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Branching Rules for n-fold Covering
Groups of SL, over a Non-Archimedean
Local Field

Camelia Karimianpour

Abstract. Let G be the n-fold covering group of the special linear group of degree two over a non-
Archimedean local field. We determine the decomposition into irreducibles of the restriction of the
principal series representations of G to a maximal compact subgroup. Moreover, we analyse those
features that distinguish this decomposition from the linear case.

1 Introduction

In this paper, covering groups, also known in the literature as metaplectic groups,
are central extensions of a simply connected simple and split algebraic group over a
non-Archimedean local field F by the group of the n-th roots of unity, y,,. The two-
fold covering group of the symplectic group was first constructed by André Weil in
1964 [32]. The problem of determining the class of covering groups was then stud-
ied by Steinberg [31], Moore [21], and further examined by Matsumoto [18] for sim-
ply connected Chevalley groups. Around the same time, Kubota independently con-
structed n-fold covering groups of SL, [15] and GL, [16], by means of presenting an
explicit 2-cocycle. Kubota’s cocycle is expressed in terms of the #n-th Hilbert symbol.
Representation theory of covering groups is an active area of research. There have
been a number of studies in this area from different perspectives, and there are still
many open questions. Among these studies are the work of H. Aritiirk [1], D. A. Kazh-
dan, and S. J. Patterson [14], C. Moen [20], D. Joyner [11,12], G. Savin [28], M. Weiss-
man and T. Howard [10], P. J. McNamara [19], and D. Szpruch [9]. Principal series
representations of the n-fold covering group G of SL(2) over F are explicitly con-
structed in [19]. One of the open questions we address in this paper is to analyse the
decomposition of the restriction to a maximal compact subgroup of these principal
series representations. We refer to this decomposition as the K-type decomposition.
The study of the decomposition of the restriction of representations to a particu-
lar subgroup (branching rules) is a common technique in representation theory. In
the theory of real Lie groups, restriction to maximal compact subgroups retains a lot
of information from the representation; in fact, such a restriction is a key step to-
wards classifying irreducible unitary representations. In the case of reductive groups
over p-adic fields, investigating the K-type decomposition reveals a finer structure of
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the representation; for instance, in this decomposition, in many cases one can iden-
tify types, in the sense of [3], and typical representations, in the sense of [2,22]. The
K-type problem for reductive p-adic groups is visited and solved in certain cases, in-
cluding the principal series representations of GL(3) [4, 5, 26], and SL(2) [23, 24],
representations of GL(2) [6], and supercuspidal representations of SL(2) [25].

The main idea of our method, which is aligned with the one in [23], is to use
Mackey theory to reduce the K-type problem to calculating the dimensions of certain
finite-dimensional Hecke algebras (Propositions 4.4, 4.5, and 4.10). Despite the sim-
ilarity with the linear group SL(2) in [23], the K-type decomposition (Theorem 6.1)
is fairly different; there are several interesting features in this K-type decomposition
that were not present in the linear case.

Let m denote the conductor of the central character of the metaplectic torus, and
set n = nif nisodd, and n = 7 if n is even. The K-type decomposition (Theo-
rem 6.1) consists of the level-m representations, and their complement, the tail. The
tail does not detect the non-triviality of the cover; it consists of n copies of a lift to
covering groups of similar terms in the K-type decomposition for the linear group
(Corollary 4.11(i)). The K-type decomposition for the n-fold covering group of GL,
is a side-product of understanding the tail (Corollary 5.3).

On the other hand, the level-m representations demonstrate interesting different
traits. For instance, the level-m piece almost always consists of n multiplicity-free ir-
reducible representations, with the exception of certain level-one (also called depth-
zero) representations. These level-one representations, which arise from twists of
metaplectic quadratic characters by the characters of the group O*/O**, are either re-
ducible or appear with multiplicity two. In this case, the number of reducible level-one
components interestingly depends on whether # is divisible by four (Proposition 4.8
and Corollary 4.11(ii)).

Apart from its intrinsic value, the K-type decomposition can be used to answer
other questions about the metaplectic principal series representations. For instance,
the question of when these representations are reducible has not yet been fully an-
swered. The author found the reducibility points for unramified principal series rep-
resentations of G in [13]. Note that, unlike the case for the linear group SL(2) [8], a
concrete description of the irreducible pieces is not known. In an ongoing project,
we have some early results that make it feasible to describe these irreducible pieces in
terms of the K-type components we found in Theorems 6.1 and 6.2.

Another interesting, and yet open, problem in the representation theory of cover-
ing groups is about their theory of types. There are several approaches to this ques-
tion, among which is to describe the typical representations, defined by Henniart in
an Appendix to [2], of a maximal compact subgroup. This approach is also visited
by [17, 22, 27] for certain linear groups. We conjecture, based on some preliminary
work, that our level-m pieces in the K-type decomposition in Theorem 6.1 are typical.
If one can extend the local Langlands conjecture to the covering groups, such results
on typical representations have implications for the so-called “inertial Langlands cor-
respondence”.

This paper is organized as follows. In Section 2, we present Kubota’s construction
of the covering group G of SL(2). In Section 3, we overview the structure of this cov-
ering group and compute some subgroups of our interest. We compute the K-type
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decomposition for the principal series representations of G in Section 4. This decom-
position is completed by considering a similar problem for the n-fold covering group
of GL(2) in Section 5. Our main results, Theorem 6.1 and Corollary 6.2, are stated in
Section 6.

2 Notation and Background

Let F be a non-Archimedean local field with the ring of integers O and let the maximal
ideal p of O. Let x := O/p be the residue field and g = |«| be its cardinality. Let O*
denote the group of units in O. We fix a uniformizing element @ of p. For every
x € F*, the valuation of x is denoted by val(x), and |x| = g~"*(*). Let 1 denote the
trivial character on 0%, and let sgn denote the non-trivial character of O/ 0**. We
refer to 1 and sgn as quadratic characters of O*. Let #n > 2 be an integer such that
nlg—1. Setn = nif nis odd, and n = J if  is even. We assume that F contains the
group u, of n-th roots of unity.

