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COMPOSITION OPERATORS ON SOME MOBIUS INVARIANT
BANACH SPACES

SHAMIL MAKHMUTOV AND MARIA TJANI

We characterise the compact composition operators from any Mobius invariant Ba-
nach space to VMOA, the space of holomorphic functions on the unit disk U that
have vanishing mean oscillation. We use this to obtain a characterisation of the com-
pact composition operators from the Bloch space to VMOA. Finally, we study some
properties of hyperbolic VMOA functions. We show that a function is hyperbolic
VMOA if and only if it is the symbol of a compact composition operator from the
Bloch space to VMOA.

1. INTRODUCTION

Let ¢ be a holomorphic self-map of the open unit disc U, and H? the Hilbert space
of functions holomorphic on U with square summable power series coefficients. Associate
with ¢ the composition operator C, defined by

C¢f=f°¢a

for f holomorphic on U.

This is the first setting in which composition operators were studied. By Littlewood’s
Subordination Principle every composition operator takes H? into itself. Shapiro in [16],
using the Nevanlinna counting function, characterised the compact composition operators
on the Hardy space H2. A natural follow up question is about the boundedness and
compactness of composition operators on other function spaces. We know the answer to
this question in a variety of spaces.

Madigan and Matheson show in [10] that Cy is compact on the Bloch space B if and
only if

[¢92)]
1- @)

In this paper we study operators which map certain subspaces of the Bloch space
into BMOA and into VMOA. Some other approaches to this problem are studied in
[5, 18, 19].

w(]j)lnl’l(l - IZP) =0
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In Section 2 we give some preliminaries. In Section 3 we give a sufficient condition
for the compactness of Cy : B —+ BMOA. In Section 4 we give a characterisation of
compact operators Cy : X — VMOA, where X is a Mébius invariant subspace of the
Bloch space. We use this characterisation to show that the condition

@l (- el
() |:lﬁi“.1/u (- [) dA(z) =0
is necessary and sufficient for the compactness of Cy : B - VMOA.

In Section 5 we consider the case when ¢ is a boundedly valent holomorphic self-
map of U such that ¢(U) lies inside a polygon inscribed in the unit circle and observe
a similarity of compactness conditions for the Bloch space, BMOA and VMOA (see
Theorem 5.3). It is a corollary of this theorem (see corollary 5.4) that if C, is a weakly
compact operator on VMOA then it is a compact operator, if ¢(U) lies inside a polygon
inscribed in the unit circle.

Let o(a, b) be the hyperbolic metric on U

1. 1+ p(a,b)
= ~]og —— 2~
U(a) b) 2 Og 1 _p(a’ b):
a—1b
pla,b) = 1—al’

and D(a,r) = {z € U: pla,z) £ r} be a pseudohyperbolic disk with a centre a € U
and a radius r, 0 < r < 1. In the last section we study the hyperbolic VMOA functions
(VMOA,), that is, holomorphic self-maps ¢ of the unit disk U such that

lim a(¢ 0 ayy(2), d:(q)) ldz| =0.

lgl—1J8U

It is proved (Theorem 6.1) that ¢ € VMOA, if and only if ¢ satisfies condition (1). Some
properties of hyperbolic VMOA functions are studied.

2. PRELIMINARIES

Let U be the open unit disc in the complex plane C and dU be the unit circle. The
one-to-one holomorphic functions that map U onto itself, called the Mébius transforma-
tions, and denoted by G, have the form Aa, where A € U and a,, is the basic conformal
automorphism defined by a,(2) = (p — 2)/(1 — Bz) for p € U. It is easy to check that
the inverse of o, under composition is ap

p © Cp(2) = 2
for z € U. Also,

1 - 2
0l =
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and

_ 2 (1—=1pl?)(1—-|z2?
o tfotaf = CEEZE) 1y
forp,zeU.

