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Convolution Inequalities in I, Weighted
Spaces

Dedicated to the 65th anniversary of Prof. Saburou Saitoh

Nguyen Du Vi Nhan and Dinh Thanh Duc

Abstract. Various weighted [,-norm inequalities in convolutions are derived by a simple and general
principle whose I, version was obtained by using the theory of reproducing kernels. Applications to
the Riemann zeta function and a difference equation are also considered.

1 Introduction

Let & = {&u}tnez € lpsn = {Nu}nez € lppand p~! + 97! > 1. Young’s inequality (see
[3} pp. 178-179]) says that the convolution

(1.1) 5 *1) = {gn * 77n}n€Z7 fn * My = Zgrnnfr

rez

-1

belongs to I, where r ! = p~! + g~! — 1, and moreover,

(1.2) 1€ nllr < (€]l [17ll4-

Note that for the typical case of £, 7 € L, the inequality (T.2]) does not hold.
In [6] by using the theory of reproducing kernels (see [5]]), S. Saitoh obtained the
following inequality

(1.3) M (Z |§((11) ) (Z |§((22> )

n=0 r+snp’p5 n=0 Pn n=0 Pn

for some sequences of strictly positive numbers { p§1j ) o (j = 1,2) belonging to [,

and for {£/1°, (j = 1,2) such that the right hand side of (I3) is finite.
Some other remarkable results are in [1]], in which D. Borwein and W. Kratz dealt
with conditions for the validity of the weighted convolution inequality

(1.4) Z‘ by i, P<cr > lxal?

ner rez nelz
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when p > 1.

In the following, our fundamental convolution norm inequalities will be given in
the form
(15) 1€ nllp < lIElp linll,

by considering the I,-norm in some naturally determined weighted spaces. Our new
type I, convolution norm inequalities are obtained easily by elementary means and
furthermore, in general [, (p > 1) versions of Saitoh’s inequality (L.3). Various
reverse convolution inequalities in [, weighted spaces are also considered. Moreover,
we shall state in this paper two typical examples, as applications.

2 Preliminaries

We suppose throughout that
1 1
1<p<oo, —+-=1L.
p 9

We always assume that a weight sequence is a sequence of strictly positive numbers
belonging to I;. For a weight sequence p = {p,}32, and a complex sequence § =
{€1}52,, we define

€l = (Do puléal?) " for1<p<oc and €l = suppuléal,
n=0 n

and we say that & € 1,(p) if [[£]]1,(») < oo.

For two complex sequences ¢/ = {5,(1]‘) 2o (j = 1,2), we shall denote by
€W 4 £@ the convolution of €V and ¢, which is defined by

(2.1) 5(1) % 5(2) — {f(l) % 5(2) >, g(l) % 5(2) — Zg(l)g(zl )
r=0
Given a positive integer m, define the convolution product H;”:l x£U) by
m m—1
(2.2) [+ = [H *gm} 5 €00,
j=1 j=1
The Z transform (see [2, Chapter 12]) of a sequence { f(n)} as the function F(z)
of a complex variable z defined by

(2.3) Z{f(n)}:=Fz) =Y _ f(mz".
n=0

It is assumed that there exists an R such that (Z3)) converges for |z| > R.
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The inverse Z transform is given by the complex integral

1

(2.4) 2"YF(2)} := f(n) = %]{F(z)z”*1 dz,
C

where C is a simple closed contour enclosing the origin and lying outside the circle
|z| =R.

The relationship between the convolution product and the Z transform is based
on the following lemma.

Lemma 2.1 IfZ{fj(n)} = Fj(2) (j = 1,...,m) then the Z transform of the convo-
lution product H;.":l * f;(n) is given by

m

(2.5) Z{H*fj(n)} = [T 2{5m}.
j=1

=1
Or, equivalently,

(2.6) Z*I{HF]-(Z)} =TI #fmw.
j=1

j=1

Our main results follow.

3 Convolution Inequalities in Weighted [, Spaces

We obtain new inequalities by considering Holder’s inequality and by using inter-
change of order of summation.

Theorem 3.1 Let p = {122, be some weight sequences and ¢ = {¢}2, €
L,(pV) (j = 1,...,m). Then, we have the weighted I, inequality

SOURTREINA = SRl el
(3.1) H | I #(&pY )(H*PJ ) Hl < | I l1€" ||lp(p<j>)-
i=1 j=1 Pj=1

Equality holds here if and only if €9 are represented in the form
(3.2) ¢V = ci{a"}2y, ¢ constants,

where a € Cis a constant such that £9) € 1,(p7)) (j = 1,...,m).
Unlike Young’s inequality, inequality (3.1)) holds also in case p = 2.

