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THE STATIONARY PHASE METHOD FOR
CERTAIN DEGENERATE CRITICAL POINTS 1

MILOS DOSTAL AND BERNARD GAVEAU

1. Introduction. We consider, in this work, the asymptotic behaviour for
large A, of a Fourier integral

1. I = / AW q(x)dx

where ¢(x) is in general a C* function and a(x) a C* function with com-
pact support. It is well known that the asymptotic behaviour of this integral
is controlled by the behaviour of ¢ at its critical points (i.e., points where
dyp/ox;(x) = 0) and is given by local contributions at these points ([1], [3], 7],
[9D.

In general, one assumes the hypothesis of non degenerate isolated critical
point, namely that the determinant of the second derivative at the critical point
is non zero. The contribution of a non degenerate critical point to the asymptotic
expansion of (1.1) can be derived by various methods ([3], [7], [9]). In the case
where the critical point is isolated but degenerate, the asymptotic expansion is
known in one variable ([7]) but almost nothing is known in several variables
except the mere existence of the expansion which is an easy consequence of
the resolution of singularities ([2], [8]) and some results about the exponent
of X in the first term of the expansion and also the possibility of logarithmic
term in certain cases ([1], [10]). In certain special cases, the first term of the
expansion was obtained (see for example [3], [6]) and in two variables, the
complete expansion was derived in [4] assuming that the Newton polygon has
only two sides.

In the case of non degenerate critical point, the asymptotic expansion of (1.1)
can be derived by reducing ¢ to a sum of squares using Morse lemma and
a change of coordinates. No such result is known in the case of a degenerate
critical point and we are obliged to use holomorphic functions theory to reduce
the oscillating integral (1.1) to an absolutely convergent integral of the Laplace

type

(1.2) J()\):/ / MO gy
0 0

under certain hypothesis on ¢ (with a = 1). We also suppose that ¢ (or F) is
a polynomial and we shall derive the first terms of the asymptotic expansion of
(1.2) under the hypothesis that at most two faces of the Newton polyhedron of
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F intersect the bissectrice X| = - -+ = X,,, and without any change of variables
or reduction to a normal type (which is a non constructive process in general).
When there is only one face intersecting the bissectrice, the result is very simple
and is given in Theorem 3. In that case there is no logarithmic term. When two
faces intersect the bissectrice the result is more complicated (see Theorem 4)
and a logarithmic term appears. As a consequence, we are obliged to derive the
first two terms of the expansion, because it is rather intuitive that two terms
in \%(log A\)? for a fixed a and distinct 3 (where 8 = 1,0) cannot really be
separated in asymptotic expansions (both for practical and for pure mathematical
reasons). The case where 3 or more faces of the Newton polyhedron intersect the
bissectrice will be treated elsewhere and is much more intricate. Applications
to Green’s function and to Fourier transforms of convex domains will appear in
further work (see [5]).

2. Reduction of oscillating integrals to absolutely convergent integrals.
Let ¢(xy,...,x,) be a polynomial in n variables with real coefficients. We define
the Fourier integral

2.1 IR = / ey, .. . dx,
Cr

where Cr = [0,R]". We decompose ¢ into its homogeneous parts of degree
k 0o, 1,5 Pa

22) p=pot+tpi+---+pg

Then we can prove:

THEOREM 1. Assume that d > n and that the coefficients of the homogeneous
part @, of maximal degree d are positive or zero and that the coefficient of
X{,...,X? are positive. Then

lim /(R)
R—o00

exists and we have

o0 00
(2.3)  lim I(R) = —e™™/% / / e®dx,, ..., dx,
R—00 0 0

where ®(x) = iw(ei"/zd

convergent.

x) and the integral on the right hand side is absolutely
Proof of Theorem 1. We introduce the (n + 1)-dimensional manifold in C"

; ™
MRZ{ZGCn/Z/:|Zj|€0 O<|Z,|<R, 0<9<'2—E}
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Its boundary is

n
oM = Cg UDRUUEj,RUFR
j=1

where
CR = [07 R]n
(24) Dr={z€C"/0<|z| <R, z =]z}

{ z€C"z = |zle®, 0<|zu| <Rfork#j

™

(2.5 Epr=
Fr is of dimension less than n. We consider the n-form
w=e%Ddz A Adz,.

Because ¢ is a holomorphic function, w is closed, so that by Stokes theorem

/ w=0
BMR

which gives

2.6 I(R) = = — — .
@6 I® /ck“’ /an Z/E,,Rw

j=1

Now we prove the following two assertions:
. o] 00

1°) lim / w exists and is e’"”/z‘i/ / e®Odx; ... dx,.