Set G = GL,(F), and G = SL,(F). Let B (resp. B) be the standard Borel subgroup
of G (resp. G), let N (resp. N) be its unipotent radical, and let T (resp. T) be the
standard torus in G (resp. G). Set K = SL,(O) (resp. K = GL,(0)) to be a maximal
compact subgroup of G (resp. G). By the Iwasawa decomposition, we have G = TNK
(resp. G = TNK). Our object of study is the central extension G of G by y,,,

1) 0— py —> G2 G—0,

where 7 and p are natural injection and projection maps, respectively. The group G,
which we call the n-fold covering group of G, is constructed explicitly by Kubota [15].
In order to describe Kubota’s construction, we need knowledge of the n-th Hilbert
symbol (-, - )n: F* x F* > y,. Under our assumption on n, the n-th Hilbert symbol
is given via (a, b), = ¢7/" where ¢ = (~1)v2i(e)val(b) gval(b) /pval(@) | and ¢ is the
image of ¢ in ¥*. We benefit from the properties of the n-th Hilbert symbol, which
can be found in [29, Ch XIV]. In particular, we benefit extensively from the following
fact: (a,b), = 1forall a € F* ifand only if b € F*".
Define the map : G x G - u, by

_( X(gg2) X(gi82) a b\\ _ Jc ifc#o,
ﬁ(gl’gZ)_( X(g) ~ X(g) )”, whereX( (C d)) _{d ifc=0.

In [15] Kubota proved that 8 is a non-trivial 2-cocycle in the continuous second co-
homology group of G with coeflicients in y,; whence, G = G x y, as a set, with the
multiplication given via (g1, {1)(g2, (2) = (8182, S(g1,82)(1(2), for all g, g € G and
(1, (5 € py. In [16, Thm. 1], Kubota extends the map f3 to a 2-cocycle B’ for G, which
defines the n-fold covering group G = F* x G of G. The covering group G fits into the
exact sequence

O—)Aun—i>gi>g—>0,

Our notational convention is to use upper case (underlined) letters in roman font
(for example B, B) for subgroups of the linear group G (G), lower case letters in bold-
face font (for example g) for elements of G (G), upper case (underlined) letters in
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typewriter font (for example B, B) for subgroups of the covering groups G (G), lower
case letters in typewriter font (for example g) for elements of the covering groups G
and G, and lower case letters in roman fonts (for example b) for the elements of the
base field F.

For all t,s € F*, setdg(t) = ({ %) € T, dg(t,s) = (§9) € T, and ((t) =
(dg(t),1) € T. Setw = (%4 1), and w = (w,1) € G. Moreover, for matrices x and
y, with y invertible, set x¥ := y'xy and Yx := yxy ..

3 Structure Theory

For any subgroup H of G, the inverse image H := p~'(H) is a subgroup of G. In
particular, we are interested in the subgroups T, B, and K of G. We say the central
extension splits over the subgroup H of G if there exists an isomorphism that yields
P(H)™ 2 Hx p,.

It is not difficult to see that T is not commutative, and hence, the central extension
does not split over T (and therefore not over B). The commutator subgroup [T, T]
Un is central in (2.1), which implies that T is a two-step nilpotent group, also known
as a Heisenberg group. Clearly, y, c Z(T), indeed, under proper identifications, one
can see that

Z(T) = {(dg(1),{) |t e 5, e} 2 O x nZox .

When 7 is odd, (®, @), = -1, in which case, the isomorphism map is not trivial. A
straightforward application of the Hensel’s lemma shows that [T: Z(T)] = n®.

In order to construct principal series representations of G in Section 4, we need to
construct irreducible representations of the Heisenberg group T. To do so, we need
to identify a maximal abelian subgroup of T. Let A = C;(T N K) be the centralizer of
TnXKin T. It is not difficult to calculate that

A ={(dg(a),() | a € F*,n|val(a), € un},

which, under proper identifications, is isomorphic to O* x nZ x y, (similar to the
case of Z(T), the isomorphism map is not trivial when 7 is odd), and that A is abelian.
Observe that TNK c A implies that A is a maximal abelian subgroup. Note that [T:A] =
(Z:nZ] = n.

Let N be the unipotent radical of B. It follows directly from the Kubota’s formula
for B that By is trivial, so N x {1} is a subgroup of G. We identify N with N x {1}.
Under this identification, we have the covering analogue of the Levi decomposition:
B=TxN.

Next, we describe a family of compact open subgroups of G. Under the assumption
n|g — 1, it was proved in [16, Thm. 2] that

(3.1) K— Kx yy,
a b\ _ |(c.d), if0<val(c) < oo,
(k, {) — (k, s(k){), where s( (c d)) = {1 otherwise,

is an isomorphism. The image of K in K under the isomorphism (3.1) is the subgroup
Ko == {(k,s(k)™) | k € K} of K. Consider the compact open congruent subgroups
Kj:={geK|g=1 modp/}, for j > 1, of K. Noticing that 1 +p c O*", it is
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a straightforward consequence of the properties of the n-th Hilbert symbol that the
central extension (2.1) splits trivially over each of the subgroups K;, j >1, T n K, and
BnK.

Weidentify K; = Kjx {1}, j >, BnK = (BnK) x{1},and TnK = (T nK) x {1}
as subgroups of K. Observe that T x K = O x y,, via the trivial map.

In a similar way, we define the subgroups T, B, and K of G to be the inverse images
of the standard torus, Borel, and the maximal compact K = GL(O) subgroups of G,
respectively. The central extension G does not split over T. Moreover, T is a Heisenberg
group. It is not difficult to see that

Z(T) = {(dg(s,1),O) | s, t e F*", L e p },
and [T:Z(T)] = n*. Moreover, set
A=Cq(TnK) = {(dg(s, ),{) | s,t € F*,n|val(s), n|val(t),{ € yn}.

