(M)¢ = Z(N). Let
1< Z (M) <+ < Z (M) =M be the ascending central series of M,
Since the factor groups M|Z,(M) are torsion-free the same argument
shows that 2, (M)¢ = 2 (N) for all i. In particular, N = Z,(N) whence
H is nilpotent.

If M is abelian, then N is also abelian because Z'(M) = Z(N); in
this case, (M')? = N’ = 1. If M is non-abelian, then M[Z,_,(M) is also
non-abelian and so M/Z,_, (M) is not cyclic. On the other hand, M/Z,_;(M)
is torsion-free and a homomorphic image of the 2-generator group M/M’.
Hence M’ = Z,_,(M). Similarly N’ = Z,_,(N). Hence (M')¢ =N’, as
required.

The following inductive principle is useful for the construction of
N Z-isomorphisms.

LEMMA 1. Let G, H be finite® groups and o a mapping of L(G) into
ZL(H). Then o is an N L-isomorphism if and only if

(i) « maps the interval of £ (G) with end points D(G), G lattice-isomor-
phically onto the interval of £ (H) with end points O(H), H;

(ii) for each maximal subgroup M of G, the restriction of « to £ (M)
is an A" L-isomorphism of M onto M*;

(iii) (G')*=H".

¥ Itis sufficient to assume that each subgroup of G, H is contained in a maximal subgroup.
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ProoF. The conditions are clearly necessary. Let us prove that they
are sufficient.

(a) a is surjective. Let A e L (H). If A = H, then A = G* by (i).
If A < H, let B be a maximal subgroup of H containing 4. By (i), B = C*
for some maximal subgroup C of G. Then, by (ii), 4 = D* for some
DeZ(C).

(b) « s imjective. Suppose A* == B*, where 4, B e % (G). We may
assume that 4 << G. Let C be a maximal subgroup of G containing A.
By (ii) and (i}, 4* £ C* < G* = H. Since B* = A% B < G. Let D be a
maximal subgroup of G containing B. By (ii), B* =< D% so that
B*<C*n D By (i), C*n D*= (C ~n D)* and so B* < (C n D)*. By
(ii) (applied to £ (D)), B = C n D. By (ii) (applied to Z(C)), B = 4.

(c) a s an L-isomorphism. It is sufficient to show that 4 £ B« 4% < B*
for A, B e Z(G). Since «™! exists (by (a), (b)) and clearly satisfies the
conditions of the theorem, it is sufficient to show that 4 < B = 4% < B=.
If B =G, then 4* < H = B If B < G, let C be a maximal subgroup of
G containing B. Then 4* < B* by (ii) applied to Z(C).

(d) « is an A F-isomorphism. By theorem 1, it suffices to prove that
(A)* = (4*)" for A e Z(G). If A = G, this follows from (iii). If 4 <G,
let B be a maximal subgroup of G containing 4. Then (4')* = (4%)’ by
theorem 1 and (i) applied to Z(B).

The following is the analogue of theorem 1 for Lie algebras.

THEOREM ', Let L, M be Lie algebras over the same principal domain
R. Let ¢ : L(L) - L (M) be an isomorphism of the lattice (L) of all sub-
algebras of L onto L (M). Then the following are equivalent:

(a) N (A)® = AN (A%) for all subalgebras A < L,

(b) (4')* = (4%) for all A < L.

Proor. (a) = (b). This follows as in theorem 1 once we have proved:
if every subalgebra of L is an ideal, then L is abelian.

To prove this, let a,beL. Then 4, b belong to an R-submodule
Rz, ® Rz, ® - -+ ® Rx,. Each Rz, is a subalgebra of L and is therefore
an ideal. For ¢ # 4, z,x,e Rz, n Rx, = 0. Thus

(alxl_’_ T +¢l,,x,,) (ﬂlx1+ e +ﬁnxn) =0 for all %) ﬂi € R

and in particular, ab = 0.
(b) = (a). This is obvious because, for 4 < L, z€eL,

Rr <A (d)< (Rzu A) < A.

