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Abstract

Nakamura and Tsuji recently obtained an integral inequality involving a Laplace transform of even functions that
implies, at the limit, the Blaschke-Santal6 inequality in its functional form. Inspired by their method, based on the
Fokker-Planck semi-group, we extend the inequality to non-even functions. We consider a well-chosen centering
procedure by studying the infimum over translations in a double Laplace transform. This requires a new look on
the existing methods and leads to several observations of independent interest on the geometry of the Laplace
transform. Application to reverse hypercontractivity is also given.
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1. Introduction and main results

Our central object of interest is the Laplace transform L f of a nonnegative f : R" — R*, defined by

Lf(y) = [Rn f(x)e*? dx, Vy € R". (1.1)

It is implicit that we work with the standard (R”, -, | - |) Euclidean structure and with (nonnegative) Borel
measurable functions only. We are looking at L? — L4 bounds for this transform, in the range 0 < p < 1,
where interactions with convex geometry take place. So, in the rest of the paper, our parameters will be
as follows:

)4
p—1

pe(0,1), g= € (—00,0). (1.2)

Accordingly, || L f||za @) > 0 amounts to some ‘positivity” improvement, in the sense of Borell [5]. Of
course, we are mainly interested in functions that are not identically zero (almost everywhere), a case
we denote by f = 0. In other words, we write

f£0&e {f>0}hasnotmeasurezero<:>/fe (0,0] © Lf € (0, 0].

Note that Lf is a convex function with values in [0, o], and when f # 0, one has that log Lf is a
convex function with values in R U {co}, by Holder’s inequality. In particular, (L f)? is then a log-
concave function, a property that will play a central role in our study. Centered Gaussian functions, that
is, functions of the form 4 - v, 4,0 > 0, where

Yo (x) 1= e W)y e R (1.3)
will also be central. Let us denote by 7, f the translate of a function f, defined on R", by a vector a € R™:
T f (%) := f(x —a), Vx € R™.

With this notation in hand, we can state one of our results.

Theorem 1.1 (Reverse L? bound for the Laplace transform). Forany f € LP (R™) nonnegative, we have

sup [[L(tzf)lLa®wny = Cp I fllLe @ny,

ZGRYI
where Cp, = [pll’ (—q)_é] 3 (27r)3 is so that there is equality when f is a (centered) Gaussian func-
tion. If the supremum is finite, it is uniquely attained at some point z, and this point is zero if
Jon X L(f)9 (x) dx = 0.
Moreover, for any f € LP (R™) nonnegative with ./R" x f(x)P dx =0, we have
ILfllLa@ny = Cp | flle ey (1.4)

with equality when f'is a centered Gaussian.
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Nakamura and Tsuji [29] have proved (1.4) in the case where f is even. Generalizing it to non-even
functions, under appropriate centering, will require substantial work. But before going forward, we need
to step back and explain the motivation for our results which stems from convex geometry.

The Blaschke-Santal6 inequality asserts that for every convex body (compact, convex set with
nonempty interior) K C R” that is symmetric (i.e., K = —K) one has,

Vol(K)Vol(K°) < Vol(B})?, (1.5)

where K° = {y e R" ; x-y < 1,Vx € K} and B} = {| - | < 1}. See [34, 26] for the inequality.
K. Ball [2] put forward in his thesis a functional form of the Blaschke-Santalé inequality: given a
convex function ¢ : R" — R U {+o0}, with 0 < / e™¥ < oo, it holds, when i is even, that

M(e™?) = / eV / eV < 2n) = M(e PPy, (1.6)
where y* denotes the Legendre’s transform of i,
Y (y) =supx-y—y(x),  VyeR"
X

Note that (x) = |x|?/2 is the unique fixed point for the Legendre’s transform. Furthermore, we can
also remove the assumption that ¢ is convex, since we have in general ¢** < ¢ and Y™ = *.

One may actually prefer to work with log-concave functions. A function f : R" — [0, c0) is log-
concave if f = e™¥, for some convex function i : R* — R U {+oo}. To any nonnegative f, we can
associate its polar by

f e v (y) 1
° = i =e , v
f(y) = inf 700 "¢ (1.7
which is always a log-concave function; (1.6) becomes for an even nonnegative function f with
0< f f < oo,
M(f)=/ f/ £o < @n)" = M), (1.8)
R" R"

One can easily pass from (1.8) to (1.5); we refer to [1, 1 1] for background and references.

It was kind of folklore that one could try to approach the Legendre transform, or the polarity transform,
by a limit of Laplace transforms, by interpreting the ‘sup’ in the definition of ¥* as some L™ norm
(see, for instance, the discussion in T. Tao’s blog [36]; in the case of convex bodies, an LP approach
was proposed by Lutwak and Zhang [23]) and a Laplace transform approach was given by Berndtsson,
Mastrantonis and Rubinstein [4]. Let us also mention in passing that Klartag’s works (e.g., in [18]) have
put forward the importance, in its own, of Laplace’s transform in the study of log-concave functions and
convex bodies in high-dimensions.

Recently, Nakamura and Tsuji [29] made the four de force of showing that such a path to the Blaschke-
Santal6 inequality is indeed possible by discovering a completely new analytic approach which gives in
particular that M (f) is nondecreasing when the even function f evolves along the Fokker-Planck semi-
group that interpolates between f and a Gaussian function (see also [8]). More precisely, they obtained,
by evolution along the Fokker-Planck semi-group, the following stronger new inequality for the Laplace
transform, which gives at the limit (when p — 0%, ¢ — 07) the inequality (1.8): for a nonnegative even
function f,

([ ([ emamya)™ <tra-pigeotr, a)
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with equality when f = ¢~1¥1*/2_ The term in (1.9) with the Laplace transform together with the unusual
range of the parameters (1.2) might be a bit hard to digest at first, but before we return to it, we ask the
reader to accept that it is not that bad and, in fact, is quite natural. Of course, the normalization x/p
plays no serious role but is a convenient scaling when we want to let p go to zero, as we will see.

In this work, we aim at extending (1.9) to non-even functions; we establish, in particular, the following:

Theorem 1.2. Let f : R" — [0, co) be a nonnegative function. Then,

(/rz f) irzlf(/Rn (L(z=fP) (x/p))? dx)—p/q <[p7P(1-p)Pr17 2n)"1-P),

with equality for any Gaussian function.

Here and in the rest of the paper, we are consistent with monotone convergence and assume that
00 x0=0.

In order to shed some light on the previous result, let us recall how the non-symmetric Blaschke-
Santal6 inequality is handled. Indeed, the Blaschke-Santal6 inequality cannot hold as stated in (1.5) in
the non-symmetric case. For a convex body K, it is easily checked that

Vol(K°) = co < 0 ¢ intK.

But just having zero in the interior is certainly not sufficient for the Blaschke-Santal6 inequality to hold.
Indeed, if a is a point in K that approaches the boundary of K, then Vol((K — a)°) — oo. So in order
to hope to have a bound for Vol(K)Vol(K°), one certainly needs to wisely translate the body K before
taking its polar. This indeed works: we have

irzlfVol(K)Vol((K -2)°) < Vol(B3)?, (1.10)

and, also, that the infimum is obtained at a unique point, the Santalé point of K, characterized as the
unique vector s(K) so that (K — s(K))° has center of mass at the origin. So (1.5) holds when K° has
center of mass at the origin; but it turns out that it also holds when K has center of mass at the origin.
We refer to [31, 10, 12] for background and further developments.

Analogously, in the functional case, since

(r2)°(x) = f7(x) e™™ %, (1.11)

we can make the left-hand side of (1.8) tend to infinity by letting |z|] — oo. Therefore, a non-even
function f must be wisely translated for (1.8) to hold. Using the geometric version of the Blaschke-
Santal6 inequality for non-symmetric bodies, Artstein, Klartag and Milman [1] proved, when f is a
nonnegative function with 0 < /R" f < oo, that

M(f) = (‘/R" f) irzlf(‘/R"(Tzf)o) < (2m". (1.12)

Actually, since f < f°° (with equality whenf is log-concave and upper-semi continuous), one can reduce
the study to log-concave functions. Then, when f is log-concave, they established that the infimum in
(1.12) is attained at a uniquely defined point s(f) = argmin, cgn f (12 f)° which is called the Santalé
point of f. Using (1.11), one can note that s( f) is the origin if, and only if, the barycenter of f° is the
origin; this is certainly the case when f, and thus f°, is even. Recall that the barycenter of a nonnegative
function is given by

Jon ¥ F0)dx.

bar(f) := /Rn e
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the condition 0 < fR,l(l + |x]) f(x) dx < oo will always be implicitly enforced when we speak of
barycenter of an arbitrary nonnegative function f.

Analogously to the volume case, it was shown by Lehec [22, 21] (see also [10]) that the Santal6 point
of f can be replaced by the barycenter; that is, for a nonnegative function f having its barycenter at zero,

it holds that
(/ f) (/]R f°) < (27" (1.13)

This extends on the case shown by Artstein, Klartag and Milman [ 1] for log-concave f with f f € (0, c0).
Generalizations of the functional Blaschke-Santalé inequality to multiple functions were recently pur-
posed in [20, 17].

Following Nakamura and Tsuji, we now consider the p-Laplace transform of a nonnegative function
[, where p, g are in the range (1.2), defined by

q
Ly(f)(x):= (L(fYP))4(x) = (/ FUP(y) e*y dy) , Vx € R™.
Rn
To avoid trivial situations and abstract nonsense, we will most of the time assume that f # 0, since

either £,,(f) is finite on R" (when f # 0), orelse £, (f) = oo (when f = 0).

Since g < 0, the function £, (f) = eq1ogLf 7 g log-concave when f # 0. Actually, we will work with
L,(f)(x/p), but the scaling x/p is a bit immaterial when we work at fixed p. Its justification comes
from the limit when p — 0% since we have for almost every x € R" (see Fact 2.10 for the precise
statement) that

lim £,(f)(x/p) = ,}Lrg( Ji n(e"'yf(y))ll’dy)

e e (1.14)
e

= ess inf

verr f(y) = ying" OB ;.