Then A is a maximal abelian subgroup of T, and [T:A] = n?. Regardless of parity of n,
Z(T) and A are trivially isomorphic to F*" x F*" x u, and O* x O* x nZ x nZ x y,
respectively. In addition, 8’|y is trivial, hence, we can identify N with N x {1}. Under
this identification, we have the Levi decomposition: B = T x N. It is shown in [16] that
the central extension G splits over K. For j > 1, let K i denote the family of compact
open congruent subgroups {g € K|g=1, mod p/} of K. The central extension G
splits over K; TnK,and BnK.

4 Branching Rules for G

First, we present the construction of the principal series representations of G follow-
ing [19]. Fix a faithful character e: y, — C*. A representation of G is genuine if the
central subgroup y,, acts by e. Such representations do not factor through represen-
tations of G. The construction of principal series representations of G is based on
the essential fact that T is a Heisenberg subgroup, and hence its representations are
governed by the Stone-von Neumann theorem, which we state here. See [19] for the
proof.

Stone-von Neumann Theorem  Let H be a Heisenberg group with center Z(H) such

that H/Z(H) is finite, and let x be a character of Z(H). Suppose thatker(y)n[H, H] =

{1}. Then there is a unique (up to isomorphism) irreducible representation m of H with

central character x. Let A be any maximal abelian subgroup of H and let y, be any
. H

extension of y to A. Then m = Ind, xo.

Note that [T:Z(T)] = n® < oo. Let x be a genuine character of Z(T), so that
Xl = € Thus, ker(x)n[T, T]is trivial. Hence, Stone-von Neumann Theorem applies:
genuine irreducible smooth representations p of T are classified by genuine smooth
characters of Z(T). Moreover, dim(p) = [T:A] = n.

Let xo be a fixed extension of y to A, so that (p,Ind; xo) is the unique smooth
genuine irreducible representation of T with central character y. Let us again write
p for the genuine smooth irreducible representation of T, with central character y,
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extended trivially over N to a representation of B = T x N. Then the genuine prin-
cipal series representation of G associated with p is (7, Inds p), where Ind denotes
the smooth (non-normalized) induction. In the rest of this section, we decompose
Resy Ind; p into irreducible constituents. We drop the adjective “genuine” for brevity.
Every element K can be decomposed as k(I,, {) for some k € K and { € y,,. Define
T:K - C to be the character of K given by 1(k(I, {)) = €({). Define the character

(4.1) 9 F* — C*, a'—>e((a),a),,).

Observe that 9 is ramified of degree one. Observe that a typical element of A can
be written as (a, 7, {), and a typical element of T N K can be written as (a, (), where
ae0*, reZ,and { € y,. We can express every character y of Z(T) as y = T® v; ®¢,
where 7 is a character of O** and v:nZ — C,vs(nr) = ¢, s € C. Then the fixed
extension yo of x to A is of the form 7y ® v, ® €, where 7y is a fixed extension of 7 to
O*. For brevity, set 7o gx2 := To|gx2 and set 9gx2 := |gxz.

Lemma 4.1 Let p be the unique irreducible representation of T with central character
X- Then Resy p = GB?:_OI Xi> where yi = T; ® vs ® €, and the 1;’s are n distinct characters
of 0% defined by t;(a) = 19(a)9% (a), foralla e 0%, and 0 < i < n.

Proof By the Stone-von Neumann Theorem, p = Ind, yo. By Mackey theory,

Res, Ind; xo = @ Indj o 0"

reS,

where S, is a complete set of coset representatives for A\T/A. We can choose S, =
{(dg(@"),1)]0 < i < n}. Since A is stable under conjugation by S,,, Indy s xo™ = xo"-
Leta=(a,k,{) eAandr = (dg(@'),1) € S,. Note that r* = (dg(@™ "), (@', @") ).
A simple calculation shows that r'ar = (a, k, (@, a)2'{). Hence,
xo* (a5, 0) = yo (@, k, (@, );/¢) = ro(a)vs(k)e( (@, a);¢)
= 7(a)9* (a)vs(k)e().
Denote this character by x;. To show that the x;, 0 < i < n, are distinct, it is enough

2i 1 e 2i _ 7_1(‘1_1)2i/” .
to show that 9%'|g« = 1if and only if i = 0. Observe that 9*'(a) = a , which
is equal to one for all a € O* if and only if n|2i. ]

The characters y; defined in Lemma 4.1 are clearly distinct when restricted to T n
K= 0" x u, and, again writing y; for these restrictions,

n-1
(4.2) Resrrx p = P xi-
i=0

Proposition 4.2 Let y;, 0 < i < n, also denote the trivial extension of the characters
in (4.2) to BN K. Then

n-1
Resy Ind§ p = @ Indj  yi.
i=0
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Proof By Mackey theory, we have Resg Inds p = @,cx Indgxfl -k Resge-1 p*, where
X isa complete set of double coset representatives of K and Bin G. The Iwasawa decom-
position KB = G implies that X = {(I,,1)}, and hence Resg Ind§ p = Indj, Resgx p.
The result follows from (4.2). [ |

Hence, in order to calculate the K-types, it is enough to decompose each Indy yi,
0 < i < n, into irreducible representations. Note that Indg, x; is smooth and admis-
sible. Fix i € {0,...,n —1}. The smoothness of Indj, x; implies that

IndgﬁK Xi= lgl(lndgml( Xi)Kl

By admissibility, (Indj y:)*" is finite-dimensional for every [ > 1, and since K; is
normal in K, it is K-invariant. Hence, to decompose Indj y; into irreducible con-
stituents, it is enough to decompose each (Indj yi)*" into irreducible constituents.

For any character y of any subgroup D of T, we say y is primitive mod m if m
is the smallest strictly positive integer for which Respnx,, y = 1. From now on, let

> 1 be a positive integer such that y is primitive mod m. Because 1 + p ¢ F*",
Z(T) N Ky = TN Ky, for all m > 1. Note that since yilz(ry = X Xiltnk, = Xlz(t)nk,-
Hence, y is primitive mod m if and only if the y; for 0 < i < n are primitive mod m.
SetB;:=(Bn K)Kl.

Lemma 4.3 Forevery0<i<n,

K 0 ifo<l<m,
(Indngxi) l:{{ ; f

Indgl Xi otherwise.