COROLLARY 1'. N F-isomorphisms of Lie algebras preserve central and
derived series.
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COoROLLARY 2'. Let L, M be nilpotent Lie algebras over a field. Then
every PL-isomorphism ¢ : L (L) > L (M) is &/ L.

There is no equivalent for Lie algebras of part (c} of theorem 1, for
(Rz u Ry)’ does not in general coincide with Ry (z, y € L). In corollary 2’,
it is essential to assume both algebras nilpotent, as it is possible for a nil-
potent algebra to be #-isomorphic to a non-nilpotent algebra (for example,
the two 2-dimensional Lie algebras are .#-isomorphic).

2. /" ¥-isomorphisms between non-isomorphic p-groups

Let 4 be a prime > 2. We give examples of 4% -isomorphisms between
non-isomorphic finite p-groups. By means of Lazard’s theory [6], these
examples can be turned into examples of the same phenomenon for Lie
rings; and when the groups have exponent p the Lie rings become Lie
algebras over the field of p elements.

Wiman [13] and Blackburn® [2] have determined those p-groups of
maximal class ? which contain an abelian subgroup of index $. Such a
group G, of order p™ (n = 3), is isomorphic to an abstract group 4,(y, )
defined by generators s, s,, s,, * - - and relations

[8¢, 8] = 844 C2L s, =Spy="""=1),
(56,85 =1, t.iz21),
(2.1) sP = Si_l.
o= L,
3?3&)1 T Spp =1 (¢ =2).

Set B, (y) = 4,(y,0). Then B,(y) = B,(y") if and only if the congruence
yz"? = 3’ (mod $) has a solution =£ 0 (mod $) (Blackburn, Lc.). On the
other hand, we now prove that if (a) yy' 3£ 0 (mod p) and (b) when p = n—1,
(y—1)(y'—1)=£0 (mod p), then there exists an N L-isomorphism of B,(y)
onto B, (y').

Since the result is trivial for n = 3, we assume #n = 4. Let s, s, - *
and ', s, - - - be the generators of G = B, (y) and H = B, (y’) respectively.
Choose an integer & such that y = &y’ (mod p). Then the maximal sub-
groups of G, H are

Gy = (587, 8, * %, Sy 0 <A< p),
Gp — <31, 32’ LN S”_1>,
and

* The reader is referred to section 4 of Blackburn’'s paper for the properties of maximal
class groups used here.

? The idea of looking at maximal class groups for examples was suggested to us by
J. L. Alperin.
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Hy = <s'si™, 85,00 500D 0=<i<p),
H, =<8y, 85, Sny)-

For A < p, the generators ¢ = ss, 0, = s,,°* ", 6,3 = S,y Of Gy,
’ f 4 .
and the generators o’ = s's*, o] = s;, * + *, 0y = 5,_; of H,, satisfy the

defining relations for A4,_,(0, 2y). Hence there is an isomorphism
«'/\:G/\'»HA (0§A<ﬁ)

such that (ss})** = s'sf*, s =5s] 2 <i<n—-1).

G, is an abelian group whose defining relations are the last two
lines of (2.1). H, is an abelian group with the same defining relations,
except that y' replaces y. We show that H, = (s}, sp* - *, Sn_,), Where

(s¥)ps® ... s, = s,¥,. It will follow that there is an isomorphism
a,:G, > H,

such that s}» = s}, sPr =5, (2 =<7 < n—1).

For p > n—1, the defining relations of H, reduce to si = s,
si? =1 (¢ = 2). In this case we may take s} = s}, since s}* = s}*? = s} =
s;ly. For p =n—1, the defining relations are the same, except that
s = 377, A similar choice of s¥ is possible by our assumption (b).
Finally, if p <#—1, then s;?,s%)  ---s?, — /7% so that s, , = o?,
where o€ (s, *, $p_;>. We may therefore take s} = sjo?~7".

