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APPLICATION OF THE HURWITZ ZETA FUNCTION 
TO THE EVALUATION OF CERTAIN INTEGRALS 

ZHANG NAN YUE AND KENNETH S. WILLIAMS 

ABSTRACT. The Hurwitz zeta function Ç(s, a) is defined by the series 

OO 1 

^oin + aY 

for 0 < a < 1 and a = Re(s) > 1, and can be continued analytically to the whole 
complex plane except for a simple pole at s = 1 with residue 1. The integral functions 
C(s, a) and S(s, a) are defined in terms of the Hurwitz zeta function as follows: 

C(s,a) = 

S(s,a) = 

4 rO)cosfs 

(2Try(ai-S,a)-gi-s,l-a)) 
4 rO)s infs 

Using integral representations of C(s, a) and S(s, a), we evaluate explicitly a class of 
improper integrals. For example if 0 < a < 1 we show that 

roo g-*log* it 1 lo f t t T r ) 1 " 2 * 1 ^ 1 " ^ ! 
Jo e-2* -2e~x cos lira+ \ * 2sin27rf l° gV T(a) ) ' 

1. Introduction. The Hurwitz zeta function £(s, a) is defined by the series 

1 
^ o (n + a)5 

for 0 < a < 1 and a — Re(s) > 1. The reader will find the basic properties of Ç(s, a) in 
[3, Chapter 12]. When a = 1 C(^#) reduces to the Riemann zeta function 

OO 1 

cw = £-7. 

Following [17, §2.17], an integral representation of (0 ,a) is 

(1.2) C ( ^ « ) = 7 ^ / n — - r ^ - 1 ^ , <7>1. 
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374 Z. N. YUE AND K. S. WILLIAMS 

Using this integral representation ((s, a) can be continued analytically to the whole com­
plex plane except for a simple pole at s = 1 with residue 1 by means of the integral 

-7r«p/i _ \ M-a)z 

where C is the contour consisting of the real axis from 00 to e (0 < e), the circle \z\ = 6, 
and the real axis from e to 00. We remark that relations and values for the Hurwitz zeta 
function and its derivatives have been given by many authors, see for example [1], [2], 
[4], [5], [6], [7], [9], [10], [14], [15]. 

For a < 0 we deduce from (1.3) that C,(s, a) can be expressed in the form 

(1.4) fad) = ^ " f ( s i n y C ( l - s,a) + cos y S ( l - s,a) 

where C(s, a) and S(s, a) are the functions defined by 

_ _ „ , , ^ coslnira „, N °°, sinlnira 
(1.5) C(s,a)=^2 ; > S(s,a)=J2 ; > 0 < a < 1, a > 0. 

The functions C(s, a) and S(s, a) can be continued analytically to the whole complex 
plane. In terms of the Hurwitz zeta function, we define the functions 

4 ITS 

(1.6) \(s,a) = as,a) + as A - a) =—^r(l-s) sin—C(l-s,a), 
(Z7T)1 A 2 

—; T ( l — 5) COS 
(27T)1-* 2 

In §2 we determine explicitly the value of S'(l, a), 0 < a < I (see Proposition). We 
also obtain integral representations of C(s, a) and 5(5", a) (see (2.16) and (2.17)). 

In §3 we use the integral representations for C(s, a) and S(s, a) to evaluate a class of 
improper integrals. One of the results obtained is the following: for 0 < a < 1 

roo e"*log.x , IT 1 t /" 1 9_T(1 — a) A 
/ , 2 , 0 __, % J x = - — — log ^ j 1 ^ v M . 

Jo e ^ — 2e x cos 2™ + 1 2 sin lira \ T(a) J 
This integral can be found in [13, p. 572]. Special cases of this integral are discussed in 
[18]. In addition the integral 

roo (e~x cos Ina — e~2x) log x 

(1.7) /i(5,a) = Ç(s,a) - < ( s , 1 - a) = 7 ^ ^ z ; r ( l - 5) cos —5(1 - 5, a). 

f 
Jo 

d* 
y0 e'2* — 2e~* cos 2™ + 1 

is evaluated for certain values of a, namely, a — 1 / 2 , 1 / 3 , 1 / 4 , 1 / 6 . The values of the 
integrals obtained when a = 1 / 2 , 1 / 4 appear in [13, p. 572] but those for a — 1 / 3 , 1 / 6 
appear to be new. 