Proof Suppose0 < I < m, and that f is a vector in (Indg, xi)X". Because yi|nx, # 1
for I < m, we can choose b € Bn K; such that y;(b) # 1. Let g € K. Note that K; is
normal in K, and hence g 'bg € K;. On the one hand, f(bg) = yi(b)f(g); on the
other hand, f(bg) = f(gg 'bg) = (g7'bg) - f(g) = f(g), since f is fixed by K;. It
follows that y;(b) f(g) = f(g). Our choice of b implies that f(g) = 0, and because
g is arbitrary, f = 0. However, if | > m, then y;|x, = 1 and because K; is normal in
K, it is not difficult to see that every K;-fixed vector f translates on the left by B; and
vice-versa. Hence, the result follows. ]

Lemma 4.3 tells us that, in order to decompose (Indgx xi)X" into irreducible con-
stituents, it is enough to decompose IndB xi. Hence, we are interested in counting the
dimension of HomK(IndBl Xi» IndBl xi)- By Frobenius reciprocity, this latter space is
isomorphic to Homsg, (Resg, IndB Xi> Xi)- It follows from Mackey theory that

Resg, IndBI xi 2 PInd Ei X,,

x€eS

where S is a set of double coset representatives of B;\K/B;. The set S is a lift to the
covering group K of a similar set of double coset representatives calculated in [23, Eqn
(4.1)]. Using the latter set, and because y,, c By, it is easy to see that

(4.3) S={(I1),wlt(xa") [xe{Le},1<r<1},
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where lt(x@") = ( (x(lv' (1)), 1) , and ¢ is a fixed non-square. For 0 < i, j < n, let }{; ;

be the Hecke algebra
Hij = H(BI\K/BL, xis Xj)
={f:k>C| f(igh) = xi(Df(&)xj(h), .h e B, g €K}.

Proposition 4.4 Let0<1i,j< n. Then dim HomK(Indgl Xi> Indgl xj) = dim 3(; ;.

Proof On the one hand, observe that
HomK(Indgl Xi,Indgl Xj) = P Homg, (Ind;’lns, Xi>Xi)s

xeS

which by Frobenius reciprocity is equal to @, Home B, (X5 xj)- Let S;,j be the
set of all x € S such that y;(g) = xj(h), whenever h, g€ Bl and xgx ! = h. Then
dim HomK(IndBl Xi> IndBI Xj) = |Si,j|- On the other hand, observe that for every x €
S, there exists a function f € H; ; with support on the double coset represented by
x if and only if h = xgx ™' implies x;(g) = x;(h) for all h,g € B;. Moreover, the
basis of H; j is parametrized by such double coset representatives. Hence, dim }(; ; =
1S, u

Set (T nK)? := {dg(t?) | t € O}, Ty := {1(t) | t € O*(1+p")}, and (T;)? :=
{1(t?) | t € ©*(1+p")}. Tt is not difficult to see that T; and (T;)? are subgroups of
(TﬂK)Kl.

Proposition 4.5 Let|>mand0<i < n. Then

dim3c, . {1 2(l-m) ifxiloxs £1,
' 21 otherwise.

Proof Assume ! > m. Note that f(bkb’) = y;(b)f(k)y:(b’) for all f € H;;,
b,b’ € Bj,and k ¢ K. Hence, for every double coset representative x in (4.3), there
exists a function f € 3{(; ;, with support on the double coset represented by x if and
only if bxb’ = x implies that y;(bb’) = 1 for all b,b" € B;. The set of such double
cosets parameterizes a basis for J(; ;. We now determlne these double cosets. Let

= (b, C) =((§5):¢) and b’ = (b, (") = (( ) '), where t,t" € 0*(1+p'),
s,s’ eptand {, ' € Un> denote arbitrary elements ofBl.

A function f € H; ; has support on the identity coset B; ifand only if f(b) = y:(b),
for all b € B;. So there is always a function with support on the identity coset, namely
f=x

Next, we consider the coset of w. For b and b in B, bwb’ = w implies, via a quick
calculation, that b = b’ = dg(t), for some t € O*(1+p') and {’ = {~!. Therefore,
xi(bb") = 1:((dg(£), O)(dg(1),¢1)) = x:(dg(). (8. )a) = 1:(dg(£).1). So, H
contains a function with support on this coset if and only if y;(:(#*)) = 1 for all
t € O(1+p'); that is if and only if xil(r,)> = 1. Observe that for 0 < i < 1, xi(r,)2 = 1,
where | > m, if and only if y;|o~2 = 1. Suppose that y;|g~2 = 1 for some 0 < i < n. We
show that in this case, m = 1. Suppose that & € 1+ p, and consider f(X) = X* - a.
Observe that f(1) = 0 mod p, and f'(1) = 2(1) # 0 mod p. By Hensel's lemma,
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f(X) hasarootin O; thatis, & € 0%, Therefore, 1+p ¢ O**, which implies y;|zx, = 1,
som =1

Finally, for b and b’ in By, blt(x@")b" = lt(x®") implies that ¢’ € 1+ p” and { =
('71. Therefore,

, , tt' s’ +st"!
Xi(bb):Xi(bb>1):Xi((0 11 )’1)'

Note that ( t! ”tf;;,tl ) € BnK,. Hence, y;(bb’) =1lifand onlyif BnK, € ker( ;). The
latter holds 1f and only if r > m, since y; is primitive mod m. Now, let us summarize
our result. There is always one function with support on the identity coset, and 2(I -
m) functions on cosets represented by lt(x@"),x € {I, e}, m <r < I. Iin| ox2 1,10
function in J{(; ; has support on the double coset represented by w; otherwise, there
exists an additional function in 3; ; with support on the double coset represented
by w. ]

We will also calculate the dim 3 ;, when i # k, in Proposition 4.10. The next two
lemmas elaborate on the condition y;|g~> = 1 that appears in Proposition 4.5.