We now define a mapping « : £(G) - £ (H) by:

G* = H,
K=K if K <G, O<p<p).

Since the isomorphisms «, all agree on <s,,- -, s, ;), the definition is
unambiguous. All the conditions of lemma 1 are satisfied, so that « is an
N ZL-isomorphism.

The simplest examples of non-isomorphic, /4 .#-isomorphic pairs
provided by our results are:

for p > 3, the groups B,(1), B,(k) of order p*, where k is a non-
quadratic residue (mod p);

for p = 3, the groups By(1), B;(—1) of order 3°.

The groups in the above examples have exponent p* > p. We now
give examples of A F-isomorphisms between non-isomorphic groups of
exponent p. The groups in question are again groups of maximal class.

Let # be an integer, and $ a prime, such that 8 < # < p. Let C,(¢)
denote the group of order $™ with generators s, s,, Sy, - -+ and defining
relations

https://doi.org/10.1017/51446788700025295 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700025295

[8] On normaliser preserving lattice isomorphisms between nilpotent groups 461

(8¢, 8] = Sina (=21 s, =5,y="""=1),
[5: $1] = $%ia (¢ =2),

(s, 85] =1 (Gi1=2),

P=s7 = 1.

Since C,(e) is generated by s, s, of order $ and has class n—1 < , it is
a group of exponent . We prove that G == C,(1), H = C,(—1) are /" Z-
isomorphic but not isomorphic.

We take the generators of G to be s, 54, $5, -+ » and those of H to be
s, si, g, * "+, so that the subgroup s, s, > of order "1 is common
to both. Set V = &®(G) = ®{H) = {s,4,--+). Then, denoting the endo-
morphisms v - v*71, v —> 917l 9y —» vi-lof V by o, g, a;, we have

" 2=0,0"3+£0, g = —d; = o

Using these facts, it is easy to see that an A %-isomorphism « of G onto
H is defined as follows:

G*=H,;
fK<V, K =K;
if L=KnV <K <G, then K has the form
(ssdt, Ly or <s;¢, L) (teV)
and we take
Ke = (ss*t, LY or <sit, L.

Suppose now that there exists an isomorphism 6:G — H. If
sV = s*sV, 8V = s7sV, and if w is the restriction of 6 to V, then
por = y* ¥ = yn1? for veV,

so that
w-low = (140)*(1—a?)f—1,
o-1le?w = (140)7(1—0?)—1.
Hence

(I+0)? (1—02)¥—1 = {(1+0)*(1—0?)f—1}2

Comparing coefficients of ¢, o2, 6% ¢%, ¢® on both sides (this is permissible
as ¢"*z£ 0 and n = 8), and using the fact that ad—py =£ 0 (mod p), we
get in succession the following congruences (mod p):
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—d=102 0= (:) —B,

)
(2) -2 () + ()

On simplification, the second and third lines yield 7a®=1 and «?*=1,
giving the contradiction 7= 1. Thus® G & H.

Hl

N O

()

i

3. A lemma on multilinear mappings

The following lemma plays an essential part in the proof of theorem 2
in the next section.

LEmMa 2. Let Ay, -+, A,, L, M be (additive) abelian groups. Let
Heey, ooy, glaey, - - -, =) be multilinear functions of the variables x,e A,
(¢=1,---,¢2) with values in L, M respectively. Suppose that the values
of 1. g generate L, M and that there exists an L-isomorphism ¢ of L onto M
such that

<f(x1: Y Z‘)>¢ = <g(x1: TS xt)) (a'u Ly, % xt)‘
Then there exists an isomorphism « of L onto M such that

floy, oo z)* =gy, - x) (@l 2, -, ).

