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1. I n t roduc t ion . S e v e r a l a u t h o r s have inves t iga ted " r i n g s 
of q u o t i e n t s " of a g iven r ing R . (See, for e x a m p l e , Johnson [7], 
Johnson and Wong [8], Utumi [ l l ] , F ind l ay and L a m b e k [5], 
L a m b e k [9], and B o u r b a k i [2] . ) T h e s e a r e r i n g s Q containing 
R such that Q i s an e s s e n t i a l ex t ens ion of R . If the i n j ec -

R R 
tive hul l E(R) of R is a r a t i o n a l ex t ens ion of R , that i s , if 
the only m a p f r o m E(R) to E(R) whose k e r n e l conta ins R is 
the z e r o m a p , then E(R) can be m a d e into a m a x i m a l quot ient 
r ing of R conta ining a copy of e v e r y quot ient r ing of R . In 
[10], I c o n s t r u c t a r ing R whose in jec t ive hul l i s a quot ient r ing 
of R but not a r a t i o n a l ex tens ion , and a second r ing S whose 
in jec t ive hul l cannot be m a d e into a r ing extending modu le m u l t i ­
p l i c a t i on by S . T h e s e e x a m p l e s a r e r a t h e r t r i v i a l , and the 
ques t i on a r i s e s whe the r a l l " n i c e " r i n g s have the i r in jec t ive hul l s 
a r a t i o n a l e x t e n s i o n of the r i n g . If R is p r i m i t i v e with a m i n i ­
m a l r i g h t idea l , or if R i s s e l f - i n j ec t i ve , th is m u s t be the c a s e . 
However , in th is note I c o n s t r u c t a s e m i - s i m p l e p r i m e r ing 
whose in jec t ive hul l i s not a r a t i o n a l ex t ens ion of the r i n g . 

Le t J(R) denote the J acobson r a d i c a l of R , and Z(R) the 
s i ngu l a r i dea l = { x e R | R i s an e s s e n t i a l ex t ens ion of the r igh t 
ann ih i l a to r of x } . 

Le t F be the f r e e a l g e b r a ove r Z g e n e r a t e d by 

{X, Y. | i = 0 , 1 , 2 , . . . } . 

A word W is a f ini te p r o d u c t of g e n e r a t o r s 

\ {z \ 
W = X Y. X . . . Y. X L , j , > 0, n > 1 

J^ 1 k k — — 
J2 J n 
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where X = 1 . The length of W is defined by 

n 
i(W) = 2 i, 

k=l k 

and the m a x i m u m s u b s c r i p t m(W) by 

m(W) = l a r g e s t s u b s c r i p t of Y in W if n :> 2 
0 if n = 1 . 

tha t 

and 

Let I be the i d e a l of F g e n e r a t e d by a l l w o r d s W such 

m(W)T> 0 

i ( W ) > m(W) t i m e s the n u m b e r of t i m e s Y 

a p p e a r s in W . 
m(W) 

Le t R = F / I . We wi l l show tha t th is r ing has J(R) = 0 
but E(R) is not a rational extension of R . We will apply the 
not ions of word , length, and m a x i m u m s u b s c r i p t to R a s we l l 
a s to F . 

LEMMA 1. Le t {W | i = l , . . . , n ) be d i s t i n c t w o r d s of 
i 

F . Then Z*1
 J W. e I if and only if W. e I for i = 1, . . . , n . 

i = l l l 

D i s t i n c t a p p e a r i n g w o r d s of R a r e e i t h e r d i s t i n c t e l e m e n t s or 
both equa l to 0 . 

P roo f . x £ I if and only if 

n 
m j , PJ 

x = S ( 2 W..) W. ( 2 W. .) 
j = l i= l 1J J k = l 

kj 

w h e r e for each j , 1 <C j <C m , { W. . | 1 <. i <. n. } and 

11 I ' 

{W, . 1 < k < p . ) a r e s e t s of d i s t i n c t w o r d s of F and W. 
k j - - j J j 

r e p r e s e n t s 0 or a g e n e r a t o r of I . Mul t ip ly ing out, we get 
x e I if and only if 

P. n -m J J i n 
x = S S S W . . W W 

j = l k = l i=l ij j kj 
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w h e r e e a c h word of the s u m i s a m e m b e r of I . Since d i s t i n c t 
a p p e a r i n g s u m s of w o r d s in F r e p r e s e n t d i s t i nc t e l e m e n t s , the 
f i r s t p a r t of the s t a t e m e n t of the l e m m a fo l lows . If two w o r d s in 
F r e p r e s e n t the s a m e e l e m e n t in R , then the i r d i f fe rence l ies 
in I , so they a r e e i t he r i den t i ca l or both lie in I , giving the 
second p a r t . 