Remark 3.2 Saitoh’s inequality (L.3]) is a special case of the above result when p = 2
and m = 2.
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Remark 3.3 For the convolution as in (1)), we also have the inequality

6y [T ['(11 (1) " < Ira

nel j=1 j=1 nez
for pl/) = {pg,j ) }nez be some sequences of strictly positive numbers belonging to I

and for some two-sided complex sequences £ € 1,(p) (j = 1,...,m).
In particular, for p™ = {1},¢7, we have

G 3| [T e «em)

ner j=1

<(TIw) () TS eat

j=1 nez nez j=1 nez
Let p) = {1}22, (j = 1,...,m). Upon simple computation, we get
2{pV} = %, i=12,...,m,
and so, by Lemma 2.1}
m ) =
Jl_[l*an = R 1_[1(n+])

Then, in view of Theorem[3.1] we have the following corollary.

Corollary 3.4 If¢V) = {Ef,j)}ﬁio €l,(j=1,...,m), then

(3.5) Z‘H*{”‘ {H(n-y])} p<[;]p71Hi| (j)‘P.
n=0 j=1 a (m_l)' j=1 n=0 "

The constant [(m — 1)1 7P is the bestpossible Moreover the (nonzero) extremal com-
plex sequences are oftheform €W = c;{a"}32, where c; are constants and a € C such
that 9 €l, (j=1,...,m).

In particular, form = 2 we have

(3.6) Z]Zg”sn, (n+ 1)~ P<Z|§ |PZ|§<2

n=0 r=0
Proof of Theorem[3.1] For m > 1, we first observe that

(3.7) ‘H*(f ) ‘ < (H*pfﬂ)Pilﬁ*(|§§,j)|*"pf1j)), n=0,1,....

j=1 j=1
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We use induction on m. When m = 2, the inequality (3.7) is reduced to Holder’s
inequality. Now suppose (3.7) holds for some integer m > 2. We claim that it also
holds for m + 1. By induction hypothesis, we arrive at

m+1

\H*@Upn”)\ <1Z[ *<|§ ] e ok

n

< yz(ﬁ*p@)“"”/"(ﬁ*ugﬁf‘wppﬁn) e
j=1

j=1

which is, by Holder’s inequality,

m+1 p—1 m+1
< (H*p;ﬂ) H*(|£(1)|pp(1)
j=1 j=1

completing the proof of (3.7)).
By using (3.7), we obtain

o0 m
Y -
Z‘H*@”Pﬁ”)‘ (H 1) SZH*(K”IPW’)
n=0 j=I j=1 n=0 j=1
[ee] n m—1 ) )
I | B GUDS
n=0 r=0 j=1
For the function
1 f >0
0(x) = or x >
0 forx<O0,
we have
[e%s) n m—1 ) )
3 [H*(Ifﬁ”lppi”)]l A LN
n=0 r=0 j=1

oco oo m—1

[T <€10)] 1612687, 6n ),

n=0 r=0 j=1

which is, by interchanging the order of summation and substituting n — r = s,

m—1

Z { H *(‘fﬁi)|l’p5j))} Z ‘Ss(m)|pp£m)9(s)
=0

= s=—r

<

m—1

> [TT -] Sl ot

r=0 j=1 s=0
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Therefore,

6o S|IIee| (T1e) " <TIS I rol.

n=0 j=1 j=1 j=1 n=0

Raising both sides of the inequality (3.8)) to power 1/p yields the inequality (BI)).

Next we determine under what conditions equality can hold in (31)). Equality
in (BI) implies that equality holds in (3.7)) for each positive integer m. In the case
m = 2, this happens only if equality holds in Hélder’s inequality, i.e., only if forn > 0
there exists a number &, € C such that

(3.9) Ve —¢ r=0,1,...,n

Suppose that f((,l) = 0and £V # 0 for some r > 0. Then, by (39), we have ¥ =0
n > r,thatis ¢® = {0} "o So, §0 = 0 implies that £V = {0}22, or ¢ = {0},
Now we assume that §0 and §0 are nonzero. From (3.9), the complex number

ny = EW /D) = €@ /el satisties n,n,_, = £,/[E7€P] = n, forall 0 < r < n. Put
a = n;, we have gy = 1 and 7, = a" for n > 1. This implies that £ = ¢;a" and
¢ = cya". Finally, by inducting on 1, we have (3.2)). [ |

Generally, let pU” (j = 1,...,m;r = 1,...,s) be some weight sequences and
€U0 e 1,(pU"). Forr = 1,...,s, by setting