R—0o0 Jpp 0 0
In fact

| i i_w(d;l)

D) =i |ezpa(x)+e?t T/ pa(xX)+-+ o).

Now,

palx) 2 Zakxf for some a; > 0,

on the domain ([0, +0o[)", so that exp ®(x) is integrable on ([0, +oo[)" and we
have proved the first assertion.

2°) lim / w=0.
R—00 Ej
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First we compute

0@, = ga(}zlleio,...,|zj_1]ei0,Rei0|zj+,|ei0,..., ]z,,leio)
dziA ... Adz,|g,, = ie™Rd|z)|A ... Ad|zj_1|dOAd|zj |A . .. Ad|z,|

so that
7r/2d )
/ w= iR/ e"de
R R _ ' .
x/ / exp[iga(rle'a,...,Re'g,...,r,,e’e ]dr| co.drjiydrjg ..
0 0
Now
1m<p(r1ei0 - Reio, ceey rne'®)
= Z aart . R sin(| ot 6).
lo|=d

But 2 sinf = 20/7 for 0 = 6 = n/2, so that
: - : 20
Imp(rie®, ... Re®, ... rpe?)y < —Z ZACSR)
™

where

o«
A(r,R) = E agri" ...riry 'R

J—1"j+1
|a|=d
. d—
—_— 061 01/ 1 CY,+| a, pa
> g E |aq|r] R
=0 |oaf=p
and we obtain
<R/ / di| drj 1dr,+, d
Ejr 0 0
AR _ 1| -

X — .
A(r,R) 2d

.dr,.

Now, on [0,R]"~!, we obtain a lower bound of A(r,R), using the hypothesis of

the theorem

d—1
A R) > bR — " g > laolR? + > aur

=0 " Jal=p i
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so that for R large enough:

A(r,R)Za | R+ Zakrf
ki

R R
§CR/ / drl...drj_ldrjﬂ...dr,,
0 0
—1

x (RI+> rl) =crR
ki

and thus

| e
Ejr

which tends to zero if n <d.

3. The Newton polyhedron of a polynomial. From now on, we shall con-
sider an integral

3.1 J(/\)z/ / exp(AD(xy,...,x,))dx; ...dx,
0 0

where @ is a polynomial of degree d

Gl 0= auxt

lul=d

having a critical point at O such that ®(0) = 0. We shall also assume Rea, = 0
and that the integral (3.1) is absolutely convergent. We consider the Newton
polyhedron IT of ® defined by

(3.2) M={ue(Z,)"/Rea, <0}

We also consider the convex envelope of the set HU{oo} in (R,)"; the boundary
dI of this convex envelope is the union of certain convex polyhedron of dimen-
sion n which lie in hyperplanes of R”. We shall assume that dIT contains a point
on each coordinate axis (so that there is no faces of dI1 which are parallel to
one of the coordinate axis). This hypothesis implies that O is an isolated critical
point.

The convex polyhedron of dimension n forming JdIl have extremal points
which are necessarily in 1. Moreover there can be other points in dIT which
are in I1. The convex polyhedra forming oIl intersect each other according to
lower dimensional polyhedra common to several faces. We consider also the set
of points IT

(33) I'={pe@)/a,+#0}
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so that
(34) ' =NU{u € (Z,)"/a, purely imaginary}.
We now split @ into two pieces

(35) ®=P+R

where
(36 P= > au
pelrMart
R=®—-P.

P is called the fundamental part of P. Moreover, we shall write the equation of
any face F forming 911 in the following form

BN E=) dlX =1
j=1

where o/ are all positive rationnal numbers (because of convexity). We also
remark that if F is a face of dI1 with equation /r(X) = 1 and if y is a point of
IT" which does not belong to F then

(G8)  Ip(w) > 1.

For any face F, with coefficients of the associated /(r), aj(ﬁ ), we define a scaling
transformation by

X — Xp
given by
o)

(39) Xpj = A% Xj.

We call xz the F-variables.
If Q(x) is any polynomial in x, defined by

Q) =) byx*
N

we define Q(xr, A) by the change of variables (3.9) in AQ i.e.,

(3.10)  Q(xr, A) = AQ(x)
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with xg related to x by (3.9), so that

(3.11) QW(xp,A\) = Zbux;f,\l‘/fﬂ)
M

and we shall say that Q(xr, \) is the expression of AQ in the F-variables. In
particular, we obtain the following lemma:

LeEmma 1. If F is a face of OI1 and if Q is a polynomial Q =y b,x", then
(i) if all the y’s such that b, # 0 in Q belong to F, Q(xg, ) is independent
of A and is

Qr, N) = Y buxf = Q(xr)

(ii) if all the p’s such that b, #0in Q are in Il — F, then Q(xg, \) has all
its monomials with a negative power in J, i.e.,

QU X) = D buap Al
o

with all 1 — [p(u) <O.
Proof. The proof is obvious from (3.11) and (3.8).

