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SOME APPLICATIONS 
OF ARTAMONOV-QUILLEN-SUSLIN THEOREMS 

TO METABELIAN INNER RANK AND PRIMITIVITY 

C. K. GUPTA, N. D. GUPTA AND G. A. NOSKOV 

ABSTRACT. For any variety 1/ of groups, the relative inner rank of a given group G 
is defined to be the maximal rank of the 'V-free homomorphic images of G. In this paper 
we explore metabelian inner ranks of certain one-relator groups. Using the well-known 
Quillen-Suslin Theorem, in conjunction with an elegant result of Artamonov, we prove 
that if r is any "A-modular" element of the free metabelian group Mn of rank n > 2 then 
the metabelian inner rank of the quotient group Mn/(r) is at most [n/2]. As a corollary 
we deduce that the metabelian inner rank of the (orientable) surface group of genus k 
is precisely k. This extends the corresponding result of Zieschang about the absolute 
inner ranks of these surface groups. In continuation of some further applications of 
the Quillen-Suslin Theorem we give necessary and sufficient conditions for a system 
g = (g],..., gk) of k elements of a free metabelian group Mn, k < n, to be a part of 
a basis of Mn. This extends results of Bachmuth and Timoshenko who considered the 
cases k — n and k < n — 3 respectively. 

1. Introduction. The inner rank Ir(G) of an aribtrary group G is defined to be the 
maximal rank of the free homomorphic images of G. This concept is dual to the outer 
rank d(G) of G which is the minimal rank of free groups which have G as their homo­
morphic image, and one has the inequality Ir(G) < d(G) (see, Lyndon and Schupp [11, 
Chapter I]). Computation of the inner rank of a given group is, in general, a very diffi­
cult problem. Among the most general results is the following theorem due to Jaco [8]: 
Ir(Gi * G2) = Ir(Gi) + Ir(G2). Restricting to the study of one-relator groups, some of 
what is known about the inner rank of G = (x\,...,xn;r) may be summarized as fol­
lows (see [11] for proofs): (i) if r = [x\,X2]- • • [*2*-i>*2*L n — 2k, then Ir(G) = k 
(Zieschang [23]); (ii) if r = x* • • -x%, N > 2, then Ir(G) = [n/2], the greatest integer 
value of n/2 (Lyndon [10], see Zieschang [23] for the case N = 2); (iii) Ir(G) = AT — 1 if 
and only if r lies in the normal closure of a primitive element of F — (x\,...xn) (Stein­
berg [16], [17]); (iv) if r = s(x\,... ,xn-\)x^, k > 2, is such that s is neither a proper 
power nor a primitive in F = (x\,...9xn) then Ir(G) < n — 1 (Baumslag and Stein­
berg [4]); (v) if r = r(x\,. ..,xn) — Hi<j[x£}ij,xcfiJ]biJ, with ay all distinct 2-powers and 
dybij — N, for some sufficiently large 2-power N, then Ir(G) = 1 (Stallings [15]). Exam­
ples of «-generator one-relator groups with the prescribed inner rank k = \,...,n— 1, 
are easily found. For instance the group G = (x\,... ,x„',r) with the Stallings'relator 
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r — r{x\,..., xn-k+\ ) o n the first n—k+1 generators, is the free product (x\,..., x„_^+i ; r) * 
(xn-k+2 ,...,xn) and hence, using results of Stallings and Jaco above, Ir(G) = 1 +(k— 1 ) = 
k. 

If a group G maps onto Fn then it maps onto Fn j V for any fully invariant subgroup 
V of Fn. Thus, for any group G and any variety V of groups, we can define its relative 
inner rank Ir^(G) to be the maximal rank of the 7^-free homomorphic images of G. 
It follows that Ir(G) < Ir^(G) for any variety V. Using the well-known Quillen-Suslin 
Theorem ([ 13], [ 18]) in conjunction with a result of Artamonov ([ 1 ], [2]), in this paper we 
explore metabelian inner ranks of certain one-relator groups. Specifically, we prove that 
if r is any "A-modular" element of the free metabelian group Mn, then the metabelian 
inner rank of the quotient group Mn/(r) is at most [n/2] (Theorem 4.2). We deduce 
that the metabelian inner rank of the (orientable) surface group of genus n is precisely 
n (Corollary 4.3). The corresponding result of Zieschang ((i) above) about the absolute 
inner ranks of these surface groups follows as a consequence (Corollary 4.4). 