4 = (ﬁ*(fu,npu.n)) (ﬁ*pun) _l/q’ b, — (H*pu,n) /2

j=1 j=1 J=1

and by using the inequality

N
‘ E a,b,
r=1

< (gw) (Zw) "

we observe that

‘ i(ﬁ *(gu,r)p(jﬁr))) ’P
r=1 j=1

- P ‘o p—1
<Z’ [T € p0) (H*p(m) I
r=1"j=1 j=1 r=1 j=1
Therefore,
s m . ‘ » s m ' 1—p
(3.10) ‘Z(Hﬂg(],ﬂﬁ],ﬁ)) ‘ {ZH*p(J,r)}
r=1j=1 r=1 j=1

< | TTstcompt7|

r=1 j=1 j=1
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Combining with Theorem [B.Ilwe get the following inequality

(3.11) H (Z ﬁ *(g(jﬁ)p(j,r))) (Z ﬁ *pu,r)) Vp—1yp

I
r=1 j=1 r=1 j=1 ’

< STTIE 12

r=1 j=1

4 Reverse Convolution Inequalities in Weighted I, Spaces

Various weighted [,-norm inequalities in convolutions are derived by using Holder’s
inequality. Therefore, by using reverse Holder inequality one can obtain reverse
weighted /,-norm inequalities.

We first restate the reverse Holder inequality ([8], see also [3, pp. 125-126]) here.

Proposition 4.1 Letay,...,a, and by,..., b, be some positive numbers such that
0 < m < ay/by < M. Then we have

1) (Z ) W(Zbk) 1/q <A q(%) zn:allc/pbllc/q)
k=1 k=1

if the right hand side of (&) is finite. Here

£ (L —¢)
(1—tF)r(1—ta)i

=i

_1
Apq(t) =p 7q
In connection with Proposition [d.I]we note the following version, whose proof is
surprisingly simple.

Theorem 4.1 In Proposition 1) replacing ay and by by af and bl (k = 1,2,...,n),
respectively, we obtain the reverse Hilder type inequality

(S0 (S () S

Proof Since af /b < M, it follows that
aib, > M_l/qa‘z

and so,
n

3) (S af) " <t (S an)”.
k=1

k=1
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On the other hand, from m < af / bz, we obtain

n n
Sabizmr 3,
k=1 k=1

and this establishes
" 1/q 1 g\ Ve
(Sa) " 2w ()
k=1 k=1
Combining with (4.3]), we have the desired inequality ([4.2]). [ |
Remark 4.2 Theorem[ATlcan be derived from Proposition[d.I]by using the inequal-
ity
Apqt) <t

which was proved by Lars-Erik Persson (see [7] for more details).

Theorem 4.3 Let V) = {ﬁﬁj)}gio (j = 1,...,m) be some sequences of strictly
positive numbers satisfying
(4.4) 0<m/? <€l <M/P <oo, j=1,2,...,m, n=0]1,....

Then for any weight sequences p'/) = {p ! )}n o> we have the reverse 1, weighted convo-
lution inequality

m m m j m
(4.5) HH*(E”)p“’)(]_[>|<p”))(1 o 21_[ (Hﬂ) | S
i1 i=1 i=2 k=1 kT 0
m ] 1 m
> (TITT 57) " TLIE 17 g
j=2i=1 ! j=1
Proof For m = 2, from the inequality (4.I) we have
2
H*(g(] ])) = Zg(l pr n— ran)r
j=1 r=0
A—l( mlmz) (ﬁ*[(fm)p <j>]) ””(ﬁ* <j>) e
= P4 MM, pie n P o Pri :
We suppose that
LI " | " N Up N Va
[T+20?) = T] 45 (H Z0) (TL e o) (TTe)
j=1 j=2 i=1 M; j=1 j=1
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Then, we have

m+1
H*(gflJ)p(J)
=1
n m
“‘[ (60 )] € Dol
r=0 j=
T (T e DY 2 (TT a0 /ety et
> T4 (T 5r ) SC(TT e pn) = (T #e) eimpms?,
j=2 =1 =0 j=1 j=1

m j . m+1 m; m+1 /p m+1 1/q
= 17 (11 57) i (11 57) (TT=t6e) = (TT8?)
j=2 i=1 ! i=1 =1 =1
and so the assertion follows.
Therefore,
e N (T 7 = TTar (T T N
- el P
(IT+2e) (II+¥) "= T148 (11 57) TL+1e e
j=1 j=1 j=2 i=1 j=1
and hence that
) m m m j oo m
RO DY P S T A (TT ™ P 0]
2_(II=&”0) (11 >[40 .HE | J Bl R
n=0 j=1 j=1 j=2 i=1 n=0 j=1
— —p mi j
- HAM (H M) H Z('f’(ﬁ))p/’;ﬂ
j=2 =1 ' j=1n=0
m j m 1 m 00
) (e ()
> ([TI15;) ' TIX @nray
j=2 i=1 j=1 n=0
Thus, the theorem is proved. [ ]
Inequality (4.5) can be generalized further as follows:
Theorem 4.4 Let V) = {ff,j) o (7 = 1,...,m) be some sequences of strictly

positive numbers and let

() — : (i) - _
m,; (r1+??-}—1r::n{H£ }) j=2,3,....m, n=0,1,...