4. Reduction of the integral /()\) and the case where one face intersects
the bissectrice. We now come back to the integral (3.1); if £ denotes a subset
of dIl, we denote

@1 Pe) =) aux*

HEE

the E-part of the fundamental part P of ®. Let us denote by B the set of
points p in IT which lie on some face F in dIT which intersects the bissectrice

X, ==X, le.,
42 B=IIn U F.
{F/F is a face of oIl with
FO{X ==X, }#0}

The main theorem is

THEOREM 2. The integral Jg(X\) given by

43) S0 = / / exp(\P (0)dx . .. dx,
0 0

is absolutely convergent.
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Proof. We know that B is the set of monomials in @ which belong to one of
the face touching the bissectrice X; = --- = X,, in (R;)". The extremal points
of any of these faces are point u with Rea, < 0, and for each face, there is a
number = n of these points. Among all these extremal points of the faces F of
oI intersecting the bissectrice, we can surely chose #n of them p(", ..., u™ such
that the convex hull C(u", ..., u™) of {u", ..., u™} intersects the bissectrice
at an interior point (this is due to the convexity of dIT and the fact that oIl
intersects each coordinate axis). It is then clear that

.....

Now, we have the following lemma which will prove Theorem 1:

Lemma 2. If D ... u™ are n independent integer points such that the
convex hull of these points intersects the bissectrice at an interior point and if
a;j are negative numbers, then:

00 00 n 0
4.5) / . / exp Zajx‘“ dx; ...dx, < +00.
0 0 =

Proof. We define u; = x*”, so that

i _ ¥
ax, ! X
and the jacobian of the transformation x — u is
n
uj
Dw)  j=i
D) [

[
j=1

Now, by assumption there exists some positive number Ao and also numbers
Pis...,pn With 0 <p; <1, such that

(4.6) det(u'V, ..., u™).

Ao = ZPW}“ forallj=1,...,n
k=1

because the convex hull of ", ..., u™ intersects the bissectrice at an interior
point. Then

n
n Ao n ZI’U‘;“ n
. — k=1 — k
[Is] =1I{~ =114
j=1

j=1 1

S5

~
I
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so that

DW _ (17 1-n/% ) )
4.7) D(x)_(kI:Iluj )det(,u L)

and the integral (4.5) becomes

[ o () (1)
0 Jo P i1

But all the p; are > 0 (and also \y) so that the integral is convergent.
As a corollary of Theorem 2, we obtain

THEOREM 3. With the notation of Theorem 1, and if there is only one face F
of dIl intersecting the bissectrice

JQ) ~Jr(N)

so that

1 (oo} [o.¢]
“4.8) JA)~ W/o /0 exp(Pr(x))dx.

Proof. We start from ® and consider the face F intersecting the bissectrice.
Then it is obvious that it intersects the bissectrice at one of its interior point.
We write

b = Pr +Rp

where Rp consists of all the monomials of ® which do not belong to F'. Now
if we do the scaling transformation x — xr associated to the face F, we have
by (3.10) and Lemma 1

AD(x) = Pr(xp) + Rp(xp, )

and in all monomials appearing in Rr, A appears with a negative power. Then
1 00 00
@9 IO =gz [ [ exwPrtnas
1 o ¢] o0
+ )\_Z‘;(;—)A /0 exp(Pr (xp))[exp(RF (xF, A)) — 1]dxr

and this splitting of the integral can be done because the first integral of the
right hand side of (4.9) is absolutely convergent by Theorem 2. Moreover

| exp(Rr(xp, A))—1| tends to O if A — oo
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and the integrand in the last integral of (4.9) is dominated by 2exp(Pr(xr))
which is integrable, so that the last term of the right hand of (4.9) is

0 (A'E“}F))

and the asymptotics of J(A) is given by the first term.

5. The case of a reduced integral with two faces intersecting the bis-
sectrice: case n = 2. a) We shall now study the following situation: the poly-
nomial @ satisfies the usual hypothesis of Section 2, but it is reduced to its
fundamental part P. Moreover, there are only two faces F|, F, which intersect
the bissectrice.