As an example, if we take the one-sided exponential with barycenter at 0, f(y) = e™1[_1.0)(y), then
Ly(f)x/p)=p2(1 —x)’qe(x’l)/(l’l’)l(,oo,l) (x).So L,(f)(x/p) tends to e*! l(—eo,1)(x) as p — 0F
which coincides with the polar f°(x) = e*~! 1 (0,17 () except at x = 1. Also, a short calculation gives
that £, (f) has barycenter at zero as well.

Let us mention here another analogy with the polar transform:

Lp(t2f)(x) = Lp(f)(x) e, (1.15)
which should be compared to (1.11). From (1.15), one obtains
[ £omands = L2, () a2,
which is somehow a kind of double Laplace transform. Note also that
Lp(f(y)e*?) =12/pLp(f). (1.16)
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We define the L? functional volume product of a nonnegative function f as

Mp(ryi=( [ )t ([ epenaimas)
:p—np/q(/n f) ilzlf( g ﬁ,,(rzf))fp/q

=p—np/q(/Rn f) (infLEP(f))_p/q.

Note that M, is homogeneous and linear invariant, in the sense that, for any constant 4 > 0 and any
invertible linear application A € GL,(R), we have

Mp(f) = Mp(fa.a),  where faa(x) = Af(Ax). (1.17)

Its action over the Gaussian functions (1.3) is given by

Ly(yo)=cpy ¢p = (op2m).

J N
-opq

This suggests other possible scalings; for instance, y; is an eigenfunction of f +— L,(f)(x/+/=pq),
but the limit process is simpler with x/p. Anyway, M (y,) = M () for any o. The invariance property
(1.17) suggests to ask for the supremum of M,; this is precisely the content of our Theorem 1.2 above:
for any nonnegative function f,

Mp(f) < Mp(?’l)-

Note that, in particular, if fRn f = oo, then inf, /]R” Ly(r.f)=0.

Pushing forward the analogy with the Blaschke-Santal6 inequality, we would like to know whether
the infimum over translations is attained. It is the case in non-pathological situations. Actually, the
infimum is always finite, and we have a nice dichotomy.

Proposition 1.3 (p-Laplace-Santalé point). Let f : R" — [0, 00) be an nonnegative function with f # 0
and consider the convex function

0= [ £y = [ (P e e = 1L, (7)(go)

Then  is always proper, that is, there exists zo such that W (zo) < co or equivalently inf yy < co.
Moreover, either

inf =0
nf ¢(2)
or else \ attains its (nonzero) minimum, at a unique point that we denote by
sp(f) = argmin{/ﬁp(Tzf) ze€ Rn}, (1.18)

The point s, (f) is then characterized by the property that

bar(Lp(ty,(r)f)) = 0.

If f is even and £, (f) is integrable, it follows that s, ( f) is equal to zero, by the previous proposition,
since L, (f) is even (see Proposition 2.9). Thus, Theorem 1.2 implies (1.9).

Interestingly enough, like in the case of the functional the Blaschke-Santal6 inequality, the inequality
is valid when f has barycenter at the origin.
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Theorem 1.4. Let f : R" — [0, 00) be a nonnegative function. If either f or L, (f) has 0 as barycenter,
then we have

o= [ 1) ([ ernaima) ™ < myom.

with equality when f'is a centered Gaussian.

Note that, by letting p — 0" and combining (1.14) with Fatou’s Lemma, we recover (1.13). We can
even replace the polar by the essential polar defined by (2.6) below.

Observe also that Theorem 1.1 follows directly from Theorems 1.2 and 1.4 applied to the nonnegative
function f7. Indeed, we have

IL(: /) = LL(f7)(q2),

andsosup, ||L(7, f)llq = (inf LL,, (fP))"4 since ¢ < 0. Note for consistency that, from Proposition 1.3,
sup, ||L(7f)llq € (0, 00] as soon as f # 0.

As in Nakamura-Tsuji’s work, our main theorem will be proved by letting f evolve along the Fokker-
Planck semi-group (P; f) given by

0P f = %(AP,f +div(xP; f)),

which can be used to interpolate between Py f = f and the Gaussian function

Pof(x) = (2n>—"/2( /R ) f)e"x'2/2-

We will show that, for fixed p and f, M, (P; f) then increases in time. Note that we really care about the
evolution of the infimum, since

-plq

My(Pify=p o [ ) (inf e, (i)

We will rather work with the heat flow, Eof = f and 0E, f = %AEt f, which is totally equivalent in
our situation, but leads to simpler computations. The semi-group evolution will be defined by integral
formulas that make sense for any nonnegative function f. The next result is the main result of the paper,
from which Theorem 1.2 immediately follows.

Theorem 1.5. Let f be a nonnegative function and let f; be its evolution along the Fokker-Planck or heat
semi-group. Then, the functiont — M, (f;) is increasing in t € [0, o) and is dominated by My, (y1).

By letting p — 0%, we obtain the following result regarding the volume product. Here, we use the
notation (2.6) for the ‘essential’ polar, denoted by f~, which dominates the usual one.

Corollary 1.6. Let f be a nonnegative function on R". Let f; denote its evolution along the heat or
Fokker-Planck flows. Then, for t > 0, the function

(o M(f) = ( I f) irzlf( [ (rzf»“)

is increasing on [0, o0) and dominated by M (y1).

One can combine the ideas of the present paper with those of [8] to provide a more direct proof of
Corollary 1.6 when f is log-concave.

We mention here that there are also L?” extensions of the Blaschke-Santalé inequality for convex
bodies. In particular, Lutwak and Zhang [23] have studied p-centroid bodies and established sharp
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inequalities that imply, at the limit p — co, the Blaschke-Santal6 inequality (1.5); see also [14, 15].
Recently, Berndtsson, Mastrantonis and Rubinstein in the symmetric case [4] and Mastrantonis [25]
in general considered a L? volume product M, (K) among convex bodies for p € [0, o], which

in our notation is M, (K) = (%)HM,,(IK)F" and satisfies M (K) = M(K). They showed

Mp(K) <M ,,(B;’), \;ith equality only for centered ellipsoids. Note that applying our result to an
indicator function would lead to a sub-optimal result, since our extremizers are Gaussian functions.
We do not see how to pass from the functional Nakamura-Tsuji type inequalities to the geometric
inequalities from [4, 25], or conversely, unlike what happens for the volume product. It would be of
interest to investigate further connections between our functional inequalities and M, (K), or variants
of this quantity.

After the present work was submitted and a draft version put on arXiv, Mastrantonis [24], work-
ing independently from us, defined a functional LP volume product via the relation M-, (f) :=

P

(%)nM »(f) =P and proved Proposition 1.3 and Theorem 1.5 for the Fokker-Planck heat semi-group
when f is log-concave. Working with log-concave functions led him to observations of independent
interest and simplifications; for instance, the restrictions in our Theorem 3.1 below are no longer needed.

We conclude with an application to reverse hypercontractivity. Let y be the standard Gaussian

measure on R”, that is, dy(x) = (;;()fl)ﬂ

dx. The Ornstein-Uhlenbeck semi-group (U,g),»0 is given, for
a nonnegative function g, by

Usg(x) = /Rn gle'x+V1 —e 2 2)dy(z). (1.19)

The next result extends the even case obtained by Nakamura and Tsuji [29], who emphasized that
Laplace transform inequalities in the range (1.2) can be rephrased as reversed hypercontrative estimates
for the Ornstein-Uhlenbeck operator.

Theorem 1.7. Let p, g be as in (1.2). Define s > 0 via the relation p = 1 — e™%5, so that ¢ = 1 — 5.
Suppose f is a nonnegative function such that either

/xfp(x)dy =0or /xUS(f)q(x) dy=0.
Then, for every p> > q and py < p, it follows that
NUs fllLrayy 2 1 fllei(5)- (1.20)

Observe that Z—j = ¢*, which improves over the usual Borell’s reverse hypercontractivity [5], which

holds for Z%ll = ¢%%. Having improvement of constants or parameters in inequalities by a factor of two
under symmetry is a common feature. Note, however, that in our result, p and g are conjugate, which
restricts the range of parameters with respect to usual hypercontrativity. We also mention it was observed

in [28] that, under the assumption / x fP(x) dy(x) =0, the Blaschke-Santal6 inequality implies (1.20)

for the parameters p; = p = 1 — €%
eZs < PZ:} < e4s.

Thepliest of the paper is organized as follows.

and p, = —p; > g, which satisfy the more restrictive condition

o In Section 2, we carefully study the Laplace transform of log-concave functions, and more precisely
the map g +— inf Lg for alog-concave function g, and apply it to the log-concave function g = £, (f),
in order to determine the existence (or nonexistence) of the point obtaining the infimum. Then, we
prove Proposition 1.3. We also investigate the continuity properties of the infimum above that will
prove crucial in all limiting and approximating processes later. This section relies on convexity and
the Hahn-Banach theorem will be used several times.
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o In Section 3, we recall the definitions of semi-groups and establish Theorem 1.5 in the particular
case where f is bounded and compactly supported. This section is about semi-groups and functional
inequalities and is the core of our analytical arguments.

o In Section 4, we give the proof of Theorem 1.5, in whole generality, and of Corollary 1.6. This
relies on successive approximation arguments. It also contains the short derivation of Theorems 1.1
and 1.4.

o The final section 5 contains the straightforward derivation of the result above for the Ornstein-
Uhlenbeck semi-group and some questions on the p-Santalé ‘curves’.

2. Laplace transform, existence and continuity of the Laplace-Santalé point

In this section, we investigate LL, (f), which involves a double Laplace transform, and prove Proposi-
tions 1.3 together with some useful results around it. Since £, (f) is log-concave (when f # 0), most
of the arguments rely on properties of the Laplace transform of log-concave functions.

For a convex function ¢ : R — R U {oo}, we denote by dom(y) = {¢ < oo} its domain, which is
nonempty when y is proper, by definition.

Recall that, for a nonnegative f : R" — [0, o], we define its Laplace transform, at every x € R", by

Liw= [ foed.

When f # 0 a.e., we have following properties:

o Lf € (0, c0] everywhere and L is strictly convex by properties of the function x +— e*7.
o log(Lf) is, by Holder’s inequality, a convex function with domain

dom(log Lf) = dom(Lf) = {Lf < oo},

and log L f is lower-semi-continuous (by Fatou’s Lemma).