In continuation of some further applications of the Quillen-Suslin Theorem, in Sec­
tion 5 we give necessary and sufficient conditions for a system g = (g\,... ,gk) of k 
elements of a free metabelian group Mn, k < n, to be a part of a basis of Mn (Theo­
rem 5.3). This extends results of Bachmuth [3] and Timoshenko [22] for the cases k = n 
and k <n — 3 respectively (see also Roman'kov [14]). 

2. Some results of Suslin and Artamonov. Let A be a commutative ring with 1. A 
vector v — (v\,..., vm) G Am is said to be unimodularif id(z/) = ideal{vj,..., vm} = A. 
A well-known result of Suslin is the following: 

THEOREM 2.1 (SUSLIN [18]). If A = An = Z[xf1,..., JCJ1], n > \, is the Laurent 
polynomial ring then GLm(A), m > 1, acts transitively on the set of all unimodular 
vectors (v\,..., vm) G Aw. Equivalently, when A is a Laurent polynomial ring then every 
vector v = (vi, . . . , vm) can be transformed to the base vector e\ — (1,0, . . . , 0) upon 
multiplication by a suitable matrix from GLm(A). 

Let v G Am be a vector. Following Artamonov [1] we call v A-modular if id(i/) = 
A = An — id{(xi — 1 ) , . . . , (xn — 1)}, the fundamental ideal of the Laurent polynomial 
ring A. The standard A-modular vector is, of course, X = (x\ — 1, . . . , xn — 1,0,..., 0). 
Using Suslin's theorem, Artamanov has proved the following result (see also [6], [9]): 

THEOREM 2.2 (ARTAMANOV [1]). The group GLm(A„) acts transitively on all A-
modular vectors (v\,..., vm) G AJJ1. 

Let k G {1 , . . . ,n} be arbitrary but fixed and denote by Ik the ideal generated by 
{xk+\ — 1,... ,xn — 1}. Let G = GLm(An,4), m > n, be the congruence subgroup of 
GLm(A) with respect to the ideal Ik and the subgroup 

/ / = T G L , ( A ) * 1 

[ 0 GLm_,(A)r 

Then the above result of Artamonov is the case k — n of the following extended version. 
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THEOREM 2.3 (ARTAMONOV [2]). The congruence subgroup G = GLm(An,4) acts 
transitively on the set of all A-modular vectors v — (v\,..., vm, 0 , . . . , 0), such that v = X 
(mod Ik) where X — (x\ — 1, . . . , xn — 1,0,..., 0) is the standard A-modular vector. 

Viewing An
n as the free A-module with an arbitrary but fixed basis {e\,...,en}, let 

/: A" —* An be the A-linear functional defined by: l(ef) = JC/ — 1. Then, by the well-
known Magnus embedding (see, for instance, [7] Chapter I), the free metabelian group 
Mn of rank n is freely generated by the matrices 

0) 

Moreover, the matrix 

Xi = 
xt et 1 

_0 1 J 

X V 

0 1 

\<i<n. 

Î / G A " , 

belongs to Mn if and only if x belongs to U — Un, the multiplicative subgroup in A 
generated by xt, 1 < i < n, and v satisfies the fundamental relation'. l(v) — x — 1. 

Now let (p: Mn —-> Mk, k < n, be a homomorphism between free metabelian groups 
Mn and Mk with basis {X\ ,...,Xn} and {X\,..., Xk} respectively. Then it is easy to see 
(see [3], [1], [2]) that (f defines a ring homomorphism "A —> A" between An and Â  
which maps U„ to Uk, and also defines a map (p: A" —> A ,̂ such that 

(2) ¥ x v 
0 1 

x i/(p 

0 1 

As an important example we consider the standard epimorphism IT: Mn —> Mk (< Mn), 
which fixes X\,...,Xk and maps other generators to 1. Then 7f acts as follows: 

i/7f= (vi,...,v„)7f = (vi,...,Vife), v G Aj;. 

An easy computation based on matrix multiplication (see [2]) shows that (p defined 
above is semi-linear: 

(3) (yx + vi)(p = (i/i)(p + (y2)(p\ (Xi/)(p = \(y(p) 

for any v\,V2,v G AJj and any A G An. From formula (2) we get 

(4) Kv$) = x-i = (m). 

