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1. Introduction. Several authors have investigated ''rings
of quotients" of a given ring R . (See, for example, Johnson [7],
Johnson and Wong [8], Utumi [11], Findlay and Lambek [5],
Lambek [9], and Bourbaki [2].) These are rings Q containing
R such that QR is an essential extension of RR . If the injec-

tive hull E(R) of R is a rational extension of R, that is, if
the only map from E(R) to E(R) whose kernel contains R is
the zero map, then E(R) can be made into a maximal quotient
ring of R containing a copy of every quotient ring of R . In
[10], I construct a ring R whose injective hull is a quotient ring
of R but not a rational extension, and a second ring S whose
injective hull cannot be made into a ring extending module multi-
plication by S . These examples are rather trivial, and the
question arises whether all '"nice' rings have their injective hulls
a rational extension of the ring. If R is primitive with a mini-
mal right ideal, or if R is self-injective, this must be the case.
However, in this note I construct a semi-simple prime ring
whose injective hull is not a rational extension of the ring.

Let J(R) denote the Jacobson radical of R, and Z(R) the
singular ideal = {stlR is an essential extension of the right
annihilator of x} .

Let F be the free algebra over Z2 generated by

{X, Y.|i=0,1,2,...)
i
A word W is a finite product of generators
ii iZ in .

:X . X e X y j > y >
w YJz an i J 20, n>1
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where X° =1 . The length of W is defined by

n
2(W)= = 1

k=1 :

and the maximum subscript m(W) by

m(W) = largest subscript of Y in W ?f n> 2
0 if n=1.
Let I be the ideal of F generated by all words W such
that
m(W)™> 0
and

2(W)> m(W) times the number of times Y
m(W)

appears in W .

Let R=F /I. We will show that this ring has J(R) = 0,
but E(R) is not a rational extension of R . We will apply the
notions of word, length, and maximum subscript to R as well
as to F .

LEMMA 1. Let {W, |i=1,...,n} be distinct words of
F . Then z?_i W el ifandonlyif W el for i=1,...,n.
Distinct appearing words of R are either distinct elements or

both equal to 0 .

Proof. x ¢ 1 if and only if

n p.
J "

j '

(Z W)W (= W .),
k
1 =1 Y k=g Y

»
I
T 5

J

where for each j, 1< j<m, {W, 1<i<n } and
- ijio T

!

n
{ij | 1<k<p.} are sets of distinct words of F and Wj
-
represents 0 or a generator of I . Multiplying out, we get

x ¢ I if and only if

1
x= ¥ T T W.W. W .,
kj
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where each word of the sum is a member of I. Since distinct
appearing sums of words in F represent distinct elements, the
first part of the statement of the lemma follows. If two words in
F represent the same element in R, then their difference lies
in I, so they are either identical or both lie in I, giving the
second part.

~Now let

n
0O#p= 2 W,
i=1  *

where the Wi are distinct words of R . Define j(p) by
n
ilp) = = [2£(Wi) +m(Wi)] +1.
i=1

LEMMA 2. J(R)=0.

Proof. Let 0 #p = Zliq_i W. eR . Let
— = i

'=pY, .
PP )
If p' is quasi-regular, there is an r ¢ R with

p'tr +p'r=0.

Let r = Z;ni V., where the V., are distinct words of R . Then
n m n m
W.Y.( )+ T V.+zx = W,Y‘( )V.=o.
=t " P e ) e gmg PR

Since every term in p' and p'r has a factor Y, the term 1

i)’

cannot appear in r .

W’lY'

# 0 since W I and
i(p) 1 i

ip) = m(W'YJ. )> 2 (W)

(p)

for any subword W' of W , so W'Y. I.
Y 1 J(p)4
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W, Y. appears in p', butnot in p'r since each word

1" i(p)

in p'r has a subword Y.

i(p)

must be one of the V. appearing in r .
J

V. where V. #1 . Hence W Y.
J J 17 i(p)

Assume (W'le )n # 0 is one of the Vj , for n> 1.

(p)
n+1

Then (WiY' ) appears in the above sum for p'r . As

i(p)

n+1i
) involves at least two Y, , it cannot appear in

i(p) i(p)

p', and so is either 0 or one of the V. appearing in r .
J

W Y
(1

n+1

Let W' be a subword of (WiY' ) . If W' does not

ilp)

involve Yj(p) , then W' 4 I since W1 §1. If W' contains

Y. k times,

i(p)
L(W') < (k+1)4 (Wi) < Zk/z(Wi) <k jlp)

so W' cannot be a generator of I. Then (W Y )n+1 is not

17 j(p)
Zero.