Recall finally that, for a nonnegative function f : R" — R*, its (essential) support is the closed set
defined by

supp(f)zR"\{xeR";3r>O,/

B(x,r)

=0},
where B(x, r) is the ball of radius r centered at x.

2.1. More on Laplace transform of log-concave functions

Recall that a function g : R” — [0, o) is said to be log-concave if g = e™%, where ¢ : R” — R U {o0}
is convex; then the interior of the support of g, which is also the interior of the domain of i, is a convex
set that verifies

int(supp(g)) = int{g > 0},

which is nonempty when g # 0, and g is continuous on this set.

It was observed by Klartag [19, Lemma 2.1], under an assumption of integrability, that the domain
of log Lg is an open set on which log Lg is strictly convex. In Fact 2.2 below, we complete, in more
generality, the description of the behavior of log Lg and characterize when it attains its infimum in its
domain. We begin with the following fact concerning integrability of log-concave functions, most of
which is classical. We recall that, for a convex set K in R”, its gauge is given by ||y||[x =inf{r >0:y €
rK} € [0, oo].

https://doi.org/10.1017/fms.2025.41 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.41

10 D. Cordero-Erausquin, M. Fradelizi and D. Langharst

Fact 2.1. Let g : R" — [0, c0) be a log-concave function with g # 0. The following properties are
equivalent:

(i) Jon g < oo
(ii) There exists some constants A, B > 0 such that for all x € R",

g(x) < Ae BII, 2.1

(iii) Forevery a € R" and u € S"~!, one has g(a + tu) — 0 as t — +oo.

Note that the degenerate situation, in dimension > 2, where g is constant, say, along a line and zero
elsewhere, is excluded by the condition g # 0.

Proof. The equivalence (i) & (ii) is easy and standard (see, for instance, [19]), and (ii) = (iii) is
obvious. So we concentrate on (iii) = (i).

Note that in dimension one, if @ : R — R* is a log-concave function such that «(¢) tends to 0 as
|t] — oo (equivalently, the convex function ¢ — —log(a(t)) tends co as |f| — o0), then there exists
C.c > Osuch that a(r) < Ce=V forall r € R.

Fix a € int(supp(g)). Then,

/Rng(x)dx = /Rn gla+x)dx = /SH (/Owt”_lg(aﬂu)dz i

The remark above with a(t) = g(a + tu) gives that t — t"~!g(a + tu) is integrable on R*. Since g is
log-concave, there exists a convex set K, (see [3, Theorem 3], [13, Corollary 4.2] or [7, Theorem 3.1])
such that, for any x € R",

1 (o]
4wy=/ " g(a+tx)dr.
n a 0

From our choice of a, we have that || - ||k, is finite, and therefore continuous since it is convex.
Moreover, since 1"~ g(a + tu) is integrable, ||u|x, > 0 for all u € S"~!, and so there exists ¢ > 0 such
that ||u||x, > c for all u € S"~!. This implies that K, is bounded, and therefore,

1
/ g(x)dx = —/ lull" du = Vol (K,) < oo. 0
n n Jsn-1 a

We will assume first that the domain of Lg is nonempty. We give a sufficient condition of this property
later, which will always be verified in our applications. It is also worth noting that for a log-concave
function g, the barycenter

/]R" g(xX)x dx
b =

is always well defined as soon as 0 < fRn g < oo,
The next fact is central for our arguments.

Fact 2.2. Let g be a log-concave function with g # 0. Assume dom(Lg) # @. Then

1. The set dom(Lg) is an open and convex set, on which Lg is smooth and strictly convex, and we have
dom(Lg) € {g° > 0} € dom(Lg).

2. If the origin is in the interior of the support of g, then Lg tends to oo at the boundary of dom(Lg).
Consequently, Lg attains its minimum, at a unique point in dom(Lg). This point s is characterized
by the property

https://doi.org/10.1017/fms.2025.41 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.41

Forum of Mathematics, Sigma 11

bar(g(x)e*™) = 0.

3. However, if the origin is not in the interior of the support of g, then there exists a vector zg € R and
a direction u € $"~! such that lim; ., Lg(zo + tu) = 0.

Proof. When g # 0 is integrable, it was easily noticed by Klartag [19], using (2.1), that the domain
of the convex function log Lg, which equals the domain of Lg, is open and that the function log Lg is
strictly convex and smooth on its domain; for this, one uses that the Hessian of log Lg is a covariance
matrix that is strictly positive when the support of g has nonempty interior, which, for a log-concave
function g, amounts to f g > 0. It then follows that Lg is strictly convex and smooth on its domain.

Denote by o, (x) = e%™*. Let zo € dom(Lg); then go, € L' (R") and L(go,) = 7_,,Lg. Applying
the previous observation to go-,, it follows that Lg = 7,,L(go,) is strictly convex and smooth on its
domain which is open.

Next, note that {g° > 0} = {z ; go, € L(R")} while dom(Lg) = {z ; o,g € L'(R")}. As
mentioned above, for a log-concave function, which is # 0, being integrable implies being bounded,
so we have dom(Lg) C {g° > 0}. As before, since o,g is integrable, there exists a, b > 0 such that
g(x)e®* < be~?Xl forall x € R". Take now z € {g° > 0}. Forz € (0, 1), if we set z(r) = (1 —1)zo+1z,
then we have

bl—t .
g(x) et~ < —___pmall=n)x] Vx € R".
(g°(2))"

Thus, z(¢) € dom(Lg). Since z(t) — z ast — 1, we conclude that z € dom(Lg). We have established
the first claim. We now study the behavior at the boundary.

Suppose the origin is in the interior of the support of g. Then, there exists € > 0 such that 2B} is
included in the interior of the support of g. Since g is continuous on the interior of its support, it follows
that there exists ¢ > 0 such that fx_u>8 g(x)dx > cforallu € S""!. Let z € R", with z # 0. Then

Lg(z) > / g(x)dx eclZl > cel2l,
x-z>e&lz|

It follows that lim|;|—+00 Lg(z) = 0.

We now consider the possibility that the domain is not the whole space and we have a vector a in the
boundary, necessarily outside the domain since it is open. If (a,,) is any sequence in the domain tending
to a, then by Fatou’s Lemma,

lim inf/ gy)eVdy > / g(y) eV dy = .
R R"

As a consequence of this boundary behavior, we see that log Lg attains its minimum, at a point in its
domain that we denote by so. This point is unique since log Lg is strictly convex. Moreover, log Lg is
differentiable in the interior of its domain, so the point s is characterized by

Vlog Lg(s0) =0,

which rewrites as

/ g(x) eX0 dx
0= D A —
R” ﬁlvgn g(x)eX'S() dx

Recall here that an integrable log-concave function has moments of all orders, by (2.1).

Finally, if the support of g does not contain the origin, then, from the Hahn-Banach theorem, there
exists a direction u € S"~! and a hyperplane H = {x € R" ; x - u = 0} with outer-unit normal « such
that supp(g) € H~ = {x € R"; x - u < 0}. Using again z9 € dom(Lg), we then have, for every ¢ > 0,
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Lg(zo+1tu) = / X (@0 o (x)dx = / et X g (x)dx.
Rn {x-u<0}

Since on H™ we have e’ ¢¥%0 g(x) < e*'% g(x) and this upper bound is integrable, we can use

dominated convergence and obtain
lim Lg(zo +tu) =0. m]
t—o00

The special role the origin plays in Fact 2.2 is analogous to the role the origin plays for the classical
duality of a log-concave function.

‘We now move to show a sufficient condition for the domain of the Laplace transform of a log-concave
function to be nonempty. We can do later without this, but we feel it is of independent interest. We say
a function F is affine along a line if there exists u,v € R" and a, 8 € R such that, for every ¢ € R,

F(tu+v) =at + .

Fact 2.3. Let F : R” — R U {oo} be a convex lower semi-continuous function. If dom(L(e~F)) = 0,
then F is affine along a line.

Proof. We can assume that F is proper, for, if not, we would have e =¥ = 0 and so dom(L(e~F)) = R™.
Consider the epigraph of F:

C={(x,t);t =2 F(x)} cR"xR.

Then, C is a nonempty closed, convex set. If F is not affine along a line, then C does not contain a line;
indeed, if the closed convex set C contains a line £, then all lines parallel to £ through points of C are
also in C, which implies in particular that the boundary of C contains also a line (and F is therefore
affine along the projection on R" of this line). Thus, C must contain extreme points, and hence exposed
points. Let (xg, F(xp)) be an exposed point of the boundary of C. This means there exists zg € R” such
that the convex function x — G(x) := F(x) —x - zo € R U {o0} has a unique minimum at xg. In turn,
this implies there exists a, b > 0 such that

G(x) > alx| -b, VxeR"™ 2.2)

Indeed, since m := G(xp) < G(y) for all y € R", we have, using the lower-semi continuity of G, that
M :=1inf|g|=) G(xo+6) > m. A standard argument then gives (2.2) witha = M —m > 0: for |x—xo| > 1,

write xo + Iﬁ:ﬁg‘ = mx +(1- m))(() and, for |x — xo| < 1, simply invoke that G is lower-bounded.
Property (2.2) implies /R" e~ F()=x20) gy < oo, and so dom(L(e F)) = 0. m|

We need the following elementary fact concerning convergence of sequences of convex functions; it
also follows from classical results in the theory of convex optimization (see, for example, the book by
Rockafellar and Wets [33, Theorem 7.17]). These results are often stated using the more broad framework
of epi-convergence, and the reader may find the fact as written here to not be stated so directly. Therefore,
we provide a self-contained proof, without epi-convergence, for the reader’s convenience.

Fact 2.4. Let Fj, : R" — RU{+o0} be a sequence of convex functions converging pointwise to a convex
function F : R" — R U {+o0} on a dense subset S of R". Assume int(dom(F)) # 0. Then

1. Fx — F uniformly on any compact subset of int(dom(F)).
2. F} converges to +oo uniformly on any compact subset of int{ F' = +o0} = int(dom(F)°).