We shall define the following three polynomials (see (4.1))

P, = Pr v,
(5]) P] = PFI_[-‘]ﬁ[-‘Z
P> = Pr,_prr,
so that the Pg defined in (4.1), (4.2) is
(52) PB:P1+P2+P|2.

In words, P, is the sum of monomials of P belonging to Fy N F,, P; is the sum
of monomials of P in F| but not in F; N F, and P, the sum of monomials of
P in F,, but not in F; NF,. We also abbreviate [, for If , I, for Ir, and aj(-” for

aj(-F’ ) so that
53) LX) =) alX;.
J

By Theorem 2, we know that the integral Jg is absolutely convergent and we
want to obtain its asymptotic behaviour for large .

First we begin by some remarks:

(1) Fi1NF, is an (n — 1)-convex polyhedron which intersects the bissectrice
X| = -+ =X, at an interior point.

(i1) Let us denote H; the hyperplane on which the face F; lies. Then the two
H; cuts the X,-axis in two distinct points and we can assume that H; cuts the
Xp-axis at a higher point than H,.

(iii) Moreover we have

n n
G4 D aV=3"o
j=1 j=1

(because there exists a point on the bissectrice which is common to the faces
F, and F») and we have

55 aP<a?
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because H, cuts the x, axis at a higher point than H,.
We shall also denote by x! instead of xr, the F|-variables.

6.6 xV=x9"y
and also x® the F, variables

67 1P =29y

and dX =dx,...dx,
dxD = D . dx?
68) o= "o,
k=1

so that here |a"| = |«®| as a consequence of (5.4).
b) We want now to prove the following theorem:

THEOREM 4. With the preceding notations and conventions we have the fol-
lowing result for the asymptotics of

J(/\):/ / exp[)\(P1+P2+P12)]dx
0 0

(5.9)  JO) = AT og(r )

o0 lo e}
X/ / exp(Pra(x1, .oy Xoo1, D)dxy ... dX,
0 0
—|a?| l ) * ® 2 2 )
+ A /dxn / dx,”| .. .dx” expl(P2 + P12)(x*)]
0 0 0
o0 (o] 00
+ / dx? / / exp(P(x®)[exp(P2(x?)) — 1Ndx? ... dx?,
1 0 0
1 o3} o'}
+/ dxf,”/ / exp(P12(x M) exp(P(xV)) — 11dx(V ... ax(V,
0 0 0

00 00 00
+/ dx,(,”/ / exp((P12 + P P)dx(V .. dx'V,
1 0 0

+R(\)

where R()\) is a remainder term given by:

(5.10) RO\ = A7l / / exp(P(x V) expPi(x ")) — 1]
0 0
x [exp(P2(xV, X)) — 11dx
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and R(\) = 0()\""(2”) is of lower order than the first two terms.

¢) To make the argument clearer, we shall begin to prove this result in 2
dimensions in this section, in 3 dimensions in the next section. This result, in
two dimensions, is similar to the one of [4], except in this work, we supposed
that the Newton polygon had only two faces extending up to the coordinate axis
(and also we wanted to get the whole asymptotic expansion). In two dimensions,
the figure is

X5
P
(1)
)
Py (2)
X
Figure 1

We start with
00
JO) = / /exp[)\(Pl + Py + P2)(x)]dx
0
and we perform the change of F'|-variables
(b
X = A%
so that
(1) o0
G T =219 '/ /exp[(Pl +P)(x'D)]
0
x exp[P2(x'", \)]dxV

and we know that in the monomials appearing in Po(x'", \), X is always at a
negative power. We split (5.11) into two terms writing

(5.12) Ay =gy + 7.,

where
a@_ah
A2 2 00
Jo = dx§‘>/ dxsb ...
(5.13) 0 0
o 0] o0
— (1 ()
Joo—/a(z)iamdx, )/ dxs" .
A2 2 0
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and we begin by studying Jy.
1°) Decomposition of Jy. We write

(5.14) Jy = /dr“)/ dx{V exp(Py + P1p)(xV)
17) (|)

+/ dx“)/ dx§V exp(Py + Pp)(x))
! 0

@@ —al)

A 2 00
+ dx}”/ dx$ exp(Py + P1y)(x)
0 0

x [exp(P2(x", A) — 1].