The Bloch space B on U is the space of holomorphic functions f on U such that
I1£lls = sup(1 = |212)|£(2)] < oo.
zeU

The norm || f]| = ] f (0)| + || fl|s makes the Bloch space a Banach space. Using (2) one can
see that B is invariant under Mobius transformations, that is, if f € B then fo ¢ € B,
for all ¢ € G. In fact,

If o dlls = I f]ls-

We note that the polynomials are not dense in the Bloch space and the closure of
the polynomials in the Bloch norm is the little Bloch space, denoted by By. In [22, p.84]
it is shown that

f € By if and only if|£ilgll(1 - |z|2)|f’(z)| =0 .

A linear space X of holomorphic functions on U with a seminorm ||.||x is Mébius
invariant if

1. X C B and there exists a positive constant ¢ such that for all f € X,

I fllz < cllfllx-
2. Forall¢eGandall fe X, fogdp€ X and

Ifodlix =IIfllx.

A Mqbius invariant Banach space X is a Mdbius invariant linear space of holomor-
phic functions on U with a seminorm ||.||x, whose norm is || f||x or If(O)I + || fllx. Some
examples of Mobius invariant Banach spaces include the Besov spaces, VMOA, BMOA
and the Bloch space. In fact, the reason for insisting that a Mdbius invariant Banach
space be a subspace of the Bloch space is that Rubel and Timoney proved in [14] that
if a linear space of analytic functions on U with a seminorm ||.||x is such that for all
feX,fope X and ||fod|lx =|flix, and it has a non-zero linear functional L that is
decent (that is L extends to a continuous linear functional on the space of holomorphic
functions on U} then, X has to be a subspace of the Bloch space and the inclusion map
is continuous.

A holomorphic function f on U belongs to BMOA, the holomorphic members of
BMO, if
(3) 1 fllsmoa = 325||f 0 ag(2) - f(g)

H2<OO.
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Under the norm I f (0)| + |Ifllsmoa the space BMOA becomes a complete normed
linear space. This is not the traditional definition of BMOA, it is actually a corollary
of the John-Nirenberg theorem [4, p.15]. By the Littlewood-Paley identities (see [22,
p.167]) and the fact that log1/|z] ~ 1 — |22, for z away from the origin we see that a
seminorm equivalent to the one defined in (3) is:

171 = sup 107 0 @) @] (1 - 1¢I*)dA(2)

) = sup [ 11" (g(2))| oyt " (1 - 121 aace).

qel

Thus after the change of variables ay(z) = w we obtain
. N 2
5) 14112 = sup [ 7" (1~ foutas)|*)d ().

Let const. denote a positive constant which may change from one occurrence to the
next but will not depend on the functions involved. Let A and B be two quantities that
depend on a holomorphic function f on U. We say that A is equivalent to B, and we
write A ~ B, if

const. A < B < const. A.

Let S(h,0) = {z € U : |z — €| < h}, where 8 € [0,2), h € (0,1).

The notion of BMOA first arose in the context of mean oscillations of a function
over cubes with edges parallel to the coordinate axes or equivalently over sets of the form
S(h,0) (15, pp.36-39]. That is,

1

6 2~ sup —
(6) 71 he(oI.)l) h Jsn.6)
6¢ef0,27)

@[ (1 - 12P)dA(2).

One of the many similarities between the Bloch space and BMOA is that polynomials
are not dense in either space. The closure of polynomials in the BMOA norm forms
VMOA, the space of holomorphic functions with vanishing mean oscillation. The space
VMOA can be characterised as all those holomorphic functions f on U such that

. . 2 2 _
@ Iim [ 17" (1 - eaw)]*)da(w) = 0
(the “little-oh” version of (5)). Moreover the “little-oh” version of (6) is equivalent to {7)
(15, pp-36-39, p.50].

Recall another characterisation of BMOA and VMOA functions involving Carleson
measure. A positive measure g on U is a Carleson measure provided that

S,k
o) = sy HE0)

< 00.
h,6 h
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By Fefferman’s theorem [9], a function f € BMOA if and only if
N
dus(z) = | ()] (1 - 1) dody
is a Carleson measure on U. Note that by (6)

I£12 ~ v(np)-

With regard to VMOA functions, we can say that a function f € BMOA isin VMOA
if and only if
us(S(6,0))
h—0 h
(see [9]), that is, s is a compact Carleson measure [3].
The counting function for BMOA is defined by