Finally in §4 we use the integral representations of S(s, 1/4) (resp. C(s, 0) and 
C(s, 1/2)) to obtain the following integral representation of ££ io Qn+\y ( r e sP- ^^=1 ^ ) : 

S(s) = S(sA/4)=J2-±—— = - - - — - x - 1 ^ , a > 0 , 
^0 Qn + 1) 1(5) Jo ^ + 1 

^ 1 1 roo ^ , 
^ ) = V - = =- / -Xs'1 dx, G>\. 

t \ ns (1 - ±)T(s) Jo e2x-l 
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INTEGRALS BY HURWITZ ZETA FUNCTION 375 

Using the first of these representations with s — 2k + 1, we obtain a new recurrence 
relation for S(2k + 1). The second of the two representations with s — 2k yields the 
recurrence relation for C,(2k) given by G. Stoica in [16]. 

2. Evaluation of S'(l,a). From the theory of Fourier series, for 0 < a < 1, we 
have 

™ sin 2nira / 1 \ 
(2.1) S(l,a) = £ = 7T - -a) 

t^\ n \2 J 
(2.2) C(ha) = £ cos2tma

 = -l0g(2sin™). 
n=l n 

From (1.4) and (2.1), we obtain 

(2.3) C(0,a) = 22 = ô "" a ' 
«7T 

and hence by (1.6) and (1.7), we have 

(2.4) A(0, a) = Ç(0, «) + C(0,1 - a) = 0, 

(2.5) /x(0, a) = <(0, a) - C(0,1 - a) = 1 - 2a. 

PROPOSITION. For 0 < a < 1, w /zave 

(2.6) SUA) = 11 log T(^~a)
a) + (1 ~ 2a)(7 + log27T)j. 

PROOF. Differentiating both sides of ( 1.7), putting s = 0, and appealing to (2.1 ) and 
(2.5), we obtain 

(2.7) //(0,a) = (7 + log27r)(l - 2d) - -S ' ( l ,a) . 
7T 

However, from Hermite's formula for the Hurwitz zeta function 

(2.8) C ( , , a ) = I a - + ^ + 2 j r ( a 2 + y 2 ) - f { s i n ^ c t a n ^ } _ ^ _ ) 

it is easy to see ([19, p. 271]) that 

(2.9) C/(0,a) = l o g r ( ^ ) - ^ l o g 2 ^ 

and from (1.7) 

(2.10) /z'(0,a) - log (r(fl)/r(l - a)). 

From (2.7) and (2.9), we deduce (2.6). • 
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REMARK 1. Since 
, ™ sin 2ni\a , 

s,(i,a) = - x ; iog^ 
n = l n 

we have from (2.6), making use of T(a)r(l — a) = ^~- , 

1 °° sin ^Yiixci ( 1 \ 1 1 
(2.11) - E l og n = logT(fl)~(7+log 2TT) - -a - - log7r+ - log(sinTra), 

7 r n = 1 n V 2 / 2 2 

which is a famous formula due to Kummer [11] (see also [19, p. 210 ]). 
Differentiating (1.6) and putting s — 0 we have, using (2.4) and (2.2), 

(2.12) A'(0,a) = C(l,a) = -log(2sinra). 

If we differentiate both sides of (1.6) twice and take s — 0, we see that 

(2.13) A"(0,a) = 27C(l,a) - 2C'(l,a) + 2(log27r)C(l,a), 

or equivalently 

QQ COS 2.H7TCI 

(2.13)' A"(0, a) = -2(7 + log 2TT) log(2 sin TO) + 2 J ] log n. 
n=\ n 

So far we have the expressions (1.2), (1.6), and (1.7) for Ç(s,a)9 C(s,a) and S(s,a) re­
spectively. Now we obtain other integral representations of these functions. Taking the 
real and imaginary parts of the identity 

rp2iîai oo 

= V,V™"', | r | < l , 
1 - re1™1 ^ ' ' 

we have 

rsin2ra ™ 
(2.14) -z = V ^ sin27rna, r < 1, 

r 2 - 2 r c o s 2 r a + l ^ " 
/ A i r x rcos27ra —r2 °°, „ ^ . , 
(2.15) - — = J2 r» cos Inna, r < l. 