This decomposition can be done provided that we can check that the integral
A 00
(5.15) / dx§”/ dx§V exp(Py + P12)(x'))
0 0

is convergent. Now, in P, we have at least one monomial ——|a|xl’x5 with r <.
If we change the variable according to xj = x| /s x, the integral turns out to be
controlled by

/ / exp(—|alxy/*)dx} < +oo
0

because r /s < 1.
In (5.14), the second integral can be treated as

o
(5.16) / dx§V exp(Py + P1)(x1)
0

o (D) Dy o0
:/ dx{De i) +/ dx§Ve e — 1]
0 0

where we have written
P12 = a(x{"x3")’;
the first term of the second member of (5.16) is

1 00
— dye®’
x{ /0

and finally, we obtain from (5.14) and (5.16)

1 00
(5.17) J0=/ dxf“/ dx§" exp(Py + Pyy)
0 0

a(ZJva(l) >
+log (A4 4") [ dyexp(Pra(1, )

0

@ o)
)\ 2 2
+ / dxi" f §D exp(P12)[exp(Py) — 1]
1 0
2 o2
P2 1 00
+/ dx§'>/ exp(P) + P12) x [exp(Pa(x{", \)) — 1].
0 0
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The third term of (5.17) can be treated as follows

ol

(5.18) / ) / D exp(P o) exp(Py) — 1]
1
/dx“)/ dx$V exp(Py2)[exp(P;) — 1]
0

- /am am dx(l)/ “)exp(Plz)[exp(P,) - 1]
A2

0

provided that the second integral on the right hand side of (5.18) is convergent.
To check this last point, we change the F-variables x) in the F;-variables x,
so that

X}l) — /\a‘l'ba‘z"xg)

() _
xél) = )% —% XéZ).

Remember here that o) + o) = of? + of? because the sides of the Newton
polygon F| and F, cut the bissectrice at the same point say (r,r). The last
integral in (5.18) becomes

(5.19) /o; 0 ‘“/ dx" exp(Pi2))lexp(Py) — 1]
/ dx{? / dx$? exp(P2)[exp(Py (x', V) — 1].
Now, P;(x?, \) is a sum of monomials of type x{*’x{>¥ with p < ¢ and
Py = —|a|(xPx$2y.
If we change the variable x{¥ in y = x{¥x{» and use the estimate
|exp(P) — 1| < |Py]

we see that the second integral in (5.19) is controlled by a sum of terms of the

type
© dx? 0 .
—_— _ 4 d
| e |, ewciabne

which is convergent because g > p.
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If we put together (5.17), (5.18) and (5.19) we obtain
loe]
(520) Jo = log(A%"—") / dy exp(P12(1, \)
0
1 00
+/ dx?”/ dxél)exp(Pl +Py2)
0 0
(o] 00 .
+/ dxg”/ iV exp(P12)[exp(Py) — 1]
1 0
o0 00
— / dx{? / dx$? exp(P1y)[exp(Pi(x{?, \)) — 1]
1 0

1 00
+ / dx? / dxei? exp(P12) exp(P1 (x{?, \)exp(Py) — 1].
0 0

The last term of (5.20) can be written as
1 00
/ dx!? / dx{? exp(P2)[exp(P2) — 1]
0 0

1 00
+ / dx{? / dx$? exp(P12)[exp(Py(x{P, \)) — 1][exp(P2) — 1]
0 0
because we can check easily that the first integral is convergent and finally

{o 0]
(5.21)  Jo = log(\®" ") f dy exp(P12(1,y))
0
1 00
+f dx}”/ dx$V exp(P) + P12)
000 0 -
+ / iV / ) exp(P1)lexp(Py) — 1]

1 00
. / A / @ exp(P1o)lexp(P) — 1]
0 0

+

1 00
/ ax® / dxf? exp(Pi)lexp(P1(x, 1) — 1[exp(P2) — 1]
0 0

/ dx{? / dx$? exp(P12)[exp(Py(x, A) — 1].

0

2°) Decomposition of J,,. We come back to J, given in (5.13)

00
Joo = /m @) dxil)f “)exp(l’lz +P1)CXP(P2(X(1) A)
)\al B 0

and we change the F|-variables in the F,-variables
x}]) _ xiz))\a'll)_allb

() _ o2
x;l) — x£2)/\ozz o
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and we use again o\" + o) = o{? + &), to obtain

[oe] 00
(522) Joo = / dx{? / dx$? exp(P12) exp(P2) exp(P 1 (x?, \))
1 0

00 loo]
= / dx}z) / dx§2)exp(P,2)exp(P2)
| 0
(o¢] (o]
+ / dx{? / dx$? exp(Pyy + Py)lexp(P(x?, \) — 1]
1 0

where the first integral converges by the same kind of reasoning as before.
When we add Jy + J,, to obtain Ml we see that the last integral of (5.22)
combines with the last integral of (5.21) and we obtain exactly the statement of
the theorem (up to a change of name of the axis). The only remaining problem
is to prove that the remainder term is of lower order; but this remainder is the
sum of the two contributions.