Thus r contains the infinite sum of distinct non-zero
n
terms (W Y ) for all n> 1, a contradiction. We conclude

17 i(p)
that p' is not quasi-regular, so pz* J(R) and J(R) =0 .

LEMMA 3. R is prime.

Proof. Let a#0, b#0eR . Let j=j(a)+jb). If
n m
=z d b=2 Vv
a=z W an k=1 1k’
distinct non-zero words of R, then no WinVk can belong to I,

where the terms of each sum are

so a¥Y b #0 and R is prime.
J
LEMMA 4. Z(R) = the ideal generated by X .

Proof. Let p#0¢€ Z(R) . If £(p) =0, then p is a
polynomial in the Y.  and [p)( (0:p) = 0, a contradiction.
J

Hence Z(R) C the ideal generated by X .

Let p#0€e¢R . Thenif p'=pY., .,
P P pJ(p)
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px% 40, pxl®_g

Let n> 0 be the smallest integer such that p'Xn =0.
n-1 m

Then 0 # p" =p'X = Zi“iwi , where each W1 4 1, but WiXE I.

W =vyY,K XV
i ij(p)

of WiX such that U €I must include the last X and hence Yj(p)’

and so j(p) < £(U) _<_£(Wi) +1 . Also, I(Wi) < j(p) since W1 4 I.
Then l(Wi) = j(p) .

must have length > j(p) since any subword U

Then Xp' = Z?I;_liXWi is a sum of generators of I, and

henceis 0 in R . Thus X ¢ Z(R) .

Since Z(R) is a two-sided ideal of R (see Johnson [6])
the lemma follows.

We say that the word W' 1is an initial subword of the word

W if
11 i
W=X"Y, ...Y X"
J2 In
and for some k< n and msik,
ii m
W'=X Y, Y X',
) Ik

Let W be a word in (0:X) . W is called primitive if no
proper initial subword of W lies in (0:X) . Every word in
(0:X) contains a primitive initial subword.

By Lemma 1, we have:

(1) I Xp =X ZI,1 W. =0, where the Wi are distinct

i=1 1
words, then XWi =0 for 1<i<n.
(2) If {Wi | ied} are distinct words of R, none of which
W.R
i

is an initial subword of any of the others, then the sum zie‘?

is a direct sum.

By (1) and (2), if ¢ is the set of primitive words of (0:X),
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(0:X)= = ® WR .
Wedk

Thus any map from J into R extends to an R-homomorphism
of (0:X) into R .

LEMMA 5. E(R) is not a rational extension of R .

Proof. Let W ed , the set of primitive words of (0:X) .
Define f(W) = WYo . f extends to an R-homomorphism of (0:X)
into R .

Since m(W) > 0 for any generator of I, and since
L(WV) = JZ(WYOV) and m(WV) = m(WYOV) for any words W and
VinF,WYOVeI@WVEI.

Then f maps WR one-to-one into itself, so f is one-to-
one.

Since E(R) is injective, there is an m ¢ E(R) such that
mr = f(r) for all r ¢ (0:X) . We show that (R:m) = (0:X) .

Clearly (R:m) D (0:X) .

h n
= : =2 .
Let p Zi: 1Wi e (Rim) , and let mp j=1Uj

We use induction on n, the number of distinct words
appearing in mp , to prove p ¢ (0:X) .

If n=0, mp=0. Then mp((O:X):p) =0 . But
mp((0:X):p) = f(p((0:X):p)) , and f is a monomorphism. Thus
p((0:X):p) = 'p) N(0:X) =0, soby Lemma 4, p = 0 € (0:X) .

k
Now assume n>0 . Let q= Yj(p)X be such that

0 # pqe(0:X). g was shown to exist in the proof of Lemma 4.
Then

(mp)q = ZJI,:

Ugq,
1 ;Y

m(pq) = f(pq) = Z}.l

. f(Wiq) £0 .

Now each f(Wiq) contains an initial subword of the form
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W’YO , where W' e £ . Hence for each non-zero qu , Uj
1 1
contains an initial subword of the form Won , with W. ¢ g,
1 1
Say U.,= W)Y V.. Then, for Uq#0, m(p- WV, is a
J J o] J J ]
proper subsum of the U, , so by the induction hypothesis,
1 1
p- WV, e(0:X). Since ijj is also in (0:X), p € (0:X) .
J ]
We may then define a homomorphism on mR + R to E(R)

such that m - X and R -+ 0. This map shows that E(R) is not
a rational extension of R .

This note is from the author's doctoral dissertation at Rutgers
University under the direction of Professor Carl Faith. The
author gratefully acknowledges support from the National Science
Foundation under grants G-19863, GP-1741, and GP-4226.
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