r 2 - 2 r c o s 2 r a + l ^[ ' ' 
For a > 0, we have 

TO 
7o M^ 

Multiplying this equality by sin nt, summing over n, interchanging the order of summa­
tion and integration, and appealing to (2.14), we obtain 

x^s— 1 e-xx?-/•oo e XT 

T(s)S(s, a) = sin lira —r-——— dx. 
Jo e~lx — 2e~x cos 2™ + 1 

Hence we have 

(2.16) sin lira f°° — -^ dx = T(s)S(s, a), 0 < a < 1, a > 0. 
Jo e~lx — 2<?~* cos 2na + 1 
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Similarly, from (2.15), we have 

roo (e~x cos lira —e~2x) K , , _ x „ , 
n 1n\ L ~2x i -x ^ ^ V dx = r ^)Cfe a\ 0 < a < 1, a > 0; 
(2.17) Jo e lx — 2e x cos 2™ + 1 

or a = 0,1, a > 1. 
The formulae (2.16) and (2.17) give integral representations of S(s,a) and C(s,a) re­
spectively. Then, from (1.4), (2.16) and (2.17), we obtain the integral representation of 
Ç(s9a): 

roo ex cos(^ — 2na) — cos ^ , 
C(l -s,a) = 2(27T)~S / —r—±- -^x*-1 dx, 0 < a < 1, a > 0; 
s v ' A) e2*-2e* cos lira+ 1 

or « = 1, a > 1, 

or 
, roo^sin(f +27r«) -s inf 

(2.18) io <?2* — 2e* cos 27ra + 1 
or a — 1, cr < 0. 

These expressions will be used in the following sections. 

3. Evaluation of certain integrals. By differentiating (2.16) and (2.17) and using 
the values of S( 1, a), S'( 1, a), C( 1, a), and C'( 1, a) obtained in §2, we are able to evaluate 
certain improper integrals. 

THEOREM 1. For 0 < a < 1 we have 

,~ ., C°° ^ l o g x , 7T 1 t /V i 9_r(l — a)\ 

In particular, for a = g, | , | , ^ //ze integrals in (3.1) become 

^ l o g j c 7T (2?r)1/3r(2/3) 
(3.4) / -z - dx = —p log 
v Jo ^ + ^ + 1 A / 3 

r°° ^ l o g X , 1 / 7T \ 
(3'5) L 7^dX=2h-2-V-

V3 6 m/3) ' 

(e* + 1 ) 2 

P R O O F . From (2.16), we obtain 

roo e *logx 1 / y 
Jo e~lx — 2e~* cos 27T« + 1 sin 2i\a v /s~ 

1 {r(i)S'(i,«) + r'(i)S(i,<i)}. 
sin 27TA 
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In view of (2.1) and (2.6), we have 

e~x\ogx 

e"2* — 2e~x cos 2ira + 1 
1 J7T 

TOO 

Jo e~ 
dx 

log \_ ^ + (1 - 2a)(7 + log 2TT) 
sin 27ra I 2 L r ( a ) 

— ^ r - (log ^ ^ + (1 - 2a)\og2n}, 
2 sin 2™ [ T(a) ' 

•Hï-a)\ 

which is (3.1). 

For a— 1 / 2, the value of the integral on the right side of (3.1) should be considered 

as the limiting value as a —* 1/2: 

/ 7 77^ àx—- hm —-
Jo (ex + 

1 

(e* + l ) 2 2 fl—1/2 sin 2TO 
log F ( ^ fl) + (1 - 2a) log27r] 

Ha) 

u n ) + log 27T 
2 I T ( i ) 

Taking s = 1 in the well-known formula [12, p. 320] 

we obtain 

7 = -
H i ) 

and taking s = 1 / 2 we obtain 

ni/2) 
ni/2) " 

1 » ~ i \ x l-e-x)dX 

r ' ( l ) roo / e~x e~x\ 

Jo [j^-e-x ~ ~x~) 
dx, 

roo f e x e 2* \ 

Jo \ x 1 -e~x) 
dx 

roo £ A — £ 2* 

-7 + / — dx 
Jo 

-7 + Jo 

1 -e~ 

i l - r i 

1 - r 
= - 7 - 2 log 2. 