Proof. Let x¢ € int(dom(F)) and let zy, ..., z,+1 be affinely independent points such that x is in the
interior of the simplex A = conv(zy,...,Zu+1) and A is contained in the interior of the domain of F.
Furthermore, we may move if needed the z;’s a little bit so that they belong to S. By definition, there
exists N such that for every k > N, Fr(z;) < oo fori = 1,...,n+ 1. This implies, by convexity, that
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Fy is finite on A for every k > N. On the interior of A, we have a sequence (Fy)r>n of finite convex
functions converging pointwise to a finite convex function F, and it is classical that the convergence is
then uniform over compact subsets; see [32, Theorem 10.8]. We thus pick any ball B of positive radius
containing xp and contained in the interior of A.

Now, for the second case, let xo € int{F = +oo}. Fix z9g € int(dom(F)) and r > 0 such that
zo +rBj C int(dom(F)) and consider the set C = conv(zg + 5B%, o). Since xo is in the interior of the
complement of the domain of F, there exists a point y € S N C N int{F = +oo}, that can therefore be
written as

y=00-2Dz1 +Axo (2.3)

for some z; € zo + 5B} and A4 € (0, 1). Let us prove that Fy converges uniformly to F on the ball
(included in {F = +o0}) given by

r{l
B:i=xo+=|=-1]|B%.
w53 1)e

For any x € B, let us define z = z(x) = %, sothaty = (1 -A)z+Ax. Thenz € z; + 5B} C zo+rB} C
int(dom(F)). Indeed, one has

y-—Ax y—-Axog 4
1-2 -2 1-2

r
7—21 = (xo —x) € EBE’.

Then the convexity of F and Fy give that

%F(y) < (% - I)F(z) + F(x) and %Fk(y) < (% - I)Fk(z) + Fi(x).

The first inequality ensures that F(x) = F(y) = oo, since F(z) < oo, and so B C {F = +oo}. The second
inequality ensures that F (x) — +co uniformly on B, since Fy(z) — F(z) < +co uniformly in zo + B}
(from case 1) and Fi (y) — F(y) = +o0. O

The previous fact can be formulated in terms of log-concave functions. We complete it with a useful
fact concerning limits of integrals of log-concave functions. Such a fact is stated in [1, Lemma 3.2],
although the needed assumption that the pointwise limit is # 0 is not explicitly stated there. Also, the
proof in [1] somehow assumes that the limit is strictly positive, so we prefer to include a proof here.

Fact 2.5. Let (gx)x be a sequence of log-concave functions converging pointwise on a dense subset of
R" to a log-concave function g with g # 0. Then, g converges to g uniformly on any compact subset
of int(supp(g)) and on any compact compact subset of R” \ supp(g), hence almost everywhere.

Moreover,
o[

Proof. The uniform convergence follows from Fact 2.4 applied to the convex functions —log(gx).
This immediately implies that, if / g = oo, then the claimed convergence of integrals holds, since

/ g = /im (supp(2)) & and so for every C > 0, we can find a compact set K in the interior of the support

In particular, Lg; — Lg pointwise on R".

of g such that fK g > C. Thus, we assume that / g < oco. Since gx — g pointwise outside the boundary
of {g = 0}, the convergence occurs almost everywhere.

Since g # 0, there exists a closed ball in int(supp(g)). Without loss of generality, we may assume
that this ball is BY. Then, by continuity of g, there exists m, M > 0 such that m < g(x) < M for all x
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in this ball, and since g converges uniformly on B}, there exists k¢ such that for all k > k¢ and for all
x € B) one has m < g (x) < M.

Since g is log-concave and integrable, we have that sup|,|. g g(x) — 0 as R — oo, by Fact 2.1. Thus,
we can find R such that |x| > R implies g(x) < “. Define the annulus Kg = {x; R < |x| < R+ 1}. Let
Z1,...,2N € O(supp(g)) be such that Kg is covered by the balls z; + %B;’, for 1 <i < N. Thus, there
exists k1 such that for every 1 < i < N and for every k > ki, one has gx(z;) < 7. Introducing the
sphere Sor := {x; |x| = 2R}, we have that Sog C 2Kr C U(2z; + BY). For every x € S»g, there exists
1 <i < N such that x — 2z; € BY). Consequently, gk (zi)? = gk (2z; — x)gk (x), and for every x € Shr
and for every k > ki, we get

gk (zi)?
8k(2z; — x)

IA

m
gr(x) < —-
e

Using again the log-concavity of g, we deduce that for every x such that |x| > 2R, one has

Ix]|
gkQR/IXD\*
22 (0) ) < Me .

The same argument also shows that for every x such that |x| > 1 and for every k > k; one has
gr(x) < g1 (0)(gr(x/Ix])/gx (0¥ < M(%)lxl, and hence a uniform bound for |x| < 2R. The
convergence of integrals then follows from dominated convergence.

The ‘in particular’ follows from applying the result to the log-concave function y - gx(y)e*>. O

() < gk<0>(

2.2. Double Laplace transform and proof of Proposition 1.3

The goal of this section is to analyse

2o L (N@) = [ Lp(raf ) ds

and, in particular, its infimum and the characterization of the point s, (f) for a general nonnegative
function f. Since £, (f) is always a log-concave function when f # 0, much of the argument relies on
classical properties of the Laplace transform of log-concave functions we have just obtained above.

It is maybe instructive to analyse some simple examples. Let us recall that g < 0.

ebx7 ax

e

q
o If f =14, on R where a < b, then we have L, f(x) = (/ab e*Y dy) = (
support of £, (f) is equal to R, while

q
) , and so the

bx _ jax\4
L(cpf)(z):/Re”(%) dx € [0, 0o]

has as domain dom(L(L,(f)) = ((-g)a, (—q)b), and LL,,(f) tends to oo at the points —ga and
—qb. In particular, L(L, (f)) attains its minimum.
olIf f= 1a,00)» then ﬂp (Hx) = 1-00,0] (—x)"9e9%* and

I'(l-q)
(z+qa)'-4

L(Lp())(2) =

ifz>—-ga and oo otherwise,

has domain (—ga, o). Note that O is not in the interior of (the convex hull of) the support of £, f
and that we have that inf L(L, f) = 0, by letting z — co.

o If f(x) = e~ for some @ > 0, then Lp(f)x) = ceB* and LL,(f)(z) = C e"2 for some
constants ¢, C, 8,17 > 0. In particular, LL,(f) attains its minimum at the origin.
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o If /() = (5he) " on R, @ > 0, then £,()(0) = ([ 7'/7)" and £,,(f)(x) = 0 otherwise. Thus,

Ly(f)=0,andso LL,(f)(z) =0 for every z.

One can also play with variants of the previous examples using (1.15) and (1.16).
We next study, when f # 0, the domain of the Laplace transform of £, (f),

dom(LL,(f)) = {z eR"; /R” Ly(t74f) < oo}.

We denote by int co (A) the interior of the convex hull of a set A c R".

Proposition 2.6. Let f : R" — [0, o) be a nonnegative function with f % 0. We have

dom(LLy(f)) 2 (=q)int co (supp(f)).

If fis log-concave and integrable, there is equality in the previous inclusion.

Note that, in dimension n > 2, the example of an indicator of a half-space, which is a log-concave
function, shows that the inclusion above can be strict if we do not assume integrability.

Proof. If L,(f) = 0,thendom(LL,, (f)) = R" and the claim s trivial. We now suppose that L, (f) # 0.
Note that

~qz+ (=g int co (supp(f)) = (~q) int co (z+supp(f))) = (~qint co (supp(r.)).

So, without loss of generality, it suffices to prove that
0 € int co (supp(f)) = / Lp(f) < oo. 2.4)
R"

Assume that fR,, L, (f) = oo. Since L,(f) is log-concave, from Fact 2.1, there exists a € R" and a
direction u € S""! such that Ly (f)(a+tu) does not tend to 0 as t — +oo. But the log-concavity of
L, (f) implies that £, ( f) (a+tu) has alimit in (0, +co]. We deduce that L(fYP)(a+tu) — € € [0, ),
ast — +oo.

Let us introduce the nonnegative function g(x) = %~ /P (x), for which we have L(g)(tu) — ¢.
Introduce the open half-space H* = {x € R"; x - u > 0}. We have

Lg(tu) :/ g(x) e~ dx 2/ g(x) e dx.
R" H*

By monotone convergence, we have

tlim/ g(x)e’“'xdxzf (g X ).

Therefore, g = 0 almost everywhere on H*, and so supp(g) € R" \ H™. Since supp(g) = supp(f), by
definition, we also have that supp(f) is contained in the convex set R" \ H*, whose interior does not
contain the origin. Thus, we have proved that O ¢ int co (supp(f)).

Assuming that f is log-concave and integrable, we can prove the converse implication in (2.4). Notice
that, by hypothesis, we have, from (2.1), that f(x) < Ce P!, Thus, /7 (x) < C’e<'I*I, and so f!/P
is integrable and more generally, £,,(f) > 0 in a neighbourhood of zero.

If O ¢ int co (supp(f)), then there exists u € S"! such that supp(f) € H™ = {x € R";x - u < 0}.
Then,

L(le))(tu):/Hi FUP (x) e dx.
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We deduce from dominated convergence that lim;_c L(f %)(tu) = 0. Therefore, the log-concave
function £, (f) # 0 does not tend to zero at infinity, and so ./]R" Ly(f) =co. O

We now prove Proposition 1.3. Actually, let us rephrase and complete this proposition.
Proposition 2.7. Let f : R" — R* such that f # 0. Then

1. The convex function L(L,(f)) has an open non-empty domain,
dom(LL,(f)) # 0,

2. and the following assertions are equivalent:
(@) inf L(Lp(f))(2) > 0.
(ii) O lies in the interior of the support of L, (f).
(iil)y LL,(f) tends to oo on the boundary of its domain.
(iv) L,(f) #0andinf, L(L,(f))(qz) is attained at a (unique) point 2 in the domain of LLp f.
(V) L,(f) # 0and there exists so € R" such that qso € dom(LL,(f)) and

bar(L,(f)(x)eT*0) = 0.

Moreover, the points zq in (iv) and so in (v) are equal (and denoted by s, (f)).

Proof. We give two different proofs of the property 1.

It can be seen as a direct consequence of Proposition 2.6. Indeed, since f # 0, the support supp(f)
cannot be contained in an affine hyperplane, since it is of nonzero measure, and therefore, its convex
hull is of nonempty interior.