Lemma 4.6 Foreach 0 <i<mn, yi|gx2 =lifand only if 79 gx2 = 902]2

Proof Letse ©O*%. By Lemma 4.1, xi(5,0,1) = 79(s) 9% (s), which is equal to one if

and only if 79 9«2 = 962:2. ]
Lemma 4.7 If 4+n, then the characters 9Oxz, 0 < i < n are distinct. Otherwise, the
9,25, 0 < i < nf4, are distinct, and for § <i <%, 9% = 9:;(;"

Proof By definition of 9 in (4.1), 972 (s) = 1foralls € ©** ifand only ifp(q_l)Zi/n =

1forall t € 0%, or equivalently when #|4i. Therefore, the equality holds only for i =
unless 4|n, in which case the equality holds for both i = 0 and i = 7.

H o

For 0 < i < n,setV; := Indy y;. Moreover, for [ > m, let the W; ; denote the level-1
re K Kz 1
presentations V; " /V;

Proposition 4.8  Assume | > m. We can decompose Resg Ind§ p as follows:

Resg IndS p = EB(V e P, oW, 1))

I>m

where WS, ® W, 2 W, ;. All the pieces are irreducible, except when m =1 and xo|ox> =
oxz i, for some 0 < i < n, in which case, we are in one of the following situations:
(i)  If44n, then there is exactly one 0 < i < n for which VX' decomposes into two
irreducible constituents. All other constituents are irreducible.
(i)  If4|n, then there are exactly two 0 < i, k < n, |i—k| = § for which Vi decomposes
into two irreducible constituents. All other constituents are irreducible.
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Proof It follows from Lemma 4.3 and Proposition 4.5 that for I > m,
dim Hom(W; ;,W; ;) = 2. Hence, W; ; decomposes into two inequivalent irreducible
subrepresentations. Moreover,

1 ify; 1,
dlmHOm(V{Qﬂ,Vf(m) — X1|O><.2 ?é

2 otherwise.
It follows from Lemma 4.6 that Vf{"‘ is irreducible except when m = 1 and yo|p~2 =
9(‘92:2, where it decomposes into two irreducible constituents. If the latter is the case,
situations (i) and (ii) follow from Lemma 4.7. [ |

The characters y; for which y;|o~2 = lare exactly of the form 1® v, ®¢ or sgn ®v; ®e
for some s € C. Proposition 4.8 tells us that when 4+n, only one of these two choices
occurs among x;’s. Whereas, when 4|n, both characters 1 ® v, ® € and sgn ®v, ® €
occur among x;'s.

Note that in the light of the isomorphism (3.1), the K-spaces VIK‘ can be though of as
Kj-invariant representations of K x y4,,, or equivalent as representations of K /Ky x y,, &
SL,(x) x p,. Conversely, one can lift every genuine representation of SL, (k) x y, to
a Kj-invariant representation of X, by letting K act trivially. Let St denote such a lift
of St ® ¢, where St is the g-dimensional Steinberg representation of the finite group
of Lie type SLy (k).

Lemma 4.9 If yi = 1®v,®e¢, then Vfl ~TeSt. If y; = sgn ®v,®e, then VIK‘ 2 Bte&T,
where E* are two inequivalent irreducible constituents of the same degree.

Proof The result follows from observing that VIK‘ = (Indj 7:)5 ® €, and identify-
ing (Indk - 7; )% with the corresponding representation of the finite group of Lie type
SL,(x), whose representation theory is well understood and can be found in [7]. W

Next, we determine the multiplicity of each constituent in the decomposition in
Proposition 4.8. To do so, we count the dimension of Homg (Indgl Xk Indgl Xi)> which
is equal to the dimension of the Hecke algebra ;. ; = 3 (B;\K/By, Xk Xi)-

Proposition 410 Letl>m,0<k,i<n,andi# k. Then

201 if g = 905,

dim j’fk,i = {

2(l-m) otherwise.

Proof Similar to the proof of Proposition 4.5, we determine which double cosets in
B;\K/B, support a function in 3y ;. For every double coset representative x in (4.3),
there exists a function f € H ; with support on the double coset represented by x if
and only if bxb’ = x, b, b’ € By, implies that yx(b) y;(b’) = 1. Let t, ' € O*(1+p'),
s,s" epl,and ¢, ¢’ € uy,, so that

o= =( (5 2)¢) ma w-wo-( (5 L))

are arbitrary elements of B;.
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Because yi # yi» there is no function in Hy ; with support on the identity double
coset. For the double coset of w, bub’ = w implies that b = b’ = dg(t) for some
te O*(1+p')and {’ = (L. Therefore,

e (®) i (0") = i (£,0,0) xi (10,871 = 70(£) 9% (1)e(O) 7o (1) 97 (1)e(¢™)
_ TO(tZ)SZ(kH‘)(t) _ To(t2)9k+i(t2).

Therefore, because | > m, yx(b)yi(b’) = 1if and only if 799-2 = 9 (k+’). In
this case, m = 1 and w supports a function in Hy ;. Finally, for the double cosets
represented by lt(x@"), x € {1,¢},1 < r < I, blt(x@")b" = lt(x®") implies that {’ =
(L and t +s@" = t'"' mod p’, or equivalently, t = ' mod p",and t"'@" = @'
mod p', or equivalently t™! = #'~! mod p'~". Observe that, in general, yx(b)y;(b)
is equal to

(4.4) xi(£,0,0) xi(t,0,0") = 7o (1) 9% (£)e(O) 7o () 9% (£)e(L')
= 1o(t) 92k (£) 9% (t)e (L),

Note that 9 is primitive mod one. Observe that r > 1 and [ — r > 1. Therefore, t = t'~!
mod p and ¢t = # mod p, which implies that t = t' = « mod p where a € {£1}.
Hence, 92(t) = 9%(t') = 1, and (4.4) simplifies to 7o (tt')e({{"). We are in one of the
following situations:

Case 1: Suppose r > m. Then we have (' = ("', and t = t'"! mod p™; that is
tt' € 1+ p™. Hence, 7o (tt") e({{") = 10(tt") = 1, because yo, and hence 7o,
is primitive mod m. Therefore, in this case, there is always a function in Hj ;
with support on these double cosets.