-Now le t 
n 

0 ^ p = S W. , 
i= l 1 

w h e r e the W. a r e d i s t i nc t w o r d s of R . Define j(p) by 

j(p) = S [2i (W.) + m ( W . ) ] + 1 . 
i= l ' * 

LEMMA 2. J(R) = 0 . 

P roof . Le t 0 ^ p = S n
 J W e R . Le t 

i = l i 

j(p) 

If p ' i s q u a s i - r e g u l a r , t h e r e is an r e R with 

p ! + r + p ' r = 0 . 

Le t r = 2 . V. , w h e r e the V. a r e d i s t i n c t w o r d s of R . Then 

n m n m 
S W.Y., , + 2 V. + Z S W.Y., vV. = 0 . 

i = l i j(p) j= l j i=l j= l i J ( P ) j 

Since e v e r y t e r m in p1 and p ' r has a f ac to r Y., , , the t e r m 1 
j ( p ) 

cannot a p p e a r in r . 

W.Y . , x + 0 s ince W, A I and 
1 j(p) 1 

j(p) = m C W ' Y . J > i ( W ) 
Jtp) 

for any subword W of W , so W'Y. . v & I . 
1 j(p) 
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W Y # / , a p p e a r s in p ' , bu t not in p ' r s i n c e e a c h word 
1 j(p) 

in p ' r h a s a subword Y. . ,V. w h e r e V. ^ 1 . Hence W Y. . . 
J(P) J J 1 J(P) 

m u s t be one of the V. a p p e a r i n g in r . 

A s s u m e (W Y. . .) ^ 0 i s one of the V. , for n > 1 . 
1 Jlp) J ~ 

n+1 
Then ( W . Y . . ,) a p p e a r s in the above s u m for p ' r . As 

1 j(p) 
n+1 

(W Y. . .) i nvo lves a t l e a s t two Y . . , i t cannot a p p e a r in 
1 J(P) j(p) 

p ' , and so i s e i t h e r 0 or one of the V. a p p e a r i n g in r . 

n+1 
Le t W1 be a subword of (W Y. . .)' . If W1 does not 

1 j(p) 

Y. . . k t i m e s 
j(p) 

involve Y. , . , then W J I s i n c e W | I . If W con ta ins 
j(p) 1 

; C 

i ( W ' ) < ( k + l ) i (W ) < 2 k i ( W ) < k j(p) 

n+1 
so W1 cannot be a g e n e r a t o r of I . Then (W Y. , J i s not 

1 j(p) 
z e r o . 

Thus r con ta in s the infini te s u m of d i s t i n c t n o n - z e r o 
n 

t e r m s ( W J . , .) for a l l n > 1 , a c o n t r a d i c t i o n . We conc lude 
1 j(p) 

tha t p1 i s not q u a s i - r e g u l a r , so p ^ J(R) and J(R) = 0 . 

LEMMA 3 . R i s p r i m e . 

P roo f . Le t a ^ O , b / O s R , Le t j = j (a) + j(b) . If 

a = Z . . W. and b = 2 , V, , w h e r e the t e r m s of e a c h s u m a r e 
i= l l k= l k 

d i s t i n c t n o n - z e r o w o r d s of R , then no W . Y V can belong to I 
i J k 

so aY .b î 0 and R i s p r i m e . 

LEMMA 4 . Z(R) = the idea l g e n e r a t e d by X . 

P roof . Le t p t 0 e Z(R) . If £ (p) = 0 , then p i s a 
p o l y n o m i a l in the Y. and |p) f| (0:p) = 0 , a c o n t r a d i c t i o n . 

Hence Z(R) C_ the i dea l g e n e r a t e d by X . 

Le t p t 0 e R . Then if p1 = pY 
j(p) ' 
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p ' X % 0 , p ' X j ( p ) + 1 , 0 . 

n Let n > 0 be the s m a l l e s t i n t e g e r such that p 'X = 0 . 

Then 0 î p " = p 'X 1 1 " 1 = Z m W , w h e r e e a c h W J I , but W.X e I . 
i = l i l l 

n - 1 
W. = V.Y., .X m u s t have length > i(p) s ince any subword U 

i i j (p) B - J V P / y 

of W.X such tha t U e I m u s t inc lude the l a s t X and hence Y.. , , 
i j ( p ) 

and so j(p) < £ (U) < £ ( W. ) + 1 . A l so , i ( W . ) < j ( p ) s ince W. ^ I . 

Then i(W.) = j(p) . 