We give an alternative proof that relies on Fact 2.3. Define the function F' = —log L,(f) =
(=¢)log L(f'/?) : R" — R U {co}. This function is convex, continuous on the interior of its do-
main, and from Fatou’s lemma, it is lower-semi-continuous on its domain. Assume that the domain of
LL,(f) = L(eF) is empty. Then, by Fact 2.3, F must be affine along some line. Therefore, there exists
ue S veutanda,B € Rsuch that forall r € R, log L(f'/P)(tu + v) = at + B, or equivalently,

fl/p(y)e(tu+v)»ydy — eart+ﬁ' 2.5)
RH
We now use Fubini’s theorem; by defining the function

g(s) = / FUP (su+w)e” " dw, Vs € R,

we deduce, from (2.5), that

/g(s +a)eSds = eP.
R

This means that the Laplace transform of s — g(s + @) is constant, which implies that g = 0, since
otherwise the Laplace transform is strictly convex. In turn, this implies that f is zero almost everywhere
on ut + su for almost all s, contradicting f 0.

We now move on to the proof of 2. We assume that £,(f) # O since all properties require it,
explicitly or implicitly. From Fact 2.2 applied to the log-concave function £, ( f), we have (i) & (ii) =
(iii) = (iv) & (v), using the smoothness and (strict) convexity of L(L,(f)). The presence of ¢ is
immaterial in the Laplace transform. Obviously, (iif) implies (). Finally, assume (v). This implies that
z + log L(L,(f))(z) has a critical point at s, and this point has therefore to be the (unique) point
where the function attains its infimum. In particular, we have (7). |
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Let us give a slightly different way of passing from (v) to (i) in the previous Proposition. Assume
that there exists so in the domain of L(L,(f)) such that the barycenter of x = g(x) := e L, (f)(x)
is at the origin. Then g is a log-concave function with 0 < f g < oo, and from that, one can deduce that
g has a barycenter that must be in the interior of its support. We conclude by noting that the support of
g is equal to the support of L, (f).

In order to treat extremal situations, which have to be consistent with the statement in Theorem 1.2, it
is convenient to have one more sufficient (and sometimes necessary) condition for the infimum to vanish.

Fact 2.8. Let f be a nonnegative function on R” and p € (0, 1). Then we have

f=oo:>inf/ ‘CP(Tzf)zo-
R z R

If f is log-concave, the converse is also true.

Proof. Note that we can enforce f # 0, since f =0 = L,(f) = co.
Let us assume that inf, fRn Lpy(7.f) > 0 and prove that f is integrable. The hypothesis gives
inf, L(L,(f))(z) > 0; hence, from Proposition 2.7, we must have 0 € int(supp(L,(f))). Thus, we can

find » > Oso that [—r, r]" C int(supp(L,(f))). We then obtain for x € [-r,r] thatL(fIL’)(x) € [0, c0);
that is, [-r,r]" C int(dom(L(f%))). Since L, ( f) is log-concave, it is continuous on the interior of its

domain. Consequently, L( f IL’) is bounded on [—r, 7]™. Observe then that

* / L(f7)(x)dx = / £7 () e*Vdxdy
[-r,r]" R {IIxllo<r}
1 " sinh(ry;
R™ i=1 Yi

_P_
We also note that fR(@)pfI dy < oo, since p/(p — 1) < 0. Finally, we obtain, from Holder’s
inequality,

B 1 “ sinh(ry;) "I sinh(ry;) -
/Rnf(y)dy—/wlfp(yﬂ - l [ﬂ 0 l &

i=1 !

1 ~ sinh(ry;) g " sinh(ry;)
< (/Rnf (y)L_l[—yi dy) /nln—)’i

i=1

4 l—])
p-1

dy s

and the claim follows from the above observations.
Conversely, assume that f is log-concave, with 0 < ./]R" f < co. This implies that f(x) < ae ™! for

some constants a, b > 0. Thus, we have a similar upper bound for f/7, and this implies that L( f/7) is
finite in a neighborhood of the origin. In turn, this means that £, ( f) is strictly positive in a neighborhood
of the origin, and therefore, by Proposition 2.7, the infimum of LL, (f) is strictly positive. m}

Finally, we verify that, if f is even and £, (f) # 0, then its Laplace-Santal6 point is the origin.

Proposition 2.9. Let f be a nonnegative, even function on R". Then, we have

(/R r)int( [, £p(rzf))_”/":(/n f)(/R )"

Moreover, if L, (f) # 0, then s, (f) =0.
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Proof. If L,(f) = 0, then the equality is trivial. Let us assume that £, (f) # 0. The support of the log-
concave function £, ( f) is a convex set with nonempty interior, and symmetric, so it contains the origin
in its interior. Thus, by Proposition 2.7, the infimum is attained at a unique point s, (). On the other
hand, £, ( f) has a well-defined barycenter, which is the origin. Therefore, we find that s, (f) = 0, and
the equality also follows in this case. O

We note that we could also have alternatively used Proposition 2.7 (v) to prove Proposition 2.9.

2.3. The case p = 0O: the (essential) polar

In order to pass to the limit as p — 0* and obtain results for the polar transform and the usual volume
product, we need to establish the analogues of Propositions 2.7 and 2.6 when p = 0. This is easier and
essentially well known. Actually, it can be deduced from the case p > 0 by passing to the limit, although
this is not the shortest path. We include the proofs for completeness.
We set
e
f2(x) :=ess inf

yerr f(y)’

For fixed x,x” € R" and A € (0, 1) we have fO((1-A)x+Ax’") > f7(x)!"*f7(x")*. So when f # 0, the
function f™ : R"” — [0, ) is a log-concave function, that coincides with the polar function f° when f

(2.6)

is continuous or when f is log-concave. We next recall that (1.14) holds (i.e., that the limit of £, (f) (ﬁ)
exists and equals f" as defined in (2.6), except possibly on a set of measure zero, with no restrictions
on f).

Fact 2.10. Let f : R" — [0, c0) be a function such that f # 0. Then for every x € R" such that
x € int(supp(f7)) or f7(x) = 0, and thus for almost-every x € R",

i X
fPx) = 11m+£p(f)(—). 2.7
p—0 p
Proof. Recall first the following classical fact. Let g be any function on R” such that g # 0. Then, if
llglleo = oo, one has ||gl|,» — oo (with no assumptions on g) as p” — 0. If ||g]lcc < oo and there exists
po such that ||g]|,, < oo, then [Igll,r — [8lleo as p” — co.
Fix p € (0, 1). For a fixed x € R", we set g«(y) = ¢*?¥ f(y) and write p’ = 1/p. With this notation,

1
we have L, ( f)(%) = ||g«ll Iffl. Clearly, the exponent ﬁ will not play such a serious role in the
analysis. The key observation is that ||gx|le = ﬁ
We will break the proof into two parts: xo € {f~ = 0} and x¢ € int(supp(f")). The first case is easy:

if xo € {f® = 0}, then ||gx, |l = oo, and thus, as stated early, it holds ||gx,|l,» — co. We deduce that
Ep(f)(%) — 0(= f"(x0)). Next, assume that xo € int(supp(f™)). It suffices to show

xo € int(supp(f7)) = / F(x)e*™ dx < oo, (2.8)

which gives that ||gx,|li < oo and allows to conclude as recalled above. To prove (2.8), note that
T_xo (f7) = (gx,)", so it suffices to consider the case xo = 0. Since f“ is log-concave, we have then
fP(x) = clc¢ BY (x) for some constant ¢, C > 0. Let S be a countable dense subset of the sphere. We
have, by definition, that, for almost all y € R”, for all x € S,

Fo) < LeCr,
C
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By letting x approach y/|y|, we find
L-clyl
f(y) < —e P! forae y.
c

Therefore, f is integrable, as wanted. O

Note that we still have the property that, for any z,x € R”,

(T2 )7 (x) = e f7(x). (2.9)
Proposition 2.11. Let f be a nonnegative function on R", with f # 0. Then:

1. We have that

dom(L(f%)) 2 int co (supp(f)).

If fis log-concave and integrable, there is equality in the previous assumption. Anyway,
dom(L(f7)) # 0.

2. Additionally, the following assertions are equivalent:
() irzlf L(f%)(z) > 0.
(ii) O lies in the interior of the support of f".
(iii) L(f") tends to oo on the boundary of its domain.
(iv) fP # 0 and inf, L(f")(—z) is attained at a (unique) point z( in the domain of L(f").
(v) fP # 0 and there exists —so € R" such that s is in the domain of L(f") and

bar(f°(x)e™*) = 0.

Moreover, the points zq in (iv) and sg in (v) are equal (and denoted by s.s(f)).

Proof. Like before, we start with the proof of 1. If f2 = 0, then the claim is trivial, so in the sequel, we
assume that f7 # 0; that is, the support of the log-concave function f has nonempty interior. Like in
the proof of Proposition 2.6, we may shift f so that it suffices to prove

0 € int co (supp(f)) :>/ fP < oo,
Rn

When /Rn fP = oo, itfollows from Fact 2.1, since f" is log-concave, that there exists u, v € R", v # 0, and
¢ € (0, +oo] suchthat f°(u+tv) — fast — oo. Consider the open half-space H~ = {y € R" ; y-v < 0}.
By definition, we have that, for every k € N,

ety

el

But, when y € H™, ekvY — 0 as k — oo. Therefore, f(y) = 0 for almost all y € H™, that is,
supp(f) C{xeR"; x-v >0}, and so 0 ¢ int co (supp(f)).

We now give two proofs for the equality when f is log-concave and integrable.

We first note that it follows from Proposition 2.6 by taking limits. Indeed, we set D,(f) =
dom(L(Ep(f)(;))) and D(f) = dom(L(f™)). Assume 0 € D(f). From Fact 2.5, there exists §, N > 0

such that 6B} € D, (f) for 0 < p < 1/N. From Proposition 2.6, D, (f) = ﬁint(supp(f)). Thus,
(1= p)oBS C int(supp(f)) for every 0 < p < 1/N. Consequently, 0 € int(6B5) C int(supp(f)).

ek > fO(u+kv), foralmostall y € R".
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For a direct proof, note that for the integrable log-concave function f # 0, we have that f(x) <
Ce=*1 and so in particular, f2 > 0 in a neighborhood of zero. If 0 ¢ int co (supp(f)), then there
exists u € $"~! such that supp(f) € H™ := {x € R*;x - u < 0}. Then

—tx-u 1

fP(~tu) = essxierg_ o > ok

Therefore, the log-concave function /™ # 0 does not tend to zero at infinity, and hence, /R" fB =00,
For the proof of 2., this is, as before, a straightforward application of Fact 2.2 to the log-concave

function g = f°. ]
We next have the analogue of Fact 2.8 for p = 0.

