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ON A THEOREM OF MITCHELL

BY
E. R. BISHOP(?)

1. Introduction. In this note we apply a theorem of T. Mitchell on fixed points
of contraction maps to a particular set of contraction maps of metric spaces. Also,
part of Mitchell’s theorem is extended to permit application, under suitable con-
ditions, when the space involved is not compact.

We employ the following terminology due to Mitchell [1]. Let S be a semigroup;
m(S) the space of all bounded real functions on S with sup norm; and X a subset
of m(S). For all s€ S, the left translation /; {right translation r;} of m(s) by s is
given by (L)) =1(ss") {(rsf)(s")=f(s's)} where fe m(S) and s’ € S. A subspace
X of m(S) is left {right} translation invariant if /;f€ X {r,fe X}for all s€ S, f€ X.
X is translation invariant if it is both left and right translation invariant. Let X be
a left translation invariant closed subalgebra of m(S) that contains e, the constant
1 function on S. An element p in X* is a mean on S'if |u|| =1 and u(e)=1. A mean
w on X is left invariant if u(/;f)=p(f) for all fe X; it is multiplicative if u(f-g)
=u(f)u(g). Let Y be a compact Hausdorff space and » a homomorphism of S onto
&, a semigroup under composition of continuous maps of Y into itself. Let
Y'={ye Y: Ty(C(Y)) < X} where Ty is given by (Tyh)(s)=h((ys)y) for he C(Y),
the space of continuous real functions on Y, and s e S. The family & is an E-
representation of S, X on Y if Y’ is nonempty, a D-representation if Y’ is dense
in Y and an A-representation if Y’ =Y. The pair .S, X has the common fixed point
property on compacta with respect to i-representations (i=A4, D, or E) if for each
compact Hausdorff space Y and for each i-representation of S, X on Y, thereis in
Y a common fixed point of the family .

THEOREM (Theorem 1 [1]). Let S be a semigroup, X a translation invariant closed
subalgebra of m(S) that contains the constant functions. Then the following three
conditions are equivalent:

(1) X has a left invariant mean.

(2) S.X has the common fixed point property on compacta with respect to E-repre-
sentations.

(3) S,X has the common fixed point property on compacta with respect to D-repre-
sentations.

Each of the equivalent conditions (1), (2), or (3) implies

(4) S,X has the common fixed point property on compacta with respect to A-repre-
sentations.
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2. A real valued function f is convex on the real interval U if the inequality
SOx+(1=2x) < H(x)+1-Nf(x)

holds for all pairs (x, x") of points of U and for all A € [0, 1]. By a convex modulus
of continuity we mean a convex function «: [0, co]— [0, 00] with «(0)=0, lim,_, ,
a(x)/x=1. We denote by I the identity map «(x)=x. Let (¥, d) be a compact metric
space; CV the set of convex moduli of continuity and S the multiplicative semi-
group under functional composition of equivalence classes of CV defined by:

oy ~ Oy iﬁ (o2} iS 0(“2) and [02] iS 0(“1) at 0.

S contains the reals > 1 by the injection r — [«,], where [e,] is the class in CV con-
taining functions equivalent to e, (x)=x" in a neighbourhood of 0 and suitably
defined elsewhere.

For (Y, d) any metric space, « € CV, we say that a self-map ¢ of Y satisfies the
modulus of continuity « if for some K> 0, d(tx, ty) < Ke(d(x, y)) for all x, y in Y.
We note that if ¢ satisfies the modulus of continuity «, it satisfies all equivalent
moduli of continuity.

THEOREM 2.1. Let (Y, d) be a compact metric space. For [o] € S, [«]#[I], let T,
denote all self-maps of Y satisfying moduli of continuity in [«]; let T, denote the
identity self-map of Y. Let T < \ J, T, be a semigroup under functional composition
such that [e]—t,, t, €T, is a homomorphism of S onto T. Then T has a common
fixed point in Y.

Proof. By Theorem 1 [2], each ¢, has a fixed point pe in Y. Either T consists only
of the identity map or it is infinite, so there exists in ¥ an accumulation point p of
the points pe. Let £ be the topology induced on S by the distance

0p([e4], [e2]) = d(pes, p)+d(pes, p).

Let X be the subalgebra of #-continuous functions in m(S) such that f(c0)
=lim,_, , f(x) exists. X is translation-invariant since translation does not affect
the above distance, and is closed in the sup norm. Let p be the mean on X defined
by u(f)=f(0). p is obviously translation-invariant and multiplicative.

For g e C(Y), consider the map C(Y)— X defined by

Tp (g(«)) =g(tp)).

For p as above, Tp(g) is #-continuous on S and so is in X This gives an E-repre-
sentation of S,X in Y, and the theorem follows.

3. We note: If A is a function algebra on a set X with properties:

B) If f1, . .., s are elements of A with no common zeroes, then there are elements
1. eer Gnin A wWith 3 gfi=1.

(y) If fe A and f is not identically zero, there are a finite number of functions
Sf1s« .., fn in A which separate the zeroes of f.
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Then X is the spectrum of A and conversely. ([3, Proposition 5]).

Now let S be a semigroup, and Y a Hausdorff space. Let A be a subalgebra of
C(Y) having properties (8) and (y). Let & be a semigroup of self-maps of ¥ such
that fo he Aforhe &, fe A. Let X be a translation invariant closed subalgebra of
m(S) which contains the constant functions.

THEOREM 3.1. If X has a multiplicative left invariant mean p then S,X has the com-
mon fixed point property on any Hausdorff space Y with respect to E-representations.

Proof. Let 7y be a homomorphism of S onto & giving an E-representation of S, X
on Y;i.e., there exists ze Y with A(ys(z)) € X for all A e C(Y), defining the map
T,: A— X. Let T be the adjoint map, T¥: X* — 4*. Then

(TFp)(1) = W(TA1) = u(e) = 1.
Since T, is easily seen to be multiplicative,
(TFw)hk) = W(T(hk)) = (T.h-Tok)
= w(TWu(T k)
= TFuWTF k), hkeA.

Thus TFu is a multiplicative nonzero linear functional on 4, so it is an evaluation
at some point z' € Y. For s e S, define 6;: 4— A4 by (h)y=h(ys(y)) for ye Y.
Then for s’ € S, he A;
T(0h)s" = 05h(ns'(2)) = h(ns(ns'(2)))
= h(n(ss'(2)) = T.h(ss") = I(T.h(s"))
where [, is left translation by s.
Soforhe A, seS,
h(ns(z")) = (0:h)(2") = W(T.(0:h))
= u(t(T:h) = WT:h) = h(z').

Since A separates Y, 5s(z")=z' for all s € S; so z’ is the common fixed point of &.
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