{oe] {oe]
(5.23) —/ dxﬁz’/ dx§2)exp(Plz)[exp(Pl(xm, ) — 1]
I 0
and
00 [o.¢]
(5.24) / dx{? / dx$? exp(Pyy + Py)lexp(P1(x®, \)) — 1].
1 Jo
The first integral (5.23) is dominated by a sum of terms of the type

(o e] (o]
(5.25) (/ dx=2)/ dxy) exp(Plz)xfz)”xf)") Ao
Ji 0

where (p, g) is on Fy, so that p < g and l;(p,q) > 1, so that we have seen above
that the integral in (5.25) is convergent.

The second integral (5.24) has its integrand dominated by exp(P, + P») and
because ) is at a negative power in

lexp(Py(x®, X)) — 11,
this quantity tends to 0, so that by Lebesgue theory, (5.24) tends to 0 if A — oo.
6. Proof of theorem 4 in 3 dimensions. The three dimensional case has a

different proof from the two dimensional case because it involves other kinds
of evaluation of integrals, although the final result is formally the same.

a) Notations. We split P in P, + P, + P|, with the convention that the hy-
perplane on which the face F lies, cuts the axis X3 at a higher point than the
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intersection point of the hyperplane on which the face F, lies; this means that
o) < o?). As before, we begin by doing the rescaling in F,-variables, so that

{oe] lo o) 00
J = 3l / / f exp(P12 + P2) exp(P (x?, A)dx®
0o Jo 0

and we split the integral J in two pieces

AN = Jo+ Jo

«D oD

A% TN 00
Jo :/ dx§2)/ ./.dxéz’dx(lz)
(6.1) 0 0

x exp(P12 + P2) exp(P(x'?, \))

(o0} (oo}
— 2)
Joo = /uuuam dxy / /
AT 0

b) Splitting of Jy.

A
(6.2) m:/
0

22 _(D)

A3 3 o ¢]
+/‘ a@/ /wﬁ%“
0 0

x exp(P12 + P2)lexp(P;(xP, X)) — 1]

@) _ oD
3TN

00
dxgz’/ /dxéz)dxél) exp(P12 + Py)
0 J

provided that the first integral is convergent. Now, P, + P is the sum of at least
3 monomials of type
_|a1X§2)rX£2)sx§2)r

where the points (r, s, ) lie on the F,-face. Let us define
X = g‘?’
K =GPy =GP
so that because
a(lz)r + a‘zz)s + agz)t =1,
we have

X§2)rXéz)S.X§2)l — szlryls
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X3

Figure 2

and the first integral of (6.2) becomes
(2)| o0
6.3) / oG / |exp(G (P + Pio)(x', Y, 1))dx'dy’
0 0

and we now need to study the asymptotic behaviour of the double integral in
x',y" for { tending to 0. Let us consider the Newton polygon of

(P2 + Pio)x',y', 1).

It is given by the set of points (r,s) which are the first two exponents of mono-
mials in

(P2 +Pip)(x?),
and thus, it is just the projection on the plane X, X, of the face F: this projection

of the face F; is bounded by a polygon as drawn in Figure 3. It is rather clear
that the asymptotic behaviour of the auxiliary integral

64) / /eXP(Cz(Pz +Pi),y', 1))dx'dy’
0

is controlled by the edge of this polygon which is as far as possible from O and
which cuts the bissectrice X; = X5. In fact, let

piX1+ X =1
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X1=X2

Proj F,

Proj Fi,

Figure 3

the equation of this edge and let us perform the change of variables
X" =xX'¢ and Yy =y

Then the integral (6.4) is controlled by
gz—(mﬂiz) or Cz_(pl+m) log Cz

(in the first case there is only one side opposite to O of the polygon cutting
X| = X3, in the second case there are two such sides), so that the integral (6.3)
is like

(6.5) / d(zdza(2)|+pl+pz_]
0

with an extra logarithm log (.

Now, the side p; X +p,X> = 1 cuts the bissectrice X| = X, at a point (g, o)
where po = (p) +p,)~ . This side is the projection on the plane XX, of a side of
F, and the point (o, po) is the projection of a point (g, po, Vo) Where vy < o
for obvious reasons (see figure 2). Then

2 2 2 2 2 2
P g+ o8 o + P po > (0P + oo + oPvo = 1= (p1 + p2io
and

@] > p1+
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which implies that (6.5) is convergent at 0, and thus also (6.3) and the splitting
(6.2) is legitimate. Because of? > o, we obtain

1 00
(6.6) m:/dﬁv‘/wﬂm%mmﬁﬁ)
0 0

2)_o(D)
!