Nwg,d)= ¥ (1-]e)])

#(z)=w

for w,q € U. Then

ICafIE = sup [ (0 )@ (1 - |ea(®)])dA(2)

' qeU JU
_ 2) 2 _ 2
(8) =sup [ 17(6@)[ 18] (1 ~ lou(2) ) dA(2) .
By making a non-univalent change of variables as is done in [17, p.186] we see that
2
©) ICof12 = sup [ |'(w)| N (w, g, ¢)dAw).
qeU JU

Throughout this paper, B will denote the set of holomorphic self-maps ¢ of the unit disk
U. By the Schwarz-Pick lemma [9)], for every ¢ € B

|#'(2)
A
We say that ¢ € By if l l
. $2)|
lim (1 - |Z|2)1-:W =0.

3. BLOCH-TO-BMOA COMPOSITION OPERATORS

Arazy, Fisher, and Peetre prove the following theorem in {2, Theorem 16).
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THEOREM A. Let u be a positive measure on U, 0 < p < co. Then,
d
U (1 - |z|2)
if and only if there is a positive constant c such that

JALCICTORR N

for all f € B.

NoTE. The proof of Theorem A can be used to show that a similar result holds for a
collection of positive measures {y, : ¢ € U}. That is, if 0 < p < 00, then

dpg
sup/ ———5 < 0
qel JU (1 - |z|2)p

if and only if
P
sup [ |1(2)[ duq < cllflls
qeU JU

for all f € B.
These results, along with a non-univalent change of variables, yield the following

characterisations of bounded composition operators from the Bloch space to BMOA.

PrROPOSITION 3.1. Let ¢ be a holomorphic self-map of U. Cy : B - BMOA
is a bounded operator if and only if

N(w,q, 6) e (- e@])
00 oy " G oy

dA(z) < 0.

We would like to use the following operator theoretic wisdom:
If a “big-oh” condition characterises the boundness of an operator then the corre-
sponding “little-oh” condition should characterise the compactness of the operator.

PROPOSITION 3.2. Let ¢ be a holomorphic self-map of U. If

@l -|ee])
|3TT1/U (1_|¢(z)|2)2 dA(z) =0

then Cy : B - BMOA is a compact operator.

PRrROOF: Let b(B) be the unit ball in B and (g,) C b(B). Since (g,) is a normal
family in D we can extract a subsequence (g,, ) converging uniformly on compact subsets
of U to some function g € b(B). Then the sequence (fx), fe(2) = gn,(2) — g(2), converges
uniformly to 0 on compact subsets of U. Thus for the compactness of the operator
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Cys : B — BMOA it is enough to prove that kll’r{.lo [| fe 0 ¢||« = 0 on every sequence (fi) € B
converging to 0 uniformly on compact subsets of U.

Let (f.) be a bounded sequence in B such that f, — 0 uniformly on compact sets
asn — oo. Let € > 0 be given. Then by our hypothesis there is a § > 0 such that if
lg| > 1 -4 then

, 2 2
a [ l#@)| (1 - |aq(z2)l ) .

(1-pef)

Fix ¢ € U such that |g| > 1 — 4. Then
/U]ffl (¢(Z))|2|¢'(2)I2(1 - Iaq(z)|2)dA(z)

= fl - |¢(2) N2 dA(2)

, B 2
<l [, ,¢ (z)l I _(1|¢ (ZI;F;? Daacy o any

(12) < const. €.

If |g €1 -4 then

L@@ @[ (1~ feata)] )aAe)

_ 1,2
- [fnte)eer L e )
1al2
(13) < const./u|f,, (2) | ld) (z)|2(1 - |z|2)dA(z) (li —I;ZIP < %) .
Since
[g@f (1= 121) lzl2
s

. ¢(2) (1 - |z|2) _
;1.‘_‘35 /l¢(z)l>1—h (1 _ Id’(z)r)z dA(z) =0.

Therefore without loss of generality

)| (1= 121)
(14) /|¢(z)|>1—6 T—_—IW <E€
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Using (14) it is easy to see that
/; |f 2)[ @[ (1- |z|2)dA(z)

@ -8 /¢ "
(15) < const. €

@) @[ (1 - 12P)dAG)

for n large. Then (12), (13), and (15) yield
31615/ljlf,',(¢(z))|2|¢'(z)|2(l - |a.,(z)|2)dA(z) < const. € .