Fact 2.12. Let f be a nonnegative function on R". Then, we have
f:oo:>inf/ (/)7 =0.
Rn z Rn

If f is log-concave, the converse is also true.

Proof. If f = 0, both implications are trivial, so we assume f # O.

We will prove the contrapositive. By Proposition 2.11, the function f= contains the origin in the
interior of its support. Then (2.8) with xo = O gives the desired conclusion f f < oo. Let us mention
that one can alternatively take the limit as p — 0% directly in Fact 2.8, using Fact 2.5, Proposition 2.7
and Fact 2.10.

Conversely, assume that f is log-concave, f # 0 and that fR" f < oo. This means from (2.1) that

f(x) < ae ?™*! for some constants a,b > 0. This implies that f°, and thus, £ is strictly positive
in a neighborhood of the origin, and therefore, by Proposition 2.11, the infimum of L /" is strictly
positive. |
2.4. Continuity of the infimum and of the Laplace-Santalo point

As we will have to perform several kind of approximations, we are led to investigate (weak) continuity
properties for

f > inf L(L, ())(2)

and for f — s, (f).
With this framework, we have the following useful result, which concerns g — inf Lg and will later
be applied to g = £, (f), along sequences of log-concave functions.

Proposition 2.13. Let g1,22,...80 : R" — [0,) be log-concave functions, all # 0, such that, for
almost all x € R",

8k (x) — goo(X).

This implies that Lgy (z7) — Lgw(z) inRU{co} at every z € R™. Moreover, if we assume the following
two properties of non-degeneracy: the convex functions gy, k € N U {oo}, are proper, and

inf Lgr(z) >0, Vk € NU {co},
z

then we have

inf Lgy (z) — inf Lgo(2).
¥4 Z

Furthermore, for each k, there exists a unique point z(gy) where the infimum inf, Lg;. (z) is attained and

7(gk) — 2(gw)-
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The condition that the functions are proper will always be verified in our applications, where gy is
some L, (f) with f # 0, in virtue of Proposition 2.7. The condition on the infimum being nonzero will
require more care.

Like in Fact 2.4, the above proposition could be deduced from the framework of epi-convergence,
but we prefer to provide a self-contained proof for completeness.

Proof. For ease of presentation, we set g = goo. We recall from Fact 2.5 that Lgy (x) — Lg(x) for every
x e R™.

For each k, Lgx : R" — R U {oo} is a lower-semi-continuous, strictly convex function, and by
hypothesis, dom(Lgx) # 0. Furthermore, the assumption that the infimum is not O yields that the
infimum of Lgy is obtained at a unique point, that we denote by z(gx), on its domain, which is open,
via Fact 2.2. We break the remaining proof into two steps. First, we show that limy_, z(gx) = z(g)-
Finally, we show that

klim inf Lgx(z) = inf Lg(z). (2.10)
—00 Z z

By Fact 2.4, there exists a closed ball B(z(g),@) € dom(Lg), @ > 0, on which the convergence of
Lgy to Lg is uniform. Recall domains are open here. We parameterize the boundary of B(z(g), @) as
z(g) + b for 0 € S"~!. We have that Lg(z(g) +a#) > Lg(z(g)). Since Lg is continuous on B(z(g), @),
it follows that

= inf ~ (Lg(x) — Lg(z(g))) = inf (Lg(z(g)+ab) - Lg(z(g))) > 0.
llx-z(g) = fesn-1

Since the convergence is uniform on B(z(g), @), there exists J such that for every k > J and every
x € B(z(g), ), one has |Lgy (x) — Lg(x)| < r/4. Thus, for every § € S"~! and k > J, one has

ri = inf Lgk(z(g) + @) — Lgk(z(g)) > inf Lg(z(g) +ab) — Lg(z(g)) - =1
gesn-l gesn-! 2 2

Lgk(z(g)+ta8)-Lgk(z(g))
t

By convexity, the map ¢ +— is nondecreasing. Thus, for every t > 1, one has

Lgi(2(g) +tab) — Lgr(2(g)) = 1(Lgx(2(8) + @b) — Lgr(2(g))) = tri 2 %

This implies that for any x ¢ B(z(g), @), Lgx(x) > Lgr(z(g)) +r/2, and thus z(gx) € B(z(g), a) for
every k > J. We have thus proved that, for any @ such that B(z(g), @) c dom(Lg), there exists J such
that, for every k > J, one has ||z(gx) — z(g)|| < @. This proves that the sequence {z(gx)}r converges
to z(g).

Finally, we prove (2.10). For k > J, from the previous step of the proof, we have z(gr) € B(z(g), @);
using that Lgy is minimal at z(gy) and Lg is minimal at z(g), we get

Lgi(z(gr)) — Lg(z(8k)) < Lgw(z(gr)) — Lg(2(g)) < Lgr(z(8)) — Lg(z(8))-

It follows that |Lgk (z(gk)) — L& (2(8))| < SUPycp(2(g),a) |L8k (x) — Lg(x)], which converges to 0 when
k tends to +co by uniform convergence. O

3. Semi-groups

This section is devoted to the proof of the following result, which contains our main Theorem 1.5 in the
case where the function is bounded and compactly supported.

Theorem 3.1. Let f be a nonnegative function bounded and compactly supported with f # 0. Let f; be
its evolution along the Fokker-Planck or the heat semigroup. For p € (0, 1), define the function Q(t, 7),
fort > 0andz € R", by
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0(t,7) = log /R L, (r(f) = log /R L (f)(x) 7 dx = log LL, (f)(2).
Then it holds that
9 1 P 2 n
Q0+ 5 __q|VzQ| >0,  on (0,00) xR". 3.1

As a consequence, the function

a(t) :==inf LL,(f;) = irzlf/Rn Lp(t(fr))(x)dx = /R” Ly (75, () J1)(x) dx 3.2)
is increasing int > 0 and

Mp(f) Spr(ft) SMp(Vl)ztllrgMp(ﬁ)~ (3.3)

The % in (3.1) comes from our normalization of Heat semi-groups with %A as generator, as we
will see below. Although we will not use it here, it is interesting to note, for future investigations, that
property (3.1) points to Hamilton-Jacobi equations.

We first recall the main tools that will be used: the Fokker-Planck and the heat semi-groups, together
with the variance Brascamp-Lieb inequality for log-concave densities, which plays a crucial role. Then,
we will move to the proofs of Theorem 3.1; we split this into two parts. First, we prove the inequality
(3.1), which is really the core of the argument and is inspired by [29]. Second, we derive (3.2) and (3.3).

3.1. Fokker-Planck or heat semi-groups

For a (nonnegative) integrable function f, we define its Fokker-Planck flow as Py f = f, and, for# > O by

7|et/2x7y|2 dy
P, f(x) = ™/? G e —
@ = [ g e
QA2 ) e s = |x2/2
- e XY 3 VI 4 _— 3.4)
(/R 7o) ") = e (

Under suitable integrability assumptions, it verifies the equation 9, P, f = D* P, f, where

D*f = %(Af+divx(xf)).

It is well known that D* can be seen as the adjoint of D from the Ornstein-Uhlenbeck operator
(5.1). Under mild assumptions (satisfied below), we have P;f(x) — f(x) ast — 0" and P, f(x) —

-1x2/2
(fRnf)W ast — oo.
It is standard to renormalize the Fokker-Planck flow into the heat flow, and vice versa. Let us consider
E, f defined, for ¢ > 0, by

Ef(x) = (14 ) Progrn f((1+0)72x). (3.5)
Then, it is readily checked that E, f has the following integral representation

du

E:f(y) = (27”)”/2,

L Fe) = / Flyebulron Ay g (3

o
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and, under suitable integrability assumptions, follows the heat equation

1
O:E: f(x) = zAxEtf(x)'

What is more surprising is that this renormalization scales perfectly with respect to the definition of
L. Indeed, by change of variables, and using that p and g are conjugate, we see that, for any fixed z € R",

/ Ep(Tz(Etf)) = / ‘Cp (T(1+t)*1/22(P10g(1+t)f))-
Rn Rn

In particular,

inf [ £(xu(Ecp) =inf [ L5 (Prgiron 1) 37

And also, if we define
0(t2)=tog [ £, (rE:f) and 0(1.2)=tog [ Ly(r.(Pis))
then we have Q(t,z) = Q(log(l +1), (1 +1)~"/2z), and therefore, for any constant c,

1 — —
(00 +cIVOP)(1,2) = = (80 + c[VOI) (log(1 +1), (1 +1)%2).

Consequently, proving (3.1) along the Fokker-Planck or heat semi-group is totally equivalent.

3.2. Preliminary inequalities

We will need some well-known inequalities to prove our main results. Assume that we are given a C?
smooth positive integrable function #. We denote by uj, the corresponding probability measure,

dup(x) = % dx.
Rn

The first essential tool is the variance Brascamp-Lieb inequality, proven in [6]. We recall that the
variance of a function g with respect to a probability measure y is given by

2
Varyg = [ lePduto) - ( [ gdﬂ(X)) .

Lemma 3.2. Let h be a strictly log-concave function. Then, for any locally Lipschitz g € L*>(R", ),
one has

Var,, g < /Rn (Vg - (V%(~1log h))_lVg)d,uh(x). (3.8)

The second tool is much simpler and relates information and covariance (it is often referred to as the
Cramér-Rao inequality; see, for example, [9, Equation 20]). Recall that the covariance matrix associated
to a probability measure u is given by

cov() = /R @ () - ( /R n zdu(Z)) ® ( /R n zdﬂ(Z))- (3.9)
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Lemma 3.3. Assume that uy has finite variance, /R" |z|? dup(z) < oo and finite Fisher information,

fR" 1vAP < oo. Then, the following matrix inequality holds:
I(un) = cov(up)™,
where I(up) := [—lh /R" w is the (Fisher) information matrix.
R

3.3. Proof of (3.1) in Theorem 3.1

Let C be the set of smooth functions # on R” such that, for some constants ¢, Cy, ¢y, C; > 0, it holds
Coe P < g(x) < e vy e R, (3.10)
where g is h or any (partial) derivative of 4 of order < 2.