This relation between the ring homomorphism " — ": An -^ Ak and the semi-linear ho­
momorphism (p\An

n^An
k suffices to guarantee that the pair (~,<p) determines the group 

homomorphism (p:Mn—> Mk. 
When n = k, ip: Mn —» Mk is an automorphism if and only if " — " is an automorphism 

of A = Z[xfl,... ,-x^1], and (p is a semi-linear automorphism of Art, such that 

^ x e 
0 1 

x ap 
0 1 
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It is clear that " — " preserves the multiplicative subgroup U of A. Now U — 1 Ç A 
implies that À Ç À and from the invertibility of " — " we deduce Â = A. If 

r = 
1 Inet 
0 1 

£Mn 

is such that id{n, . . . rn} = A then we say that r is "A-modular". If r is a A-modular 
element of Mn, then the co-ordinate action of (p is given by: 

(ru...,rn)(p = (ru...,rn)A 

where A is the matrix of (p. By Theorem 2.2 the vector ( n , . . . , rn) is A-modular, so the 
co-ordinates of v — ( n , . . . , rn)A lie in A. But vA~x = (r\,..., rn), so 

A = Â = id{n, . . . , r„} Ç id{vi,...,vn} Ç A 

which means that v is A-modular. We have thus proved the following: 

LEMMA 2.4. Ifr G Mn is A-modular then ra is A-modular for all a G Aut(M„). 

3. Epimorphisms of free metabelian groups. Let Mn and Mk, k < n, be free 
metabelian groups with basis {X\,... ,Xn} and {X\,... ,X*} respectively. We include 
a proof of the following variation of Artamonov's theorem which gives a description of 
an arbitrary epimorphism cp: Mn —> M ,̂ k < n, in terms of the standard epimorphism 
and the automorphisms of Mn and Mk. 

THEOREM 3.1 (CF. ARTAMONOV [2]). Let (p:Mn —> Mh k < n, be an arbitrary 
epimorphism. Then there exist automorphisms a G Aut(Mn), (3 G Aut(M^) such that 
a<p/3 is the standard epimorphism IT: Mn —> M^ 

PROOF. Working modulo the commutator subgroups and using automrophisms of 
Mn induced by the absolutely free group Fn, if necessary, we may assume that 

^ 0 1 
X VLp 
0 1 

where x\ — x\,... ,xk = x^, x^+1 = • • • = xn = 1. Expressing v as an element of the 
module AĴ  with basis {e\,... en}, we see that v(p — (vi , . . . , vn)A where A is an n x k 
matrix over the Laurent polynomial ring A^ = Z[xfl,. ..,xf1]. Thus (p induces a A^-
linear epimorphism (p: A^ —> A*. Evidently, ker (p is a direct summand of A^ and so is 
projective. Thus, by the well-known Quillen-Suslin-Swan Theorem ([13], [19], [20]), it 
follows that ker (p is free. Thus there exists a basis {v\,..., i/n} of A£ such that 

(i) {v\(p,...,vk(p} constitutes a basis for Ajj:, and 
(ii) ker (p = Kkvk+X + • • • + Aki/n. 

In particular, the vector il(v\(p\..., Kvufi)) is A^-modular which, by Artamonov's The­
orem 2.2, can be transformed to the standard vector (x\ — 1 , . . . , xk — 1 ) by an element of 
GL^(A^). After the corresponding transformation of the basis {vt : 1 < / < n} we may 
assume that KytCp) = xi — 1 for 1 <i <k. Using (4) this gives, l(vi(p) = xt — 1 = (/(v/)) 
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for I < i < k. Clearly, ker " ~ " = id{^+ i — 1 , . . . ,JC„ — 1} = Ik = /. Working 

modulo 72, and applying to {i/\,..., vn} elementary transformations we can assume that 

l(i/j) = Xj — I (mod I2) for all 1 < i < n. Now, by Artamonov's Theorem 2.3, there 

exists a matrix C G H (see Section 2), such that 

(l(v{),...J(i/n))C = X=0c]-l,...,xn-l), 

and for a new basis {wj , . . . ,wn \ w,- = Az/;}, we have /(w/) = xi — 1. Furthermore, 

vv^+i,..., vvw generate ker <£ modulo 72, and u>i <£,... , w ^ form a basis for A£. Thus the 

matrices , / = l , . . . , / i form a basis for Mn. The first & of them map under if to 
Xi Wi 

0 1 
a basis for M^ and the remainder map to 1. This completes the proof of the theorem. 