Remark 1. The expected generalisation to R-modules, R a principal
ideal domain, is valid and can be proved by the same method. E.g., when
the A, are vector spaces over a field R and L = M = R, the generalisation
states that multilinear forms which vanish for the same values of the
variables are scalar multiples of one another.

Remark 2. The conclusion of the lemma is equivalent to the following
statement:

f@)+fy)+ - - - = 0 if and only if g(x)+g(y)+ ---=0.

(Here z denotes a row of variables z,, - - -, #, and so on.) In fact, if the
condition holds,

f@)+H )+ o g@)+e)+ - -

is a well defined 1—1 correspondence; it is then clearly an isomorphism.
The lemma is proved by induction on . If ¢ = 1, f, g are homomorphisms
of 4, onto L, M with the same kernel, so that f(x)«>g(2) is an isomorphism

8 The same conclusion holds for » = 7 provided that the congruence 7a¢* = 1 (mod p)
has no solution, i.e. if (7/p) = 1.
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between L, M. We assume now that # > 1 and that the lemma holds for
a smaller number of variables.

By remark 2, and since a given sum f(z)-f(y)+ - - - involves only
finitely many values of the variables =z, y,, - - -, it is sufficient to prove
the lemma when the A4, are finitely generated. Then L, M are also finitely
generated. Hence there exists a family of subgroups (L;) of L such that
(a) each factor group L/L, is cyclic of prime power order and (b) N,L, = 0.
Define

l®) =t +L,  (€LJL)
&:i(®) = glx)+M, (e M/M)),
where M, = L%. Then f,, g; are multilinear mappings whose values generate

LIL,, M|M; and {f,(z)>* = (g.(x)>, where ¢, is the restriction of ¢ to
L/L,. Thus, if the lemma holds for each pair f;, g;, we have

H@)+iy)+ e L, = glx)tegly)+ - - e M,
for each i. Therefore, since ),L; = 0 and [}, M, = 0,

f@)+fy)+ - - =0eg@)tely)+ - =0,

so that the lemma holds for f, g. Hence it is sufficient to prove the lemma
when L is cyclic of prime power order.

Suppose L cyclic of order ™. Since ¢ is an #-isomorphism, M is cyclic
of order g™ for some prime g. Now (kf(z))?® = {f(kz,, 25, * * *,) )% =
{glkzy, zy, - *})) = <kg(x)), so that f(z), g{x) have the same order. Hence
g = p. We may therefore assume that L = M.

The assertion of the lemma in this case is that

(3.1) fx) = kg(z) for all =,

where % is a fixed integer prime to p. Let 7, denote the order of f{z). We
know, since g(x) also has order 7,, that

) = k.8(x),
where #, is prime to p. It is sufficient to prove that
(3.2) k,=k, (modr,) whenever 7, =7, > 1.

For then (3.1] will hold with £ = £;, where & is such that r; has the largest
possible value.
Consider the homomorphisms «, § : 4, — L defined by

a*=fl@y, %9, 8), @ ={fy, " Y. 0).

Since a, § are non-zero, the inverse images a~l(pAf) and F-1(g4?) are
subgroups of A, of index . An abelian group cannot be the set-theoretical
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union of two proper subgroups. Therefore we can choose a4 € 4, such that
a¢al1(pA?) and a ¢ B2 (pA?). Then a* ¢ pA? and af ¢ pA?, so that

@y =47, <> =A4l

Thus, if # and v denote the rows of variables #,,---,2, ;,aand y,, -, y,,,4,
we have

A7 = <fu)>, A = {fe)

and therefore
(3.3) 7, =7, T, =7,
Let us now apply the lemma in the case £ = 1 to the linear mappings
a, o 1 Ay — L given by
a(a) = f@y,c 20y, @), o'(@) = g@y, "+, %y, 4).

We deduce that

(3.4) ko= k, (modr,),
since 7, = r,. Similarly
(3.5) ky = k, (mod r,).