Let us fix, as in Theorem 3.1, a nonnegative function f that is bounded and compactly supported,
with fRn f > 0. Let us denote here

fi = Eif,

the evolution of f along the heat semi-group. It is readily checked that, for any ¢ > 0, the functions
fis ftl/p and L, (f;) belong to the class C defined above. Note that both L(f!/?) and L(f,l/p) are
everywhere finite, which means that the corresponding £, functionals are nonzero everywhere, and
thus, by Proposition 2.7, we have

irzlfL(Ep(f))(z) >0 and irzlfL(Ep(ﬁ))(z) > 0, (3.11)

and these infimum are attained at a unique point. We also have, for fixed r > 0, that for any z, the
function x — L, (f;)(x)e*™* also belongs to C, and, in particular,

domL(L,(f;)) =R". (3.12)

Since f; is continuous and strictly positive, we could also invoke Proposition 2.6. The function z +—
log L(L,(f:))(z) is a smooth convex function on R”, having a positive Hessian everywhere.
Recall the definition, on (0, c0) X R", of

Q(1,2) = log /]R Ly (r(f)) () dx = log /R Ly () €t dr.

We aim at computing

Q(t,2) = Lp(fi)(x)] T dx.

fRn L (Tz(ft)) -/

The derivative in time can indeed be moved inside the integral because the constants in (3.10) for
g = L,(7,(f;)) depend continuously on ¢ > 0 and hence are locally bounded. Introduce

t :le/p and H,(x) := L(h;)(x) :/ e (y) e dy.
R}l
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Since L, (. f;)(x) = H{ (x)e?%*, we have

1
/R" H (x) e?2% dx

q -1 X
= H, ()90, [H;(x)]e*™ dx.
/Rnth(x)eqz_de/Rn ()90, [H, ()]

8,0(t,7) = /R OLHI 1 d

(3.13)

Thus, we must compute d; H;. Let us observe that i, and H, are smooth and moreover, that i, and th
belong to the class C. This suffices to justify the computations below. Recall also, for later reference,
that log H, is a smooth strictly convex function on R".

First, note that

1 Vh,|?
Oihy = E(Aht +(p - 1)%),

SO

|Vhl(y)|2 ex~y
R he(Y)

For the first term we have, by integration by parts the following relation (a classical property of the
Laplace transform),

20,H,(x) = /R Al (y) € dy + (p— 1) dy.

/ Al (y) & dy = [xPPH, (x),

and, for the second term,

Vh, 2 v, [k x-y71|2
-/ 9, [ () e*21P

2 2
ey 4+ 2P H ) — e PH ().
Therefore, we have the following nice formula:
20,H,(x) = plx|*H, (x) + (p = DI(h;(y)e™™) H, (x), (3.14)

where

IVy [ (3)e* ] dy
hi(y)ex> [ h(u)ex du

e = [

dy
/.R" hy (u)e*" du
for fixed ¢ > 0 and z, the log-concave probability measure y,; , on R" given by

is the Fisher information of the probability density &, (y)e™*” . To sum up, by introducing

dpty - (x) = HY (x)e7%> dx = () (log Hi (x)42x) dx ,
’ _/R,, H(x)eq2x dx /R" H(x)eq%x dx

and inserting (3.14) into (3.13), we obtain

2
2000 =p [ WP duect+ (=1 [ 10001 dic () G.15)
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The idea of regrouping the terms in this way and the forthcoming arguments are taken from the work of
Nakamura and Tsuji; it is beautiful and new.

For the first term in (3.15), we invoke the variance Brascamp-Lieb inequality (3.8) for the (strictly
and smooth) log-concave measure y; ; and the linear functions x — x;,i=1,...,n:

2 2 2 -1
R~ (| xidue) < | (Vi(-qlogH)) e e;duz,
n Rn Rn

where (e;) refers to the canonical basis of R”. Therefore we find

oo <| [ sancoof +(-1) [ 1T tog i (o,

For the second term, we bound the term inside the integral for x fixed, using the Cramér-Rao inequality,
Lemma 3.3; the inverse of the covariance matrix is dominated by the information matrix, which implies
in particular that

hi(y)e*™

I(h(y)e*?) = Tr|Cov| ————
(he(y)e™) ) ds

-1
) = Tr[(V3 log H,) '],

since log(H,) is the log-Laplace transform of /,. Combining the previous inequalities with (3.15), and
noting that p —1 <Oand p— 1 = g, we find

2 2
20009 <] [ xduf = Liv.owar.
q R q

where the equality follows from the definition of Q(t,-) as the log-Laplace transform at gz of £, (f;).
This ends the proof of (3.1).

3.4. Proof of (3.2) in Theorem 3.1

We continue with the same notations and assumptions as in the previous section. As we said, since
L, (f;) belongs to the class C, the function F; defined by

Fi(z) :=0(t,2) = log'én L,(fi)(x) e dx (3.16)

is a smooth convex function, with domain R", with positive Hessian everywhere, tending to infinity at
infinity, and attaining its minimum at a unique point denoted by s, ( f;) characterized by VF; (s, (f;)) = 0.
Combining this with the regularity of Q, we immediately see that s, ( f;) is at least C L_smooth in ¢ > 0.
Consider the function

a(r) = Fr(sp(f1)) = Q(1,5p(f1))- (3.17)
Since VF; (s, (f1)) =V 0(t,5p(fi)) =0, we have

a'(t) = 0,0(1,5p (f)) + VFi (sp(f) - Orsp(fr)
=0,0(1,sp(f1))
>0,

2
where we used the fact that s, ( ;) has the special property that 0 = p‘ /Rn xdu; ; (x)‘ = % IV.0(t, 2)|?
at z = s, (f;). We therefore have the desired monotonicity for the infimum.
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3.5. Proof of (3.3) in Theorem 3.1

We only need to examine the limits when t+ — 0 and t — co. Keeping the notations of the previous
section, that is,

fimEif and a=inf [ £(r(0)
Rn
we have, for every ¢y > 0,
lirg a(t) < a(ty) < tlim a(t).
t—0* —00

We must now relate these limits with the corresponding functionals associated with our endpoint
functions f and ;.

Let us consider first the limit as t — 0*. Since f € L'(R"), we have that f, converges to f almost
everywhere [35, Chapter 3, Theorem 2.1]. Moreover, since f is bounded and compactly supported, we
have that for every 0 < r < 1/10, say, and every y € R", f;(y) < ce™ . So by dominated convergence,
we have that L(f/?)(x) = L(f"/?)(x) and

Lp(f)(x) = Lp(f)(x),

for every x € R", as t — 0. Recalling (3.11), we can apply Proposition 2.13 and obtain that

}%a(t) = ir;f /R" Ly (2 f) = a(0).

Note that we also have s, (f;) — s, (f).

‘We now move to the limit as ¢ — oo. Here, it is more natural to work with the Fokker-Planck evolution
of f, given by (3.4). We already saw in (3.7) that this is totally equivalent, up to a change in time in &
that do not alter the limit. We ask the reader to forgive us for keeping the same notation f;, that is,

fi=Pf.

Using that f is bounded and compactly supported, we see from the definition of f; that f;(x) —
c¢(f)y1(x) when t — oo, where c(f) = (fR" £)/(27)"%. And we also have, for ¢ > 100, say, that

filx) < C ¢~ 1¥P/4 for all x € R" and some constant C > 0. Therefore, by dominated convergence, we
get that L(ft]/p)(x) — c(f)l/”L(yll/p)(x) and

Lp(f)(x) = Lp(c(f)y1) (),

ast — oo, for all x € R”. As above, Proposition 2.13 gives that
a(t) — igfL(»Cp(C(f) y))(2),

with convergence of the corresponding Laplace-Santal6 points. It is readily checked using (1) or invoking
Proposition 2.9, that s, (c(f)y1) = 0. So, we have proven that, when t — oo,

at) = [ Lpcthm=etn® [ 2,0,

as wanted. The result for M, ( f;) follows by multiplying a(z) ™" /4 by

[a=[ r=ctn [ neww.
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4. Proof of Theorem 1.5, Theorem 1.2 and Theorem 1.4

Here, we prove, by approximation, our general statements regarding the maximum of the p-volume
product from Theorem 3.1. We then explain how results for the classical volume product are obtained,
by letting p — 0*.

4.1. Proof of Theorem 1.5 and Theorem 1.2

We begin with the useful observation thatifinf L(L,(f;)) > Oatsometime¢ > 0, theninf L(L,(fr)) >
O atall times T > .

Lemma 4.1. Let f be a nonnegative function, f # 0, and let f; = E, f be its heat flow evolution. Then
forQ < s <t

supp(Lp (fs) < supp(L (f0),
and consequently,
inf LL,(f;) =0= Vs € [0,7], inf LL,(fs)=0.

Proof. Since f; = (fs)—s, it suffices to consider the case s = 0 < ¢. It is readily checked from the
1x2

definition of the heat semi-group, since (27¢)~"/? fRn e o=y P2 gy = o153 e*7Y, that for any heat

flow evolution f; = E, f,

2
(a2

L(fi)=¢e" 2 Lf.
From Jensen’s inequality, we have that (f;)!/? < (f!/P),, from which we derive that

LI P ) < e F L)),

Therefore, we have
1=
Ly(f)(x) = e? 2 L,(f)(x).

Ix
Since €92 > 0, the claim on the supports follows. To conclude, we use the equivalence of (i) and (i)
in Proposition 2.7. O

We can now move to the proof of Theorem 1.5.