REMARKS. Let Fn y — (x\,...,xn ; V) be the free group of rank n of an arbitrary 

variety V, and let (p: Fn ^ —> Fk y, k < n, be an arbitrary epimorphism. A natural and 

important question of independent interest is to ask: do there exist automorphisms a G 

Aut(Fn ^ ) , (3 G Au^F^, <ç) such that cup (3 is the standard epimorphism TT: Fn y —> F^ ^ 

(JC/ —-> JC/, 1 < i < A:; JC/ —̂  1, A: + 1 < i < n)l It is easily seen to be true when V is 

assumed to be a nilpotent variety. By Theorem 3.1, it is true when V is the variety of 

metabelian groups. A combinatorial proof of this result will be much desired. 

4. Metabelian inner ranks of certain one-relator groups. In this section we prove 

that if the relator r of an «-generator one-relator metabelian group is A-modular then its 

metabelian inner rank is at most [n/2]. We shall need: 

LEMMA 4.1. Let ir.Mn —> Mh k < n, be the standard epimorphism of free 

metabelian groups of matrices (given by the Magnus embedding (1)) sending Xk+\,..., Xn 

to 1 and fixing X\,..., Xk. Let r be any /^-modular element ofMn. If 2k > n then rn ^ 1. 

PROOF. We may identify the matrix 

Yr-/5>- I 1 Ir/*?/ 
0 1 

with its 12-entry r\e\ +• • - + rnen. Thus, regarding ras the vector ( n , . . . , rn), it suffices to 

prove that m ^ 0. As a homomorphism of the matrix groups, our standard epimorphism 

TT is induced by the standard ring epimorphism: 

Z[xfl,..., x,fl, e\,..., en] —> Z[xf],..., xfl, e\,..., ek] 

which sends xk+] — 1 , . . . , xn — 1, ek+\,..., en to 0 and fixes the other variables. So, ix acts 

on r = (r\,..., rn) as follows 

r7r = ( r , , . . . , r j t , 0 , . . . , 0 ) , 

where r; is the image of rt G Z[xfl,..., x^x ] in Z[xfl,..., xfl ] under the standard ring 

epimorphism. 
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Assume to the contrary that rix = 0. Then we have f\ — • • • = fk = 0. Since r 
is A-modular, it follows that f — (0, . . . , 0, rk+\,..., rn) is A^-modular, where Â  is the 
fundamental ideal of Z[xfl,...,x^1]. Consequently, rk+x,. ..,rn generate A*. Since A* 
can not be generated by fewer than k elements, we must have n — k>k, contrary to the 
choice of k. 

We can now prove our principal result of this section. 

THEOREM 4.2. Ifr is a A-modular element of the free metabelian group Mn then the 
metabelian inner rank lr(Mn/ (r)) < [n/2]. 

PROOF. Assume to the contrary that there exists an epimorphism ip: Mn/(r) —> Mk, 
with k> n/2. Alternatively, we can consider ip as an epimorphism p\Mn-^> Mk, which 
sends r to 1. By Theorem 3.1, we have automorphisms a G Aut(M„) and (3 G Aut(M^) 
such that atpfl is the standard epimorphism n\Mn —• Mk. Thus 1 = np = ra~l7i(3~\ 
which gives ra~ln = 1. On the other hand roc~x is A-modular by Lemma 2.4 and con­
sequently, by Lemma 4.1, ra~ln ^ 1 which gives the desired contradiction. 

Let Mm be the free metabelian group of rank 2n generated by the Magnus matrices 

Xi Ui 

0 1 , Yt = 
yt v/" 
0 1 

The matrix image of the element r — [X\, Y\ ] • • • [Xn, Yn] in Mm is of the form: 

Tl JLiiyi- l)ui-(Xi- l ) v / l 
[O 1 J ' 

There exists an obvious epimorphism ofM2n/(r) to Mn:X( —* Xi, F/ —-» 1. We assert that 
M2n/'(r) can not be mapped epimorphically on to Mn+\. To see this we simply observe 
that as a vector, r = (y\ — 1,... ,yn — 1,1 — x\,..., 1 — xn) is A-modular. By Lemmas 2.4 
and 4.1, we have ran ^ 1 for any a G Aut(M2n) (TT: Mm —* Mn+\ is standard). Thus, by 
Theorem 3.1, np ^ 1 for any epimorphism <p: Mm —> Mn+\. We thus have the following 
metabelian analogue of Zieschang's result: 

COROLLARY 4.3. Let Gn — (x\,...,xn,yi,...,yn; [x\,y\ ] - • • [xn,yn]) be the surface 
group of genus n. The metabelian inner rank of G is equal to n. 