Finally, let us apply the lemma to the multilinear forms

X(zl» Yy zt—l) = f(zlr C 2, a)'
Y2y, ) = g2y, - - .y 2y, B).

We deduce that
(3.6) k, =k, (mod p),

where p is the smaller of 7,, 7,. Putting together the results (3.3)—(3.6),
we get (3.2) as required.

4. The main results

We study properties of a fixed 4" #P-isomorphism between two groups
G, H. It is convenient for this purpose to represent G, H as factor groups
of an auxiliary group F. In the applications, F will be a suitable free,
or relatively free, group.

Let ¢:2(G)— L (H) be an A Z-isomorphism and i:F —G,
4 F — H epimorphisms. We say that ¢ is compatible with the pair A, p
if K* = K* for all K € #(F). When this is the case, the equations (#*)° = 2*
(x € F) clearly define an isomorphism 6 : G - H and ¢ is the Z-isomor-
phism induced by 6.

More generally, we say that ¢ is compatible with the pair A, u on the
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section P|Q of F if K** = K# whenever Q < K < P, i.e. if the restriction
of ¢ to P*/Q* maps P*/Q* onto P#/Q* and is compatible with the restrictions
A, of 4, u to PlQ.

THEOREM 2. LetA: F — G, u : F —> H be epimorphisms and ¢ : £ (G) —
L (H) an N L-isomorphism. Let PyJQ,, - - -, P,/Q, be central sections of F
on each of which ¢ is compatible with the pair A, u. Let
P= [P, P
Q=[Qllpzy”.:Pt][Pl:Qb.'.:Pt]'.'[PI»PZr'°':Qt]'

Then P|Q is a central section of F and ¢ is compatible with the pair A, u
on P[Q.

Proor. We prove the theorem for two sections P,/Q,, P,/Q,. The
theorem for ¢ sections then follows in an obvious way by induction.
Since
[P, G] = [P, Py, G] = [G, Py, P,][P,, G, Py]
= (@1, Pz] [Qs, P1] = o,
P[Q is a central section. Let «,ve Py, x, ye P,. Since P/Q < Z(G/Q),
we have
(wv, ] = v~ [u, x]v[v, x] = [%, z][v, ] (mod Q).
Similarly,
[, zy] = [u, ][4, y] (mod Q).

Taking v € Q, and y € Q,, we deduce that the coset of Q containing [u, %]
depends only on the cosets of @Q,, Q, containing #, z. Hence

f(“Qp -'”Qz) = [uA) zA]QA’
8(uQy, 2Q,) = [u*, z1Q*,
are bilinear functions of the variables #Q, € P;/Q, and 2Q, € P,/Q, with
values in PA/Q*, P#/Q# respectively. It is clear that the values of f, g generate
PAQ*, PAIQe.
Now, since ¢ is mixed commutator preserving and is compatible with
the pair 4, 4 on each of P,/Q,, P,/Q,, we have
Pré — P, QM - QI‘,
and
[w, 2], QX1 = <[<%, Q1), <=z, Qp>], OO
= <[<u: Ql>l\¢i <$, Q2>A¢]’ QA¢>
= <[<u' Ql>Pr <x: Qi>"]; Q'“>
= {[u, ], Q>I‘
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Thus the restriction, ¢’, of ¢ to PA/Q* maps P*/Q* onto P#/Q* and satisfies
fwQy, 2Q,) % = (g(®Q,, 2Q,)>. By lemma 1, there is an isomorphism
a : PAQ* — Pr[Q* such that f(uQ,, xQ,)* = g(uQ,, Q,), i.e. ([u, z]Q)** =
([, £]Q)*. Hence, if Q < K < P, we have {K*/Q*)* = (K#/0#) and so,
since a induces ¢’, (K*/Q*)*" = K#/Q*. Thus K*% = K*, which proves the
theorem.

Notation. 1f ¢:L(G)—> L(H) is an N F-isomorphism, let
¢ L(Gy/Gisry) > L (Hy/H;4n) denote its restriction to the 4-th factor
Gi/Qirny Of the descending central series ({1 =1,2,--).