Case 2: Suppose r < m. Then {’ = (7', so 7o(tt')e({{") = 1o(tt’), which equals
one if and only if ##' € 1+ p™, which is not the case in general. Hence, in this

case, there is no function in Iy ; with support on these double cosets.
To summarize the result, the coset represented by w supports a function in Iy ; if
and only if 7o gx2 = 9 O(Xk;l If r > m, then the cosets represented by lt(x@") support
a function in F(; ;. Otherwise, there is no function in Hx ; with support on these
double cosets. ]

Corollary 4.11  Assume the decomposition of Resy IndS p given in Proposition 4.8.

(i) Foreach 0 <i<nandl>m, there exists a way of decomposingW; ; asW/ @ W; ;
such that for I > m, W}, =W and W, =W, forall 0 < i, j < n.

(ii)) Forl = m, {VIK'" |0<i<n} consists of mutually inequivalent representations,

except when m = 1 and 1o|gx2 = for some 0 < j < n, where VKl = V

exactly when i + k = j mod n.

O><2)

Proof It follows from Proposition 4.10 that for I > m, dim Homg (W; ;, Wy ;) = 2, and
wheni+k=j modn

1 if Toge = 9,0,

dim Homg (VE", y&mY) =
x(V; €") 0 otherwise,

and hence the result. |
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In order to further investigate the irreducible spaces W ; and W} ;, we will show that
W1, 0 < i < n,is the restriction to K of an irreducible representation of the maximal
compact subgroup K of the covering group G of GL,(F).

5 Branching Rules for G

We define the genuine principal series representations of G similarly, by starting with a
genuine smooth irreducible representation p’ of T with the central character y’, which
is constructed via the Stone-von Neumann theorem. Observe that dimp’ = [T:A] =
Then, after extendlng p’ trivially over N, the genuine principal series represen-

tation 71’ of G is IndB p'. Applylng a similar machinery as in Section 4, we obtain the
K-type decomposition for Resg 7. Since the argument in Section 4 goes through al-
most exactly, here we only overview the main steps and point out the differences. For
detailed calculations, see [13].

Similar to Lemma 4.1, it follows that Res, p’ = @7 =0 Xi,j» where the x; ; denote n’
distinct characters of A, defined by

X;,j( dg(a@™, ba™), () = X(,)( dg(a@™,ba™), () 977 (a)97 (b),

where a,b e O, u,veZand { € y, and 9(a) = e((®@, a),) was defined in (4.1), and
Xo is a fixed extension of " to A. The ] ; remain distinct when restricted to TN K,
and again writing y; ; for there restrictions, Resgrg p’ = EB?;IO X;,j- Then similar to
Proposition 4.2, we have Resg ( Indg p)z ! ]10 IndgnK X;,j» which reduces the prob-
lem of decomposing the K-type to the one of decomposing each Indgng X, j» which by
smoothness can be written as the union of its K, I > 1, fixed points.

Suppose x’ is primitive mod m. It follows that the y; ; are also pr1m1t1ve mod m.
Set B, = (BN K)K,. It can be seen that each level I representation (IndgnK Xi ])K =

Indgl Xi,jif I > m, and is zero if I < m. Similar to Proposition 4.4, one can see that
dimHomK(Indé X;,p Ind%l X;,j) = dim g{,i,j(El\K/E[’ X;,j’ X;,j)'

To count the dimension of J{’; j, we need to calculate a set of double coset represen-
tatives of B; in K.

Lemma 5.1 A complete set of double coset representatives of B, in K is given by

{1 1), wlt(@") [1<r<1}.

Proof Note that this set is a subset of the set S in (4.3). Observe that under the
isomorphism

1) F'x62G (5 (8¢) — (dg1Ly)g{),

O*xK mapstoK and O*xB; maps toB;. Foreveryk’ € K, let (y, k) be the inverse image
of k" under the isomorphism (5.1), and let by, b, € B; be such that b;xb, = k, for some
x € S. Let b] and b), be the image of (y,b;) and (y,b;) under (5.1), respectively. It
follows from the multiplication of F* x G and the isomorphism map (5.1), that bjxb} =
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k. Thus, K = Uyes B;xB,. A short calculation shows that

(dg(e7',1),1)1t(@")( dg(e,1),1) = (1t(e@"), (", €)u(e,@"),) =1t(ed"),

where ¢ is a fixed non-square and 1 < r < [. It is not difficult to see that other cosets
of S remain distinct in K. [ |

The following proposition can be proved similarly to Proposition 4.5.

Proposition 5.2 Let 1 > m. Then

dlmﬂ'f' C— 1+(l_m) le;,j’TnK#l’
"2+ (I-m)  otherwise.

It follows from the definition of y; ; that for 0 < i, j < n, x] ;|rnx = lif and only
if Xo.0lTnk = 977". For I > m, let W; ;; denote the level-I quotient representation
(Indgmg X, j)Kl / (Ind%mK Xij )Xi-1. The K-type decomposition Resg (Indg p’) is given
in the following corollary.

Corollary 5.3  We can decompose Resg (Ind% p') as follows:

n—-1
ResK(Indgp') * P ((IndgmK X;,j Lo P w,i,j,l).
i,j=0 I>m

If x0Tk # 9%|ox for all 0 < k < n, then all the pieces are irreducible. Otherwise, there
are exactly n pairs (i, ), 0 < i, j < n, such that j— i = k mod n, and (IndgmK Xg)j)ﬁm
decomposes into two irreducible constituents. The rest of the constituents are irreducible.

Proof It follows from Proposition 5.2, and the fact that the kernel of the map (i, j) —
j—i mod n is of size n. u

5.1 Restriction of Ind%p’ toX

Fix a genuine irreducible representation p of T with central character y, where y is
primitive mod m. Let Wy ;, W} ;, and W, ; be the representations of K that appear in
the K-type decomposition of Resy Inds p in Proposition 4.8. In this section, we show
that, for each 0 < k < n, Wy ; = Resy W', where W’ is some irreducible representation
of K. We deduce that w;,, and W ; have the same dimension.