Therefore by (9), ||Csfalls < const.e. Thus, ||Cyfall. = 0 as n — oo, and it implies that
C, : B — BMOA is a compact operator. This finishes the proof of the proposition. 0

4. BLOCH-TO-VMOA COMPOSITION OPERATORS

LEMMA 4.1. Let X be a Mébius invariant Banach subspace of B. Then,
1. Every bounded sequence (f,) in X is uniformly bounded on compact sets.
2. For any sequence (f,) on X such that ||fu|llx = O, fn— f»(0) —= 0 uniformly
on compact sets.

PROOF: In [22, p.82] it was shown that a Bloch function can grow at most as fast
as logl/(l - |z|), that is

|£n(2) = £a(0)] < const. Ilf,.llzslogiTII?|

1
< const. || fallx logl__|z| '

Hence the result follows. 0

Next we give a characterisation of compact composition operators whose range is a
subset of VMOA.

THEOREM 4.2. Let ¢ be a holomorphic self-map of U, and X a Mdébius invariant
Banach space. Then Cy : X — VMOA is a compact operator if and only if

2
i o, ol ()0 (1 - fetaf st -

ProOF: First suppose that Cy : X — VMOA is a compact operator. Then A =
cl ({f o¢p € VMOA : ||fllx < 1}), the VMOA closure of the image under Cy of the unit
ball of X, is a compact subset of VMOA. Let € > 0 be given. Then there is a finite

subset of X, B = { fi1, f2, f3,- - -, fn}, such that each function in A lies at most ¢ distant
from B. That is, if g € A then there exists j € J = {1,2,3,..., N} such that

(16) lg— fiodll. < §

https://doi.org/10.1017/50004972700018426 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700018426

[9] Composition operators on Banach spaces 9

Since {fjo¢ : j € J} C VMOA, there exists a § > 0 such that for all j € J and |g| > 1-4,

(17) Ll o¢)'(z)|2(l - laq(z)|2)dA(z) <%

By (16) and (17) we obtain that for each |g) > 1 — 4 and f € X such that ||f]|x <1
there exists j € J such that

Ll e 9@ (1 - oot )dac2)
2 2
<2 /Ul(fo 6~ fiod)| (1= |ea(2)| )dA(2)
2 2
2 / o) (2)] (1~ dA
+2 | |(f509) ()| (1 = |e(2)] ) dAG2)
€ €
2— - =©¢.
< 2 +2 ] £
This proves one direction.

In order to prove the converse, let (f,) be a sequence in the unit ball of X. By
Lemma 4.1 and Montel’s Theorem there exists a subsequence n; < ny < ... and a
function g holomorphic on U such that f, — g uniformly on compact sets, as k — oo.
By our hypothesis and Fatou’s Lemma it is easy to see that Cyg € VMOA. We shall
show that ||C¢( fn, — g)”‘ — 0, as k — oo. In order to simplify the notation we shall

assume, without loss of generality, that we are given a sequence (f,,) in the unit ball of
X such that f, — 0 uniformly on compact sets, as n — oo. We shall show that

(18) Jim [[Cofall = 0.

To prove (18) we shall use the equivalent BMOA norm as given by (6). Thus, our
hypothesis is equivalent to

. 1 1y 82 2 _
(19) fim  sup g Wl(foqs) ()| (1-121*)dA(z) = 0.
{fex:iflix <1}

Let € > 0 be given. By (19), there exists a § > 0 such that if n € N, 6 € [0, 27), and
h < 4 then
(20) |(fa 0 8) [ (1 - 1217)dA(2) <

5(h,8)

Fix hy < 6, 8 € [0, 2n), n € N, and h > 8. It is easy to see that there exists
{01,02,...,8n} C [0,27) such that S(h,8) is the union of the sets {S(ho,ﬁj) 1) =
1,2,.. .,N} and K, a compact subset of U. Hence,

(a0 @[ (1 - 12)dA(2)