Then Xp" = 2 v XW. is a s u m of g e n e r a t o r s of I , and 

hence i s 0 in R . Thus X £ Z(R) . 

Since Z(R) is a two-s ided idea l of R (see Johnson [6]) 
the l e m m a fo l lows . 

We say that the word W' i s an in i t i a l subword of the word 
W if 

*1 fn 
W = X Y. . . . Y X 

h jn 
and for s o m e k < n and m < i , 

~" -~ k 
i 
1 m 

W1 =X Y. . . . Y. X . 
h Jk 

Let W be a word in (0:X) . W is ca l led p r i m i t i v e if no 
p r o p e r i n i t i a l subword of W l ies in (0:X) . E v e r y word in 
(0:X) con ta ins a p r i m i t i v e in i t i a l subword . 

By L e m m a 1, we h a v e : 

(1) If Xp = X Z n W = 0 , w h e r e the W. a r e d i s t i n c t 
i = l l l 

w o r d s , then XW. = 0 for 1 < i < n . 

(2) If { W. i e J} a r e d i s t i n c t w o r d s of R , none of which 
l 

i s an in i t i a l subword of any of the o t h e r s , then the s u m S . „W.R 

i s a d i r e c t s u m . 

By (1) and (2), if st i s the se t of p r i m i t i v e w o r d s of (0:X) , 
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(0:X) = 2 @ WR . 
We** 

Thus any m a p f r o m J? into R ex tends to an R - h o m o m o r p h i s m 
of (0:X) into R . 

LEMMA 5. E(R) i s not a r a t i o n a l e x t e n s i o n of R . 

P r o o f . Le t W e S , the s e t of p r i m i t i v e w o r d s of (0:X) . 
Define f(W) = WY . f ex t ends to an R - h o m o m o r p h i s m of (0:X) 

into R . 

Since m(W) > 0 for any g e n e r a t o r of I , and s ince 
i ( W V ) = l ( W Y V) and m(WV) •= m(WY V) for any w o r d s W and 

o o 
V in F , WY V e I » WV e I . 

o 

• " ' " t o -Then f m a p s WR o n e - t o - o n e into i tself , so f i s one- t ( 

one . 

Since E(R) i s in j ec t ive , t h e r e i s an m e E(R) such tha t 
m r = f ( r ) for a l l r e (0:X) . We show tha t (R:m) = (0:X) . 

C l e a r l y (R:m) D (0:X) . 

Le t p = 2 . t W. e (R:m) , and let m p = 2 . U. , r i= 1 i J = l J 

We u s e induc t ion on n , the n u m b e r of d i s t i n c t w o r d s 
a p p e a r i n g in m p , to p r o v e p e (0:X) . 

If n = 0 , m p = 0 . Then mp((0:X):p) = 0 . But 
mp((0:X):p) = f(p((0:X):p)) , and f i s a m o n o m o r p h i s m . Thus 
p((0:X):p) = |p) H (0:X) = 0 , so by L e m m a 4 , p = 0 e (0:X) . 

Now a s s u m e n > 0 . Le t q = Y., .X be such tha t 
J(P) 

0 ^ pq e (0:X) . q w a s shown to e x i s t in the proof of L e m m a 4 . 
Then 

(mp)q = 2 U.q , 

m(pq) - f(pq) = 2 h f(W.q) i 0 . 
i = l l 

Now each f(W.q) con ta ins an in i t i a l subword of the f o r m 
l 
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W'Y , w h e r e W e £ . Hence for each n o n - z e r o U.q , U. 

con ta ins an in i t i a l subword of the f o r m W.Y , with W. e & . 
J ° J 

Say U. = W.Y V. . Then, for U q / 0 , m(p - W.V.) is a 
J J o j j j j 

p r o p e r s u b s u m of the U. , so by the induct ion h y p o t h e s i s , 
? 1 i 

p - W V e (0:X) . Since W.V. i s a l so in (0:X) , p e (0:X) . 
J J J J 

We m a y then define a h o m o m o r p h i s m on m R + R to E(R) 
such tha t m -> X and R -* 0 . This m a p shows tha t E(R) is not 
a r a t i o n a l ex t ens ion of R . 

Th is note i s f r o m the au thor 1 s d o c t o r a l d i s s e r t a t i o n at R u t g e r s 
U n i v e r s i t y under the d i r e c t i o n of P r o f e s s o r C a r l F a i t h . The 
au thor gra te fu l ly acknowledges s u p p o r t f r o m the Nat iona l Sc ience 
Founda t ion under g r a n t s G-19863 , G P - 1 7 4 1 , a n d G P - 4 2 2 6 . 
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