Let p’ be a genuine irreducible representation of T with central character ¥’ such
that depth of y" is equal to depth of , and that p appearsin Resr p”. Let ; ,0 < i, j<n
be all possible extensions of y’ to A. To find W', we consider the restriction of the
principal series representation Ind%p’ to K. Because the structure of T depends on the
parity of n, we consider the cases for even and odd 7 separately.

5.1.1 n Odd

Observe that when n is odd, Z(T) N T=Z(T) andAnT = A.
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We compute Resg Resg Indg p’, where the decomposition of Resg Ind% p’ is given
in Corollary 5.3. The assumption that p appears in Rest p’ implies x'|z (1) = x. We
further assume that the choice of o is such that Res, y = xo. So that, for 0 < i, j < n,

i-j

and k € {0,---,n — 1} such that k = =7 mod n, we have Resrx X;,j = yx. Note for

each k, there are exactly n distinct characters x; ; of T N K that restrict to xx on TnK.

Lemma 5.4  Assume n is odd. Let i, j, and k be in {0, ..., n =1} such that y; ;|rx =
Xk- Then, for all | > m,

Resy ( Indfoy xi,;) ™" = ( Indho i)

Proof It is enough to show that Resk Indgl Xij 2 Indgl Xk> which follows from the
Mackey theory, and the choice of 1, j, and k. |

5.1.2 n Even

Observe that for even n,
ZMNT2F " xpu, cF%xp, and ANT=O"xnZxu, c O x nZ x p,.

Unlike the case for odd n, the centre Z(T) and the maximal abelian subgroup A of
T do not restrict to those of T upon restriction to T. In fact,

[Z(T):Z(T)nT] =4, [A:AnT]=2.

This mismatch makes the computation of Resk Ind% p’ more delicate. Indeed, our as-
sumption that p appears in Resy p’ does not imply that p’ is p isotypic, upon restriction
to T. We show that p is one of the four distinct irreducible representations of T that
appear in Resy p’.

Set x := Resy(p)nr ¥ Note that [nZ/nZ] = |0**/0*"| = 2. We denote the coset
representatives of the former by {e, 0}. Let L denote the set of coset representatives
for Z(T)/(Z(T)NT), so|L| = 4. The representation Indégml decomposes into four
distinct characters ,y:

z
(5.2) IndZEBnT X= 93 X

We denote the irreducible genuine representation of T with central character ¢y
by pe.

Proposition 5.5 Assume n is even. Let ;x, £ € L be as in (5.2). Then Resyp’ =
@ecr[(pe)®"/?], where p, are mutually inequivalent and p = p, for some € € L.

Proof Note that X = {(dg(1,@’),1) | 0 < j < n} is a system of coset representatives
for T\T/A, and that A is stable under conjugation by x € X. Moreover, it is not difficult

/X

to see that for x = (dg(1, @/),1), x(* = Xo, - Therefore, by Mackey theory,

n-1
Resrp’ = P ( Ind{TnAx) X:)X) - G%Indz( Ind?mA X6,j)~
j=

xeX
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Observe that [A:T N A] = 2, with coset representatives {e,0}. Therefore, for every
0<j<n,Inds, 1 Xo,j is a two-dimensional representation of the abelian group A and
hence decomposes into direct sum of two characters: ¢ x; ® o -
Note that for 0 < j < n, Resrry Ind%nA Xo,; = Xo,; ® Xo,j- Suppose 0 < i, j < n, by
Frobenius reciprocity
A A A
Hom, ( Indz, )(6,1-, Indz, )(6,,-) = HomeA( Resrnp Indyy X:),j’ X6,i)
! ! /
= Homrra(Xo,; ® Xo,j> Xo,i)-
We can easily see that x; ; and x; ; coincide on TN A if and only if i = j. Whence,

2 ifi=j
dimHom, ( Ind%_, v, .., Ind%_, v/ .) = ’
A ( 1A Xo,j TNA XO”) 0 otherwise.

Therefore, the elements of {¢x},0x; | 0 < j < n} are 2n distinct characters of 4,
which, because [A:Z(T)] = n/2, implies that they restrict to at least four distinct
characters upon restriction to Z(T). Moreover, because p appears in Resy p’, at least
one of these four central characters is y. Observe that for 0 < j < n, and « € {e, 0},

ReSZ(I)nT tx)(;- =X
Consider

V4
Ind )y x = Indyry Indy (D) x=Indyry Dex= D exee
- Cel CeL,0<k<n/2

Observe that the ,y; are 2n distinct characters that restrict to y on Z(T) n T and
exhaust every such character. Hence, the sets {¢ xo ;>0 X0, | 0 < j<n}and {exc | €€
L,0 < k < n/2} are equal. In particular,

Resp’ = Ind; P EX;-EBOX;-:Indi( P ng) ;@pf%. ]

0<j<n €eL,0<k<n/2 Cel

We compute Resg Resg Ind% p’. First, we need to study Resrnk X;, i Note that

Resrrg Xg,j( dg(1), () = Xf),o( dg(1), () 971(1),
for all (dg(#), ) € T K. Therefore, {Resrrx x; ; | 0 < i, j < n} consists of n distinct

characters of T N K. In the next lemma and proposition, we realize these characters as
characters of T N X that come from central characters ¢y, € € L, of Z(T).

Lemma 5.6 Each Restg X;,j appears exactly twice in Deer,0<k<z £ Xk-

Proof Note that Resrx IndAZ(I) aTX = Restrk (Deer o< ket Xk ). Consider

(5.3) Homzy ( Resrrg Xi,j» Restrx Indé(DﬁT l) .