S(h.0)

1 N
< 12=:1 ho /-;(hoﬂj) +E /Kl(f" °¢) (z)l (1 - |z|2)d‘4(z)
(21) =I+1I

https://doi.org/10.1017/50004972700018426 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700018426

10 S. Makhmutov and M. Tjani (10]

Since f,, — 0 uniformly on K, as n — oo, there exists an N € N such that forn > N

(22) ho / (1 - |z|2 dA( ) € const. €.
Moreover (20) yields,
N
(23) I <) e=const.e.
J=1
Hence (20), (21), (22), and (23) yield (18). Thus a similar argument to that described in
Proposition 3.2 yields that Cy : X — VMOA is a compact operator. 0

NoTE. Bourdon, Cima and Matheson have obtained a characterisation of compactness
of Cy : VMOA — VMOA that is similar to the theorem above (see [5, Theorem 3.5]).

Next we show that the sufficient condition of compactness of Cy : B — BMOA in
Proposition 3.2 is also necessary for the compactness of Cy : B -+ VMOA. We shall
use Khintchine’s inequality for gap series (as done by Arazy, Fisher, and Peetre in [2,
Theorem 16]), and Theorem 4.2.

THEOREM 4.3. Let ¢ be a holomorphic self-map of U. Then the following are
equivalent:

1. C,: B — VMOA is a compact operator.

2.
" _ 2
MM/W 1__1|°f« 1) iy = o.

@)

Proor: First, suppose that (1) holds. Then by Theorem 4.2 and since

fo) =3 (%) e 8,

n=0

for all 8 € [0, 27) (see [1, Lemma 2.1]),

lim sup
lg|—=1 6€[0,27) U

o0 n 2
z 2n(ei0w)2 —1‘ N(w,q, ¢)dA(w) =

n=0

Let € > 0 be given. Then there exists a 6 > 0 such that for any ¢ € U with |¢]| > 1 -6
and any 6 € [0, 27),

(24) g /

Upon integrating (24) with respect to (df/2n) and using Fubini’s Theorem, we obtain

25) /02« Agg =/U{/02n

n ‘2
22"(‘ )2 ‘ N(w,q,¢)dA(w) < €

n=0

o0 2
| n__ n__
Z 2neta(2 l)w2 1

n=0

%} N(w,q, 9)dA(w) < ¢
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Khintchine’s inequality (see [23, Theorem V.8.4)) for gap series yields that for any positive

integer N

25 N : n n 2 +1
(26) / Zznetoﬂ —y,2 -1 Y Z 920|212,

0 |n=0 n=0
Therefore (25) and (26) imply that

d0 2n(, 127412
(27) - Z 27w 2 b N (w, g, §)dA(w).
It is shown in [2, Theorem 16] that

(28) Z 22n’w|2n+l > COnSt. ,

(1 -ty
for any w € U such that |w| > 1/2. Hence (25), (27), and (28) yield

(29) / N(w,q,¢)

v (1- fwp)’
for any ¢ € U with |g| > 1 — 4, and any € > 0. Thus (29) yields (2).
Conversely, suppose that (2) holds. Fix f in the unit ball of the Bloch space. Then,

2m do
7dA(w) < const. Ag— < const. €,
0 2n

2 2
2 ! 1-
[ )@ (- o )aa < [ 2 (Z(>1|_(| J;F;? D aace

/qu l—laq Z)I dA(z).
e

The righthand side of the above inequality tends to 0, as |¢g| = 1, by our hypothesis.
Hence Theorem 4.2 yields that Cy : B - VMOA is a compact operator. This finishes
the proof of the theorem. ]

5. SIMILARITY OF COMPACTNESS CONDITIONS FOR THE BLOCH SPACE, BMOA AND
VMOA

LEMMA 5.1. If¢ is a holomorphic self-map of U such that ||¢|lc < 1 then Cy is
compact on BMOA.

PrOOF Let (f,) be a bounded sequence in BMOA such that f, — 0 uniformly on

compact subsets of U. Suppose that ¢ > 0 is given. Since ¢(U) is a compact subset of U,
2

there exists a positive integer N such that if n > N then | £ (¢(z))| <eg forall ze U.