-df 

Hence we have 
roo ^ l o g x J 1 / i \ 

which proves (3.5). • 

REMARK 2. The integral in (3.1 ) can be expressed in the following equivalent forms: 

1 roo log* 

2 Jo coshjc — cos 2na 
dx 

Jo 

log log 

x2 — 2x cos 2™ 

- roo 

Tdx= \ 
ira + 1 J\ 

log log x 

x2 — 2x cos 2ira + 1 
dx. 
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Similarly, from (2.12), (2.13) and (2.17), we have 

roo (e~x cos 2ixa — e~lx) 
/ —Ô ^ ^ -\ogxdx= ir(s)C(s,a)) t 

Jo é>-2*-2e-*cos2ra+l 6 v Js=l 

= r(i)c/(i,«) + r/(i)C(i,«), 

(e x cos lira — e 2x) 

that is by (2.2) 

roo ip, •"• COS Z7TG — € """ ) 

(3.6) / \ — f T l o g x ^ = C / ( l , a ) + 7log(2sinTO), 
Jo e~lx — 2e~x cos 2™ + 1 

or by (2.13) 

roo (p * COS 27IYZ — £. \ 1 

(3.6/ / \ '-logxdx = -(log27r)log(2sinra) - -A"(0,a). 
Jo e-*x _ 2e~

x cos lira +1 2 
It appears to be difficult to determine C'(l, a) explicitly for general a, so we just evaluate 

I 1 k I 
2 ' 3 ' 4 ' 6 ' 

THE CASE a= 1/2. We have 

C'( 1, a) for a = {AAA- For these values of a, C(s, a) can be expressed in terms of C,(s). 

: ( J , i )=(2 1 " J - lKW 

= {-(log2)(5-l)+i(log22)(^-l)2 + - . -}{^Y+7 + -

= - l o g 2 + ( i l o g 2 2 - 7 l o g 2 ) ( 5 - !) + ••• 

so that 

(3.7) C ' ( l , i ) = i l o g 2 2 - 7 l o g 2 . 

From (3.6) with a = 1/2 and (3.7) we obtain 

roo l o g * 1 o 

(3.8) I ^ =- - ( lo g 2) 2 . 

THE CASE a- 1/3. We have 
C(5'l) = ^(3l"'"1)CW 

-^{-aog3)(^-l)+i(log23)(^-l)2 + ---){^-j-+7 + ---} 

= - i l o g 3 + ( i log 2 3-^ log3)( s - l ) + ---

so that 

(3.9) C ' ( l ^ ) = i l o g 2 3 - i 7 l o g 3 . 
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From (3.6) with a = 1 / 3 and (3.9) we obtain 

po° (e* + 2) logx , 1 „~ 
(3.10) / v , ' ^-dx = --(\o%Zf. 

Jo e2x + e* + I 2 
THE CASE a = 1/4. We have 

c(j,J)=2-i(21-5-lK(s) 
f l ( s - l ) l o g 2 ( s - l ) 2 l o g 2 2 \ 
12 2 4 " j 

( - (* - l) log2+ ^ y ^ - log2 2 + • • •)<(«) 

f ( * - l ) l o g 2 3 , , - , , 2 „ V 1 

= - i log2 + 0 log2 2 - 2 log2)(* - ! )+••• 

so that 

(3.11) C ' ( l ^ ) = ^ l o g 2 2 - | l o g 2 . 

From (3.6) with a = 1/4 and (3.11) we obtain 

roo logX 3 o 
(3.12) / —*—dx=--\og2. 

Jo e2*+l 4 & 

Replacing x by x/2 in (3.12), as 

r°° dx , 
/ r = log 2, 
Jo ^ + 1 6 

we recover (3.8). 
THE CASE a= 1/6. We have 

C ( ^ ^ ) = i ( l - 2 1 - 0 ( 1 - 3 1 - 0 C W 

so that 

(3.13) 

\ ( (s — I)2 

= - ( ^ - l ) l o g 2 - ^ - ^ l o g 2 2 + -

( ^ - l ) l o g 3 - ^ ^ - l o g 2 3 + -

= ( ^ - l ) 2 ( l o g 2 ) ( l o g 3 ) + - - - ) ( - ^ 

= i ( log2)( log3)(s- l ) + ---

C ( l , g ) = ^(log2)(log3). 

" ) 

• •)<(*) 

- + 7 + - •0 
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From (3.6) with a = 1 / 6 and (3.13) we obtain 

(3.14) f ° (^2~
2\l°g* dx = (log2)(log3). 

JO e x — e^ + 1 
REMARK 3. Since 

C( l ,a ) = - £ log/i 

we deduce respectively from (3.7) (or (3.11)), (3.9), (3.13) 

(3.15) ft^^^-i^ 
« 2 

n=l 

cos T I O P 1 1 

— = 2 7 l 0 g 3 " 4 
(3.16) £ ^ — £ - = -7 log3 - - log 2 3 , 

°° cos^f log« 1 
(3.17) £ 2 _ £ _ = --(log2)(log3). 

n= i « 2 

4. A recurrence relation for E£Lo (2n+i)^+] ' Taking a = ^ in (2.16) and defining 

(4.i) s(S) = sU-) = x;7f-^-, ^>o, 
V 4/ n = 0 (2«+ l ) 5 

we have 
(4.2) r(,s)S(.y) = H -0 -Xs'1 dx, a > 0. 

