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A RATIO LIMIT THEOREM FOR APPROXIMATE
MARTINGALES

CHARLES W. LAMB

1. Introduction. It has been proved [3, p. 630] that the martingale con-
vergence theorem obtained by Andersen and Jessen (1, p. 5] follows from the
classical theory developed by Doob. By using some results of Yosida and
Hewitt [9] on finitely additive set functions, Johansen and Karush [7] proved
that the identification of the limit function as a derivative in the approach of
Andersen and Jessen can be obtained in the general case. In this paper we
sharpen the methods of Andersen and Jessen to obtain a ratio limit theorem
for “approximate martingales’. For related results obtained by using a differ-
ent approach based on maximal inequalities the reader is referred to a recent
paper of Chatterji [2].

Acknowledgment. The author would like to thank Maurice Sion who aroused
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2. Derivatives. Let (S, Z) be a measurable space and let ¢[u] be a bounded
signed (nonnegative) measure on (S, % ). Write the Lebesgue decomposition
of ¢ with respect to u as ¢ = ¢, + ¢ where ¢, is absolutely continuous with
respect to p and ¢, is singular with respect to u. Following Andersen and
Jessen [1, p. 4], we will say that an extended real valued function f on S is an
AJ-derivative of ¢ with respect to u if f is Z-measurable, u-integrable and for
every 4 € &,

s4) = | fan

(2.1) ¢;"(4) = ¢fAd N (f = +0))}
—¢ (4) = ¢{Ad N (f = —0)}

where ¢, and ¢~ denote the positive and negative parts of ¢ (¢, = ¢t — ¢,7).
We will say that an extended real valued function f on .S is a RN-derivative
(RN for Radon-Nikodym) of ¢ with respect to u if f is &-measurable, u-in-
tegrable and the first equation in (2.1) holds for all 4 € #. The following
characterization of an 4J-derivative is given in [1, p. 4].
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ProposiTiON 2.1 A H-measurable function f is an AJ-derivative of ¢ with
respect to u if and only if for every a € (—0,0) and A € B,

AN (f=2a)) SanfdN (f £ a)},
AN (fza)) ZapdN (fZa).
3. Finitely additive set functions. Let &/ C & be a field and let ¢ be a

finitely additive nonnegative set function on (S,.%/) with ¢(S) < . 1f 4 C .S,
let

o(4) = inf 2, ¢(4s)

™

where the infimum is taken over all sequences (or disjoint sequences) {4;} of
sets in.%/ whose union covers 4. The set function ¢ is called the Caratheodory
measure on .S generated by ¢ and ¢ is a s-additive measure on the smallest
o-field o(&/) containing & (8, p. 67, Theorem 5.4]. In fact ¢ is the largest
measure on ¢ (&) which is dominated on & by ¢. The following lemma was
pointed out to the author by Professor M. Sion.

LeEMMA 3.1. Let € > 0 and A € o(Z) be given. There exists a set B €
such that

(AN C) —¢BNO) <e
for every C € 2.

Proof. Let {A,} be a disjoint sequence of sets in .2/ whose union covers 4
and such that

kz: $(ds) < $(4) + ¢/3.

Choose N such that > r—yr16( 4z) < ¢/3 and let B = Uj_1 A;. If B’ denotes
the complement of B and C € &7, then

9(ANC) —BNO|=[p(ANBNC)—¢BNO)|+eANBNC)
<FBNC) —¢(ANBNC) + /3.

HEBNC) —d(ANBNC) > 2¢/3, then

¢(A4) =¢ANBNC)+¢(ANBNC) + ¢4 N B)
<FBNC) —2¢/34+¢BNC)+ ¢/3
= ¢(B) — ¢/3.
Hence ¢(B) > ¢(4) + €/3. On the other hand,

3(B) = 64 = 2 6(dy) < 6(4) + ¢/3.
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This contradiction shows that
dBNC) —o(ANBNC) = 2¢/3
which in turn shows that
6(4 N C) = (BN O)| < e
and the proof is complete.

If we now drop the assumption that ¢ is nonnegative but assume that & is
bounded (there exists a constant M > 0 with |¢( 4)| < M for every 4 € &),
then

¢*(4) = sup $(B),

where the supremum is taken over all sets B € &/ with B C A, defines a
finitely additive nonnegative set function on (S, &) with ¢*(S) < co. If
¢~ = (—¢)*, then § = ¢+ — ¢~ and we define the Caratheodory measure ¢
generated by ¢ to be ¢t — ¢~ where ¢*[¢p~] is the Caratheodory measure
generated by ¢+[¢~]. It is clear from the proof that Lemma 3.1 remains valid
in the present situation.

4. The convergence theorem. Let {#,} be an increasing sequence of
o-fields contained in %. For each n let ¢, be a bounded signed measure on

(S, %4.,).