Then by (8),
ICsfnll? < €ll#]|? < const. €.
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Thus, [|Csfnlls = 0, as n — oo, and hence Cy is a compact operator on BMOA. 0

There are symbols ¢ such that Cy is compact on BMOA but not on VMOA. For
example, consider the self-map ¢(z) = exp{(z +1)/(z - 1)}/2. Since ||¢]lo < 1, Lemma
5.1 yields that Cy is a compact operator on BMOA. Moreover since ¢ ¢ By, the operator
C; is not even bounded on VMOA (see [2, Theorem 12]).

If € VMOA then compactness of Cy on BMOA implies the compactness of Cy on
VMOA. H T is a compact operator on a Banach space X, and Y is an invariant subspace
of X such that T: Y — Y is bounded, then T : Y — Y is a compact operator as well.
Thus we obtain the following proposition.

PROPOSITION 5.2. Let ¢ be a holomorphic self-map of U. Then,

1. If¢ € VMOA and C, : BMOA — BMOA is a compact operator then
Cs: VMOA — VMOA is a compact operator.

2. If¢ € By and Cy : B — B is a compact operator then Cy : By — By is a
compact operator.

Next we show that composition operators Cy : B = BMOA and Cy : B - VMOA,
where the symbol is a boundedly valent holomorphic function whose image lies inside a
polygon inscribed in the unit circle, are compact if and only if they are compact on the
Bloch space. We shall use Propositions 3.2, 5.2, and the following theorem of Pommerenke
[13, Satz 1].

THEOREM B. Let f be a holomorphic function on U such that

sup n{f,w)dA(w) < co.

wo€C Y |w—wol<1

Then,
fEBMOA® feB, feVMOA& feB.

A non-tangential approach region Q, (0 < @ < 1) in U, with vertex { € 8U, is the
convex hull of D(0,a) U {¢} minus the point {. The exact shape of the region is not
relevant. The important fact that we shall use in the theorem below is that there exists
0 <r <1 and c>0such that if z € Q, and |( — 2| < r, then

(30) ¢ = 2l < of1 = |2*).

THEOREM 5.3. Let ¢ be a boundedly valent holomorphic self-map of U such that
@(U) lies inside a polygon inscribed in the unit circle. Then the following are equivalent:

1. C4:B — VMOA is a compact operator.

2. Cg:B — BMOA is a compact operator.

3. C,:BMOA — BMOA is a compact operator.
4. Cy:B — B is a compact operator.
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5. Cg: By — By is a compact operator.
6. C,: VMOA — VMOA is a compact operator.
Proor: (1)=(2)=>(3) and (1)=>(4) are clear.
Since any boundedly valent holomorphic self-map of U belongs to VMOA, Proposi-
tion 5.2 yields (4) = (5) and (3) = (6).
(5)=(1). By Madigan and Matheson’s Theorem 1 (see [10]) C, is a compact operator
on the little Bloch space if and only if

|¢’ (-1
G 1-|o(a)[

It follows that log1l/(w — ¢) € B, for each w € 8U. By Theorem B each boundedly
valent function in By must belong to VMOA, hence logl/(w — ¢) € VMOA for each

w € 0U. Thus
|};}I—n>1 Y (log 1/(w - d:(z)))ll2 (1 - |aq(z)|2) dA(z) =
hence | I I |2)
¢ (z 1 — |ag(z
(31) |£}r—n»1/ |w Y l dA(z) =0,

for each w € 9U.
Let {w; : 1 € j € n} be the vertices of the inscribed polygon containing ¢(U).
Break the unit disc up into a compact set K and finitely many regions

Ej={z€U:|wj—¢(z)| <r}
where r is chosen so that the regions are disjoint, and so that

|w]- - ¢(z)| < const.(l - |¢(z)|2)
for each z € E; and each j. Then for each ¢ € U,

, 2 2
/ |¢ (2) | Ia: | )dA(z < const. / L I |aq Z)I )dA(z).
5 (- el) s - 6@
Hence
[ (1= Jeata])) |¢'<z 1-Jeua)])
e ) ey @
< const. Z / UZ ([;(la)ql( )l dA(2)
¥4
(32) +const./;j|¢ z)l 1 - Ia,,(z)r)dA(z) ,
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for all g € U.
Any boundedly valent holomorphic self-map of U belongs to VMOA. Hence (31)
and (32) imply that

, 2
(33) / [#)[[ (1~ et )dA(z) =0.
L
By (33) and Theorem 4.3 we obtain that Cy : B & VMOA is a compact operator.