7o e2* + 1 
It is very easy to see that C(s, 0) = £(5), and (2.17) with a — 0 becomes the well-known 
formula: 

(4.3) r(jX(*) = j f p—j- dx, o > i. 

Also 

V 2 / n t l ns 

and (2.17) with a = 1/2 reduces to 

(4.4) ( 1 - 2l-sW(sK(s) = H —— dx, a>0. 
Jo e* + 1 

Adding (4.3) and (4.4), we obtain 

(4.5) (2 - 21-*)i»c(s) = 2 jj°° ^ r r r * " 1 J*' a > L 

We are now ready to prove the following theorem. 
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THEOREM 2. For nonnegative integers k, we have 

(4.6) X l ( - i y ( 2 / ) ! C ^ ^ " 2 ^ ( 2 / + D + (-l)*(2*)!S(2* + 1) = (TT/2> 
7=0 

2&+1 

PROOF. Taking s = 2k + 1 in (4.2), we have 

exx2k roo ^JC2^ r̂ o (log t)2k 

(2k)\ S(2fc + 1) - / -, dx = / V * \ 
v } v io ^ + 1 7i r2 + 1 

•dr. 

But in view of 

we have 

(4.7) 

ro ( logo- dt= f ' O o g ^ 
•A r2 +1 ô r2 + l 

r°° (\ogt)2k 

2(2k)\ S(2k + 1) = / v * ' A. 
Jo f2 + 1 

Considering the integral of the complex function F(z) — (1( |^ along the contour shown 
in the figure below, we obtain by Cauchy's residue theorem 

(4. 8) J F(z)dz + J F(z) dz + J * F(x) dx + J F(x) dx = lui Res(F(z), i). 

Now we evaluate the residue on the right side of (4.8). We have 

Res(F(z),i) = - L o o g z ) 2 * ^ - = ^ ( l o g / ) 2 

v f z +1 2i 
On the semicircle CR, we have 

1 .- .,,, 1 .. ..,, (_i£ (7 r/2)2*. 
Z+i ' " 2.1 ~ 2i: ' 

and on the semicircle TE, we have 

F(z) = 0(( log e)2k), J F(z) dz = 0(e(\og e)2k) - » 0 , as e -> 0. 
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[R (logr + 7r/): 
In addition we have 

J-R Je 1 + t2 

Hence letting e —> 0 and R —• oo in (4.8) we obtain 

(log02Â: + (log/ + 7r02/c 

2k 

dt. 

r 
Jo 

J2k+\ 

A = ( - 1 ) * 
1+r2 v ' 22k ' 

Taking the real part of the above equation, we deduce (4.6). 
In particular, taking k = 0,1,2,3,4 in (4.6), we have S(l) = f, 5(3) = ^ , 5(5) 

57T5 CV^X 617T7 C Y Q \ 2777T9 

Similarly, making the substitution t — e^ in (4.5), we obtain 

(logrr1 

and with s = 2/: 

Since 

(2-21-or(*K(s) = 2 f -^rdu a>h 

(2 - 2l~2k)(2k - 1)! C(2Jfc) = 2 ^°° ( 1 ° 2
g ^ A. 

roo (log*)2*-1 ^ _ f1 OogO2*"1 

ii /2 _ ! • < / f 
Jo t2 dt, 

we have 

(4.9) 
2k-1 

filMKW.f^* 
Considering the integral of (lol^,— along the contour shown in the figure below 

and applying Cauchy's residue theorem, we obtain 
(4.10) 

£ ( - 1 / ( 2 / - 1)! Cfryk~2i(\ - ^ )<(2 / ) + (-\)k{2k - 1)! ( l - ^ ) < ( 2 * ) 

TT274, k > \ . 
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384 Z. N. YUE AND K. S. WILLIAMS 

The recurrence relation (4.10) was obtained in [16] by a longer argument. In particular, 

7T2 7T4 7T6 7T8 TTW 

« 2 ) = T , C ( 4 ) = ^ <(6) = ^ , «8) = 945Ô- C ( 1 0 ) = 93555-
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