COROLLARY. Let ¢ : L(G) — L (H) be an N FL-isomorphism such that
¢, : Z(G|G") - L (HIH') is induced by an isomorphism 06:G|G' — H|H'.
Then every ¢, ts induced by an isomorphism,

Proor. We may of course assume G and H nilpotent. Represent G
as a factor group F/M of a free group F. Let A: F - F/IM =G,
®: G — G/G’ be the canonical epimorphisms. Since F is free, the epi-
morphism A«6, : F — H/H' can be lifted to a homomorphism g : F - H
such that H'F# = H. Since H is nilpotent, F# = H. Clearly, ¢ is compatible
with the pair 4, 4 on F/F’. By the theorem (with all sections P,/Q, equal
to F/F’), ¢ is compatible with the pair 4, 4 on F,/F ;.. Hence ¢, is
induced by an isomorphism.

For the proof of the next theorem we require the following technical
result.

LeEMMA 3. Let F be a finite, relatively free, 2-generator p-group of class 3,
and ¢ : L(F) - ZL(F) an N L-automorphism of F. Let p* be the exponent
of Fy . Then the restriction, y, of ¢ to F|F'F? is induced by an automorphism
of F|F'F*,
Proor. It is not difficult to see that F has generators z, y and defining
relations of the form
x”:y"'=z"=u”‘=v"=l (723%1),
[z, 4] = [y, 4] = (,v] =[y,v]=1,

where
z=[z,y], u=[zz], v=1[y 2]

Replacing F by F/F?, we may assume that # =s=1¢ and F' = F 'F*¥,
Let <z)? = (XD, <y>? = <Y ) and write

Z=[XY], U=(X,2), V=1[Y, Z]
Since ¢ is mixed commutator preserving,

@y =<Z) (mod Fg), <uy#= (U, )b = (V>
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Now, since F’ is the direct product of 3 cyclic groups of order ¢, the restric-
tion of ¢ to F’ is induced by an automorphism of F’ (Baer [1]; cf. Suzuki
[12], p. 35). Hence

{wrvhHd = (Umepréy
for certain fixed integers m, n. On the other hand, if

(eyfyt = (X*Y#) (mod F'),
then
wrv? ) = ([a*y?, 2])°
=([X*¥Y*, Z])
= U*V*>.

Hence (a?y?>% = (X™*Y"*> (mod F’), and so y is induced by the auto-
morphism 2*y?F’ — Xm2Y*F’ of F|F'. This proves the lemma.

Let V be a nilpotent variety (i.e. a variety consisting of nilpotent
groups) and F a free group of V. Let ¢ be the class of F. Then a factor

group
(3.1) G=F/Mr M<F(c)’

will be called an almost free group of V. Notice that the class of G is ¢ and
that G/G ~ F|F,, is relatively free.

THEOREM 3. Let V be a nilpotent variety, G a non-abelian almost free
group of V. Let ¢ be an N L-isomorphism of G onto a member H of V. Then
G~ H.

ProoF. Represent G in the form (3.1) and let A: F > F/M =G,
a : F — GJG’ be the canonical epimorphisms. Since G is non-abelian, G/G’
is relatively free and so is a (restricted) direct product of isomorphic cyclic
groups. Since G is non-cyclic, the number, £, of cyclic factors is at least 2.
Therefore G/G’ ~ HJH'. Let 0 be any isomorphism of G/G' onto H|H'.
Since HeV and H' < ®(H), the epimorphism Aaf : F — H/H' can be
lifted to an epimorphism u : F — H. Let N = ker u.