A% 00
+/ dxgz)/ /dx?)dxéz) exp(P12 + P2)
I 0

@ o)

A3 3 (o]
+/ w@/ /w@wﬁ
0 0

x exp(P2 + Pz)[exp(Pl(x(z), ) — 11

The first integral does not depend on A and the second integral of (6.6) is treated
as previously by the change of variables

#2) 2) #2)
2 I3 2 i 2y
6.7 xP= b b =x7 xh, xP =x x
so that
a2) _o(2)
A3 00
(6.8) / dx$? / / dxPdx$? exp(P1; + P2)
1 0
(@ —atD)/a®
o [ e,
= a3 .X3 dX3

1

o.¢]
x / / exp(x3(P2 + P12)(xf, x3, 1)dx|dx;.
0
Now the double integral in the right-hand side of (6.8) is controlled for large
x} by the projection of the side F1NF> on the plane X X,. which has an equation

01X +02X> = 1 and which cuts the bissectrice X| = X, at an interior point. In
fact we have

o
(6.9) / /exp(xg(Pz + Plz)(x{,xé, 1))dxidx£
0 N
= (x5)"(1*oD) / / exp(P2(x], x5, 1))dx|dx}
0
00

+/ /exp(nglz(x'lxé, 1)[exp(x3P2(x5, y5, 1)) — 1].

0

Now the edge F; N F, cuts the bissectrice X; = X, = X3 at the point
(Ao, Mo, Ao) and its projection on the plane X;X> cuts the bissectrice X; = X, at
the point (Ao, Ap), so that

(o) + 0'2))\0 = a(12)>\() + (X(zz)/\() + agz)A() =1
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and o, + 05 = |a?], from which we deduce using (6.8) and (6.9), that

(2) o)
ar ey

A% 00
/ d.’(_%2)/ /dx}”dz\‘g) exp(P|3 +Py)
1 0

o0
= log (A"f""““") A / exp(Pa(x], x5, 1))dx|dx)

(2) _olh)
/\(I‘ (IJ

+ d.rﬁz)
I

X / / exp(P12(xP)[exp(Pa(x?)) — 1]dx{Pdx{?
0 .
a(Z)_a(H *© ! / ! /
= log (/\ 3TN )l /exp(P|2(.r,,x2, 1))dx,dx;

+ / ) f / exp(P2(xP))[exp(Po(x?)) — 1dx{?dx{”
1 0 .

00
_ @
/‘,<2;,a(x! dX3

A3 3

x / / exp(P (< Nexp(P2(x?)) — 1dxPdx
0

provided that the second integral of the last member of (6.10) is convergent.
Again this integral is treated by the change of variables (6.7) and is

6.11) /dx_gz’ / / exp(P (@) [exp(P(x?)) — 1dx{Pdx?
| 0

) o0 faP=1 o,
= a3. .X3 d.X3
1

(o0}
X / /exp(xéPlg(xf,xé, l))[exp(xﬁPg(xf,xé, 1)) — l]dx{dxé.
Jo

We want the asymptotic behaviour of the double integral on the right hand
side of (6.11) for large xj. This is controlled by the scaling associated to the
projection of F; N F, on XX, with the equation

0'|X| +02X2 =1.

Call
1
Xy = xjx
X = "

so that (6.11) becomes (remembering that 0| + 0, = |®| as we have already
seen)

*© dx"i * " "
(6.12) / —,/ /exP(Pn(xl,xz, 1))
1 X3 Jo

X [exp(Py(x}, x%|x})) — 1]dx)dx)
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where P,(x”, x7|x%) denotes a sum of monomials of the type
1942 1X3 y

yropys  gi-logrios)

XL X2 A3
where (r,s) are the first two coordinates of points of P;. In particular we can
dominate
nrons
x| x
" "t 1 1 2
|[eXP(P2(X1 X2 |X3)) - ”| = oyl
3

and o,r + 0,5 — 1 > 0 and so the integral (6.12) is convergent.
Moreover, we can treat the last integral in (6.10) going to F-variables

o0
6.13) — / o dxS?
AT

X / / exp(Po(x®))[exp(Po(x?)) — 1dx{dx§”
0

=— / dxf" / / exp(P(x ) exp(Prx'V, X)) — 1dx{VdxV
1 (U

and we can also treat the last integral in (6.6) by the same rescaling x® — x(1)

Q)_alh)
A% TG

(6.14) / d?
0

(o0
X / / exp(P2 + Po)lexp(Pi(x®, ) — 1]dx (P dx$?
0

1 e%)
= / dxf" / / exp(Pia(xV))exp(P;(x'")) — 1]
0 0

x exp(P2(x'V, \ydx{Mdx§"