Now, let F2n — (x\,...,xn,y\,... ,yn) be free of rank 2n and consider the element 
r = [xuy\] • "[xn,yn] in Fln. Then, by Corollary 4.3, Ir(F2w/(r» < lrM(Gn) = n. 
Passing on to metabelian groups we see, as above, that np ^ 1 for any epimorphism 
ip: Mm —> Mn+\. We thus have the following: 

COROLLARY 4.4 (ZIESCHANG [23]). The inner rank lr(Gn) of the orientable surface 
group Gn = (xu...,xn,y\,...,yn;[xuy\]' '-[xn,yn]) is precisely n. 

REMARKS. We note that for the A-modularity of r G Mn, it is necessary that r lies 
in the commutator subgroup M'n. Further, viewing r as the vector (r\,...,rn) over the inte­
gral group ring ZMab (Mah — Mn/M

f
n), it is clear that r = (r\,...,rn) = 

(dr/dx\,..., dr/dxn), the Fox derivatives of the co-ordinates of r. Then the A-modularity 
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of r implies that À = id{9r/3x/;/ = l , . . . , n } . We have just seen that r = 
[*i » y\ ] ' ' ' Vxn, yn\ is a A-modular element of M2n and that ra is also A-modular for every 
automorphism a G Aut(M2w). It seems very likely that the set {ra; r = [x\, y\ ] • • • [xn, yn], 
a G Aut(M2„)} characterizes all the A-modular elements of M2„. Also, it would be of 
interest to know whether or not the other metabelian analogues of the results about the in­
ner ranks mentioned in the Introduction are also valid. In particular, we ask the analogue 
of Jaco's Theorem: is the metabelian inner rank of the free product of two metabelian 
groups additive? 

5. Bases in free metabelian groups. Let Mn be the free metabelian group freely 
generated by the Magnus matrices X\,...,Xn. We shall need the following variation of 
the well-known criterion due to Bachmuth [3] for a system of n elements of Mn to form 
a basis of Mn. 

PROPOSITION 5.1. The matrices 1 < / < n, form a basis of Mn if and yi Vi 

o l I 
only ifyt, 1 < i < n, constitute a basis of the free abelian group generated by X(, 1 < 
/ < n, and the vectors z/;, 1 < i < n, generate the Laurent polynomial ring A = 
Z[xf\...,xf]. 

that the matrices 

PROOF. Without loss of generality, we can assume that yt = x,, 1 < i < n, so 
\xt vi 
0 1 

We need to prove the inclusion Mn Ç Mn. Let / be a A-linear functional on Ei</<w Az/; 
Xi ei 

I < i < n, generate a free metabelian group Mn Ç Mn. 

defined by /(z//) = JCZ- — 1, / = 1, . . . , n. To prove that 0 1 G Mn, 1 < / < n, we 

must verify the relation l(ei) — X{ — 1, / = 1,... ,n. Indeed, let V[ — £/<?/£//, by G A; 
then je/ — 1 = l{vi) — E/(xy — 1)^-, so that the matrix B — (by) stabilizes the vector 
X = (x\ — 1,... ,xn — 1). Since the {v\,...,vn} is a basis of Z/A^, it follows that 
B G GL„(A). Consequently, B~l = («y) G GLn(A) and also stabilizes the X. This, in 
turn, yields 

/(*?/) = ICLji/jdij) = I,jl(i/j)aij = I,j(xj - \)atj = fa - 1), 

as was to be proved. 

We shall also need the following criterion for projectivity of certain factor modules. 

PROPOSITION 5.2 (BUCHSBAUM AND EISENBUD [5]). Let A be an arbitrary com­
mutative domain and let V be the submodule of An generated by the elements V[ = 
(an, • • •, ain), 1 < / < t < n. For each m < t, let Jm be the ideal in A generated by 
all m x m-minors of the matrix (ay). Then the factor module An /V is projective of rank 
n — k if and only ifJk = A and î +i = 0. 

We can now prove the following primitivity criteria. 
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THEOREM 5.3 (CF. ROMAN'KOV [14]). Let M = Mn be the free metabelian group 

with the (Magnus) basis X; o l o l 1 < i < k, I < i < n, and let gi — 

vi = Yéjejdip be certain elements ofM. Define Jm = id{m x m minors of the matrix (a^)}, 
1 < m < n, an ideal of the Laurent polynomial ring A = Z[xfl,... ,x^{]. Then the 

following are equivalent: 
(i) {gi,..., gk} is part of a basis ofMn; 

(H) {yi, • • • >)>*} is apart of a basis of the free abelian group U (= Un) generated by 
x\,...,xn, and {i/\,... ,vk} is a part of a basis of the module An = Z/A^; 

(Hi) {yi, - • - ,yk} Is apart of a basis of the free abelian group U andJk = A. 