Now, it follows from results of Baer [1] (cf. Suzuki [12], p. 35) that
either
(a) ¢, : L(G/G') > L (H|H') is induced by an isomorphism, or
(b) G/G' is finite and &k = 2.
In case (a), we may suppose that ¢, is induced by 6, so that ¢ is compatible
with the pair 4, u on F/F’. By theorem 2, ¢ is compatible with the pair
A, u on each factor group F(,/F ... Thus

(M Fy)Fy = (N Fy)Fow (=1,2--)
and therefore, since M < F(,, M = N. Hence & = H.
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In case (b), G itself is finite. Hence G is the direct product of its Sylow
subgroups P,, - - *, P,,. Suppose P, is a Sylow p,subgroup. Since ¢ is &%
and P, is noncyclic, P? is a p,group. It follows that P¢,---, P? are the
Sylow subgroups of H (Suzuki [12], p. 5). If P, is abelian, it is the direct
product of 2 cyclic groups of the same order and so P; >~ P?. It is therefore
sufficient to prove the theorem when G, H are finite (non-abelian) 2-
generator p-groups.

It is not difficult to see that, when ¢ = 2 or 3, G and H are groups
with generators z, ¥ and defining relations of the form

(C=2) xﬂ‘:yp':zp‘____u:v:l,
=3 2=y"=2"=u"=0v"=1,
[x,“]= [y,u]: [z, v] = [y,'l)]=1,

where z =[x, y], w= [z 2], v==[y,2]. Since corresponding factors
GGy Hiy/Hyyy) are A L-isomorphic and so isomorphic, the indices
a, B, ¥, 0 are the same for both G, H. Hence G ~ H.

Suppose finally that ¢ = 4. We remark that H/H,,, is 2 homomorphic
image of F/F,, and that H/H, has the same order as F/F, (since
F|F, = G/Gand G|G,,, H|H, are #" P-isomorphic p-groups). Therefore
H[H, =~ F|F, and so N < F,,. Set K = G’'G”, L = H'H”, where p’
is the exponent of F,. Let ¢’ : Z(G/K) - L (H|L) be the restriction of
¢ to G/K. Since ¢ = 4 and F/F,, ~ G/G,, ~ H/H,,,, G|G and H[H,
are relatively free groups of class 3 and the exponent of G /Gy is p* = p".
By lemma 3, ¢’ is induced by an isomorphism 6’. Thus, if we choose the
isomorphism 0 : G/G' - H/H' of the first paragraph of the proof in such
a way that 6’ is the restriction of 8 to G/K, then ¢ is compatible with the
pair 4, u on F[F'F”. By theorem 2 (with each P,/Q; equal to F/F'F*),
¢ is compatible with the pair 4, g on F,,. Thus (M n F,)F.y =
(N~ F))Fyy, i.e. M =N. Hence G ~ H. This proves the theorem.

In some cases it is unnecessary to postulate that H eV since this
follows from the existence of the 4" Z-isomorphism ¢. The following is
the simplest example.

COROLLARY 1. Let V = V(p*, ¢) be the variety of all nilpotent groups
of class ¢’ < c and exponent p* < p#. Let G be a non-abelian almost free
group of V and ¢ an N L-isomorphism of G onto a group H. Then G = H.

Recalling that every #-isomorphism of a group of prime exponent
is an A #-isomorphism, we get

COROLLARY 2. Let G be a non-abelian, almost free group of V(p, ¢) and
¢ an L-isomorphism of G onto a group H. Then G =~ H.

In particular:
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COROLLARY 3. Let G be a nilpotent group of class 2 and exponent p.
Let ¢ be an Z-isomorphism of G onto a group H. Then G = H.

Lie rings. The analogue of theorem 2 for Lie algebras over a principal
ideal domain holds. (The arguments involving the mixed commutator
preserving property can all be rephrased in terms of the commutator
preserving property). Theorem 3 has the following analogue.

THEOREM 3'. Let V be a nilpotent variety of Lie rings, L a non-abelian
almost free ring of V. Let ¢ be an N L-isomorphism of L onto a member M
of V. Then L ~ M.
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