If (6) holds, that is Cy : VMOA — VMOA is a compact operator, then Cy is weakly
compact on VMOA. Hence by Theorem VI 5.5 in {7, p.189], C4(BMOA) C VMOA.
Thus log 1/(w - ¢(z)) € VMOA (w € 9U). Thus by the proof of (5) = (1) we obtain
(6) = (1). This finishes the proof of the theorem. 0
NoTeE. W. Smith recently proved (see [19, Theorem 4.1]) that statements (3) through

(6) of the theorem above are equivalent for any univalent self-map of U. The proof of
(5) = (1) of the theorem above has the corollary below.

Madigan and Matheson showed (see [10, Theorem 3, p.2683])) that every weakly
compact composition operator Cy on By is compact. The second author in her thesis (see
[20]), and Bourdon, Cima and Matheson (see [5]) asked a similar question for composition
operators in VMOA. We show below that if Cy is weakly compact on VMOA then it is
compact, if ¢(U) lies inside a polygon inscribed in the unit circle.

COROLLARY 5.4. Let ¢ be a bounded holomorphic self-map of U such that
¢(U) lies inside a polygon inscribed in the unit circle. Then the following are equivalent:

1. Cs: VMOA — VMOA is a weakly compact operator.
2. C4: VMOA — VMOA is a compact operator.

PROOF: (1)=>(2). The operator C, : VMOA — VMOA is weakly compact if and
only if the closure of the image under Cy of the unit ball in VMOA is a weakly compact
subset of VMOA. By Gantmacher’s theorem (see 8, p.482]) the operator Cy : VMOA —
VMOA is weakly compact if and if C3*(VMOA®) C VMOA. Since VMOA™ is BMOA,
Cs : VMOA — VMOA is weakly compact if and only if C4(BMOA) C VMOA. The
functions log1l/(w — z) belong to BMOA, for each w € 8U. Thus, logl/(w — ¢)
VMOA, for each w € 6U. It now follows from the proof of (5)=>(1) of Theorem 5. 3
that Cp : B = VMOA is a compact operator (note that we do not need to assume that
¢ is boundedly valent. It was needed in the proof of (5)=>(1) of Theorem 5.3 so that
we may conclude that ¢ € VMOA. Here we already know that). This implies that
Cys : VMOA — VMOA is a compact operator.

(2)=(1) is clear. 0
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DEFINITION 5.5. A region G C U is said to have a nontangential cusp at
(edUif

Theorem 5.3 and Madigan and Matheson’s Theorem 5 (see [10, p.2685]) yield the
corollary below:

COROLLARY 5.6. If¢ is a univalent self-map of U such that ¢(U) has finitely
many points of contact with U and such that at each of these points ¢(U) has a non-
tangential cusp, then Cy is a compact operator on BMOA and on VMOA.

6. HyrPerBoLiIC VMOA FUNCTIONS

Choe, Ramey and Ullrich (6] proved that a function ¢ € B induces the bounded
Bloch-to-BMOA composition operator C, if and only if ¢ is a hyperbolic BMOA function
(¢ € BMOA,) [21), that is,

?’1615 aua(¢oaq(z),¢(q))|dz| <00.

By Yamashita [21], the necessary and sufficient condition for a function ¢ € B to be in
BMOA,; is

b Y -z
(39 ?;28/0 (1_|¢(z)|2 lnl qg—z

By the equivalence log1/|z| ~ 1 — |z|? for z away from the origin, condition (34) is

dzdy < o .

equivalent to (10) (Proposition 3.2).
We say that ¢ € B is a hyperbolic VMOA function, that is, ¢ € VMOA,, if

(35) |<]li|£n'l auU O(d) ° a‘l(z)) ¢(Q))|dz| =0.