1 00
:/ dx§“/ /exp(P,z(x(“))[exp(P,(x‘”))—1]dx§”dx§”
0 0

1 00
+ / dx? f / exp(Po(x)lexp(Py (x V) — 1]
JO 0

x [exp(Pa(x'", \)) — 1dx{ VxS,

This last splitting is legitimate provided that the first integral of the last member
of (6.14) is convergent. To check this, we define

(1) (1) (1)
6.15) PV =x7 V= xxy AP = doxg”

so that

1 00
(6.16) / dx§" / / exp(P2(x"))
0 0

x [exp(P(xV)) — 1]dx{Vdx{"

! |1 0
:/ X3 a’x3/ /CXP(X3P12(X17X2,1))
0 0

X [exp(x3Py(x1,x2, 1)) — 1].
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Let us now look at the projection of the face F; on the plane XX;; the
edge F; N F, has a projection whose equation is o,X; + 0,X, = 1; it cuts the
bissectrice X; = X, at an interior point and for any point (r,s) which is the first
two coordinates of a monomials in P;, we have

6.17) or+os <1.

Let us now do in the double integral in the right-hand side of (6.16) the
rescaling associated to the edge which is the projection of F; N F, on the plane
X1X;. Taking into account the fact that | + 0, = |a{"’|, we see that the second
member of (6.16) is controlled by a sum of terms like

1 00
/ dx3x3~l+(17mr-azs) / /exp(Plz(X{,Xé, 1))x1'x§dx;dx§
0 0

and by (6.17) this is convergent (see figure 4).

X,
Xl =X2
Proj Fy,
Proj F,
X
Figure 4

Finally we case combine together (6.6), (6.10), (6.13), (6.14), to get

1 00
(6.18) Jo = / dx{?) / f dxPdx?) exp(Py + Py)
0 0
2 —alD) 0 ) ' gt
+10g ()\(0’3 oy )/ /CXp(Plz(xl,.Xz, 1))dxldx2
0
00 00
+ / dxs? f / exp(P12(x®))[exp(Pr(x?)) — 11dx{?dx
1 o 0 - .
_/ d"y)/ / exp(Pr2 (V) exp(Po(xV, X)) — 1dx{Ddx{"
1 0

1 00
+ / dxy" / / exp(Pro(x ) [exp(P (x")) — 11dx{Vedxi"
0 0

1 00
+ / dx§ f / exp(Pp(x"))
0 0

x [exp(P(xM)) — 11[exp(P2(x D, V) — 1dx{VaxiV.
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We also notice that the A-dependent terms in (6.18) (except the logarithmic
term of course) tend to zero if A tends to infinity; this can be checked easily
because the fourth integral comes, via (6.13), from the last integral of (6.10)
which is a remainder of an integral convergent at x_§2) = 00. And the last integral
in (6.18) is dominated by

2| exp(P12)[exp(Py(x")) — 1]|

with is convergent (because the fifth integral in (6.18) is convergent) and the
integrand tends point wise to 0 if A — oo because in

exp(P2(x", \) — 1

A is at a negative power, and by Lebesgue theory the last integral in (6.18) tends
to 0.

¢) Decomposition of Jo,. We come back to Jo, given in (6.1) and rescale it
by changing the F,-variables to the Fi-variables so that

00 00
6.19)  Joo =/ dx;”/ /dx}”dxg”exp(Plz(x(”))
1 0

x [exp(Pi(x") — 1]exp(Po(x'", M)
z/ dxﬁ”/ /dx}”dxé”exp(Plz(x“’))[exp(Pl(x‘”))— 1]
| 0

00 00
+/ dxﬁ”/ /dxﬁ“dxé”exp(Plz(x(”))
| 0

x [exp(P(x")) — 1][exp(P2(x", X)) — 1]

provided that the first or the second integral is convergent. But we have already
seen that

(6.20) / dx{" / f dx{Vdxs exp(P o (x ) exp(Pa(x, X)) — 1]
1 0

is convergent (this is the fourth integral in (6.18)) so that the second integral
in (6.19) is dominated by the convergent integral (6.20). We have also checked
previously that (6.20) tends to O if A tends to infinity so that the second integral
in (6.19) tends to O if A tends to infinity.

d) End of the proof of Theorem 4 (n = 3). We now put together Jy + J
given by (6.18) and (6.19). This gives exactly the formula given by (5.9) in the
statement of Theorem 4 with the remainder (5.10) which is of lower order.
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