Definition 4.1. The collection {¢,, #Z,} is called an approximate projective
system of (signed) measures if for every e > 0 there is an integer N such

that whenever N = ny = ... = ny and 4,4, ..., A, are disjoint sets with
A, € u@nk, then
M M

LemMA 4.2. If {¢,, B} is approximate projective system of measures, then
for A ¢ U &, =,

}Lm o (4) = ¢(4)

exists uniformly in the following semse: for every e > O there is an integer N
such that

(4.2) ¢ (A4) — $(4)] < e
whenever n = N and A € &,
Proof. For € > 0 given, choose N as in Definition 4.1. It follows that
|¢n(4) — ¢u(4)] < e
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whenever N < m < n and 4 € #,. Hence lim,_, ¢,(4) exists for every
4 € &/ and

| (4) — $(4)] = €
if N £nand 4 € Z,. The proof is complete.

The set function ¢ of Lemma 4.2 is finitely additive on &7, If ¢ is bounded
we let ¢ denote the Caratheodory measure generated by &. ¢ is a bounded
signed measure on ¢(A) = #, in this case.

THEOREM 4.3. Let {¢n, Bu} [{tny B}l be an approximate projective system
of bounded signed [bounded mnonnegative] measures. Assume that the finitely
additive set function ¢ of Lemma 4.2 is bounded. Let f, be an AJ-derivative of
&, with respect to u, on (S, #,). The functions

f =lmf, and f =limf,

are both AJ-derivatives of ¢ with respect to u on (S, Z.,) where ¢[u] is the Cara-
theodory measure generated by $[f]. In particular, if f, s only a RN-derivative of
¢y with respect to u, on (S, #,) and f is a RN-derivative of ¢ with respect to u
on (S, %), then

limf, =f

n->00

p-almost everywhere on (S, 8 .,).
We will call { f,, Z,} an approximate martingale.

Proof. The last statement concerning RN-derivatives follows easily from
the corresponding result concerning 4J-derivatives. According to Proposition
2.1, we must show that if ¢ € (—0, ) and 4 € &, then

(4.3) ofAN (f-=a)} SapfdN (f- = a)},
(4.4) olAN (f-za)} Zapld N (f- 2 a)},
(4.5) AN (T2 a)} =apfdN (f~ =2 a)},
(4.6) oA N (f~ 2 a)} 2 auld N (f~ 2 a)}.

The inequality (4.3) implies (4.5) and (4.6) implies (4.4). We prove only (4.3)
since the proof of (4.6) is similar.
Let e > 0and 4 € &, be given. By Lemma 3.1 we may choose

BcA (= Qﬂn)

such that
lp(ANC)—¢BNO) <
w(ANC) —gBNC)|<e
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for every C € &Z. Choose N such that B € &, and (4.1) and (4.2) hold for
(¢n, ¢, ) and (un, &, ). Let b > @ and define D; = { f; < b}. When we write

limlim or lim lim
i k i k

in the calculation below it will be understood that 2 = 7 and 2 = N. We have
© © k
¢{A N ( N v Dj)} = lim lim ¢{A N ( U Dj)}
=1 j=i ik j=i
I k
lim lim e+<f>{Bﬂ(U j)}:l
i kW j=1

T 2
< lim lim | 2¢ + ¢’k{Bf\ ( U‘Dj)}]

IIA

i k j=1
R 13
élimllm 3€+Z qbl{Bf\D,' ...mDZ_l’le}J
i kL =1

e r

< lim lim 3e+quI{BﬂDi'ﬁ...f\D,_l’f\D,}]
i kL =1

< lim lim | 3¢ + [ble + by B N

i k

LC=
S
<.
S—
N— e~
| I—

i k

C=

< lim lim 3e+2|b|e+ba{13m( '

iC -
S
~——— S
S——
| I

< lim lim | 3¢ + 3[ble + buy4 N

i k

<.
[
-

= 3¢(1 + b)) + bu{A N ( N Q Df)

i=1 j

Letting e decrease 0 and then b decrease to a, we obtain (4.3) and the proof
is complete.

Doob’s classical L!'-bounded submartingale convergence theorem follows
from Theorem 4.3. To see this, let u be a bounded nonnegative measure on
(S, Z.), u. be the restriction of u to &, and

¢n(A) = J;fndﬂn = L[1fn+1d#n+l = ¢'n+1(A)
if A € A, where

sup f | lda < co.

We show that {¢,, &Z,} is an approximate projective system of measures. If
L = lim,_,¢,(S) and € > 0 is given, choose NV such that 0 < L — ¢,(S) < e
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if » 2 N. We have (under the notation and assumptions of Definition 4.1)

M=

0= (4, (4s) — b0, (4]

1

b 0 4) =3 6,00

k=1

>~
I

M—1

= kz=:1 [¢nk+1(A1U e UAk) — d)nk(AlU L. UAk)]
kz;l [¢"Ic+1(s) - ¢nk(S)]

= ¢”M(S) — ¢n (S)

<e if n=N.