By the equivalence (log(l +z)/(1 - x))/Z ~ log(l — z%) as £ — 0, condition (35) is
$ o ay(z) — ¢(9)

equivalent to
2
dz|=0.
1—¢o%uww))"

i logfl-
@ o

THEOREM 6.1. The following conditions are equivalent
(1) ¢ & VMOA,.

mIMEG@Q%vmmDMFm

lgl—1 1-|é(z)

(3) Cy: B— VMOA is a compact operator.
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PROOF: The equivalence of (1) and (2) follows from equivalence of (36) and (2)
which we prove.

Let )
_ 1 $(z) — ¢(q)
A(¢,z,q)——5ln(l— l——m ) .
Since .
AA(¢,z,9) =2 (M_z)
1-|6(2)|

and by the Green formula [12]
2
1 2 _ |#(2)| 1- 722
ot
, 2
~ L (M) (1 _ |aq(z)|2) dq;dy

2
1-|g(2)]|
as |g| = 1. Thus the equivalence of (36) and (2) becomes clear.
(2)<(3) follows from theorem 4.3. 0

The classes B} of hyperbolic Besov functions, 1 < p < oo, were defined in [11],
Hyperbolic Besov class B,',', 1 < p < oo, contains functions ¢ € B such that

, P i/p
¢l s = (/U(l - |Z|2)”‘2 (lld’l—i;)zl)r_) dxdy) < oo.

THEOREM 6.2. B! C VMOA, C B, for every 1 < p < oo.

PRrOOF: Let ¢ € VMOA;. By Theorem 6.1 Cy : B =+ VMOA is a compact operator.
Thus, Cy : By — By is a compact operator. It follows from the characterisation of
compactness of the composition operator on By that Madigan and Matheson gave (see
[10, Theorem 1, p.2681]) that ¢ € By.

Next, let ¢ € B}. For arbitrary R, 0 <R < 1,

2 2
L) o=, (2L oo e

1-[¢(2)] 1= o)

2
¢'(Z) 2
+ /U Dl (1 ~ |¢ (z)lz) (1- laq(z)l ) dzdy
= Il(qs R) + IZ(Q? R)

dzdy

We shall prove that I,(¢,R) +0as R — 1and I;(q,R) - 0as R~ 1 and |g| = 1.
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Here we take 0 < s < 1 and apply the Schwarz-Pick Lemma

2
¢I
(e, R) = /u\o(q,a) (1 l |;2|)|2) (1- |°“'(z)|2) dzdy

_ ]\
= Ju\D(o,R) (1 _ |¢q(z)|2 (1 -~ |Z|2) dzdy

s

|6,(2)| e 1
s U\Dr \ 1 — |¢q(z)|2 (1 i )(1 - |z|2)2_3 Aoy
ea)] '

= PP (1= 12P) ded
U\Dgp 1—|¢q(z)|2 ( |Z|) Tay

_ |¢3(z)| s(p-2)/p s-1-s(p-2)/p
= o (o) Oy

ACRY o T\
) (/U\DR [(IT(Z)F (1 B |z|2) dzdy
X (/U\DR [(1 — |z|2)8—1—a(p—2)/p]l’/(?-s) d:z;dy) (r—3s)/p
< 1ol (/U\Da (1= 1) dxdy) 0, mo1

Now we prove that I;(g,R) > 0as R — 1 and |¢| = 1.
Since B,’,‘ C By (see [11]) for any € > 0 there is Ry, 0 < Ry < 1, such that for any gq,
Ry<|qg|<1l,and forany R,0< R< 1,

s

N
Sl O <

Then

2
hie. R) = /u(q.m ( L 2) (1- |O‘q(z)|2) dzdy

1-|é(2)|
2 2
ey (el 7 (= leta)
< Jon ) (1-|¢ )I2) D

<e 1 - laq(z)l

D(q,R) (1 _ ‘le
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1.2
(1 i ) drdy=¢-mln

- E./D(O,R) (1 - |z|2)2

1
1-R*

Thus we have

and ¢ € VMOA,. The proof is completed.
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