1=1
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and

() — . B
M, (,I+m33§_n{H€r,}), j=23,...,m; n=0.1,....

Then for any weight sequences p'/) = {pn }o2o» we have the reverse 1, weighted convo-
lution inequality

0o m m i 1
LA\ P -p miN —4
(4.6) Z(H*(ﬁfﬂ)p?))) (H*P(])> (HHMZ))
n=0 = j=1 =1 j=2 i=1 ¥in
m m m j i
N A \P .\ 1-p m)
> S (TTxe) (T1+?) " TLAR(T155)
j=1 j=1 j=2 i=1 "

1M

Z( (yp i,

1 n=0

Y
T

We note that the reverse convolution inequality (4.3) does not hold for m; = 0.
In this case, we have the following theorem:

Theorem 4.5 Letp > 1,N;eN(j=1,...,m),0 <N <N, andg,(cj) satisfy

m
(4.7) 0<g’<M<oo, 0<k<Y N, j=1,....m
Then
Ny m Nj )
(4.8) PR | DGR
k=N j=2 k=0

Ny+---+Ny, km

D DD DI Zﬁil”ﬂfk—kﬂ

m—N m I—N kl
In particular, for N = 0, we have

m Ny+--+N,, m

(4.9) H (5“ )P < MmN H*£
n=0 :

Proof Since 0 < flgj) <Mfor0<k< ZTZI Nj, 1 < j < m, it follows that

Nyj+-+Ny, km

(4.10) z L z [s;mgkﬂ o]

=N kpy_1=N k=

N1+ ANk

Z > Zf ka”k,l

=N kn—1=N k=
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On the other hand, we have

Nyt +Nw  kn

>y Z[é ka”k,l]p

kn=N  kn—1=N ki=

Ni+---+N,;; Ni+---+N,,

k> m—1 )
DR SRR EEED I[FUN | (AN A8 LR iy
kn=N Kk j=2

m—1=N ki=N
Ni+:--+N,, Ni+--+N,
- > {- Z[fil”]_[fk,k} L D DR IR
km—1=N kn=N
Ni+--+N,, m—1 » Ni+-+Npy—km—1
- ¥ {- Z[£“>Hgglh,]]} >y
km—1=N j=2 r=0
Ni+++Npu—1 Ni+-++Ny—kp—1
> > {- Z[fkl H££J Y
km_1=N k= r=0
Ni++Np—1 N
Ea Z { Z |:§k1 H §k i—kj— 1:| } Z frm )
km_1=N k= r=0

which is, by inducting on m,

m

> (i(éﬁ”)") H(i(sﬁv).
k=N j=2 k=0

Combining with (£.I0)), we have the desired inequality (Z.8]). [ |
5 Applications
Following our fundamental convolution inequalities, we shall give two typical exam-

ples as applications.

5.1 Example 1

Let |
'51(11):5;12):114_17 71:0,1,2,...,
we have
1 1 2 1

D, c® —

£ ¢ mzom+1n—m+l n+2m:0m+1
and

4 1 1 1
<

n+2?2 " m+ln—m+1 " n+1’
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Then, from the inequality and Theorem [£.4] we obtain

(Zmlm C(p) -1/ (Zmlm
(>-1) nZnP Tt )p = 20 <4 1PZ nP1/p=2(pn + 1)p+2/p=2’

where the Riemann zeta function ((s) defined for Re(s) > 1 by

(52) =3
n=1

In particular, for p = 2 we have

< — <2
2
n(n+1) 144 ot Van+1)

(5.3) Z (Zm \m=1m/_ i (Zm \2m=1m’_

5.2 Example 2

A discrete system that smooths the input signal x,, is described by the difference equa-
tion

(5.4) Yn=ay,—1+1—a)x,, n=0,1,2,...,

where a is a constant such that |a| < 1.
By repeated substitution and assuming zero initial condition y_; = 0, the output
of the system is given by

n
(5.5) yn:(l—a)Za”_mxm, n=0,1,2,....
m=0
Then, from the inequality (3.6), we obtain the estimate

- |yn|p
(5.6) nz:; (n+ 1)1’*1 - 1 a|P Z'

for {x,};2, € I,(p > 1).
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