PROOF OF (i) =̂> (ii). If {g\,..., gk} is a part of a basis {g\,...>gn} of M then the ma­
trices Xi,\ < i < n, can be expressed as words in gi, 1 < i < n. In particular, a G Z/Ai/7-. 
This means that {i/i,...,i/n} generates A" = X/Aey, and consequently {v\,..., vk} is part 
of a basis of A". 

PROOF OF (ii) => (i). Applying Nielsen transformations to {g\,...gk}> if neces­
sary, we may assume that yt = xt for 1 < / < k. Let {v\,..., i/k} be a part of a basis 

\Xi Vi 
{v\,..., vn} of An. It seems natural to prove that the matrices X* = \2 V L 1 < i < n, 

form a basis of Mn. However, while the fundamental relation l(vf) = xt — 1 may be as­
sumed to hold for 1 < i < k, it may not be valid for / = k + 1, . . . , n. Consequently, the 
matrices X*, k+ 1 < / <n, may not necessarily lie in Mn. We must therefore re-organize 
the part {vk+i,..., vn} of our basis. By hypothesis, (/(vi),..., /(vn)) is a A-modular vec­
tor with l(vi) = xt — 1 for 1 < i < k. Fory' > k+1, we write l(vf) — Z/(JC/ — l)Cy+d?7-, where 
4 depends only on {x^+i,...,xn}. Then /(y/ — X;(x; — l)Cy) = J/, for ^ + 1 < j < n. 
Thus adding to i/^+1,..., vn appropriate linear combinations of v\,..., i/k, we may as­
sume that l(vk+i),..., l(vn) depend only on xk+\,...,xn. Now, v\,..., vn generate An, so 
l(v\) . . . , /(i/n) generate A. Reducing modulo the ideal / = id{(jci — 1), . . . , (xk — 1)}, we 
see that the vector v = (l(yk+\),..., l(vn)) is A„_^-modular in Z[xf\ . . . ^ J 1 ] . By Theo­
rem 2.2 there exists a matrix A G GL„_^(A„_^), such that vA = ((xk+\ — 1) , . . . , (xn — In . 
Thus, replacing vk+\ , . . . ,//„ by their suitable linear combinations we may assume that 
z/i,... vn possess the property /(v7) = x}• — 1 for all j . This, in turn, implies that the 
matrices X*, 1 < i < n, belong to Mn, and by Proposition 5.1 they generate Mn. 

PROOF OF (ii) => (iii). Since the ideals Jm remain invariant under multiplication of 
the matrix (ay) by invertible matrices over A, the proof follows from the fact that the 
k x /:-minors of the k x n-matrix with respect to {e\,... ek} generate A. 

PROOF OF (iii) => (ii). As before we can assume, without loss of generality, that 
yt — Xi for 1 < / < k. The condition that {v\,..., vk} is a part of a basis of An is 
equivalent to the condition that the factor-module An /(Av\ + • • • + Avk) is free of rank 
n — k. By Proposition 5.2, the projectivity of the factor-module is, in turn, equivalent to 
Jk = A and Jk+{ = 0 (cfi Noskov [12]). 

This completes the proof of the theorem. 
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REMARKS. The case k = n is much easier. The corresponding criterion, due to Bach-
muth [3], is the invertibility of the Jacobian matrix (dgi/dxj) of Fox derivatives over the 
Laurent polynomial ring A = Z[xf\... ,-x^1]. Timoshenko [22] has the same criterion 
as in Theorem 5.3 for the primitivity of a given system g = (g\,... ,##) m Mn but with 
the restriction that k < n — 3. Roman'kov [14] has also proved that the same criterion 
holds independent of the choice of k. Our proof uses different approach. 

Theorem 5.3 yields algorithmic decidability of primitivity in the free metabelian group 
Mn of a given system g = (g\,..., g^), k < n. This follows from the fact that the prob­
lem clearly reduces to the existence of a solution of a system of linear equations over 
A = Z[xf\ . . . ,-KJ1] which, in turn, can be effectively decided (Timoshenko [21]). 
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