Proof of Theorem 1.5. If f = 0 then M, (f;) = 0 at all times and the result is trivial. When fR,, f =00,

we have /R" fi = oo at all times and so, by Fact 2.8, we also have that M, (f;) = 0 at all times. Thus, in
the sequel, we can assume that
0< / f < oo,

Therefore, the result for M, amounts to proving that for any # > 0,
inf LL,(f) <inf LL,(f;), 4.1

and

inf LL,(f,) < ((2n)—"/2 /R f)Q/p /R Ly(y). 4.2)
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Indeed, by the semi-group property f; = (fy);—s, inequality (4.1) improves to
inf LL,(fs) <inf LL,(f7),

forany 0 < s < 1.
Soletus fix t > 0. We consider the following, classical, bounded compactly supported approximation
procedure: for k € N, set

SR = ek ke
We implicitly take k large enough so that £ # 0. By Theorem 3.1, we have that
inf LL,(f®) <inf LL,((f*),). 4.3)

Fact 4.2. Let f be a nonnegative function, f # 0, and let s € [0,00). If inf LL,(f;) > 0, then, as
k — oo, we have

inf LL,((f%))s) — inf LL,(f;).

Proof. We have f ®)(x) f(x) at every x € R" as k — oo, and so, by monotone convergence, we

have, (f*); /' f;, and
Ly ((FR)0) N Lp(fs)

Note that this implies that inf Lﬁp((f(k))s) > inf LL,(fs) > 0. So, we can apply Proposition 2.13 to
conclude. O

We continue with the proof of (4.1). We can assume that
inf LL,(f) >0 and infLL,(f;) > 0.

Indeed, if inf LL,(f) = 0, there is nothing to prove. If inf LL, (f;) = 0, it follows from Lemma 4.1
that inf LL,(f) = 0, and so the inequality is true in this case too. So, we can apply the Fact 4.2 with
s =0 and s = ¢, and conclude by passing to the limit in (4.3).

There remains to prove (4.2). We can again assume thatinf LL, (f;) > 0. We have, from Theorem 3.1,
that

f L£,((£ ) < lim ££,((79)) = (202 [ 9] [ 2,0,

We obtain (4.2), by letting k — oo, using Fact 4.2 in the left-hand side, and monotone convergence in
the right-hand side.

q/p
Let us note, for consistency, that ./R" f= /R" f; < o0, and so (/R" f) > 0, wheninf LL,(f;) > 0,
because of Fact 2.8. O

4.2. Proof of Theorem 1.4

Let f be a nonnegative function with f # 0.
Suppose L, ( f) has barycenter at zero. This implies, by definition, that £, (/) # 0. By Proposition2.7
(v), we know that

i [ £y = [ 2,0,

and the result follows by Theorem 1.2. Note for consistency that £, (f)(0) > 0 rewrites as fRn f < oo,
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Assume next that O is the barycenter of f. If /R” L,(f) = 0, there is nothing to prove, so we can
assume that £, (f) # 0. Since the barycenter belongs to the interior of the convex hull of the (essential)
support, we have, by Proposition 2.6, that LL,(f)(0) < co. Thus, the log-concave function £, (f) is
integrable. Note that, for any fixed vector s € R”, we have

Lp(f(x)e’™) =1_5/pLp(f)s

so we can find sg such that the barycenter of £, (f(x)e**¥) is at the origin: just take so = p bar(L,(f)).
Applying Proposition 2.7 and Theorem 1.2 to x — f(x)e**, we deduce that

[ reeax [ 2,0 < mp0.

We conclude with the following usual (in the context of the Blaschke-Santal6 inequality) observation:

/Rnf(x)eso'xdx > /Rn f(x)dx+/Rn(so-x)f(x)dx=/Rn f(x) dx.

4.3. Limits as p — 0% and proof of Corollary 1.6

In this section, we verify that Theorem 1.2 implies the same result for the usual volume product by
letting p — 0*.
Via the semi-group property, it again suffices to show that

M(f) < M(fi) < M(y1).

Without loss of generality, we will use the heat-semi group.
The case when /R" f = oo follows from Fact 2.12, and the case f = 0 is trivial. From now on, we

assume that 0 < fRn f < oo, and so we are reduced to proving that, for ¢ > 0 fixed,

infL(fD)sme((f,)D)s(zn)"(/ f) . (4.4)

R

x 2
Observe first that, for 7 > 0, (f;)"(x) > et fP(x) pointwise. Indeed,

du
e
ﬁ(y)—/ fu)e (2r1)n?
< L o Xt p=ly-ul?/(21) du = ! ’%e_x Y.
= 7900 Jan Qrr)r2 f9(x)

Rearranging and taking the essential infimum over all y yields the result. More generally, from the
semi-group property, this yields 7 > s > 0,

(0200 2 e 9F (£)7(x). (4.5)

Thus, 0 € int(supp((f;)7)) implies O € int(supp((f;)")). From Proposition 2.11, this implies that if
inf L((f;)7) =0, then inf L((f;)") =0 forevery 0 < s < 1.
Consequently, in order to prove (4.4), we may suppose that

inf L(f7) >0 and inf L((f;)") > 0. (4.6

We claim that, for any s > 0 fixed, if inf L((f;)") > 0, then inf L(L,, (fs)(,j)) > 0 for p small enough.
Indeed, the former is equivalent to 0 € £B5 C int(supp(( fs)7)) for some & > 0 via Proposition 2.11. In
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particular, (f;)® is bounded away from zero on eB. Since by Fact 2.10, £, (f;)(+;) is a sequence (in-
dexedby p = 1/k, k — o0, say) of log-concave functions converging almost-everywﬁere toalog-concave

function, the (local) uniform convergence recalled in Fact 2.5 yields 0 € eB} C int(supp(L p(fs) (;)))

for p small enough, and the claim then follows from Proposition 2.7. We have from Theorem 1.5 that
fort > 0,

me(ﬁ,,(f)(;)) < infL(ﬁp(ﬁ)(]j))

< ([p(l ~p) P PE @m oY) (/Rn f)_l)

-q/p

In view of (4.6) and of the claim of the paragraph above with s = 0 and s = ¢, we can pass to the limit
in p — 07, thanks to repeated applications of Proposition 2.13 and conclude to (4.4).

5. An application and open questions

We begin with the derivation of Theorem 1.7 on hypercontractivity, and then briefly discuss other
choices of centering along the heat flow.

5.1. Hypercontractive inequalities

We denote by y the standard Gaussian probability measure on R”. Recall that for f nonnegative or in
L'(y), we can define the Ornstein-Uhlenbeck flow of f by

U = [ Fe s VT= e are)

Let us mention that, under appropriate assumptions, f; = U, f satisfies
0
Eft :=Df;, where Df:=Af-x-Vf. (GR))

Nelson’s hypercontractivity [30], which quantifies the regularizing effect of the Ornstein-Uhlenbeck
semi-group, states that

NUs (e () < N Nlzer () (5.2)

p2—

when 1 < py, pp < oo and s > 0 satisfy _i < ¢%. Borell’s reverse hypercontractivity is then the fact
[5] that (5.2) reverses when p, ps € (—o0, 1) \ {0} satisfy the same relation.

With our indices (1.2), it is readily checked, as observed by Nakamura and Tsuji [29], that for any
nonnegative f, we have the pointwise equality,

ng X
(U f ()7 % 21p) Ty (x) = Ep(f”yl)(—), (5.3)
vrldl
with s = —% log(1 — p). As a consequence, we also have, for some constant ¢, , > 0,
£z (y) ( / -pla\!P
T = Cn, Ifn / Ly(fPy1) . (5.4)
WUsflliLaeyy 7 ( R ) ( Rr )
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Using (5.3) and (5.4), we may reformulate Theorem 1.5 as a partial extension of Borell’s reverse
hypercontractivity beyond usual time: if we define s via p = 1 — ¢ (and so ¢ = 1 — €%*), then, for any
a nonnegative function f, if either f x fP(x)dy =0or fx Us(f)4(x) dy = 0, we have

”Usf”L‘I(y) 2 ”f”LP(y)-

There is equality when fPvy; is Gaussian.
The statement in Theorem 1.7, for p» > g and p; < p, then follows from Jensen’s inequality.

5.2. Open questions on Santalé curves

Let us fix a nonnegative function f. Letting f; be, say, the Fokker-Planck evolution of f, a natural problem
is to describe the following set of curves

Sp(f) = {s :R* - R"; Ilim s(t)=0 and +— /ﬁp(Ts(,)ft) increases}.

It would be interesting to know if, after translating f, the single point zero curve belongs to S, (f) or
if the curves stay in a compact region that can be described. Actually, we do not even know if for the
volume product (i.e., when p =0, f — f fr / (f)° increases when f or f° has barycenter 0, say). Note

also that monotonicity ensures that / fi f (Ts(r) f)° < (2m)", and so s(¢) has to belong to the so-called
‘Santal6 region’ [27, 16] of f;.

For instance, in the trivial case where f(x) = e~=al’/2 i a Gaussian centered at a € R”, then it is
readily checked that s(7) = e™'/?a is the only element of Sp(f) forall p € [0,1).

One can also look at the subset of curves in S, ( f) that make our argument work with fixed p € (0, 1).
In the proof of (3.2) in Theorem 3.1, given in Section 3.4, we see that establishing the monotonicity in
t of M, (f;) (assuming f belongs to the class C defined in (3.10)) amounted to the fact that

() = 8,0(t, 55 (f)) + V20(t, 5, (£)) - Orsp(f3)
> z”—qwzQ(r,sp(ﬁ))F +V.0(t, 5, (f) - 0rsp(f)
= ()’

where Q(t,z) = log L(L,(f;))(gz) = logfﬁp(rz(f,)) is convex in z, and a(t) = Q(t,5,(f;)). In
particular, our choice of z = 5, (f;) ensured that

IV20(t.5p (fO)? = 0= Vo0(1.55(f)) - dusp ()
But we see that we only need the curve to satisfy

;iqwzQ(t,s(r))P +V.0(t, () - 5'(1) 2 0, (5.5)

which leads to the subset §p (1) cSp(f)
gp(f) ={s e C'(R",R") ; tlim s(¢) =0 and (5.5) holds at every ¢ > 0,z € R"}.

A natural candidate, besides our p-Santal6 points s, ( f;) themselves, for which both terms are zero,
would be a curve satisfying the equation

Ly (Tsr) f2) (%)
Ly (T fr) (x)dx

S0 == L0050 = /R 7 (5.6)
Rn
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We leave open the following natural question: Does this time-dependent gradient flow equation have at
least one (smooth enough) solution on R* with lim;_,«, s(#) = 0? In the case p = 0, the equation becomes

() = 3V 108 L(()P) (1)

In all cases, one probably needs to understand the time dependent log-Laplace transform Q (¢, z).
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