It remains only to verify that ¢ is bounded and this follows from the hypothesis
that sup [| f,|dp < .

IIA

We have the following ratio limit theorem for approximate martingales.

THEOREM 4.4. Let {¢p, B} and {u,, #.} be as in Theorem 4.3. For each n
let v, be a bounded nommegative measure on B,. Assume that w, is absolutely
continuous with respect to v, and let g,[h,] be a RN-derivative of ¢ulu,] with
respect to v, on (S, Z,). Then

lim g,/k, = f

N
u-almost everywhere where f is a RN-derivative of ¢ with respect to u on (S, & .,).
Note that we do not make the assumption that %, > 0 »,-almost everywhere.

The theorem states that for u-almost every s € S, g./k, is eventually well
defined and converges to a finite limit.

Proof. This theorem will follow immediately from Theorem 4.3 as soon as
we show that g,/h, is a RN-derivative of ¢, with respect to g, on %,. For
notational simplicity we drop the subscript # on ¢, u,, v, and &, in the
following calculation. Let

¢ = d.» + b5
¢ = dcw + Psw

be the Lebesgue decompositions of ¢ with respect to » and p respectively.
Let S, and S, be Z-measurable sets such that

¢c(v)(A) = ¢<A nSV): V(SV’) =0,
bew (4) = ¢(4 N S,), u(Sy) = 0.

Now u(S,’) = 0 (by absolute continuity) and hence u(S,’ U S,’) = 0 and
p(S, N S,) = u(S). Let S, = {s:h(s) > 0}.
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We have
w(Sy) = f hdv = 0
{h=0}

and hence u(S, NS, N S;) = u(S). It suffices to show that if f is a
RN-derivative of ¢ with respect to u on (S, &), then

(4.7) g/h=f (org=fh)

w-almost everywhere on (S, M S, M S;). Since p is absolutely continuous
with respect to » it suffices to verify that (4.7) holds v-almost everywhere on
S,NS.NS). IfAdecHandACS, NS, NS, then

J = 00 ) = 04 N 5) = 94)

= 4w N 8) = ber(4) = [ fi

= thdv

We remark that Theorem 4.4 implies as a special case that if {g,}[{%,}] is
an Ll-bounded submartingale [nonnegative submartingale] on (S, &, »), then
lim g,/h, exists u-almost everywhere where p is the measure determined by
the du, = h, - dv. Ratio limit theorems in the case where g, and %, are exces-
sive functions composed with a Markov process have been investigated by
several authors (see, for example, [4], [5] and [6]). Theorem 4.4 may be
viewed as an abstract ratio limit theorem when no underlying Markov process
is available.

and our result follows.

5. Convergence in measure. It is possible to weaken the assumptions of
Theorems 4.3 and 4.4 if we do not insist on convergence p-almost everywhere.

THEOREM 5.1. Let {¢n, B} [{pny Bn}] be a system of bounded signed [non-
negative measures| which satisfy the conclusions of Lemma 4.2. Assume that & is
bounded. If f, is an AJ-derivative of ¢, with respect to u, on (S, Z,), then

limf, = f

n->co

in u-measure where f is an AJ-derivative of ¢ with respect to u. The same state-
ment holds if f, and f are only RN-derivatives.

Proof. We leave the verification of the last statement to the reader. To prove
the first result it suffices to show that if — 0 < a < b < o, then
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(6.1) lim pf{ (f = a) N G = £} =0,
(6.2) lim y{(fo £ a) N (0 =N} = 0.

We prove (5.1) only since the proof of (5.2) is similar. Let ¢ > 0 be given and
let (4 = (f £ a). Choose B € & according to Lemma 3.1. Choose N such
that B € &y and (4.2) is satisfied for (¢,, ¢) and (u,, g) if # = N. If » = N,
then

H(f=a)N O =f)} 22BN G =f)} —e
&u{B M (b = fu)} — 2e
E{B N (b = f)} — [ble — 2e

BN (b = fu)} — 2[ble — 2e

VIV v v v

b
b
b
On the other hand,

H(f=a)N O =f)) Sap{(f=a)ND (0 = f)l

Hence
G—a)pl(f=sa)N b =f)} =2e(b] +1)
if # = N and the proof is complete.

We remark that if (S, &, ) is a measure space with u(S) < 00 and {f,} is
a sequence of #-measurable functions converging to 0 in L!(S, &, u) but not
u-almost everywhere, then {¢,} satisfies the assumptions of theorem 5.1 but
not those of Theorem 4.3 where

¢n(A)=Lfndu if 4¢P
(#, =% and p, = pforn = 1).
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