Observe that TN K\A/Z(T) N T = nZ/nZ. So, by Mackey theory and Frobenius reci-
procity, (5.3) is
Homrqx ( Resrrx X;,j, (Indg(];)nK 1)62) ~

HomZ(I)mK(ReSZ(I)mK X?,j, ReSZ(I)mK fﬂ)-
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Because Resyr) X = ypforal0 < i,j< n Resz 1)k X;,j = Resy(r)nx x> and
hence, (5.3) is two-dimensional, which shows that Resrqx X;, j appears exactly twice
in @eer,0<k<n £Xk- [ ]

It is easy to see that {Resrrk X, j | 0 < j < n} consists of n distinct characters
of T N K, each appearing exactly twice in @pe; g<k<n ¢ Xk by Lemma 5.6. By a simple
counting argument, we deduce that for every 0 < k < n and € € L, there exists a
0 < j < n, such that Resrx X ; = ¢Xk- Similar to Lemma 5.4, we see that, for n even,
if0<j<n0<k<nand? e L are such that Resyg X(,),j = ¢ Xk> then, forall [ > m,

K
(Indg -y oxx) 5" = Resy (Indg Xg,j)&.
The following proposition and corollary sum up the results in this section.

Proposition 5.7  Let p and p’ be irreducible representations of T and T with central
characters y and y', primitive mod m, respectively, such that p appears in Resy p’. For
I>m0<k<n0<i,j<mnletWy; =W, ®W  andW; ;| be the quotient spaces that
appear in the decompositions in Proposition 4.8 and Corollary 5.3, respectively. Then,
foreach0 <k <mn,1>m, W =ResxW;j, for some0<i,j<n.

Proof If n is odd, it follows from Lemma 5.4 that for a given k and / there exists
0 < i, j < n such that (Ind%_, x¢)¥! = Resg(Ind; Xij )X:. Without loss of generality,
we can assume i = 0. For n even, it follows from Proposition 5.5 that y =,y for some
¢ € L, where ¢y are defined in (5.2). It is a consequence of Lemma 5.6 that, for a
given k and I, there exists 0 < j < n such that (Indk ¢yx )X = Resg(Indg, X0, )L3
Consider w:),j,l = (Indﬁng X6,j )5'/(Ind§ng X(),j)g”‘-

Observe that

Resk wg,j,l = Resg [(IndgﬁK X:),j )Kz] / Resg [ (Indgmg Xf),j)g”‘]
= (Indgry xx)™ /(Indgeg xx) " = Wi ® Wi - ]

Corollary 5.8  The inequivalent irreducible representations W, ; and Wy ;, 0 < k < n,

I > m, that appear in the K-type decomposition Resy Inds p in Proposition 4.8 are of the
same dimension.

Proof By Proposition 5.7, for any 0 < k < n, [ > m, Wy ; = W, ; @ Wy ;, is restriction
of some irreducible representation W; ; of K, for some 0 < i, j < n. Hence, there exists
an element of K \ K that maps W, ; to Wy ; bijectively. u

Remark 5.9 Note that the isomorphism (3.1) implies that, forany 0 < k < n, [ > m,
Wi, ; is isomorphic to a representation of K, of the same dimension as Wy ;, tensored
with the faithful character e. The dimension of Wy ; can be calculated directly. One
can then explicitly identify these representations using the classification of irreducible
representations of K given by Shalika [30] as done in [23, Sec.5].
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6 Main Result
Finally, we put all of our results together to obtain the main result of this paper.

Theorem 6.1 Let p be a genuine irreducible representation of T with central character
X primitive mod m, and let yx, 0 < k < n, be all the possible extensions of y to A. Then

n-1

Resg Indj p = (Vi) @ P (W @ Wy,1)®",
k=0

I>m

whereVy, = Indg Xk, and W}, , and Wy | are two inequivalent irreducible representations

of K with the same dimension, and (W @Wy ;) = V' [Vy'~". The level-m representations

VkK"‘, where 0 < k < n, are irreducible and mutually inequivalent, except when m = 1
and for some k, xi|ox is a quadratic character.

Proof The decomposition and irreducibility results follow from Proposition 4.8. The
multiplicity results follow from Corollary 4.11 and the fact that Wy ; and Wy ; have the
same degree is proved in Corollary 5.8. ]

The next corollary states what happens when yx|ox is a quadratic character for
some 0 < k < n. Up to relabelling, we can assume that yo|o~ is a quadratic character.
In this case, indeed, both the irreducibility and being multiplicity-free fails.

Corollary 6.2  In the setting of Theorem 6.1, suppose that m = 1, and xo|ox is a

quadratic character. Then we are in one of the following situations:

(i) If4+n, then Vf‘ is reducible if and only if k = 0, in which case, V' = T@ St if
xolox = 1, and V' = E* @ E~ otherwise. Moreover, VX' = Vfl exactly when
i+k=n.

(i) If4 | n, then Vf‘ is reducible exactly when k = 0 or k = 7, in which case,
v e V5}4 ~T@ St® E* @ E~. Moreover, Vfl = Vfl exactly when i + k = n.

Proof It follows from Proposition 4.8, Lemma 4.9, and Corollary 4.11. ]

Remark 6.3 The fact that when 4 | n, all four of T, St, 2* and &~ appear in the top
piece of the K-type decomposition is curious; its roots lies in the fact that in this case,
1and sgn are both characters of 0 /O**.

Remark 6.4 Most of the information about the principal series representation is en-
coded in the level-m piece. The tail piece in Theorem 6.1 (the level-I pieces for I > m)
does not see the twists of the extension of the central character to A by characters of
O0*/O**, and hence fails to see the non-triviality of the cover; thus, it behaves exactly
like its counterpart in the K-type decomposition of the linear group. In particular, for
I > 2m the tail only depends on 7 (-1) ([23, Proposition 4.5]).

Remark 6.5 If one can generalizes the local Langlands correspondence to the cov-

ering groups, representations of the covering analogue of the Weil-Deligne group
are associated with L-packets of representations of G. The analogy with the linear
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case suggests that the restriction to the inertia subgroup of these representations is
parametrized, up to isomorphism, by the Bernstein components. Inertial Langlands
correspondence relates such representations to representations of K. To establish such
a correspondence, one needs to understand the Bernstein support of a representation
of G from its restriction to K. To that end, we are interested in classifying all irre-
ducible representations of K whose occurrence in Resk 7, for a representation 7 of G,
guarantees a given cuspidal support; such representations are called typical represen-
tations. Our result in this paper suggests that the irreducible pieces in the top level of
the K-type decomposition are typical.
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